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ON DISCRETELY SELF-SIMILAR SOLUTIONS OF THE EULER
EQUATIONS

DoNGHO CHAE AND TAI-PENG TSAI

ABSTRACT. This note gives several criteria which exclude the existence of discretely
self-similar solutions of the three-dimensional incompressible Euler equations.

1. Introduction

Let I = (—00,0) or I = (0,00) be a time interval. We are concerned with the Euler
equations for the homogeneous incompressible fluid flows in R? x I,

v
— +(v-V)v=-Vp,
®) ! ot (v-V) P
dive =0,
where v = (v1,v2,v3), v; = v;(z,t), j = 1,2,3, is the velocity of the flow, and

p = p(x,t) is the scalar pressure. It is called backward or forward depending on
whether I = (—00,0) or I = (0,00). Thanks to the time reversal symmetry of the
Euler equations there is a one-to-one correspondence between backward and forward
solutions, and we may only consider the backward case I = (—o0,0).

Recall that the system (E) has the scaling property that if (v,p) is a solution of
the system (E), then for any A > 0 and « € R the functions

(1.1) oMY (z, 1) = Az, A1), pNY(a,t) = A2 p(ha, A1)

are also solutions of (E). One can also include space-time translation in (1.1), but we
omit it for simplicity. We say that a solution (v, p) of (E) is self-similar (SS) with
respect to the space-time origin (0,0) if there exists @ € (—1,00) such that, for all
A>0,

(1.2) N, t) = o(a,t),  pM(at) = pla,t),  (x,t) €RP x I
It follows that v(z,t) = #V(ﬁ) for V(y) = v(y,sign t) and
o 1
1. SE N A 1.
(1.3) = 7 b P o>

The condition @ > —1 ensures that the solution concentrates at the origin as ¢ — 0.
If a solution satisfies (1.2) for one single A > 1, we say it is discretely self-similar
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(DSS) with factor A. It does not need to satisfy (1.2) for every A, and a self-similar
solution is considered as a special case. They are analogous to limit cycles, see expla-
nations below, in particular (1.7). Many fractals are time-independent DSS objects.
For example, the Cantor set is DSS with factor 3.

The possibilities of self-similar singularities in the Euler equations are studied in
[3,5-10]. The existence of DSS solutions of (E) has not been studied, and is the main
concern of this note.

Our analysis is based on the self-similar transform. The self-similar transform with
respect to (0,0) is the map (v,p) — (V, P) given by

(1.4) o, 1) = L P.s),

%V(ya S)v p(l‘,t) = W

(=)

where a € R and b > 0 are given by (1.3), and

(1.5) y=(—t)""x, s=—log(—t).

Substituting (1.4)—(1.5) into (E), we obtain the following system for (V, P):
a—v+iv+#( V)WV +(V-V)V =-VP

(1.6) 88 a+1 a+1 y - ?
divV =0.

A solution (v,p) of (E) is self-similar if and only if (V, P) is independent of s. A
solution (v,p) of (E) is DSS with factor A > 1 if and only if

(1.7) V(y,s)=V(y,s+S), Y(ys)eR"

where Sy = (a + 1)log A > 0. In other words, (V, P) is a time periodic solution of
(1.6) with period Sp.

DSS solutions of partial differential equations have been considered in many other
contexts such as the cosmology. See the review [11, Section 5] and references therein.

We now sketch the structure of the rest of the paper. In Section 1.1 we review
related results for Navier—Stokes (NS) equations. In Section 2, we give non-existence
criteria based on vorticity integrability, and we will state and prove Theorems 2.1 and
2.2. In Section 3, we give non-existence criteria based on velocity integrability, and
we will state and prove Theorems 3.1 and 3.2.

1.1. Related results for NS equations. For comparison, we review related re-
sults for NS equations for which we add Av to the right side of (E). For (NS), the
backward and forward cases are very different. Introduce the similarity variables: we
take parameter a < 0 for the backward case and a > 0 for the forward case, and let

1 1
1. t) = - __p
( 8) U($7 ) mv(y7 8)7 p(x7t) 2at (y7 8)7
where
T 1
1. = — = — log(2at).
(1.9 y= i 5= 5 lox(2at)
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The corresponding time-dependent Leray’s equations for (V, P) read

(1.10) %*AV*GV*G@/'VV‘I’(V'V)V:*VP, divV =0.

For the forward case a > 0, one can consider the Cauchy problem for (NS) with
initial data vo(z) which is also SS or DSS, i.e., it satisfies (1.2) with no time depen-
dence. For small data, the unique existence of small mild solutions by [13] and revised
by [1,2] implies those with SS or DSS data are also SS or DSS. For large SS data, the
corresponding SS solution has recently been constructed by Jia and Sverak [14], and
extended to large DSS data by Tsai [19] if the DSS-factor A is sufficiently close to 1
according to the size of the data.

For the backward case a < 0, the existence question of self-similar solutions was
raised by Leray [15]. It was excluded if V € L3(R3) by Necas et al. [16], and if
V e LY(R3), 3 < g < oo, by Tsai [18]. Further extensions were given in [4,5,7,9]. The
existence of backward DSS solutions has not been addressed in the literature, except
that if V € L°°(R, L3(R?)), which is equivalent to v € L>((—00,0), L*(R3)), it must
be zero by the result of [12]. Thus one is concerned, e.g., if V" only has the bound

(1.11) Vig,s)| < —

—_— b) V y78 E R3+17
T+ "W

for some large constant C,. A special case that V(y,s) = R(sk)V(y), with R(sk)
being the rotation about a fixed axis k by angle 5|E|, was proposed by G. Perelman.!
Then V satisfies a time-independent system. As pointed out to one of us by R. Kohn,
the examples of Scheffer [17] are DSS solutions with singular DSS forces. In view of
the forward case, one may hope that the case with the DSS-factor A sufficiently close
to 1 might be easier to exclude.

2. Criteria based on vorticity

In this section, we give non-existence criteria based on vorticity integrability.

Theorem 2.1. Let V(y,s) € C2CHR3TY) be a time periodic solution of (1.6) with
period Sy > 0 that has bounded first derivatives and satisfies

(2.1) lim V(y,s) =0, Vse]l0,5),

|y|—o0

and for some r > 0,

(2.2) Q:=curlV e (] LUR® x [0, Sp]).

0<g<r

Then V =0 on R3t1,

Proof. We first observe that from the calculus identity
1 1
V(s = V.9 + [ 0V = V.9 + [y sir
0 0

Lprivate communication of G. Seregin.
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we have |V (y, s)| < |V(0,s)| + |y|||VV(s)| L=, and hence

Viy,s
(2.3) s |1<+y|yf < Cyi=max |V(0,5)] + [VV | g gonr):
Y,8)€

Let us consider the radial cut-off function o € C§°(RY) such that

1 if |z| < 1,
24 =
24) o(Jzl) {0 if |z| > 2,

and 0 < o(z) <1 for 1 < |z| < 2. Then, for each R > 0, we define og(y) := 0o (%) €
Cs°(RY). We operate curl on (1.6),

(2.5) %Q+Q+%(y VIQ+ (V- V)Q = (Q- V)V,

We multiply (2.5) by |Q|972Qog, and integrate over R® x (0,Sp). The first term
vanishes by periodicity. After integration by parts we get

3 So SO
So
= / |Q( <+V> -Vogpdyds,
R3

where we set & = Q/|Q|. Since |Vog(y)| < lole= ” “1g<|y|<2r; by (2.3) we have

So
(2.7) < ca +01)/ / Q4 dy ds.
0 R<|y|<2R}

Passing R — oo, we have I — 0 and (2.6) gives

So SO
'/|M|m@<a/|mnmw

This is true for all ¢ € (0,r) for some r > 0. Passing ¢ | 0 in (2.8), we get

So 192(s)[|%,ds = 0. Therefore Q@ = curl V = 0 on R?® x (0,5p). This, together with
divV = 0, provides us with the fact that V(-,s) = Vh(-,s) for all s € [0,S5)) for a
scalar harmonic function h(-,s) on R3. Using (2.1) we have V (-, s) = 0 by Liouville
theorem for harmonic functions. (]

(2.8) '1 - (aT

Remark after the proof: The above proof works for more general system

Vs+aV +by-V)V+(V-V)V =-VP,
(2.9) ;
divV =0,

where a, b are arbitrary real constants with b # 0.
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Theorem 2.2. Let V(y,s) € C2CHR3TY) be a time periodic solution of (1.6) with
period Sy > 0 that has bounded first derivatives satisfying

(2.10) lim  sup [V(y,s)|+[VV(y,s)| =0,
[yl =00 0<s< Sy

and there ezists q € (0 ) such that

’ 1+a
(2.11) Q€ LY(R? x [0, So)).
Then, V =0 on R3*+1.

Proof. Writing (2.11) in terms of spherical coordinates,

So oo So
/ / |Q9dy ds = / / / |2|7dS, dsdr < oo,
0 R3 0 0 ly|=r

one finds that there exists a sequence I?; T oo such that

So
(2.12) Rj/ / 1Q|?dSRr,ds — 0 as j — oo.
0 Jlyl=R;

We multiply (2.5) by 2]Q|972 and rewrite it

3

10
2.13 -— Q7+ Q7 —_
(2.13) S35+ o+ Ty

div (y|€?) —

[

o

qla+1)

— a0l — Laiv (viap),
q

where & = £ - VV - £ with £ = Q/|Q|. Note that |&| < |[VV]. Let us fix an R > 0
and integrate (2.13) over the domain (y,s) € {R < |y| < R;} x (0,Sp). Applying the
divergence theorem, we have

So SO
< )/ / |Q|qdyds+ / / |9dSRrds
(a+1) R<|y|<R; lyl=R

R; So
- |Q|?dSg,ds = a|Qdy ds
(OH‘ 1) ly|=R; R<|y|<R;

S() SO
—/ / VT|Q|quRds+/ / V,|Q)%dS g, ds,
4Jo Jyl=R 4 Jo  Jlyl=R;
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where V,, = V- ‘i and we used the fact fo (12(s)]|%4)sds = 0, following from the
periodicity hypothesis. Passing j — oo, one obtains

3 So R So
(2.14) <—1>/ / |Q|qdyds+/ / 1Q/dSrds
qla+1) o Jiy>r qla+1) Jo  Jiy=r
So 1 SO
—/ / dQ|qdyds—/ / V,|Q9dS gds.
0 Jy>R 7Jo Jlyl=r

Using (2.10) and choosing R sufficiently large, we have

1/ 3 R
A<= ([ —— -1 V| < —
|a|_2<q(a+1) ) Vil < 3+

on the right-hand side of (2.14). Consequently,

So SO
/ / [Q]9dy ds = / / |Q2?dSgrds = 0,
0 ly|>R 0 ly|l=R

and hence, Q = 0 on {y € R?||y| > R} x (0,Sp). Thus our vorticity © satisfies the
condition (2.2) of Theorem 2.1. Applying Theorem 2.1 we obtain V = 0 on R3*1. [J

3. Criteria based on velocity

In this section, we give non-existence criteria based on velocity integrability.
We will need to estimate the pressure P(y, s), which satisfies

(3.1) —A,P(- Zaa (ViVi(-,8))

by taking the divergence of (1.6). One solution of (3.1) is given by
(3.2) P(y,s) = —|— Zp . / Kij(y — 2)ViVi(z, s)dz,

where the kernel is
K 3yiy; — 6i;lyl?
() Amly|>

In general, for each fixed ¢, the difference P — P is a harmonic function in z and may
not be constant. We will assume P = P.

Theorem 3.1. Suppose that (V, P) € C} _(R3*1) is a time periodic solution of (1.6)
with period Sy > 0, that the pressure P is given by (3.2), and that V satisfies for

some 3 <1 <9/2 one of the the following conditions,

(i) a>3/2 and V € L3(0,S; L"(R?)), or
(i) —1 <a<3/2 and V € L*(0,S; L2(R?)) N L3(0, Sp; L"(R3?)).

Then V =0 on R3t1,
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Proof. Since P is given by (3.2), by the Calderon—Zygmund inequality we have
(3.3) 1P(s)|lre < Cq||V(s)||%2q Vg € (1,0),Vs € R.

The case (i): Let og is the cut-off function introduced in the proof of Theorem 1.1.

We multiply (1.6) by Vog, and integrate over R? x (0, Sp), then from the time peri-
odicity condition and by integration by part we obtain

So S[)
3.4 - = |4 dyd V dyd
60 iy (a-3) [ [ vPordsds - gt [7 [ v Vordyas

1

So
=/ IVI & VaRdyds+/ / PV -Vogdyds.
2 0 R3

Since y - Vog < 0 for all y € R3, and the first term of the left-hand side of (3.4) is
monotone non-decreasing function of R, we find that

35 - (a-3 /SO/|V|2 dyd
' ar1\“T2) ), Ju T TOmAAs

1

So SO
< / |V|2V-V032dyds—|—/ / PV -Vopg,dyds
2 0 R3 0 R3

= Il—|—_[2

for all 0 < Ry < Ry < 0. Passing Ry — o0, one has

\V/ - So
I < Vol 2‘2“ / / \VPdy ds
2 0 R2<\y\<2R2
3

3 1—
So
_ Ivoll~ / ( / Wy) ( / dy> i
- 2R
2 0 Ra><|y|<2R> Ra><|y|<2R>

So
/O V()7 Ry <ly)<2R2)d5 — O,

Sl

< CR;

and

Vollpe [
e e [0 ] VIIPldyds
2 0 Ro<|y|<2R2

SU %
< Il | (/ |v|Tdy> (/, 1pisa)
2R
2 0 R2<|y|<2R: R3

29

So
<CRZT / IVl Rty <oy IV I3 ds

So
2_9
<CR; ~ (/0 ||V||?£v-(Rz<|y|<Rz)d5>

3

1_7"
/ dy ds
Ry<|y|<2R2

So 3
( / ||V|i7~ds> 0,
0

1
3
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where we used (3.3). Therefore, we have

3\ [
<a — ) / / |V|?0r,dyds =0
2 0 R3

for all Ry > 0. This shows that V' = 0 on R? x (0, Sp).
The case (ii): In this case, from (3.4), we have

So

1 3 1 So
36) — |la—= Viopdyds < ———— VI%|y - Vog|dyd
36 iqfo-s| [ WPeravas < st [ vl Voeldyas

0
1[5 So
+/ /IVI2IV-VaRldyds+/ /|P||V-VJR|dyds
2 0 R3 0 R3

=J1+ Jy + J3.

From the above computations we know that |Jo| + |J3] — 0 as R — oo. For J; we
estimate easily

c [ 2 % 2
g [ VEslyds <O [T IV cands — 0
<lyl<
as R — oo. Hence fOSO Jes VI?dyds = 0, and V = 0 on R3*1. O

The next result, Theorem 3.2, is an extension of Chae—Shvydkoy [10, Theorem 3.2]
to the case of DSS solutions. An important role is played by the following lemma,
which extends the local energy inequality in [10].

Lemma 3.1. Suppose (V,P) € C} _(R3*1) is a time periodic solution of (1.6) with
period So > 0. Let A = %0 > 1. For —oco < s1 < 59 < 00, let lj = ebsi and

So
a0 =8 [ [ Wl P gy (= 1,2)

where o(x) > 0 is a radial function with o(x) = 1 for |z| < 1/2 and o(x) = 0 for
|z| > 1. We have

So SO
(3.8) 3% 3/ / V(y,7)Pdydr < I; <13% 3/ / V(y,7)|*dy dr
<3l ly| <AL

for j = 1,2, and for some constant C = C(Sy)

So
(3.9) IH—MSC/ / WP (VE + [PV])(y, ) dy ds.
0 l1<|y|<)\l2

Note that A is the factor for discrete self-similarity; see (1.7).
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Proof. Let t; = —e~?%i, j = 1,2. Testing the Euler equation with ov in R?® x (t1,t2)
we get

(3.10) /|vxt2|a dx/|vxt1(7 dac—/ /|v|2+2pv Vo(x)dx dt.

In self-similar variables (1.4)—(1.5) it becomes

(3.11) 6(2‘1_3b)52/|‘/(y, 82)|20(6_b52y)dy—6(2“_%)“/lV(y,sl)IQU(e_bsly)dy

= / eBa—3b=1)s /(|V|2 +2P)V - Vo(e *y)dyds.

S1
Assume now that v is DSS, so that V(y, s) is periodic in s with period Sy > 0.
Replacing s; by s;+7, dividing by e(2¢=3)7 and integrating over 7 € [0, S|, we get
(3.12) I — I, =14

where I; and I are given in (3.7), and
So S2+T

(3.13) I3 = / e(za?’b)T/ e(3a=3b=1)s /(|V2 +2P)V - Vo(e y)dy ds dr.
0 81+T

The estimate (3.8) for I; and I is because that o(e=*(5i*7)y) is supported in
%lj < |y| < Al;, and also using the periodicity.
For I, since e~ (247397 < C and o(e~*y) is supported in 3eb* < |y| < e,

So So+T
(3.14)  |Ll<C / / / eBa=3-130 () )|V (e Py)ds drdy,
E JO S1+7

where E denotes the spatial region E = {y : 311 < |y| < Ao} and Q = [V|> + |P||V|.
If we denote by f(y, s) the integrand, the inner integral

So 82+7' s2+So
(3.15) / / s)dsdr < So/ fly,s)ds < So/ f(y,s)ds
s Jy

1+7 S1

—bs

where we have used o(e~"%y) is supported in the time interval

1 1 In2
(3.16) Jy={8:|y|§eb5§2ly|}:{8:nzlmésfngly'Jrr;}'
In J, we have e(3a=30=1s < Cly|* 5 = C|y[2*~4. Thus
(3.17) B0 [ [ wPtasdsdy
eJi,

Let k be the positive integer so that (k — 1)Sy < mTz < kSp. Using the periodicity of
Q(y,s) in s,

So
(3.18) B0k [ [P Q. s)dsdy
E JO

This shows (3.9). O
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Theorem 3.2. Suppose (V,P) € C} (R3) is a time periodic solution of (1.6) in
R3*Y with period So > 0, V € LP(R? x ([0, So]) for some 3 < p < oo, and P is given
by (3.2). If -1 <a<3/por3/2<a< oo, then V=0 onR3*L,

Proof. The proof of [10, Theorem 3.2] goes through with the help of Lemma 3.1. One
adds the temporal integral fOSO ds in front of every spatial integral in its proof. O
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