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Complicated colorings

Assaf Rinot

If λ, κ are regular cardinals, λ > κ+, and Eλ
≥κ admits a nonreflect-

ing stationary set, then Pr1(λ, λ, λ, κ) holds.

1. Introduction

The theory of strong colorings was born with Sierpiński’s 1933 construction
of a symmetric function c : R

2 \Δ→ 2 that does not admit an uncountable
monochromatic square. For the construction, one fixes a well-ordering <W of
the reals, and contrast it with the usual ordering <, by letting c(x, y) = 1 iff
(x < y & x <W y) ∨ (y < x & y <W x). The separability of R then implies
that for every uncountable set A of reals, and every i < 2, there exist x <W y
in A such that c(x, y) = i.

In the 1960s, Erdős and his school initiated a systematic study of this
sort of colorings, and introduced the following piece of notation. We say
that λ � [μ]2θ holds provided that there exists a symmetric coloring of pairs
d : [λ]2 → θ with the property that for every subsetA of λ of size μ, and every
color γ < θ, there exist α < β in A such that d(α, β) = γ. So, Sierpiński’s
partition is a witness to 2ℵ0 � [ℵ1]22. Erdős, Hajnal and Rado proved [2]
that, assuming the Generalized Continuum Hypothesis (GCH), λ+

� [λ+]2λ+

holds for every infinite cardinal λ. On its face, the existence of such a coloring
d : [λ+]2 → λ+ that attains all possible colors on all squares of unbounded
subsets of λ+ appears to be the strongest conceivable failure of Ramsey’s
theorem at the level of successor cardinals. However, one can ask for more.
To see this, let us revisit Sierpiński’s example. Let R be a “rectangle” of
the form {(x, y) ∈ I × J | x <W y}, for disjoint real intervals I and J ;1 then
c � R is a constant function. So, while c admits no monochromatic uncount-
able squares, it does admit monochromatic uncountable rectangles. In con-
trast, the Erdős–Hajnal–Rado coloring does attain all colors even on rectan-
gles. Of course, this appears to come with a price: the Erdős–Hajnal–Rado

1By convention, for sets of ordinals A,B, one associates the “rectangle” A�B =
{(α, β) ∈ A×B | α < β}.

1367



1368 Assaf Rinot

construction requires the GCH. We refer the reader to [8, 10] for a resolution
of this particular aspect, and turn now to a further finer concept:

Definition 1.1 (Shelah, [12]). Pr1(λ, μ, θ, χ) asserts the existence of a
coloring d : [λ]2 → θ such that for any family A ⊆ [λ]<χ of size μ, consisting
of pairwise disjoint sets, and every color γ < θ, there exist a, b ∈ A with
sup(a) < min(b) satisfying d[a× b] = {γ}.

So, Sierpiński’s example is a coloring satisfying Pr1(2ℵ0 ,ℵ1, 2, 2), that
fails to satisfy Pr1(2ℵ0 ,ℵ1, 2, 3). This justifies the inclusion of the fourth
parameter χ. Another justification, and, in fact, the origin of this concept,
is in its effect on questions concerning chain conditions of product of topo-
logical spaces and related objects. For example, Galvin [4] proved that for λ
regular uncountable, Pr1(λ, λ, 2, ω) entails two λ-cc Boolean algebras whose
product is not λ-cc (see also [9, 14]).

Now, what about the third parameter θ? Here, we mention that, for
example, Shelah proved [16] that Pr1(λ+, λ+, cf(λ), cf(λ)) holds for every
singular cardinal λ, whereas the question of whether Pr1(λ+, λ+, λ+, cf(λ))
(or just Pr1(λ+, λ+, λ, 2)) holds for every singular cardinal λ is the oldest
open problem of this field.

A major breakthrough by Todorčević [20] was proving that ℵ1 � [ℵ1]2ℵ1

holds outright in ZFC. Moreover, in the presence of a nonreflecting station-
ary set, Todorčević’s technology generalizes to arbitrary regular cardinals
> ℵ1, yielding:

Theorem 1.2 (Todorčević, [20]). If λ > ℵ1 is a regular cardinal that
admits a nonreflecting stationary set, then λ � [λ]2λ. That is, Pr1(λ, λ, λ, χ)
holds for χ = 2.

This generalization was independently established by Shelah shortly
after learning the proof of ℵ1 � [ℵ1]2ℵ1

, and appeared in [13].
Theorem 1.2 raises the question whether under the same hypothesis, the

above holds true also for higher χ’s?
This particular question and its variations were studied systematically

by Shelah in a sequence of papers [11–15, 18, 19], and in his monograph [16].
Roughly speaking, the difficulty in establishing Pr1(λ, λ, λ, χ) for χ > 2 is
the need for some room to either derive several oscillation functions (and
then to contrast them), or to enforce repetitions that allow to find for every
family A ⊆ [λ]<χ as in Definition 1.1, an equipotent subfamily A′ ⊆ A which
is less diverse or more tamed in various senses. In [14], this was obtained
through the arithmetic assumption “2χ < λ”, and in [15], Pr1(λ, λ, λ, χ)
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was established for χ = ℵ0 and a cardinal λ that admits a nonreflecting
stationary set S ⊆ λ, through the requirement that for all α ∈ S, cf(α) is
at least the double-successor of χ. Later on, in [18], it was proved that
Pr1(χ++, χ++, χ++, χ) holds for every regular cardinal χ.

In this paper, we eliminate the arithmetic hypothesis from [14], elimi-
nate the “double successor” cofinality gap requirement from [15], obtain the
main results of [18, 19] as a corollary, and indeed increase χ from 2 to ω in
Theorem 1.2 above. It is proved:

Main result. If λ, χ are regular cardinal, λ > χ+, and Eλ
≥χ admits a non-

reflecting stationary set, then Pr1(λ, λ, λ, χ) holds.

1.1. About the proof

In [18], Shelah introduced a coloring principle Pr6(κ, κ, θ, χ), proved that
Pr6(μ+, μ+, μ+, μ) holds for every regular cardinal μ, and provided a lifting
theorem:

Theorem 1.3 (Shelah, [18]). If Pr6(κ, κ, θ, χ) holds, χ ≤ κ < cf(λ) = λ,
then Pr1(λ, λ, θ, χ) holds, provided that there exists a nonreflecting stationary
subset of Eλ

≥κ.

Unfortunately, if θ is considerably smaller than λ, it is unclear how to
infer Pr1(λ, λ, λ, χ) from Pr1(λ, λ, θ, χ).2 So, for instance, it is unclear how
to deduce the main result of [15] from the above strategy. Moreover, by
Ramsey’s theorem, Pr6(κ, κ, θ, χ) fails for κ = ℵ0 and θ ≥ 2, so if λ admits
a nonreflecting stationary set, but every stationary subset of Eλ

>ω reflects,
then the above theorem does not come into play.

In this paper, we introduce a relative of Pr6 that overcomes these two
barriers. We name it P
6, and prove:

Theorem 1.4. If P
6(κ, χ) holds, χ ≤ κ < cf(λ) = λ, then Pr1(λ, λ, λ, χ)
holds, provided that there exists a nonreflecting stationary subset of Eλ

≥χ.

This time, the main result of [15] does follow as a corollary, provided
that P
6(ℵ2,ℵ0) (or P
6(ℵ1,ℵ0)) hold. But does P
6(ℵ2,ℵ0) hold? It does.
In fact, it will be proved that P
6(μ+, μ) holds for every regular cardinal μ.
Consequently:

2Recall the problem mentioned earlier concerning successor of singulars.
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Corollary 1.5. If λ > ℵ1 is a regular cardinal that admits a nonreflecting
stationary set, then Pr1(λ, λ, λ,ℵ0) holds.

The preceding is optimal, since Martin’s Axiom, MAℵ1 , entails the failure
of Pr1(ℵ1,ℵ1, 2,ℵ0).3

1.2. Conventions

For a set a of ordinals, denote acc+(a) := {α < sup(a) | sup(a ∩ α) = α},
acc(a) := a ∩ acc+(a) and nacc(a) := a \ acc(a). For i < otp(a), we let a(i)
denote the unique ordinal α ∈ a such that otp(a ∩ α) = i. The length of a
finite sequence σ is denoted by 
(σ).

2. The decomposition principle P�6

This section is dedicated to the study of the following principle.

Definition 2.1. P
6(κ, χ) asserts the existence of a coloring c : <ωκ→ ω
satisfying the following. For every sequence 〈(uα, vα, ρα) | α < κ〉 and ϕ :
κ→ κ with

(1) ϕ is eventually regressive. That is, ϕ(α) < α for co-boundedly many
α < κ;

(2) uα and vα are nonempty elements of [<ωκ]<χ;

(3) α ∈ Im(η) for all η ∈ uα;

(4) ρα
�〈α〉 � ρ for all ρ ∈ vα,

there exist α < β < κ with ϕ(α) = ϕ(β) such that c(η�ρ) = 
(η) for all η ∈
uα and ρ ∈ vβ .

At a first glance, it may seem that P
6 puts an impossible task on
c: decomposing a concatenated sequence back into its original ingredients.
However, the main result of this section reads as follows.

Theorem 2.2. P
6(μ+, μ) holds for every regular cardinal μ.

3Kunen [6], Rowbottom [5], Solovay, and others (see [3, Section 41M]) proved
that MAℵ1 implies that the product of any two ccc topological spaces is again ccc,
while Galvin [4] proved that Pr1(ℵ1,ℵ1, 2,ℵ0) entails two ccc topological spaces
X,Y for which X× Y is not ccc.
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Theorem 2.2 is obtained as an immediate corollary to Theorems 2.3
and 2.6 below, which are somewhat more informative.

Theorem 2.3. Suppose that μ is a regular cardinal, and there exists a
cardinal θ < μ with 2θ ≥ μ. Then the following strong form of P
6(μ+, μ)
holds. Write Γ := Eμ+

μ and κ := μ+. There exists a coloring c : <ωκ→ ω ×
κ× κ× κ, such that for every γ∗ < κ, a sequence 〈(uα, vα, ρα) | α ∈ Γ〉, and
ϕ : Γ→ κ satisfying clauses (1)–(4) of Definition 2.1, there exist α < β in
Γ with ϕ(α) = ϕ(β) such that c(η�ρ) = (
(η), α, β, γ∗) for all η ∈ uα and
ρ ∈ vβ.

Proof. We commence with the construction of the coloring, and then verify
that this works.

The coloring. Let
−→
C = 〈Cδ | δ < κ〉 be a sequence such that Cδ is a club in

δ of minimal order-type for every limit δ < κ, and such that Cδ+1 = {δ} for
all δ < κ. By [18, Claim 3.1], [18, Lemma 3.10] and the existence of θ < μ

with 2θ ≥ μ, we may moveover require that
−→
C � Γ enjoys the following form

of club guessing.4 There exist 〈gδ : Cδ → ω | δ ∈ Γ〉 and ψ : κ→ κ with the
property that for every club D ⊆ κ, and every γ∗ < κ, there exists some
δ ∈ Γ with ψ(δ) = γ∗ such that sup{ζ ∈ nacc(Cδ) ∩D | gδ(ζ) = n} = δ for
all n < ω.

Fix a coloring d : [κ]2 → ω that satisfies d(α, β) = gβ(min(Cβ \ α)) for
all α ∈ β ∈ Γ.

Next, given a sequence σ ∈ <ωκ, let

Dσ := {(i, j) | i < j < 
(σ) & σ(i) < σ(j)},
and whenever Dσ 
= ∅, set
• mσ := max{otp(Cσ(j) ∩ σ(i)) | (i, j) ∈ Dσ};
• Pσ := {(i, j) ∈ Dσ | otp(Cσ(j) ∩ σ(i)) = mσ};
• jσ := min{j | ∃i (i, j) ∈ Pσ};
• ασ := min{σ(i) | ∃j (i, j) ∈ Pσ};
• βσ := σ(jσ).

Define ci : <ωκ→ κ for i < 4 so that for every σ ∈ <ωκ with Dσ 
= ∅:
• c0(σ) = max{0, jσ − d(ασ, βσ)};

4This is the only application of the arithmetic hypothesis in the whole proof.
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• c1(σ) := ασ;

• c2(σ) := βσ;

• c3(σ) := ψ(βσ).

We claim that σ �→ (c0(σ), c1(σ), c2(σ), c3(σ)) works.
Verification. Suppose that we are given a sequence 〈(uα, vα, ρα) | α ∈ Γ〉
together with a prescribed color γ∗ < κ, and a map ϕ : Γ→ κ, as in the state-
ment of the theorem. Note that, without loss of generality, we may assume
that α 
∈ Im(ρα) for all α ∈ Γ. Indeed, we may assume that ρα denotes the
shortest possible sequence to satisfy ρα

�〈α〉 � ρ for all ρ ∈ vα.
Let λ be a large enough regular cardinal, and let �λ be a well-ordering

of Hλ. Let 〈Mδ | δ < κ〉 be a continuous ∈-chain of elementary submodels of
(Hλ,∈,�λ), each of size μ, such that μ ⊆M0 and {〈Cδ | δ ∈ Γ〉, 〈(uα, vα, ρα) |
α ∈ Γ〉, ϕ} ∈M0.

Write D := {δ < κ |Mδ ∩ κ = δ}. By the club-guessing feature of 〈Cδ |
δ ∈ Γ〉, let us pick β ∈ Γ with ψ(β) = γ∗ such that sup{ζ ∈ nacc(Cβ) ∩D |
gβ(ζ) = n} = β for all n < ω. In particular, β ∈ D and ϕ(β) < β. We shall
find α ∈ β ∩ Γ with ϕ(α) = ϕ(β) such that c0(η�ρ) = 
(η), c1(η�ρ) = α,
c2(η�ρ) = β and c3(η�ρ) = γ∗ for all η ∈ uα and ρ ∈ vβ .

Define h : [κ]<μ → μ by stipulating

h(z) := sup{otp(Cβ′ ∩ α′) | α′ < β′ are in z}.

For every δ ∈ Γ, write aδ :=
⋃{Im(σ) | σ ∈ uδ ∪ vδ}, and xδ := aδ \ δ.

Put ξ := sup(aβ ∩ β) + 1. As |aβ| < cf(β), we have ξ < β. Let f : μ→
ξ be the �λ-least surjection. By |aβ | < μ and regularity of the latter, let
i′ < μ be large enough so that aβ ∩ β ⊆ f [i′]. Write n∗ := 
(ρβ), z := f [i′],
ε := h(aβ ∪ z), τ := ϕ(β), and

T := {δ ∈ Γ | aδ ∩ δ ⊆ z, h(aδ ∪ z) = ε, ϕ(δ) = τ}.

Pick a large enough ζ ∈ nacc(Cβ) ∩D above max{ξ, τ} such that gβ(ζ) =
n∗, and otp(Cβ ∩ ζ) > ε. By ξ, τ ∈Mζ , we have T ∈Mζ . Since β ∈ T \Mζ ,
we have sup(T ∩Mζ) = ζ. So, pick a large enough α ∈ T ∩Mζ such that
α > max(Cβ ∩ ζ). In particular, ϕ(α) = ϕ(β).

Claim 2.3.1. (1) h(aα ∪ z) = ε;

(2) aα ∩ α ⊆ z;

(3) xα ⊆ (max(Cβ ∩ ζ), ζ). In particular, otp(Cβ ∩ α) > ε, and
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(4) d(α, β) = 
(ρβ).

Proof. (1) and (2) are consequences of the fact that α is a member of T .
(3) By α ∈Mζ , we have xα ∈Mζ , and then sup(xα) < ζ. By α ∈ Im(η)

for all η ∈ uα, we have min(xα) = α. Altogether, max(Cβ ∩ ζ) < α = min(xα)
≤ sup(xα) < ζ. In particular, otp(Cβ ∩ α) = otp(Cβ ∩ ζ) > ε.

(4) By the previous clause, and the choice of d, we have d(α, β) = gβ(ζ) =
n∗ = 
(ρβ). �

To see that α, β are as desired, suppose that we are given η ∈ uα and ρ ∈ vβ,
and let us show that c0(σ) = 
(η), c1(σ) = α, c2(σ) = β and c3(σ) = γ∗, for
σ := η�ρ.

By α ∈ Im(η) and β ∈ Im(ρ), there exist î < ĵ < 
(σ) such that σ(̂i) = α
and σ(ĵ) = β. So (̂i, ĵ) witnesses that Dσ 
= ∅, and then by Claim 2.3.1(3),
we have mσ ≥ otp(Cβ ∩ α) > ε.

Claim 2.3.2. If (i, j) ∈ Pσ, then:

(1) {σ(i), σ(j)} 
⊆ (aα ∪ z), and {σ(i), σ(j)} 
⊆ (aβ ∪ z);
(2) If σ(i) ∈ aα, then σ(j) 
∈ aβ ∩ β;

(3) η � σ � j;
(4) σ(j) = β;

(5) σ(i) ∈ xα.

Proof. (1) If {σ(i), σ(j)} ⊆ aα ∪ z, then otp(Cσ(j) ∩ σ(i)) ≤ h(aα ∪ z) = ε,
by Claim 2.3.1(1). Likewise, if {σ(i), σ(j)} ⊆ aβ ∪ z, then otp(Cσ(j) ∩
σ(i)) ≤ h(aβ ∪ z) = ε, by definition of ε. However, otp(Cσ(j) ∩ σ(i)) =
mσ > ε.

(2) Otherwise, {σ(i), σ(j)} ⊆ aα ∪ (aβ ∩ β) ⊆ aα ∪ z, contradicting the
previous clause.

(3) By σ = η�ρ, we have {σ(i), σ(j)} ⊆ Im(η) ∪ Im(ρ) ⊆ aα ∪ aβ . So, by
Clause (1), together with i < j and σ = η�ρ, we infer that σ(i) ∈
Im(η) and σ(j) ∈ Im(ρ). That is, i < 
(η) and j ≥ 
(η). In particular,
σ(i) ∈ aα and σ(j) ∈ aβ .

(4) By σ(i) ∈ aα, σ(j) ∈ aβ , and Clause (2), we have σ(j) ≥ β. Towards a
contradiction, suppose that β < σ(j). Then by σ(i) ∈ aα and α ∈ β ∈
D, we have σ(i) < β < σ(j), and hence otp(Cσ(j) ∩ σ(i)) ≤ otp(Cσ(j) ∩
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β). As σ(j), β ∈ aβ , we then get that otp(Cσ(j) ∩ σ(i)) ≤ h(aβ) ≤ ε,
contradicting the fact that otp(Cσ(j) ∩ σ(i)) = mσ > ε.

(5) Otherwise, σ(i) ∈ aα ∩ α ⊆ z and {σ(i), σ(j)} ⊆ (z ∪ aβ), contradict-
ing Clause (1). �

As β 
∈ Im(ρβ), we get from the preceding claim, and the minimality of
jσ, that

σ � (jσ + 1) = η�ρβ
�〈β〉.

So βσ = β and jσ = 
(η�ρβ). By Clause (5) of the preceding claim, ασ ∈ xα.
Then, by Claim 2.3.1(3), we get that otp(Cβ ∩ ασ) = otp(Cβ ∩ α). Recalling
that min(xα) = α ∈ Im(η), Claims 2.3.2(5) and 2.3.1(3), then imply that
ασ = α.

Altogether, by Claim 2.3.1(4):

• σ � (jσ − d(ασ, βσ)) = (η�ρ) � (
(η�ρβ)− 
(ρβ)) = η;

• c0(σ) = max{0, jσ − d(ασ, βσ)} = 
(η);

• c1(σ) = ασ = α;

• c2(σ) = βσ = β;

• c3(σ) = ψ(βσ) = γ∗.
�

Our goal now is to handle the other case: μ strongly inaccessible (includ-
ing μ = ℵ0). For this, we first need to state and prove a straightforward
generalization of a fact from [20].

Theorem 2.4 (Todorčević, implicit in [20]). If μ<μ = μ, then there
exists a coloring d : [μ+]2 → μ+ satisfying the following.

For every family A ⊆ P(μ+) of size μ+ consisting of pairwise disjoint
sets of some fixed order-type χ < μ, and every color γ∗ < μ+, there exist
A′ ∈ [A]μ and b ∈ A such that sup(a) < min(b) and d(a(i), b(i)) = γ∗ for all
a ∈ A′ and i < χ.

Proof. Let 〈eβ : β → μ | β < μ+〉 be a sequence of injections. Let 〈fα : μ→
μ | α < μ+〉 be a sequence of pairwise distinct functions. Write Δ(α, α) :=
∞, and Δ(α, β) := min{i < μ | fα(i) 
= fβ(i)} for distinct α, β < μ+. Put
Γ := Eμ+

μ . Fix a surjection ψ : μ+ → μ+ such that Γγ := {δ ∈ Γ | ψ(δ) = γ}
is stationary for every γ < μ+. Define a coloring c : [μ+]2 → μ+ by letting
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for all α < β < μ+:

c(α, β) := min({δ ∈ [α, β) | Δ(α, β) ≥ eβ(δ)} ∪ {β}).

Finally, let d(α, β) := ψ(c(α, β)).
To see that d works, suppose that A, χ and γ∗ are as in the hypothesis.

LetM be an elementary submodel of (Hλ,∈, �λ) for a large enough regular
cardinal λ, of size μ, such that {A, 〈eα | α < μ+〉, 〈fα | α < μ+〉,<μμ} ∈ M,
andM∩ μ+ ∈ Γγ∗ . Denote δ :=M∩ μ+. Pick b ∈ A with min(b) > δ. Our
goal now is to find an A′ ∈ [A ∩M]μ such that c(a(i), b(i)) = δ for all a ∈ A′
and i < χ.

Put

• ε := sup{eb(i)(δ) | i < χ};
• t := 〈fb(i) � ε | i < χ〉.

By <μμ ∈M and |<μμ| = |M|, we have t ∈M, and hence the set

At := {a ∈ A | t = 〈fa(i) � ε | i < χ〉}

belongs toM. Since b ∈ At \M, we get that |At| = μ+. Pick x ∈ At \ (M∪
{b}). Put
• ν := sup{Δ(b(i), x(i)) | i < χ};
• s := 〈fx(i) � (ν + 1) | i < χ〉;
• D :=

⋃
i<χ{δ′ < δ | eb(i)(δ′) ≤ ν}.

As eb(i) is injective for all i < χ, and μ is regular, |D| < μ. Since x ∈ As \
M, we get by elementarity that for every τ < δ, there exists a ∈ As ∩M
with min(a) > τ . PutA′ := {a ∈ As ∩M | min(a) > sup(D)}. By cf(δ) = μ,
we have |A′| = μ.

Finally, to see that c(a(i), b(i)) = δ for all a ∈ A′ and i < χ, fix an arbi-
trary a ∈ A′ and i < χ. We have:

• t(i) = fb(i) � ε by definition of t;
• t(i) = fx(i) � ε, since x ∈ At;

• ε ≤ Δ(b(i), x(i)), by the above two;

• s(i) = fx(i) � (ν + 1) by definition of s;

• s(i) = fa(i) � (ν + 1), since a ∈ As;
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• ν < Δ(a(i), x(i)) by the above two;

• ε ≤ Δ(b(i), x(i)) ≤ ν < Δ(a(i), x(i)), and hence ε ≤ Δ(a(i), b(i)) ≤ ν;

• Δ(a(i), b(i)) ≥ ε ≥ eb(i)(δ), by definition of ε.

It follows that if c(a(i), b(i)) 
= δ, then there must exist some δ′ ∈ [a(i), δ)
such that Δ(a(i), b(i)) ≥ eb(i)(δ′). But then, ν ≥ eb(i)(δ′), meaning that δ′ ∈
D, and contradicting the fact that a(i) ≥ min(a) > sup(D).

So, c(a(i), b(i)) = δ and d(a(i), b(i)) = γ∗, as desired. �
We shall also need a simple lemma.

Lemma 2.5 (folklore). For every infinite cardinal μ, there exists a func-
tion h : [μ+]2 → μ such that:

(1) h is locally small, that is, |{α < β | h(α, β) ≤ ε}| < μ for all (ε, β) ∈
μ× μ+;

(2) h is transitive, that is, h(α, γ) ≤ max{h(α, β), h(β, γ)} for all α < β <
γ < μ+.

Proof. For every γ < μ+, fix a surjection ϕγ : μ→ γ. Put Ai
0 := ∅ for all

i < μ. Now, suppose that γ < μ+ is an ordinal such that for all δ < γ and
i < μ, we have |Ai

δ| ≤ |i|+ ℵ0, and {Ai
δ | i < μ} is a chain converging to δ.

For all i < μ, put:

Ai
γ := ϕγ [i] ∪

⋃
{Ai

δ | δ ∈ ϕγ [i]}.

Clearly, |Ai
γ | ≤ |i|+ ℵ0, and {Ai

γ | i < μ} is a chain converging to γ.
Then, define h : [μ+]2 → μ by letting for all α < β < μ+:

h(α, β) := min{i < μ | α ∈ Ai
β}.

As {α < β | h(α, β) ≤ ε} = Aε
β for all ε < μ, the function h is locally

small.
We now prove that h(α, γ) ≤ max{h(α, β), h(β, γ)} holds for all α < β <

γ < μ+ by induction on γ < μ+.
Suppose that γ < μ+ and that transitivity holds for all γ′ < γ. Let α <

β < γ be arbitrary. Write i := max{h(α, β), h(β, γ)}. By β ∈ Ai
γ , there are

two cases to consider:

� If β ∈ ϕγ [i], then by definition of Ai
γ , we have A

i
β ⊆ Ai

γ . So, by α ∈ Ai
β ,

we have α ∈ Ai
γ , and hence h(α, γ) ≤ i.
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� If β ∈ Ai
δ for some δ ∈ ϕγ [i], then h(β, δ) ≤ i, and by the inductive

hypothesis, h(α, δ) ≤ max{h(α, β), h(β, δ)} ≤ i. So, α ∈ Ai
δ, and hence

α ∈ Ai
γ . That is, h(α, γ) ≤ i.

�

Theorem 2.6. If μ<μ = μ, then P
6(μ+, μ) holds in the following strong
sense.

Letting κ := μ+, there exists a coloring c : <ωκ→ ω × κ× κ× κ, such
that for every γ∗ < κ, and every sequence 〈(uα, vα, ρα) | α ∈ Γ〉, with

(1) Γ is an unbounded subset of κ;

(2) uα and vα are nonempty elements of [<ωκ]<μ;

(3) α ∈ Im(η) for all η ∈ uα;

(4) ρα
�〈α〉 � ρ for all ρ ∈ vα,

there exist α < β in Γ satisfying c(η�ρ) = (
(η), α, β, γ∗) for all η ∈ uα and
ρ ∈ vβ.

Proof. We commence with the construction of the coloring, and then verify
that this works.

The coloring. Let 〈fα : μ→ 2 | α < μ+〉 be a sequence of pairwise distinct
functions. Write Δ(α, α) :=∞, and Δ(α, β) := min{i < μ | fα(i) 
= fβ(i)}
for distinct α, β < μ+. Let h : [μ+]2 → μ be transitive and locally small.
For every nonconstant sequence σ ∈ <ωκ, let

• Dσ := {(i, j) | i < j < 
(σ) & ∀j∗ < j(σ(j∗) < σ(j))};
• Δσ := max{Δ(σ(i), σ(j)) | i < j < 
(σ) & σ(i) 
= σ(j)};
• mσ := max{h(σ(i), σ(j)) | (i, j) ∈ Dσ}, provided that Dσ 
= ∅.
• Pσ := {(i, j) ∈ Dσ | h(σ(i), σ(j)) = mσ}, provided that Dσ 
= ∅.
• jσ := min{j | ∃i (i, j) ∈ Pσ}, provided that Dσ 
= ∅. Otherwise, let
jσ := 0.

By μ<μ = μ, and [1], let us fix a sequence 〈gτ : <ωμ+ → ω | τ < μ〉 with
the property that for every u ∈ [<ωμ+]<μ and g : u→ ω, one can find τ < μ
with g = gτ � u.

Let d : [κ]2 → κ be given by Theorem 2.4. Let ψ : κ↔ ω × μ× κ be a
bijection. We derive functions d0 : <ωκ→ ω, d1 : <ωκ→ μ, and d2 : <ωκ→
κ, as follows.



1378 Assaf Rinot

Given a nonconstant sequence σ ∈ <ωκ, we find the least (say, in lexi-
cographic order) pair (i, j) such that Δ(σ(i), σ(j)) = Δσ, and let d0(σ) :=
n, d1(σ) = τ , and d2(σ) := γ, for the unique (n, τ, γ) such that ψ(d(σ(i),
σ(j))) = (n, τ, γ).

Define c0 : <ωκ→ <ωκ by letting for every nonconstant σ:

c0(σ) :=

{
σ � (jσ − d0(σ)), jσ > d0(σ)
∅, otherwise

,

Define ci : <ωκ→ κ for i ∈ {1, 2, 3} by letting for every nonconstant σ:
• c1(σ) = σ(gd1(σ)(c0(σ)), provided that gd1(σ)(c0(σ)) < 
(σ). Otherwise,
set c1(σ) := 0;

• c2(σ) := ρ(gd1(σ)(ρ)), provided that σ = c0(σ)�ρ, and gd1(σ)(ρ) < 
(ρ).
Otherwise, set c2(σ) := 0;

• c3(σ) := d2(σ).

We claim that σ �→ (
(c0(σ)), c1(σ), c2(σ), c3(σ)) works.
Verification. Suppose that Γ is an unbounded subset of κ, and
〈(uα, vα, ρα) | α ∈ Γ〉 together with a prescribed color γ∗ < κ are given as in
the statement of the theorem. We shall find α < β in Γ such that c0(η�ρ) =
η, c1(η�ρ) = α, c2(η�ρ) = β and c3(η�ρ) = γ∗ for all η ∈ uα and
ρ ∈ vβ.

For every δ ∈ Γ, write aδ :=
⋃{Im(σ) | σ ∈ uδ ∪ vδ}. By μ<μ = μ and a

standard thinning-out procedure, we may assume the existence of χ, χ′, ε, t, z,
n∗, τ∗ such that for all δ ∈ Γ:
(a) otp(aδ) = χ, and aδ(χ′) = δ;

(b) sup(Δ“[aδ]2 ∪ h“[aδ]2) = ε;

(c) 〈faδ(i) � (ε+ 1) | i < χ〉 = t;

(d) {aδ | δ ∈ Γ} forms a Δ-system with root z; sup(z) < min(aα \ z) ≤
sup(aα) < min(aδ \ z) for all α < δ in Γ;

(e) n∗ = min{n | (ρδ
�〈δ〉)(n) > sup(z)};

(f) σ(gτ∗(σ)) = δ for all σ ∈ uδ ∪ vδ.

Claim 2.6.1. There exist α < β in Γ such that for all η ∈ uα and ρ ∈ vβ:

(1) Dη�ρ 
= ∅;
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(2) mη�ρ > ε;

(3) d0(η�ρ) = n∗, d1(η�ρ) = τ∗, and d2(η�ρ) = γ∗.

Proof. Put A := {aδ \ z | δ ∈ Γ \ z}. By the choice of d, we now find A′ ∈
[A]μ and b ∈ A such that sup(a) < min(b) and d(a(i), b(i)) = ψ−1(n∗, τ∗, γ∗)
for all a ∈ A′ and i < otp(a). Since |{α < β | h(α) ≤ ε}| < μ for all β ∈ b,
and |b| < μ, let us pick a ∈ A′ such that min(h[a× b]) > ε.

Pick α, β ∈ Γ such that a = aα \ z and b = aβ \ z. By Clause (d) above,
we have α < β and aα ∩ aβ = z. Then, d(aα(i), aβ(i)) = ψ−1(n∗, τ∗, γ∗)
whenever otp(z) ≤ i < χ.

Suppose that η ∈ uα and ρ ∈ vβ are given, and write σ := η�ρ.

(1) Since α ∈ Im(η) and β ∈ Im(ρ), we infer the existence of a pair (i′, j′)
such that i′ is the least to satisfy σ(i′) = α, and j′ is the least to satisfy
σ(j′) > sup(aα). Then (i′, j′) ∈ Dσ ∩ ((aα \ z)× (aβ \ z)).

(2) By (i′, j′) ∈ Dσ ∩ ((aα \ z)× (aβ \ z)), we have

mσ ≥ h(σ(i′), σ(j′)) ≥ min(h[(aα \ z)× (aβ \ z)]) = min(h[a× b]) > ε.

(3) Note that since α, β are distinct elements of Im(σ), we get that Δσ ≥
Δ(α, β). By Clause (a) above, α = aα(χ′) and β = aβ(χ′), and so, by
Clause (c) above, Δ(α, β) > ε. In particular, Δσ > ε. So, by Clause (b)
above, we should restrict our attention to the set

I := {(i, j) ∈ χ× χ | Δ(aα(i), aβ(j)) = Δσ}.

Let (i, j) denote an arbitrary pair from I. By ε < Δσ <∞, we
have ε < Δ(aα(i), aβ(j)) <∞. By Clause (c) above, faα(j) � (ε+ 1) =
t(j) = faβ(j) � (ε+ 1), and so if i 
= j, then Δ(aα(i), aα(j)) > ε, con-
tradicting Clause (b) above. It follows that if (i, j) ∈ I, then i = j.
Let (i, i) ∈ I be arbitrary. By Δ(aα(i), aβ(i)) = Δσ <∞, we get from
Clause (d) above that i ≥ otp(z), and then the choice of α, β, entails
that d(aα(i), aβ(i)) = ψ−1(n∗, τ∗, γ∗). Altogether, d0(σ) = n∗, d1(σ) =
τ∗ and d2(σ) = γ∗.

�

Let α, β be given by the preceding claim. Suppose that we are given
η ∈ uα and ρ ∈ vβ , and let us show that c0(η�ρ) = η, c1(η�ρ) = α, and
c2(η�ρ) = β. Indeed, the fact that c3(η�ρ) equals γ∗ already follows from
the preceding claim. Write σ := η�ρ.
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Claim 2.6.2. If (i, j) ∈ Pσ, then:

(1) σ(i) ∈ aα \ z, and σ(j) ∈ aβ \ z;
(2) j ≥ 
(η) and i < 
(η).

(3) (i, 
(η) + n∗) ∈ Pσ.

Proof. (1) By σ = η�ρ, we have {σ(i), σ(j)} ⊆ Im(η) ∪ Im(ρ) ⊆ aα ∪ aβ.
If {σ(i), σ(j)} ⊆ aα, then h(σ(i), σ(j)) ≤ sup(h“[aα]2) ≤ ε. Likewise,

if {σ(i), σ(j)} ⊆ aβ , then h(σ(i), σ(j)) ≤ sup(h“[aβ ]2) ≤ ε. However,
h(σ(i), σ(j)) = mσ > ε. So, by i < j, we get that σ(i) ∈ aα and σ(j) ∈
aβ . Moreover, if σ(j) ∈ z, then {σ(i), σ(j)} ⊆ aα ∪ z = aα, contradict-
ing the fact that sup(h“[aα]2) < mσ. So, σ(j) ∈ aβ \ z. Likewise, σ(i) ∈
aα \ z.

(2) By σ(j) ∈ aβ \ z = aβ \ aα ⊆ aβ \ Im(η), we infer that j ≥ 
(η). Like-
wise, σ(i) ∈ aα \ z ⊆ aα \ Im(ρ) and i < 
(η).

(3) Write j∗ := 
(η) + n∗. Then, i < 
(η) ≤ j∗. By Clauses (e) and (d)
above, we have σ[
(η) + n∗] ⊆ aα ∪ z ⊆ σ(j∗). Consequently, (i, j∗) ∈
Dα.

Towards a contradiction, suppose that h(σ(i), σ(j)) > h(σ(i), σ(j∗)). In
particular, σ(j) 
= σ(j∗).

� If σ(j) < σ(j∗), then by (i, j) ∈ Dσ, it cannot be that j∗ < j. Then, by
the preceding item, we have 
(η) ≤ j < j∗. Consequently, there exists
n < n∗ such that j = 
(η) + n, and σ(j) = ρβ(n). By σ(j) ∈ aβ \ z and
Clause (d) above, σ(j) > sup(z). So n contradicts the minimality of
n∗.

� If σ(j∗) < σ(j), then by (σ(i), σ(j∗)) ∈ aα × (aβ \ z) and Clause (d)
above, we have σ(i) < σ(j∗) < σ(j). By transitivity of h, then,

h(σ(i), σ(j)) ≤ max{h(σ(i), σ(j∗)), h(σ(j∗), σ(j))}.

As we assume that h(σ(i), σ(j)) > h(σ(i), σ(j∗)), we must conclude
that h(σ(i), σ(j)) ≤ h(σ(j∗), σ(j)) ≤ sup(h“[aβ ]2) ≤ ε < mσ,
contradicting the fact that (i, j) ∈ Pσ. �

By Claim 2.6.2, Clauses (1) and (2), σ(jσ) > sup(z) and jσ ≥ 
(η). Then,
by minimality of n∗ and Claim 2.6.2(3), we have jσ = 
(η) + n∗. So, by
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Claim 2.6.1(3):

c0(σ) = σ � (jσ − d0(σ)) = (η�ρ) � ((
(η) + n∗)− n∗) = η.

Finally, c1(σ) = σ(gd1(σ)(c0(σ)) = (η�ρ)(gτ∗(η)) = α, by Claim 2.6.1(3)
and Clause (f) above. Likewise, c2(σ) = ρ((gd1(σ)(ρ)) = β. �

Note that the above c is in particular a witness to P
6(μ+, μ+, μ), where:

Definition 2.7. P
6(κ, θ, χ) asserts the existence of a coloring c : <ωκ→
ω × κ× κ× θ, satisfying the following. For every club E in κ, every regres-
sive map ϕ : E → θ, and every sequence 〈(uα, vα, ρα) | α ∈ E〉, that satisfies
(1) uα and vα are nonempty elements of [<ωκ]<χ;

(2) α ∈ Im(η) for all η ∈ uα;

(3) ρα
�〈α〉 � ρ for all ρ ∈ vα,

there exist α < β in E with ϕ(α) = ϕ(β) such that c(η�ρ) = (
(η), α, β,
ϕ(β)) for all η ∈ uα and ρ ∈ vβ.

Why is this useful? As the construction of c anyway assumed μ<μ = μ,
we have in this case [1] a sequence 〈gi : <ωμ+ → μ | i < μ〉 such that for
every x ∈ [<ωμ+]<μ and g : x→ μ, one can find i < μ with g ⊆ gi. So, we
can encode into ϕ(β) the value i for which gi � uβ ∪ vβ is as desired. As
ϕ(α) = ϕ(β), this would, in addition, entail that gi � uα ∪ vα is as desired.
On top of that, we can use β to stretch the function gi into a function g

β
i

with range ω × β. So, yielding gβ
i (η) = (
(η), γ∗) is simply a special case.

Now, a second look at the arguments of Theorem 2.3 makes it clear that
P
6(μ+, ω, μ) holds for every regular accessible μ. Altogether:

Corollary 2.8. P
6(μ+, ω, μ) holds for every regular cardinal μ.

Remark. For an application of P
6(μ+, ω, μ), see [9].

Note that the arguments of Theorem 2.3 can be used to obtain additional
results. For instance, P
6(λ, θ, cf(λ)) holds for every prevalent singular cardi-
nal λ, and θ < λ.5 Likewise, P
6(κ, θ, χ) holds for every strongly inaccessible
cardinal κ, and every θ, χ < κ.

5The notion of a prevalent cardinal was coined in [7].
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3. The coloring principle Pr1

In this section, Pr1 colorings are derived from P
6. Following the advice of
one of the referees, we say a few words about the involved ingredients.

Suppose that θ is a regular uncountable cardinal. For every pair of ordi-
nals α < β below θ, one attaches a finite subset T (α, β) of the interval [α, β].
Specifically, T (α, β) is the upper trace of the walk from β down to α. Given a
nonreflecting subset Γ of θ, one can define the upper trace in such a way that
for every unbounded subset A of θ, the set Γ \⋃{T (α, β) | (α, β) ∈ [A]2} will
be nonstationary. In particular, if Γ is stationary, and ψ : Γ→ θ is a parti-
tion of Γ into θ many stationary set, then for every unbounded subset A of
θ, and every desired color γ∗ < θ, there exists α < β in A and ε ∈ T (α, β)
such that ψ(ε) = γ∗.

This suggests that a strong coloring c : [θ]2 → θ may be obtained by
letting c(α, β) = ψ(ε̄(α, β)) where ε̄(α, β) is a cleverly chosen element of
T (α, β). Since T (α, β) is a finite set, any choice function ε̄ in

∏
α<β<θ T (α, β)

may be identified with a function o in
∏

α<β<θ |T (α, β)|. So, in summary,
our challenge in this setup, is to come up with a useful oscillation function
of the form o : [θ]2 → ω. In [20], where the method of walks on ordinals was
introduced, Todorčević obtained strong colorings by appealing to the so-
called oscillation of the upper trace. In a recent paper [10], Todorčević and
the author obtained strong colorings by appealing to the so-called oscillation
of the lower trace. In many of Shelah’s paper that were mentioned in the
introduction, strong colorings are obtained by exhibiting very complicated
oscillation functions. In this paper, an oscillation function will be derived
from P
6 of the previous section, by feeding it with a projected version of
the upper trace.

Theorem 3.1. Suppose that P
6(κ, χ) holds with χ ≤ κ. Suppose that θ > κ
is a regular cardinal, and there exists a nonreflecting stationary subset of
Eθ
≥χ. Then Pr1(θ, θ, θ, χ) holds.

Proof. Compared to previous works by Shelah [17, Section 4], [18, Section 1]
and Todorčević [21, Section 8], the new feature here is the ability to take
advantage of a (κ, χ)-oscillation oracle, even when the nonreflection concen-
trates at points of cofinality < κ.

The coloring. Let Γ ⊆ Eθ
≥χ be stationary and nonreflecting. Let 〈Cα | α <

θ〉 be a sequence such that Cα+1 = {α} for every α < θ, and such that for
every limit α < θ, Cα is a club in α with Γ ∩ acc(Cα) = ∅. Fix a surjection
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h : θ → κ such that Hi := {α ∈ Γ | h(α) = i} is stationary for all i < κ. For
all α < β < θ, define:

• Tr(α, β) ∈ ωθ, by recursively letting for all n < ω:

Tr(α, β)(n) :=

⎧⎪⎨
⎪⎩
β, n = 0,
min(CTr(α,β)(n−1) \ α), n > 0 & Tr(α, β)(n− 1) > α,

α, otherwise;

• ρ2(α, β) := min{n < ω | Tr(α, β)(n) = α};6
• trh(α, β) := 〈h(Tr(α, β)(i)) | i < ρ2(α, β)〉;
• λ(α, β) := max{sup(CTr(α,β)(i) ∩ α) | i < ρ2(α, β)}.
We remind the reader of two fundamental facts:

Claim 3.1.1. If δ ∈ Γ and δ < β < θ, then λ(δ, β) < δ.

Proof. If δ ≥ λ(δ, β), then by definition, there exists i < ρ2(δ, β) such that
sup(CTr(δ,β)(i) ∩ δ) = δ. In particular, there exists an ordinal α with δ < α <
β such that sup(Cα ∩ δ) = δ, contradicting the fact that acc(Cα) ∩ Γ = ∅ for
every α < θ. �

Claim 3.1.2. If λ(β, γ) < α < β < γ < θ, then

trh(α, γ) = trh(β, γ)� trh(α, β).

Proof. Clearly, Tr(α, γ)(0) = γ = Tr(β, γ)(0). Next, if i < ρ2(β, γ) and Tr(α,
γ)(i) = Tr(β, γ)(i), then by β > α > λ(β, γ) ≥ sup(CTr(β,γ)(i) ∩ β), we get
that

min(Ctrh(α,γ)(i) \ α) = min(Ctrh(β,γ)(i) \ α) = min(Ctrh(β,γ)(i) \ β),

and hence Tr(α, γ)(i+ 1) = Tr(β, γ)(i+ 1). So Tr(β, γ) � ρ2(β, γ) � Tr(α,
γ), and Tr(α, γ)(ρ2(β, γ)) = β, let alone trh(α, γ) = trh(β, γ)� trh(α, β). �

6The standard notation here is ρ2(α, β). This time, we decided to use the notation
ρ2 to avoid confusion with the ρi’s that are given by the definition of P
6.
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Let d witness P
6(κ, χ). Fix a surjection ψ : θ → θ such that Γγ := {δ ∈
Γ | ψ(δ) = γ} is stationary for every γ < θ. Define c : [θ]2 → θ by stipulating

c(α, β) := ψ(Tr(α, β)(d(trh(α, β)))).

Let us describe the definition of c in simple words: we first walk from
β down to α, producing some sequence σ in <ωθ. We then project it down
using h to a sequence σ̄ in <ωκ. We feed σ̄ to d, and get some natural
number n. By definition of P
6, we should think of n as a number < 
(σ̄).
As n < 
(σ̄) = ρ2(α, β), it then makes sense to look at the nth-step of the
walk from β down to α and ask about the color it was assigned by ψ. Indeed,
this is what c does.

Verification. Suppose that A ⊆ [θ]<χ of size θ, consists of pairwise disjoint
sets, and γ∗ < θ is a prescribed color. Let 〈xδ | δ < θ〉 be an injective enu-
meration of some subfamily of A, such that δ < min(xδ) for all δ < θ. Define
a function g : Γ→ θ by letting

g(δ) := sup{λ(δ, β) | β ∈ xδ}.

By Claim 3.1.1 and |xδ| < cf(δ) for all δ ∈ Γ, g is regressive, so for all
i < κ, let us pick a stationary subset Σi ⊆ Hi such that g � Σi is constant.

Put D := {δ < θ | ∀α < δ(sup(xα) < δ)}. Denote Δj := Hj ∩D, and fix
ε ∈ Γ ∩⋂

j<κ acc
+(Δj) above ζ := sup(g[

⋃
i<κΣi]) such that ψ(ε) = γ∗. For

all i < κ, let
βi := min(Σi \ ε+ 1).

� If cf(ε) ≥ κ, let ϕ : κ→ {0} be the constant function.
Then, for each j < κ, by ε ∈ Γ ∩ acc+(Δj) and Claim 3.1.1, pick

δj ∈ Δj such that
• ε > δj > max {sup{λ(ε, β) | β ∈ xβi

, i < j}, ζ}, and put
• αj := max{sup{λ(ε, β) | β ∈ xβi

, i < j}, ζ, λ(δj , ε)}+ 1.

� If χ ≤ cf(ε) < κ, let 〈ει | ι < cf(ε)〉 be an increasing sequence of ordi-
nals converging to ε. Define ϕ : κ→ cf(ε) by stipulating

ϕ(i) := min{ι < cf(ε) | sup{λ(ε, β) | β ∈ xβi
} < ει}.

Then, for each j < κ, by ε ∈ acc+(Δj), pick δj ∈ Δj such that
• ε > δj > max

{
εϕ(j), ζ

}
, and put

• αj := max{εϕ(j), ζ, λ(δj , ε)}+ 1.
Write aj := xαj

and bi := xβi
.



Complicated colorings 1385

Claim 3.1.3. For every i < j < κ and every α ∈ aj , β ∈ bi, we have:

(a) trh(ε, β) = trh(βi, β)� trh(ε, βi);

(b) trh(α, ε) = trh(δj , ε)� trh(α, δj);

(c) trh(α, β) = trh(ε, β)� trh(α, ε), provided that ϕ(i) = ϕ(j).

Proof. All clauses follow from Claim 3.1.2 and the following particular
considerations.

(a) By β ∈ bi = xβi
, we have β > βi > ε > ζ ≥ g(βi) ≥ λ(βi, β).

(b) By δj ∈ Γ and Claim 3.1.1, the definition of αj makes it clear that δj >
αj > λ(δj , ε). By δj ∈ D, we have δj > sup(xαj

). So, by α ∈ aj = xαj
,

we get ε > δj > α > αj > λ(δj , ε).

(c) If cf(ε) ≥ κ, then we have αj > sup{λ(ε, β′) | β′ ∈ xβi′ , i
′ < j}. And so

by i < j, β ∈ bi = xβi
and α ∈ aj = xαj

, we have β > βi > ε > δj >
α > αj > λ(ε, β).
If cf(ε) < κ, then by ϕ(i) = ϕ(j), we get αj > εϕ(j) = εϕ(i) >

sup{λ(ε, β′) | β′ ∈ xβi
}. And so by β ∈ bi = xβi

and α ∈ aj = xαj
, we

have β > βi > ε > δj > α > αj > λ(ε, β).
�

For every i < κ, set ui := {trh(ε, β) | β ∈ bi} and vi := {trh(α, ε) |
α ∈ ai}.

Claim 3.1.4. For every i < κ:

(1) i ∈ Im(η) for all η ∈ ui;

(2) there exists ρi ∈ <ωκ such that ρi
�〈i〉 � ρ for all ρ ∈ vi.

Proof. (1) By Claim 3.1.3(a), and the fact that βi ∈ Σi ⊆ Hi.
(2) By Claim 3.1.3(b) and δi ∈ Δi ⊆ Hi, we have trh(δi, ε)�〈i〉 � ρ for

all ρ ∈ vi. �

By the choice of d, then, there exist i < j < κ with ϕ(i) = ϕ(j) such that
d(η�ρ) = 
(η) for all η ∈ ui and ρ ∈ vj . To see that c[aj × bi] = {γ∗}, fix an
arbitrary α ∈ aj and β ∈ bi. Write η := trh(ε, β) and ρ := trh(α, ε).
Then:

• trh(α, β) = η�ρ, by Claim 3.1.3(c);
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• d(trh(α, β)) = 
(η) = 
(trh(ε, β)) = ρ2(ε, β);

• Tr(α, β)(d(trh(α, β))) = Tr(α, β)(ρ2(ε, β)) = ε, by Claim 3.1.3(c).

So, c(α, β) = ψ(Tr(α, β)(d(trh(α, β)))) = ψ(ε) = γ∗, as desired. �

Corollary 3.2. If λ = cf(λ) > κ+, and Eλ
≥κ admits a nonreflecting station-

ary set, then Pr1(λ, λ, λ, χ) holds for every regular cardinal χ ≤ κ.

Proof. Suppose that χ ≤ κ is regular. Then, by Theorem 2.2, P
6(χ+, χ)
holds. As λ > χ+, and Eλ

≥χ admits a nonreflecting stationary set, we get
Pr1(λ, λ, λ, χ) as a consequence of Theorem 3.1. �

Acknowledgements

I thank M. Kojman and D. Soukup for stimulating discussions on [18], and
of course, the author of [18], S. Shelah, for serving as an endless source of
inspiration. I also thank the referees for their thoughtful feedback.

The results of this paper were announced in a talk in the Set Theory
workshop in Oberwolfach, January 2014. The proofs were subsequently pre-
sented in detail through two informal sessions; I thank J. Cummings, T.
Eisworth, J.T. Moore, D. Raghavan, S. Todorčević and B. Veličković for
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