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K3 SURFACES WITH AN ORDER 60 AUTOMORPHISM AND A
CHARACTERIZATION OF SUPERSINGULAR K3 SURFACES
WITH ARTIN INVARIANT 1

JONGHAE KEUM

ABSTRACT. In characteristic p = 0 or p > 5, we show that a K3 surface with an order
60 automorphism is unique up to isomorphism. As a consequence, we characterize the
supersingular K3 surface with Artin invariant 1 in characteristic p = 11 (mod 12) by a
cyclic symmetry of order 60.

Let X be a K3 surface over an algebraically closed field k of characteristic p > 0.
An automorphism g of X is called symplectic if it preserves a regular 2-form wx, and
purely non-symplectic if no power of g is symplectic except the identity.

Over k = C, Xiao [17] and Machida and Oguiso [9] proved that a positive integer
N is the order of a purely non-symplectic automorphism of a complex K3 surface if
and only if ¢(IN) < 20 and N # 60, where ¢ is the Euler function. On the other hand,
there is a K3 surface with an automorphism of order 60 ([7] Example 3.2):

(0.1) Xoo := (y* + 2% + tot}' — 'ty = 0) C P(4,6,1,1),
(02) 960 (th t1 y Ly y) = (t()? Cgoth CE%O‘T: (g(]y>a

where (g0 € k is a primitive 60th root of unity. The K3 surface Xgo is defined over
the integers and both the surface and the automorphism have a good reduction mod
p unless p = 2, 3, 5.

For an automorphism g of finite order of a K3 surface X, we write

ord(g) = m.n
if g is of order mn and the natural homomorphism
(9) — GL(H°(X,9%))

has kernel of order m and image of order n. We call n the non-symplectic order of g.
The main result of the paper is the following.

Theorem 0.1. Let k be an algebraically closed field of characteristic p =10 orp > 5.
Let X be a K3 surface defined over k with an automorphism g of order 60. Then

(1) ord(g) = 5.12;
(2) the pair (X,{g)) is isomorphic to the pair (Xeo, (ge0)), i-e., there is an iso-
morphism f: X — Xgo such that f{g)f~* = (geo)-

Received by the editors August 13, 2013.
2000 Mathematics Subject Classification. Primary 14J28, 14J50, 14J27.

509



510 JONGHAE KEUM

The non-existence of a complex K3 surface with a purely non-symplectic automor-
phism of order 60 was proved by Machida and Oguiso [9]. Their proof does not extend
to the positive characteristic case, as it uses the holomorphic Lefschetz formula and
the notion of transcendental lattice, both not available in positive characteristic.

Theorem 0.1 and Main Theorem of [7] determine completely the list of all non-
symplectic orders in characteristic p > 0:

Corollary 0.2. In any fized characteristic p > 0, a positive integer N is the non-
symplectic order of an automorphism of a K3 surface if and only if p¥ N, N # 60
and ¢(N) < 20.

It is well known that the Fermat quartic surface
x4+ 2t + x5+ a5 =0
is a supersingular K3 surface with Artin invariant 1, if the characteristic p = 3 (mod
4). This can be seen by using the algorithm for determining the Artin invariant of
a weighted Delsarte surface whose minimal resolution is a K3 surface [4, 15]. The
same algorithm shows that in characteristic p = 11 (mod 12) the surface Xg is a
supersingular K3 surface with Artin invariant 1, hence is isomorphic to the Fermat

quartic surface, since a supersingular K3 surface with Artin invariant 1 is unique up
to isomorphism [12,13].

Corollary 0.3. In characteristic p =11 (mod 12), the Fermat quartic surface is the
only K38 surface with an order 60 automorphism.

Over k = C, Oguiso [11] proved that the Fermat quartic surface is the only K3
surface with a faithful action of a nilpotent group of order 512 = 2°. Over k = C, the
surface Xgo is not isomorphic to the Fermat quartic surface, as the former admits a
purely non-symplectic automorphism of order 12, while the latter has Picard number
20, hence by Nikulin [10] does not admit a purely non-symplectic automorphism of
order n with ¢(n) > 2.

Remark 0.4. In characteristic p = 11 the Fermat quartic surface also admits a cyclic
action of order 66 (Example 7.5 [7], also [8]) and a symplectic action of the simple
groups Mao, My and Ly(11), where M, is one of the Mathieu groups [3].

Throughout this paper, whenever we work with l-adic cohomology we assume [ is
any prime different from the characteristic.

Notation

NS(X) : the Néron—Severi group of a variety X;

X9 = Fix(g) : the fixed locus of an automorphism g of X;

e(g) := e(Fix(g)), the Euler characteristic of Fix(g) for g tame;

Te(g" [ (X)) := 350" (=1) Te(g" [ HE (X, Q).

For an automorphism ¢ of a K3 surface X,

[9*] = [A1,- .., Aa2] : the list of the eigenvalues of g*|HZ (X, Q).

e (, : a primitive ath root of unity in Qy;

e [(u: ¢(a)] C [¢*] : all primitive ath roots of unity appear in [¢*] where ¢ is
the Euler function and ¢(a) indicates the number of conjugates.
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[A\.r] C [g¥] : A repeats r times in [g*].
[(Ca: @(a)).r] C [g*] : the list (4 : ¢(a) repeats r times in [g*].

1. Preliminaries
We first recall the following basic results from [7].

Proposition 1.1 ([6] 3.7.3). Let g be an automorphism of a projective variety X over
an algebraically closed field k of characteristic p > 0. Let | be a prime # p. Then the
following hold true.

(1) The characteristic polynomial of g*|HZ (X,Q;) has integer coefficients for
each j. In particular, if for some positive integer m a primitive mth root
of unity appears with multiplicity r as an eigenvalue of g*|H2 (X, Qy), then
so does each of its conjugates.

(2) The characteristic polynomial of g* does not depend on the choice of coho-
mology, l-adic or crystalline.

Proposition 1.2 ([7] Proposition 2.1). Let g be an automorphism of a projective
variety X over an algebraically closed field k of characteristic p > 0. Let | be a prime
% p. Then the following hold true.

(1) If g is of finite order, then g has an invariant ample divisor, and 1 is an
eigenvalue of g*|H2 (X, Q).

(2) If X is a K3 surface, g is tame and g*|H (X, Q%) has ¢, € k as an eigenvalue,
then g*|HZ (X, Q;) has ¢, € Q; as an eigenvalue.

Recall that for a non-singular projective variety Z in characteristic p > 0, there is
an exact sequence of (Q;-vector spaces

(1.1) 0—NS(2) ® O — H&(Z,Qi) — T7(Z) — 0,

where T7(Z) = T;(Br(Z)) in the standard notation in the theory of étale cohomology
(see [14]). The Brauer group Br(Z) is known to be a birational invariant.

Proposition 1.3 ([7] Proposition 2.2). Let Z be a non-singular projective variety in
characteristic p > 0. Let g be an automorphism of Z of finite order. Assume | # p.
Then the following assertions are true.

(1) Both traces of g* on NS(Z) and on T?(Z) are integers.

(2) rank NS(Z)Y = rank NS(Z/(g)).

(3) dim HZ(Z,Q;)9 = rank NS(Z2)9 + dimT?(Z)9.

(4) If the minimal resolution’ Y of Z/{g) has T?(Y') = 0 (this condition is satisfied
if Z/(g) is rational or is birational to an Enriques surface), then

dim HZ (Z,Q;)? = rank NS(Z)9.

Proposition 1.4 (Topological Lefschetz formula, cf. [1]). Let X be a smooth projec-
tive variety over an algebraically closed field k of characteristic p > 0 and let g be a
tame automorphism of X. Then X9 = Fix(g) is smooth and

e(g) == e(X7) = Tr(g"|H"(X)).
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A tame symplectic automorphism h of a K3 surface has finitely many fixed points,
the number of fixed points f(h) depends only on the order of h and the list of pos-
sible pairs (ord(h), f(h)) is the same as in the complex case ([2] Theorem 3.3 and
Proposition 4.1). See also Nikulin’s paper [10] for the complex case:

(ord(h), f(h)) = (2,8), (3,6), (4,4), (5,4), (6,2), (7,3), (8,2).

Lemma 1.5 ([7] Lemma 2.6). Let h be a tame symplectic automorphism of a K3
surface X. Then h*|H2 (X,Q;) has eigenvalues

ord(h) =2 : [p*] =11, 1.13, —1.§]

ord(h) =3 : [h*] =11, 1.9, (¢3:2).6]

ord(h) = 4 [h*] = [1, 1.7, (C4 : 2).4, —1.6]

ord(h) =5 [h*] = [1, 1.5, (¢ : 4) 4]

ord(h) = 6 [R*] =1, 1.5, ((3:2).4, (C6:2).2, —1.4]
ord(h) =7 [h*] =11, 1.3, (¢7 2 6).3]

ord(h) = 8 [h*] = [1, 1.3, (s : 4).2, (¢4 :2).3, —1.4]

where the first eigenvalue corresponds to an invariant ample divisor.
We need the following information on a special involution of a K3 surface.

Lemma 1.6. Let X be a K3 surface in characteristic p # 2. Assume that h is an
automorphism of order 2 with dim H2 (X, Q)" = 2. Then h is non-symplectic and
has an h-invariant elliptic fibration ¢ : X — P,

X/(h) = F

a rational ruled surface, and X" is either a curve of genus 9 which is a 4-section of ¥
or the union of a section and a curve of genus 10 which is a 3-section. In the first case
e=0,1 or 2, and in the second e = 4. Each singular fibre of 1 is of type I (nodal),
Iy, I1 (cuspidal) or I11, and is intersected by X" at the node and two smooth points
if of type I1, at the two singular points if of type I, at the cusp with multiplicity 3
and a smooth point if of type 11, at the singular point tangentially to both components
if of type I11. If X" contains a section, then each singular fibre is of type I or I1.

Proof. Since dim HZ (X, Q;)" = 2, the eigenvalues of h*|HZ (X, Q;) must be
[h*] = [1.2, —1.20], so Tr(h*|H*(X)) = —16.

By Lemma 1.5, h is non-symplectic, thus X" is a disjoint union of smooth curves
and the quotient X/(h) is a non-singular rational surface. By Proposition 1.3, X/(h)
has Picard number 2, hence is isomorphic to a rational ruled surface F.. Note that
e(X") = —16, so X" is non-empty and has at most two components. Thus X" is
either a curve Cy of genus 9 or the union of two curves Cy and Cy of genus 0 and
10, respectively. In the first case, the image Cf C F. of Cy satisfies Cf? = 32 and
C{K = —16, hence C) = 4S5, + (4 + 2e) F, where Sy is the section with S = —e, and
F afibre of F.. Since SyC{ > 0, we have e < 2. In the second case, the image C{, of Cy
has Cf? = —4, hence C}, = Sy and e = 4, then it is easy to see that C|, = 3(Sy +4F).

In characteristic p # 3 the pull-back of the ruling on F, gives an h-invariant elliptic
fibration 1 : X — P'. Each singular fibre has at most two components since it is the
pull-back of a fibre of F..
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In characteristic p = 3, we have to show that the pull-back is not a quasi-elliptic
fibration. Suppose it is. The closure of the cusps of irreducible fibres is a smooth
rational curve and must be fixed pointwise by A, then the genus 10 curve must be a
section of the quasi-elliptic fibration, impossible. O

The following easy lemmas also will be used frequently.

Lemma 1.7 ([7] Lemma 2.10). Let S be a set and Aut(S) be the group of bijections
of S. For any g € Aut(S) and positive integers a and b,

(1) Fix(g) C Fix(g");

(2) Fix(g%) N Fix(g®) = Fix(g%) where d = ged(a, b);

(3) Fix(g) = Fix(g®) if ord(g) is finite and prime to a.

Lemma 1.8 ([7] Lemma 2.11). Let R(n) be the sum of all primitive nth root of unity
in Q orin Q;. Then

R(n) = 0 if nhas a square factor,
T 1 (=1)* if nisa product of ¢ distinct primes.

The following lemma will play a key role in our proof.

Lemma 1.9. Let g be an automorphism of order 60 of a K8 surface in characteristic
p#2,3,5. If
{g*] - [17 CﬁO : 167 gl? : 47 :l:]-]7
then
(1) There is a g-invariant elliptic fibration v : X — Pl with 12 cuspidal fibres,
say Foo, Fo, Fryyo o  Fiyys
(2) Fix(g®°) consists of a section R of ¢ and a curve C1o of genus 10 which is a
3-section passing through each cusp with multiplicity 3;
(3) The action of g on the base P! is of order 10, fizing 2 points, say oo and 0,
and makes the 10 points ty, ..., t1o to form a single orbit;
(4) Fix(g'®) = RU {the cuspsof the 12 cuspidal fibres};
(5) Fix(g'?) = Fix(g) and it consists of the 4 points,

RHFOO, RﬁFg, ClOmFoo; CloﬂFo;
(6) [g*] = [17 CGO : 167 (12 : 47 1]
Proof. Note that [¢3°*] = [1, —1.16, —1.4, 1], and

[ =11, (¢ :2).8, (¢6:2)-2, 1], e(g") =14.
Thus, we can apply Lemma 1.6 to h = ¢°. Since
Fix(g?) C Fix(¢%)
for any d dividing 30, we see that Fix(g'?) consists of 14 points if Fix(g3°) is ir-
reducible. If Fix(¢g3°) is a curve Cy of genus 9, then ¢g'° acts on Cy with 14 fixed
points, too many for an order 3 automorphism g'°|Cy. In fact, e(g'°|Cy) < 11 by the
topological Lefschetz formula (Proposition 1.4) for g'°|Cy. This type of argument will
frequently appear in the rest. Thus Fix(¢®°) consists of a section R of a ¢g3’-invariant
elliptic fibration
P: X — P!
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and a curve Cg of genus 10 which is a 3-section. We know that
X/{(g*) = F,4

a rational ruled surface. Every automorphism of F4, hence the one induced by g,
preserves the unique ruling, so g preserves the elliptic fibration. Let a and b be the
number of singular fibres of type I3 and 11, respectively. Then

a+2b=e(X)=24, 12<a+b<24.

Note that ¢3° acts trivially on the base P!. Neither g° nor ¢® acts trivially on P?.
Otherwise, Fix(g°) or Fix(g%) must contain the section R, the nodes of the nodal
fibres and the cusps of the cuspidal fibres, too many, as we compute e(g%) = 3 £ 1
and e(g%) = 4. Our automorphism g acts on the set of the base points of the a + b
singular fibres. An orbit of this action has length 1, 2, 3, 5, 6, 10 or 15, i.e., a divisor
of 30. If an orbit has length 3, 5 or 6, then ¢g° or ¢ fixes all points in the orbit, hence
acts trivially on the base P'. Thus no orbit has length 3, 5, 6. If an orbit has length
15, then a > 16 and g? fixes more than two points on the base P'. We have proved
that every orbit has length 1, 2 or 10. Then ¢'° fixes all base points of the singular
fibres. Thus it acts trivially on the base P! and Fix(g'") contains R and the nodes
and the cusps of the singular fibres. Since e(g'°) = 14, we infer that ¢ = 0 and b = 12.
Then the action of g on the 12 base points of the cuspidal fibres has an orbit of length
10; otherwise g2 would act trivially on the base. If the remaining two points, say oo
and 0, are interchanged by g, then g fixes 2 points on the base P! away from the 12
points, then g2 fixes 4 points on the base, so acts trivially on the base. Thus g fixes
oo and 0. This proves (1), (2), (3) and (4).

By (3) Fix(g) consists of the 4 points, hence e(g) = Tr(¢*|H*(X)) = 4. Again, by
(3) Fix(g'?) is a subset of F, U Fy. Since e(g'?) = 4, Fix(g'?) cannot contain any
point other than the 4 points of Fix(g). This proves (5) and (6). O

2. Proof: the tame case

Throughout this section, we assume that the characteristic p > 0, p # 2, 3, 5 and g is
an automorphism of order 60 of a K3 surface. We first prove that g cannot be purely
non-symplectic.

Lemma 2.1. ord(g) # 1.60.

Proof. Suppose that ord(g) = 1.60. Then by Proposition 1.2 the action of g* on
HZ(X,Q), | # char(k), has (g € Q; as an eigenvalue and

[g*] - [1) CGO : 167 ... 7775]

where [11,...,7n5] is a combination of (12 : 4, G0 : 4, (5 : 4, (6:2, Ca:2,(3:2, +1,
and the first eigenvalue corresponds to a g-invariant ample divisor.

Claim 1: [’171, ce ,7’]5] ;’é KlO : 4, :|:1], [C5 : 4, :|:1]
Suppose that [n1,...,75] = [Ci0 : 4, £1] or [¢5 : 4, £1]. Then Lefschetz fixed point
formula gives
e(9”) = Tr(¢*|H* (X)) = -8
and Fix(¢3°) consists of d smooth rational curves and a curve Cyys5 of genus d + 5.
We have 0 < d < 5, since each fixed curve gives an invariant vector in dim H, th(X , Q).
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Note that e(g?) = Tr(¢?*|H*(X)) = 1. Since Fix(¢?) C Fix(¢3°), we infer that Fix(g?)
consists of a point. Note that Cy 5 ¢ Fix(g'?), since e(g'?) =16 > e(¢%°). If d = 1,2
or 4, then g acts on the d smooth rational curves and g2 preserves at least one of them,
hence fixes at least 2 points. If d = 3, then g must rotate the 3 smooth rational curves
and ¢'° acts on the curve Cg with 16 fixed points, which is impossible. If d = 0, then
g'Y gives an order 3 automorphism of the curve C5 with 16 fixed points, impossible.
If d = 5, then g must rotate the 5 smooth rational curves and g° preserves each of
them, hence e(g®) > 10. But Tr(¢g°*|H*(X)) < 8, contradicting the Lefschetz fixed
point formula.

Claim 2: [n1,...,m5] # [Cs @ 2, %1, £1, 1], [C3 : 2, £1, £1, £1].

Suppose that [n1,...,m5] = [(6 ¢ 2, £1, £1, £1] or [(3 : 2, £1, £1, £1]. This case
can be handled similarly. We see that e(g3°) = —8 and Fix(g3?) consists of d smooth
rational curves and a curve Cyy5 of genus d+5, 0 < d < 5. We also see that e(g?) = 3
and Fix(g?) consists of either 3 points or a point and a P'. Note that Cyy5 ¢ Fix(g'?),
since e(g'?) = 13 > e(¢®?). If d = 0 or 1, then ¢g'Y gives an order 3 automorphism
of the curve Cyy5 with at least 11 fixed points, which is impossible. If d = 2, then
g? preserves 2 smooth rational curves, hence fixes at least 4 points. If d = 3, then
g must rotate the 3 smooth rational curves and ¢g'° acts on the curve Cg with 13
fixed points, impossible. If d = 4, then g® preserves each of them, hence e(g®) > 8 or
e(g®) = 8 + e(Cy) = —8, which is possible only if [¢*] = [1, {e0 : 16, (3 : 2, 1, 1, 1]].
Then e(g) = 5 > e(g?), but Fix(g) and Fix(g?) consist of isolated points and some
Pl’s. If d = 5, then g must rotate the 5 smooth rational curves and g® preserves
each of them, hence e(g®) > 10. But Tr(¢°*|H*(X)) < 7, contradicting the Lefschetz
formula.

Claim 3: [’171, ce ,7’]5] ;’é {(Cﬁ : 2)2, :tl}, [(43 : 2)2, :|:1], [Cﬁ : 2, C3 : 2, il}

Suppose that [n1,...,1m5] = [(C6 : 2).2, £1], [(5: 2).2, £1] or [(6 : 2, (3 : 2, £1]. Note
that e(¢®°) = —8 and Fix(g3°) consists of d smooth rational curves and a curve Cy 5
of genus d+5, 0 < d < 5. We see that e(g?) = 0. Since Fix(g?) C Fix(¢*°), Fix(¢?) = 0,
thus Fix(g) = 0 and [¢*] = [1, Ceo : 16, (C3 : 2).2, —1]. Note that Cyys ¢ Fix(g'?),
since e(g'%) = 10 > e(¢g3°). If d = 0, then g'° gives an order 3 automorphism of the
curve Cs with 10 fixed points, which is impossible. If d = 1,2 or 4, then g2 preserves
at least one smooth rational curve, hence fixes at least 2 points. If d = 3, then g¢
must rotate the 3 smooth rational curves, hence g'° acts freely on the curve Cg, since
e(g'®) = 6. But no genus 8 curve admits a free involution. If d = 5, then g must rotate
the 5 smooth rational curves and g° preserves each of them, hence e(g°) > 10. But
Te(g* | H*(X)) = 0.

Claim 4: [, ...,m5] # [Ca 22, G622, £1], [Ca: 2, (322, £1].
Suppose that [n1,...,m5] = [C4 : 2, (s : 2, £1] or [(4 : 2, (3 : 2, £1]. In this case,
e(g3°) = —12 and Fix(g3") consists of d smooth rational curves and a curve Cyy7 of
genus d + 7, 0 < d < 3. We compute

e(9”) = Te(g*"[H* (X)) = =1 > e(g™),
hence Cyi7 ¢ Fix(g?). But then e(g?) > 0.
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Claim 5: [, ...,n5] # [(Ca : 2).2, £1].
Suppose that [ny,...,m5] = [({4 : 2).2, £1]. In this case, e(¢?°) = —16 and Fix(g3?)
consists of d smooth rational curves and a curve Cy49 of genus d+9, 0 < d < 1. Since
e(9?) = =2 > e(g*°), Cur9 € Fix(g?), but then e(g?) > 0.

Claim 6: [n1,...,n5] # [C4: 2, £1, £1, £1].
Suppose that [n1,...,n5] = [¢4 @ 2, £1, 1, +1]. In this case, e(¢?’) = —12 and
Fix(g3°) consists of d smooth rational curves and a curve Cyy7 of genus d + 7, 0 <
d < 3. We compute
e(9®) = Te(g** |H* (X)) = 2 > e(g”),
hence Cyy7 € Fix(g?) and Fix(g?) consists of either 2 points or a P!, since Fix(g?) C
Fix(g3?). Since Fix(g) C Fix(g?), we infer that

e(g) =2 or 0.
By computing [¢'%*] and [¢1%*], we see that
e(g) = e(g"®) and e(g'?) = 12.

If d = 0, then g'° gives an order 3 automorphism of the curve C7 with 12 fixed points,
impossible. If d = 2, then g? preserves both smooth rational curves, hence e(g?) > 4.
If d = 3, then ¢g? cannot preserve two of the three smooth rational curves, hence g
must rotate the three, then g'® preserves each of the three, hence e(g'®) > 6. If d = 1,
then g'® acts freely on the curve Cg. But no genus 8 curve admits a free involution.

Claim 7: [ny,...,ms) # [£1, £1, £1, £1, £1].
Suppose that [n1,...,n5] = [£1, £1, £1, £1, +1]. In this case,
e(g®°) = —8 and Fix(g3°) consists of d smooth rational curves and a curve Cy 5 of
genus d + 5, 0 < d < 5. We also compute

e(9?) =6, c(g"”) =elg), e(g'?)=16.
Since e(g?) > e(g®°), we see that Cyi5 ¢ Fix(g?) and

e(g9'%) = e(g) < e(g®) = 6.

If d < 2, then ¢'° gives an order 3 automorphism of the curve Cy 5 with 16 — 2d
fixed points, which is impossible. Assume d > 4. If g'® preserves at least 4 of the
d smooth rational curves, then e(g'®) > 8 > 6. If g'® preserves at most 2 of the d
smooth rational curves, then g? preserves at least 4, hence e(g?) > 8 > 6. If g'°
preserves exactly 3 of the d smooth rational curves, then d = 5 and ¢'° acts freely
as an involution on the curve Cig, a contradiction. Assume d = 3. If g rotates the 3
smooth rational curves or fixes each of them, then ¢g'° fixes each of them, hence acts
freely on the curve Cg, a contradiction. If g fixes exactly one of the 3 smooth rational
curves, then g2 fixes each of them, hence acts freely on the curve Cg, then g acts freely
on the curve Cg and e(g) = 2, then g'° has e(g'®) = 2, hence acts freely on the curve
Cs. This proves the claim.

We may assume that [g*] = [1, (6o : 16, (12 : 4, £1]. Then by Lemma 1.9
[97] = [1, Coo : 16, G2 : 4, 1].
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Consider the order 5 automorphism ¢'2. It is non-symplectic and the quotient
X' = X/(g™)

is a singular rational surface with Kx numerically trivial. Furthermore, by Proposi-
tion 1.3 Picard number p(X’) = 6.

Claim 8: X' = X/{g'?) has four singular points, one of type %(3,3) and three of
type %(2,4).
To prove the claim, note first that Fix(g
2 points of R and 2 points of C1g. Since

12) consists of the 4 points from Lemma 1.9,

¢ wx = Gwy for some (5 € k,

there are two types of local action of g'? at a fixed point, £(3,3) and 1(2,4). Let a
and b be the number of points respectively of the two types. Then

a+b=4.
Let € : Y — X’ be the minimal resolution. Then
Ky =c'Kx — Y D,

where D, is an effective Q-divisor supported on the exceptional set of the singular
point p € X’. Here “=" means numerical equivalence. Thus

Ky =Y D}=-> KyD,.

See, e.g., Lemma 3.6 [5] for the formulas of D, and Ky D,,, which are valid not only in
the complex case but also for tame quotient singular points in positive characteristic.
We compute

Ky =10—p(Y)=10— {p(X')+a+2b} =4 —a — 2.

)
On the other hand, Ky D, = % if p is of type %(37 3), and Ky D, = % if p is of type
1(2,4), thus

9 2
K =—-"a—-b.
Y= 7575

Solving the system, we get a = 1 and b = 3. This proves the claim.

Now by Claim 8, we compute that

34 o= Ay + 24y
Ky — — 22 N~ 2L T2
5 ; 5
=1
where A and Aj; are exceptional curves with A2 = —5, A2, = —2, A2, = -3, Ay;.Ay; =
1. If the 2 points of R are of type %(2, 4), then the proper transform R’ of the image

of R in X’ has intersection number with Ky,

1 1 1 2 2 2

KyR=—-_—- _—_Z¢og -2_2

v 5 5 5 5 5 5
none is an integer. If the 2 points of C'y are of type %(2, 4), then the proper transform
C1y of the image of Cyp in X’ has intersection number with Ky which cannot be an

integer, a contradiction. O
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Lemma 2.2. ord(g) # 2.30, 3.20, 4.15, 6.10.

Proof. These cases are much simpler than the previous one, and are contained in [7],
Lemmas 4.5 and 4.7. O

Lemma 2.3. If ord(g) = 5.12, then
[g"] = [1, C12: 4, 1, (e : 16].

Proof. Since g'? is symplectic of order 5,

[9"%"] = [1, 1.5, (G5 : 4)4]
and for any positive integer a dividing 12, Fix(¢g%) C Fix(g'?) and

0<e(g") <e(g") =4
By Proposition 1.2, (12 € [¢*]. Thus we infer that

[g°] =11, C12 : 4, £1, m1, ..., M6

where [n1,...,m¢] is a combination of (5 : 4, (10 : 4, (15 : 8, C20 : 8, (30 : 8, (eo : 16
and the first eigenvalue corresponds to a g-invariant ample divisor.

Assume that [y, ...,m6] contains [(15 : 8] or [(30 : 8]. Then
[9] =11, (¢6:2)-2, 1, C15: 8, 71, ..., 78]

where [71,...,7g] is a combination of (5 : 4, (10 : 4, (15 : 8, hence ) 7; > —2 and
e(g?) = Tr(g**|H* (X)) = 7+ > 7; > 5, contradicting e(g?) < 4.
Assume that [n1,...,716] contains [(o : 8]. In this case,
(0% =11, ((6:2).2, 1, (G0 : 4).2, T1,...,Ts]
where [71,...,75] is a combination of (5 : 4, (0 : 4, (15 : 8. Since > 7, > —2,

e(g?) = Tr(g**|H*(X)) = 8+ > 1; > 6, contradicting e(g?) < 4.
Assume that [n1,...,m6] is a combination of (5 : 4, (10 : 4. Then
BT =11, —1.4,1, (G5 : 4)4]

and e(g%) = Tr(¢%*|H* (X)) = —4, contradicting e(g®) > 0.
Therefore [11,...,m6] = [Ceo : 16]. Now Lemma 1.9 applies. O

Proof of Theorem 0.1.

(1) follows from Lemmas 2.1 and 2.2.

(2) We know ord(g) = 5.12. By Lemma 2.3 we can apply Lemma 1.9, and will use
the elliptic structure and the notation there. Let

y? + 2% + A(to, t1)z + Blto,t1) =0

be the Weierstrass equation of the g-invariant elliptic pencil, where A (resp. B) is a
binary form of degree 8 (resp. 12). By Lemma 1.9, g leaves invariant the section R
and the action of g on the base of the fibration ) : X — P! is of order 10. After a
linear change of the coordinates (tg,t1) we may assume that g acts on the base by

g (to,t1) — (o, (Sotr)



K3 SURFACES WITH AN ORDER 60 AUTOMORPHISM 519

for some primitive 60th root of unity (g9. Fix this (59. There are four primitive 60th
roots of unity whose 6th powers equal to (§:

C 11 31 41
60, S605 5600 S60°

We know that g preserves two cuspidal fibres Fy, Fi.o and makes the remaining 10
cuspidal fibres to form one orbit. Thus the discriminant polynomial

A = —4A% —27B% = ct263(1° — 1102

for some constant ¢ € k, as it must have two double roots (corresponding to the fibres
Fy, Fs) and one orbit of double roots. We know that the zeros of A correspond to
either cuspidal fibres or non-singular fibres with “complex multiplication” automor-
phism of order 6. Since this set is invariant with respect to the order 10 action of g
on the base, we see that the only possibility is A = 0. Then the above Weierstrass
equation can be written in the form

y? + 23+ atot, (110 — 15°) = 0

for some constant a. A suitable linear change of variables makes a = 1 without
changing the action of g on the base. Thus

X = Xgo

as an elliptic surface. Let ¢ = ¢ /to. Since ord(g) = 5.12,

L(dz Ndty  dx Adt
()
for some primitive 12th root of unity u. For the above fixed (g9
= Coor Caor oo or Gio-
Note that (¢32)° = ¢85, (¢3L)° = ¢35, (¢&2)° = ¢&. Thus by replacing (g0 by one of
the four conjugates, one always has

d:I:/\dt) 5 do A dt

g (t) = ot 9*< = Ggo v

Since ¢'? is of order 6 and acts trivially on the base, it is a complex multiplication of
order 6 on a general fibre, so

glo<$7 Y, th tl) = (nga nga th tl)'
Note that
Fix(g) = {the two cuspsof Fyand Fo } U (RN Fy) U (RN Fuo).

Analysing the local action of g at the fixed point (z, vy, to,t1) = (0,0, 1,0), the cusp of
Fy, we infer that

g(xa Y, th tl) = <C§Om7 (g()yv t07 (gotl)

Here we first determine the linear terms, then see that the higher degree terms must
vanish. This completes the proof of Theorem 0.1 in the positive characteristic case.
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3. Proof: the complex case

Throughout this section, X is a complex K3 surface.

A non-projective K3 surface cannot admit a non-symplectic automorphism of finite
order (see [10,16]), and its automorphisms of finite order are symplectic, hence of order
< 8. Thus we may assume that X is projective. The proofs of Lemmas 1.6, 1.9, 2.1-2.3
go word for word, once the l-adic cohomology HZ (X, Q) is replaced by the integral
singular cohomology H?(X,Z), and Proposition 1.4 by the usual topological Lefschetz
formula. “Proof of Theorem 0.1” also goes word for word.
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