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Rigidity of time-flat surfaces in the Minkowski

spacetime

Po-Ning Chen, Mu-Tao Wang and Ye-Kai Wang

A time-flat condition on spacelike 2-surfaces in spacetime is consid-
ered here. This condition is analogous to the constant torsion con-
dition for curves in a three-dimensional space and has been studied
in [2, 5, 6, 13, 14]. In particular, any 2-surface in a static slice of
a static spacetime is time-flat. In this paper, we address the ques-
tion in the title and prove several local and global rigidity theorems
for such surfaces in the Minkowski and Schwarzschild spacetimes.
Higher-dimensional generalizations are also considered.

1. Introduction

The geometry of spacelike 2-surfaces in spacetime plays a crucial role in
general relativity. Penrose’s singularity theorem predicts future singular-
ity formation from the existence of a trapped 2-surface. A black hole is
quasi-locally described by a marginally outer trapped 2-surface. These con-
ditions can be expressed in terms of the mean curvature vector field H of the
2-surface. H is the unique normal vector field determined by the variation
of the area functional and is ultimately connected to the warping of space-
time in the vicinity of the 2-surface. It is thus not surprising that several
definitions of quasi-local mass in general relativity are closely related to the
mean curvature vector field. In particular, both the Hawking mass [8] and
the Brown–York–Liu–Yau mass [4, 10] involve the norm of the mean curva-
ture vector field |H|. In the new definition of quasi-local mass in [13, 14],
in addition to |H|, the direction of the mean curvature vector field is also
utilized. When the mean curvature vector field is spacelike everywhere on
Σ (thus |H| > 0), the direction of H defines a connection one-form αH of
the normal bundle (see Definition 2 for the precise definition of αH). The
quasi-local mass in [13, 14] is defined in terms of the induced metric σ on
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the surface, |H|, and αH . In particular, the condition

(1.1) divσ(αH) = 0

implies that the isometric embedding of Σ into R
3 ⊂ R

3,1 is an optimal
isometric embedding in the sense of [13, 14]. Recently, Bray and Jauregui
[2] discovered a very interesting monotonicity property of the Hawking mass
along surfaces that satisfy the condition (1.1). Such surfaces are said to be
“time-flat” in [2] and include all 2-surfaces in a time-symmetric initial data
set.

For curves in R
3, the direction of the mean curvature vector corresponds

to the normal of the curve [7, pages 16–17]. The connection 1-form αH is
nothing but the torsion of the curve (see Definition 2) and condition (1.1)
simply says the torsion is constant. Weiner [16, 17] constructed simple closed
curves with constant torsion in R

3 that do not lie in a totally geodesic R
2.

On the other hand, in [3], Bray and Jauregui proved that a curve in R
3 with

constant torsion must lie in a totally geodesic R
2 if it can be written as a

graph over a simple closed curve in R
2.

A natural rigidity question raised by Bray [1] is “Must a time-flat surface
in the Minkowski spacetime lie in a totally geodesic R

3?” From the above
analogy between curves and surfaces, one expects some global condition is
needed in order for the rigidity property of time-flat surfaces to hold. In
this paper, we prove several global and local rigidity theorems for time-
flat surfaces in the Minkowski and Schwarzschild spacetimes under various
conditions.

We first prove a local rigidity theorem that holds in the Minkowksi space-
time in all dimensions:

Theorem 4. Let n ≥ 3. Suppose Σ is a mean convex hypersurface which
lies in a totally geodesic R

n in the n+ 1 dimensional Minkowski spacetime
R

n,1, then Σ is locally rigid as a time-flat n− 1 dimensional submanifold in
R

n,1. In other words, any infinitesimal deformation of Σ that preserves the
time-flat condition must be a deformation in the R

n direction, a deformation
that is induced by a Lorentz transformation of R

n,1, or a combination of these
two types of deformations.

We also prove three global rigidity theorems:

Theorem 6. Suppose Σ is a time-flat 2-surface in R
3,1 such that αH = 0

and Σ is a topological sphere, then Σ lies in a totally geodesic hyperplane.
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Theorem 7. Suppose Σ is a time-flat 2-surface in R
3,1 and Σ is a topolog-

ical sphere. If Σ is invariant under a rotational Killing vector field, then Σ
lies in a totally geodesic hyperplane in R

3,1.

The last global rigidity theorem holds for the (n+ 1)-dimensional
Schwarzschild spacetime with metric

−
(
1− 2m

rn−2

)
dt2 +

1
1− 2m

rn−2

dr2 + r2gSn−1 ,

where m ≥ 0 is the mass and gSn−1 is the standard metric on a unit sphere
Sn−1.

Theorem 10. Let n ≥ 3 and Σn−1 be a connected spacelike codimension-
2 submanifold in the (n+1)-dimensional Schwarzschild spacetime with mass
m. Suppose αH = 0 and Σ is star-shaped with respect to Q (see Definition 9)
where Q = rdr ∧ dt. Then, when m > 0, Σ lies in a time-slice; when m = 0,
Σ lies in a totally geodesic hyperplane.

Note that Q is a conformal Killing–Yano 2-form on the Schwarzschild
spacetime, see [9]. Theorem 4 follows from applying the Reilly formula to
the linearized equation (3.7). Theorem 6 is proved using the Codazzi equa-
tion and a theorem of Yau from [18]. The proof of Theorem 7 is reduced to
Theorem 6 using the structure of axially symmetric surfaces in R

3,1. The-
orem 10 is proved using a Minkowski-type integral formula involving the
conformal Killing–Yano 2-form on the Schwarzschild spacetime.

We review the geometry of spacetime surfaces in Section 2 and define
the time-flat condition and the higher dimensional generalization. Theorem
4 is proved in Section 3, Theorem 6 is proved in Section 4, Theorem 7 is
proved in Section 5, and Theorem 10 is proved in Section 6.

2. Geometry of spacelike 2-surface in spacetime

Let N be a time-oriented spacetime. Denote the Lorentzian metric on N by
〈·, ·〉 and covariant derivative by∇N . Let Σ be a closed space-like two-surface
embedded in N . Denote the induced Riemannian metric on Σ by σ and the
gradient and Laplace operator of σ by ∇ and Δ, respectively.

Given any two tangent vector X and Y of Σ, the second fundamental
form of Σ in N is given by II(X, Y ) = (∇N

XY )⊥ where (·)⊥ denotes the
projection onto the normal bundle of Σ. The mean curvature vector is the
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trace of the second fundamental form, orH = trΣII =
∑2

a=1 II(ea, ea), where
{e1, e2} is an orthonormal basis of the tangent bundle of Σ.

The normal bundle is of rank two with structure group SO(1, 1) and the
induced metric on the normal bundle is of signature (−,+). Since the Lie
algebra of SO(1, 1) is isomorphic to R, the connection form of the normal
bundle is a genuine 1-form that depends on the choice of the normal frames.
The curvature of the normal bundle is then given by an exact 2-form which
reflects the fact that any SO(1, 1) bundle is topologically trivial. Connections
of different choices of normal frames differ by an exact form. We define
(see [14]):

Definition 1. Let e3 be a space-like unit normal along Σ, the connection
one-form determined by e3 is defined to be

(2.1) αe3 = 〈∇N
(·)e3, e4〉,

where e4 is the future-directed time-like unit normal that is orthogonal to e3.

Definition 2. Suppose the mean curvature vector field H of Σ in N is a
spacelike vector field. The connection one-form in mean curvature gauge is

αH = 〈∇N
(·)e3, e4〉,

where e3 = − H
|H| and e4 is the future-directed timelike unit normal that is

orthogonal to e3.

Definition 3. We say Σ is time-flat if divσ(αH) = 0.

Remark 1. For spacelike codimension-2 submanifolds in a time-oriented
(n+ 1)-dimensional spacetime N , the second fundamental form II and the
mean curvature vector H can be defined in the same manner. Let en = − H

|H|
and en+1 be the future timelike normal orthogonal to en. The connection
one-form with respect to mean curvature gauge is defined to be

αH = 〈∇N
(·)en, en+1〉.

3. Local rigidity of mean convex hypersurfaces in R
n ⊂ R

n,1

The local rigidity problem can be formulated as follows. Suppose Σ is time-
flat and is given by an embedding X. Suppose V is a smooth vector field
along Σ such that the image of X(s) = X + sV is infinitesimally time-flat
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in the sense the derivatives of divσ(αH) along the image with respect to s
is zero when s = 0. Do all such V correspond to trivial deformations? It is
easy to see that submanifolds lying in a totally geodesic slice is time-flat.
We assume ∂Ω = Σ ⊂ {t = 0} = R

n. It is clear that any deformation in the
R

n direction preserves the time-flat condition. On the other hand, a Lorentz
transformation preserves the geometry of Σ and thus preserves the time-flat
condition.

Let ∇,Δ denote the covariant derivative and Laplacian of the induced
metric σ. Let hab, h be the second fundamental form and mean curvature of
Σ ⊂ R

n with respect to the outward unit normal ν.

Theorem 4. Let n ≥ 3. Suppose Σ is a mean convex hypersurface which
lies in a totally geodesic R

n in the n+ 1 dimensional Minkowski spacetime
R

n,1, then Σ is locally rigid as a time-flat n− 1 dimensional submanifold in
R

n,1. In other words, any infinitesimal deformation of Σ that preserves the
time-flat condition must be a deformation in the R

n direction, a deformation
that is induced by a Lorentz transformation of R

n,1, or a combination of these
two types of deformations.

Proof. In this proof, we denote αH by α. Since δ(divσα) depends linearly on
infinitesimal deformation and any deformation in R

n corresponds to trivial
deformations, it suffices to consider deformations in the time direction. Let
V = f ∂

∂t for a smooth function f defined on Σ be such an infinitesimal defor-
mation and X(s) = (τ(s), X1(s), . . . , Xn(s)) be the corresponding deforma-
tion. Since we only vary the surface in the time direction, Xi(s) = Xi(0) for
i = 1, . . . , n, and δτ = f . Here δ stands for ∂

∂s

∣∣
s=0

. We start by computing
the variation of divσα. The induced metrics satisfy

σ(s)ab = σab − ∂τ(s)
∂ua

∂τ(s)
∂ub

.(3.1)

Since τ(0) = 0, δσ = 0. Let Δs be the Laplacian of the induced metric on
X(s). We have

H = (Δsτ(s),ΔsX
1, . . . ,ΔsX

n).(3.2)
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δσ = 0 implies the infinitesimal variation of Laplacian is zero. Therefore, we
have

δH = (Δf)
∂

∂t
,(3.3)

δ|H|2 = 2〈δH,−hen〉 = 0,(3.4)

δen = −δH

h
+

δ|H|
h2

H = −Δf

h

∂

∂t
.(3.5)

Since 0 = δ〈en+1,
∂

∂ua 〉 = δ〈en+1, en〉, we have

0 =
〈

δen+1,
∂

∂ua

〉
+

〈
en+1,

∂f

∂ua

∂

∂t

〉

and

0 = 〈δen+1, en〉+
〈

en+1,−Δf

h

∂

∂t

〉
.

Hence

δen+1 = ∇f − Δf

h
en.(3.6)

We are ready to compute the variation of α.

(δα)a = δ〈Daen, en+1〉
= 〈(δD)aen, en+1〉+

〈
D ∂(δX)

∂ua
en, en+1

〉
+ 〈Da(δen), en+1〉+ 〈Daen, δen+1〉.

Since δσ = 0, δD = 0. By (3.5) and (3.6), we get

(δα)a =
〈
D ∂f

∂ua
∂

∂t

en, en+1

〉

+
〈

Da

(
−Δf

h

)
∂

∂t
,

∂

∂t

〉
+

〈
Daen,∇f − Δf

h
en

〉

= ∇a

(
Δf

h

)
+ hab∇bf

and

(3.7) δ(divσα) = Δ
(
Δf

h

)
+∇a

(
hab∇bf

)
.

We remark that the linearization of this operator was also derived in [5, 11].



Rigidity of time-flat surfaces in the Minkowski spacetime 1233

To prove the theorem, it suffices to show that f is the restriction of linear
coordinate functions on Σ. Let u solve the Dirichlet problem

{
Δu = 0 in Ω,
u = f on Σ.

On R
n, the Reilly formula [12] reads
∫

Ω
|D2u|2 = −

∫
Σ

(
hab∇af∇bf + 2(Δf)en(u) + h(en(u))2

)
.(3.8)

This was used in [11] to derive minimizing property of the Wang–Yau
quasi-local energy. On the other hand, multiplying δ(divσα) = 0 by f and
integrating over Σ yield

∫
Σ

(
(Δf)2

h
− hab∇af∇bf

)
= 0.(3.9)

Adding (3.8) and (3.9) together and completing square, we obtain

∫
Ω
|D2u|2 +

∫
Σ

(
Δf√

h
+
√

hen(u)
)2

= 0.

Hence, u is a linear function up to a constant. �

4. Global rigidity for surfaces with αH = 0

We first recall a general sufficient condition of Yau that implies a submani-
fold lies in another submanifold which is totally geodesic.

Theorem 5 ([18, Theorem 1]). Let M be a submanifold in a p-
dimensional pseudo-Riemannian manifold P with constant curvature. Let
N1 be a subbundle of the normal bundle of M with fiber dimension k.
Suppose the second fundamental form of M with respect to any direction
in N1 vanishes and N1 is parallel in the normal bundle. Then M lies in a
(p− k)-dimensional totally geodesic submanifold.

Although in [18], the theorem is proved only for Riemannian mani-
fold, the same argument works in the pseudo-Riemannian case. We apply
Theorem 5 to prove the following global rigidity theorem.

Theorem 6. Suppose Σ is a time-flat 2-surface in R
3,1 such that αH = 0

and Σ is a topological sphere, then Σ lies in a totally geodesic R
3.
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Proof. Denote by e3 = − H
|H| and e4 to be the unit future timelike normal

that is orthogonal to e3. The second fundamental form of Σ can be written
as h3

abe3 − h4
abe4 and h4

ab is trace-free. The Codazzi equation for h4
ab reads

∇ah4
ab −∇btrσh4 + (αH)ah3

ab − trσh3(αH)b = 0.

Since αH = 0 and h4
ab is trace-free, this reduces to

∇ah4
ab = 0.

A divergence-free symmetric trace-free 2-tensor corresponds to a holomor-
phic quadratic differential, which must vanish since Σ is a topological sphere.
Let N1 be the subbundle of the normal bundle spanned by e4. Since αH = 0,
N1 is parallel in the normal bundle. Hence by Theorem 5 above, Σ lies in a
totally geodesic hyperplane in R

3,1. �

5. Global rigidity for axially symmetric and time-flat
surfaces in R

3,1

In this section, we prove the following global rigidity theorem for time-flat
axially symmetric surfaces in R

3,1.

Theorem 7. Suppose Σ is a time-flat 2-surface in R
3,1 and Σ is a topolog-

ical sphere. If Σ is invariant under a rotational Killing vector field, then Σ
lies in a totally geodesic hyperplane in R

3,1.

Proof. Without loss of generality, we assume that the rotational Killing vec-
tor field is ∂

∂φ where (t, r, θ, φ) is the standard spherical coordinate in R
n,1,

and in terms of this coordinate system Σ is locally given by the embedding

F : (θ, φ)→ (t(θ), r(θ), θ, φ).

A basis of the tangent space of Σ consists of

t′
∂

∂t
+ r′

∂

∂r
+

∂

∂θ
and

∂

∂φ
,

where ()′ stands for differentiation with respect to θ. On the other hand, a
basis of the normal bundle is given by

Y3 = r2 ∂

∂r
− r′

∂

∂θ
and Y4 = r′

∂

∂t
+ t′

∂

∂r
.



Rigidity of time-flat surfaces in the Minkowski spacetime 1235

By axisymmetry, both normal vectors e3 = − H
|H| and its orthogonal comple-

ment e4 can be written as linear combinations of Y3 and Y4 with coefficients
depending only on θ. We compute

αH

(
∂

∂φ

)
= 〈D ∂

∂φ
e3, e4〉 =

〈
a(θ)Γ̄φ

φr

∂

∂φ
+ b(θ)Γ̄φ

φθ

∂

∂φ
, e4

〉
= 0.

Hence αH = ϕ(θ)dθ and dαH = 0. Since Σ is a topological 2-sphere, dαH =
divαH = 0 imply αH = 0. By Theorem 6, Σ lies in a totally geodesic
hyperplane. �

6. Global rigidity of codimension-2 submanifolds with
αH = 0 in the Schwarzschild spacetime

We generalize Theorem 6 to “star-shaped” (see Definition 9) codimension-2
submanifolds in the (n+ 1) dimensional Schwarzschild spacetime with mass
m ≥ 0. In Schwarzschild coordinates, the metric ḡ takes the form

ḡ = −(1− 2m
rn−2

) dt2 +
1

1− 2m
rn−2

dr2 + r2gSn−1 .

We include the case m = 0 which corresponds to the Minkowski spacetime.
Let Q = rdr ∧ dt be the conformal Killing–Yano 2-form and Q2 be the

symmetric 2-tensor given by

(Q2)αβ = Q γ
α Qγβ .

We need the following lemma from [15, Lemma B.1] relating the curvature
tensor and Q.

Lemma 8. The curvature tensor R̄αβγδ of the Schwarzschild metric ḡ can
be expressed as

R̄αβγδ =
2m
rn

(ḡαγ ḡβδ − ḡαδ ḡβγ)− n(n− 1)m
rn+2

×
(
2
3
QαβQγδ − 1

3
QαγQδβ − 1

3
QαδQβγ

)

− nm

rn+2

(
ḡ ◦Q2

)
αβγδ

(6.1)

where (ḡ ◦Q2)αβγδ = ḡαγ(Q2)βδ − ḡαδ(Q2)βγ + ḡβδ(Q2)αγ − ḡβγ(Q2)αδ.
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Let Σ be a spacelike codimension-2 submanifold in the Schwarzschild
spacetime of (n+ 1)-dimension. Let en, en+1 and αH be as in Remark 1. We
consider a natural condition that generalizes the star-shaped condition for
hypersurfaces in the Euclidean space.

Definition 9. Σ is said to be star-shaped with respect toQ ifQ(en, en+1)> 0.

We are now ready to prove the main theorem in this section:

Theorem 10. Let n ≥ 3 and Σn−1 be a connected spacelike codimension-2
submanifold in the (n+1)-dimensional Schwarzschild spacetime with mass
m ≥ 0. Suppose αH = 0 and Σ is star-shaped with respect to Q where Q =
rdr ∧ dt. Then, when m > 0, Σ lies in a time-slice; when m = 0, Σ lies in
a totally geodesic hyperplane.

Proof. Let σ denote the induced metric on Σ. Let hn and hn+1 be the second
fundamental forms with respect to en and en+1, respectively. We pick a tan-
gential basis ∂a, a = 1, . . . , n− 1 and express the components of a tensor in
terms of this basis together with en and en+1. For example, Qnb = Q(en, ∂b).
In the following computations, we lower and raise indices with respect to the
induced metric σab = σ(∂a, ∂b) and its inverse σab. Consider the divergence
quantity on Σ:

(6.2) ∇a

[(
trσ(hn+1)σab − h ab

n+1

)
Qnb

]
.

By the assumption αH = 0 and the Codazzi equation (see, for example,
[15, Theorem 2.1]), we obtain

∇a

(
trσ(hn+1)σab − h ab

n+1

)
= −R̄ab

a,n+1.

On the other hand, Q satisfies the conformal Killing–Yano equation [9, Def-
inition 1]

DαQβγ +DβQαγ =
2
n

(
ḡαβξγ − 1

2
ḡαγξβ − 1

2
ḡβγξα

)

where ξβ = DαQαβ . In our case Q = rdr ∧ dt and ξ = −n ∂
∂t . Therefore,

1
2

(
∇a(Q(en, ∂b)) +∇b(Q(en, ∂a))

)
= σab

〈
∂

∂t
, en

〉
− hn+1,abQn+1,n

− 1
2
(Qbch

c
na +Qach

c
nb).
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The assumption αH = 0 and Ricci equation (see, for example, [15, Theorem
2.1]) together imply

Qbch
c

na h ab
n+1 =

1
2
R̄ab

n+1,nQba.

Therefore, (6.2) becomes

−|hn+1|2Qn,n+1 − R̄ab
a,n+1Qnb +

1
2
R̄ab

n+1,nQba.

Here we use the fact trσ(hn+1) = 0. In the following, we apply the curvature
formula (6.1) and an algebraic relation of components of Q to simplify the
last two terms.

By (6.1),

R̄ab
a,n+1 = −

n(n− 1)m
rn+2

QabQa,n+1 − n(n− 2)m
rn+2

×
(
−QabQa,n+1 +Qb

nQn,n+1

)
,

R̄ab
n+1,n = −

n(n− 1)m
rn+2

(
2
3
QabQn+1,n − 1

3
Qa

n+1Q
b

n − 1
3
Qa

nQb
n+1

)
,

and thus

− R̄ab
a,n+1Qnb +

1
2
R̄ab

n+1,nQba

=
nm

rn+2

[
(n− 1)QabQa,n+1Qnb − (n− 2)QabQa,n+1Qnb

+ (n− 2)QbnQnbQn,n+1

− n− 1
3

(QabQbaQn+1,n −Qa
n+1Q

b
n Qba)

]
.

From [15, Lemma B.3], we have

QabQa,n+1Qbn = −12QabQabQn,n+1.

Therefore,

R̄ab
a,n+1Qnb − 1

2
R̄ab

n+1,nQba

=
n(n− 2)m

rn+2

(
1
2
QabQabQn,n+1 +Qb

nQbnQn,n+1

)
,
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and we obtain

0 =
∫

Σ
∇a

[(
trσ(hn+1)σab − h ab

n+1

)
Qnb

]
dμ

= −
∫

Σ

(
|hn+1|2 + n(n− 2)m

rn+2

(
1
2
QabQab +Qb

nQbn

))
Qn,n+1dμ.

If m > 0, we obtain Qab = Qbn = 0. As Q = rdr ∧ dt, it is not hard to see
that ∂

∂t is orthogonal to Σ. Hence Σ lies on a time-slice. If m = 0, we can only
deduce hn+1 = 0. However, this is the case of the Minkowski spacetime on
which Theorem 5 is applicable. We conclude that Σ lies in a totally geodesic
hyperplane of the Minkowski spacetime. �

Remark 2. Theorem 10 holds on a class of spherically symmetric space-
times that satisfy null convergence condition. See [15, Theorem 5.11].
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