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On the occurrence of Hecke eigenvalues and a
lacunarity question of Serre

NAHID WALJI

Let 7 be a unitary cuspidal automorphic representation for GL(n)
over a number field. We establish upper bounds on the number
of Hecke eigenvalues of 7 equal to a fixed complex number. For
GL(2), we also determine upper bounds on the number of Hecke
eigenvalues with absolute value equal to a fixed number ~; in the
case 7 = 0, this answers a question of Serre. These bounds are
then improved upon by restricting to non-dihedral representations.
Finally, we obtain analogous bounds for a family of cuspidal auto-
morphic representations for GL(3).

1. Introduction

Let n be a positive integer, F' a number field, and let Ay(GL,(Ar)) be the
set of unitary cuspidal automorphic representations for GL,,(Ar). Denote by
v a finite place of F' at which 7 € Ag(GL,(AF)) is unramified. Associated
to such a place v is the Langlands conjugacy class A,(m), which one can
represent by a diagonal matrix of Satake parameters {ay,...,an}. We
will denote the trace of such a matrix as a, (7).

We begin with the following question: if we fix a non-negative number
v, what can be said about the density of the set {v | |a,(7)| # ~v}?

It is instructive to know what is predicted. For v = 0, Serre raised the
following question:

Question 1.1 (Serre). Letm € Ao(GLy,(Ar)) and consider the set of places
v at which the Hecke eigenvalue is zero. Is the density of this set, if it exists,
bounded above by 1 —1/n%?

This originated in Probléme on page 372, Section 6 of [18]. In that
section, Serre considers the lacunarity of a Dirichlet series associated to an
r-dimensional irreducible ¢-adic Galois representation over a number field.
He proves that there exists an upper bound of 1 —1/r2 for the density of
places at which the associated trace of Frobenius is zero, and shows that
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such a bound is sharp. He ends the section by asking whether the same
bounds might hold on the automorphic side, adding that he expects these
to follow from the conjectures of Langlands associating a reductive group
H() to a given automorphic representation .

We will address this Question and show that the bound holds in various
cases. We actually establish an upper bound on the upper Dirichlet density,
so it will not matter if the set does not have a density.

We will show that, for each n, the Ramanujan conjecture for GL(n)
implies a positive answer to Question 1.1 for GL(n). We also explain why the
bound in Question 1.1, if true, would be sharp. This is due to an application
of a theorem of Arthur—Clozel to determine the automorphy of the examples
of Galois representations from [18].

We obtain unconditional results for Question 1.1 when n = 2, as well
as for a family of automorphic representations when n = 3. Note that a
cuspidal automorphic representation 7 can be twisted by some |- | o det,
for a suitable real number ¢, in order to be made unitary. So we can restrict
to considering unitary cuspidal automorphic representations. Recall that an
automorphic representation II for GL, (AF) is called essentially self-dual if
there exists a Hecke character x such that II ~ I ® .

Theorem 1.2. Let 7 € Ayo(GL,(Ar)), where n =2 or where 7 is essen-
tially self-dual and n = 3. Then the upper density of places v at which the
Hecke eigenvalue is zero is bounded above by 1 —1/n?, where n =2 or 3,
respectively.

For m € Ao(GL,(AF)), let T'=T(m) be a finite set of places containing
the places at which 7 is ramified as well as the infinite places. When we have
an L-function L(s) which can be expressed in some right-half plane as an
Euler product over the places of F, we let L (s) denote, where convergent,
the Euler product over places v ¢ T. Given a non-negative number vy, we
define S, := {v | |ay(7)| # 7}, and we let §(S,) denote the lower Dirichlet
density of such a set.

In the following two theorems, the conditions mentioned will include
bounds towards the Ramanujan conjecture. Let us define § = 6(7) to be a
constant such that |a; ,(7)| < Nv? for all i and for v € T. Known bounds for
7 € Ao(GL,(Ap)) are § =1/2 —1/(n?+1) for n > 5, and 0 = 7/64,5/14,
and 9/22 for n = 2,3, and 4, respectively [2, 8, 12].

Theorem 1.2 will follow from:

Theorem 1.3. Givenm € Ay(GLy(AF)) such that 6(r) < 1/4, assume that
LT(s,m x m x T x ) has absolutely convergent Euler product for s > 1 and
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pole of order m at s =1. Then

m—1
0 >1—-—
,(S’Y) - m*2’72+’}/4

Remark 1. For n > 2, we expect that m > 2. Given 7 € Ao(GL,,(AF)),
one expects the existence of an automorphic tensor product 7 X7 with an
isobaric decomposition of Adw H 1. If Adw is cuspidal then m = 2, whereas
if it decomposes further then m may take larger values.

When n =2 we will show that m <4, which gives bounds of 1/4 for
~v =0 and 3/4 for v = 2, both of which are sharp. This will be demonstrated
in Section 5 by constructing a dihedral automorphic representation that is
associated to an Artin representation whose image is the quaternion group.
If m € Ag(GL2(AF)) is non-dihedral, then Adr is cuspidal and so m = 2.

We also obtain bounds for essentially self-dual representations for GL(3).
First, let us note that any m € Ayg(GL3(Afr)) that is essentially self-dual is
isomorphic to a twisted adjoint lift of some 7 € Ag(GL2(Ap)). In this case,
we will say that 7 is associated to 7. We also point out that a cuspidal
automorphic representation for GL(2) is said to be solvable polyhedral if its
L-function is equal to that of an Artin representation that is either dihedral,
tetrahedral, or octahedral (see [17]).

Now when n =3 and 7 is essentially self-dual and associated to a
cuspidal representation for GL(2) that is not of solvable polyhedral type, we
will show that m = 3 and so the bound will be 1/3 for v = 0. This is stronger
than the conjectured bound of 1/9 for GL(3), because we have excluded those
representations which are solvable polyhedral or non-essentially self-dual.

For n > 4, we are not able to establish the meromorphic continuation
and order of a pole at s =1 for LT (s,m x m x 7 x 7). Crucially, one does
not know (and we seem to be far from such a result) about the automorphy
of the adjoint lift (of degree n? — 1) for general n.

Theorem 1.2 will follow from Theorem 1.3, and the fact that the
Ramanujan conjecture implies a positive answer to Question 1.1. This is
explained in Section 6.

The techniques in the proof of Theorem 1.3 can be extended to make
use of higher degree product L-functions so as to obtain new bounds.

Theorem 1.4. Givenm € Ao(GLy,(AFr)) such that 0(m) < 1/8, assume that
LT(s,m x 7 x7 x7), LT (5,73 x ®3) and LT (s, ™% x T*%) have absolut-
ely convergent Euler products for s > 1 and poles of order 2,m' and m,
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respectively, at s = 1. Then
m—m?+4m' -8

) >1- .
8(5y) 2 8+ (4 —=2m/)v0 + (2m/ + m — 12)v* + (4m/ — 2m)y2 4+ (2m — m/2)

Remark 2. This version of Theorem 1.4 in the case of GL(2) was indicated
by a referee. Our assumption that LT (s,7 x m x @ x 7) has a pole of order 2
at s = 1 (which would be implied by the existence of a cuspidal adjoint lift)
was made for ease of exposition; the general case would arise in a similar
manner.

The work of Kim and Shahidi [9, 10] and Kim [8] on the automorphy
and cuspidality of the symmetric third and fourth power lifts will imply that
for a unitary cuspidal automorphic representation 7 for GL(2) that is not
of solvable polyhedral type, we have m’ =5 and m = 14:

Corollary 1.5. Let 7 be a unitary cuspidal automorphic representation for
GL(2) that is not of solvable polyhedral type, then

1

0 >1-— .
7(57) - 3 + 72(72 _ 2)3

Remark 3. For the family of unitary cuspidal automorphic representations
for GL(2) that are not of solvable polyhedral type, Theorem 1.4 improves
on the bounds from Theorem 1.3 for all but four values of v (those being
+(1/2)v/3 £+/5). In particular, in the case of v =0 the bound improves
from 1/2 to 2/3.

It is also possible to obtain bounds that hold unconditionally for all
unitary cuspidal automorphic representations for GL(n). If we focus on the
occurrence of Hecke eigenvalues equal to a complex number «, rather than
the occurrence of Hecke eigenvalues with a given absolute value, then we
obtain:

Theorem 1.6. Given m € Ay(GL,(AF)), fiz a complex number o and let
S =S(m,a)={v|ay(n) # a}. Then

Remark 4. This inequality is sharp for n =1 when a = +1 or —1. For
example, let m be any Hecke character of order two. Since the inequality
holds for all GL(n), one cannot expect a non-trivial bound for o =0 (see
Remark 6 of Section 4).
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Returning to the set of examples that demonstrate that the bound in
Question 1.1 is optimal, we also use them to prove that (a suitable rein-
terpretation of) a theorem of Ramakrishnan [14] is sharp. This theorem
concerns the occurrence of primes at which the weak Ramanujan conjecture
holds. Being sharp, any improvement in the bounds must then apply to a
family of cuspidal automorphic representations that excludes the examples
mentioned.

Fix m € Ag(GLy,(AFr)). By [14], the set of places v where |a,(7)| < k
has a lower Dirichlet density of at least (k* — 1)/k?. In particular, setting
k = n gives strong lower bounds for the lower Dirichlet density of the set of
places for which the Hecke eigenvalues satisfy the weak Ramanujan conjec-
ture. However, the bounds weaken as k tends to 1, and when k € [0, 1], the
inequality does not provide any information.

The objective of Theorem 1.6 is to shed light on the occurrence of Hecke
eigenvalues which have absolute value less than or equal to 1. The trade-off
is that it provides results about the occurrence of a fixed complex number,
rather than elements within an interval.

Our proofs make use of key results in [8, 10, 15], as well as techniques
from [13, 14, 19].

This paper is structured as follows. In Section 2, we prove Theorems 1.3
and 1.4. In Section 3, we show that certain families of cuspidal automorphic
representations for GL(2) and GL(3) satisfy the conditions of either Theo-
rem 1.3 or 1.4. In Section 4, we prove Theorem 1.6. In Section 5, we address
Question 1.1, explaining how it is implied by the Ramanujan conjecture and
why it would be sharp. In Section 6, we complete the proof of Theorem 1.2.

2. Proof of Theorems 1.3 and 1.4

Given a number field F' and a set of places S, the lower Dirichlet density
of §is

0(8) = lim, infy 1))

Note that if S has a Dirichlet density, then it coincides with its lower
Dirichlet density.
Given an L-function with an Euler product over the set of places of F'

L(s) = [ Lo(s),
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for a finite set of places T', we define the incomplete L-function

L7 (s) = I] Lu(s)-

vgT

Fix some 7 € Ag(GLy,(AF)) that satisfies the conditions of Theorem 1.3,
so that LT (s,m x ™ x T x 7) has meromorphic continuation to s = 1 with a
pole of order m there and 7 satisfies suitable bounds towards the Ramanujan
conjecture. Let T" be the set of infinite places as well as those finite places
at which 7 is ramified.

The condition that 6(7) < 1/4 in Theorem 1.3 implies that

(2.1) log LT (5,7 x 7) = Za})\gzzp4—0(l)
vgT

as s — 17, and (using positivity)
o(m)[*

2.2 log LT Fxm) =31
(2.2) og (s,7r><7r><7r><7r)_1%;r Nos

for s > 1.

Fix a non-negative number v and a set S =5, = {v | |a,(m)| # 7}
Denote by 1g(v) the indicator function on the set of finite places with respect
to the set S. For any fixed s > 1, the sequences (W) and (1]3—5})))

are elements of the space £2. We apply Cauchy—Schwarz for /2 to obtain

(2.3) b

ay ()2 = v 1g(v ay ()2 = ~2)2 1 2
5 (P~ s (5 lan(ml =7 (ZW> |

vgT vgT veS

One knows that LT (s, x 7) has a simple pole at s = 1 [7]. This, along with
the conditions on the L-functions in Theorem 1.3, implies that

log LT (5,7 x 7) = log <5i1> +0(1),

and

1
log LT (s,m x m X T x 7) = mlog <1> +0(1).

We put all this together to determine the limit inferior as s — 17 of
equation (2.3) where both sides have been divided by log(1/(s —1)). The
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resulting inequality is

ﬂ < 4(9)
m—2y2 44 T
which completes the proof of Theorem 1.3. O
The condition in Theorem 1.4 that §(7) < 1/8 implies that
(2.4) log L' (s, x m x T x7) =) lav(m)* +0(1)
) NUS Y
vegT
6
2.5 1 LT X3 o =X3) |aU(7T)| 1
(25) og L (s, x %) = Y 0L 0 (1),
vgT
as s — 17, and
(2.6) log L (s, 7 x 74 > 3~ lav(m)®
’ - P Nvs
v

for s > 1.
The proof of Theorem 1.4 proceeds in a similar manner to that of The-
orem 1.3, except now we use Cauchy—Schwarz to construct

> (lao () = 7*)(|aw(m)|* — ¢)Ls(v)

s Nvs
1/2
2 . 2\2 2 N2
<[> (Jav(m)[* = %) (lav(m)|* = ¢)
Nuvs
vgT
1/2
Nvs ’
vES

and we find (through elementary analysis) that the optimal choice for ¢ is

Y0+ (4 =2m )y + (m 4 m’ = 8)7*(—m + 2m)
C =
T (=277 4 (4= )

Y

leading to the bound

Y+ (4 =2m")NC + 2m' +m —12)y* + (4m’ — 2m)y? + (m — 4m’ + 8)

>
8(5) = Y8+ (4 =2m' )70 + (2m! + m — 12)y* + (4m/ — 2m)y? + (2m — m'?)
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3. L-functions for GL(2) and GL(3)

In this section, we prove two things. First, we show that the L-function
conditions in the statement of Theorem 1.3 are satisfied by specified fami-
lies of unitary cuspidal automorphic representations for GL(2) and GL(3).
Second, we show that the L-function conditions in Theorem 1.4 are sat-
isfied by a certain family of unitary cuspidal automorphic representations
for GL(2).

3.1. Cuspidal representations for GL(2)

We begin by remarking that the bounds of [10] or [2] towards the Ramanujan
conjecture for GL(2) satisfy that condition for both Theorems 1.3
and 1.4.

Lemma 3.1. Form € Ay(GL2(AFR)), let T be the set that contains exactly
all the infinite places as well as those finite places where w is ramified. At
s=1, LT(s,m x T) has a simple pole and LT (s, x ™ x T x T) has a pole
of order at most four.

Proof. For any Rankin—Selberg L-function for GL(m) x GL(n), the Euler
factor associated to a place v is invertible in Re(s) > 1. Removing a finite
number of factors from the Euler product does not affect the presence or
order of a pole at s = 1. Therefore, the simple pole of LT (s, 7 x ) follows
from Rankin—Selberg theory [7].

The analysis of L7 (s,m x m x T x 7) depends on whether 7 is dihedral.
First, assume that 7 is non-dihedral. Since # X7 ~ Adr B 1 (the automor-
phy on the left-hand side is due to [15]),

LT (s,(n ¥7) x (n®¥7)) = LT (s, Adw x Adm) LT (s, Adm)2CL(s).

The adjoint representation is cuspidal if and only if 7 is non-dihedral [4],
and since it is self-dual, the L-function on the left-hand side has a pole of
order two at s = 1.

Let m now be dihedral. We introduce some notation for this case. A
dihedral automorphic representation 7 for GLo(Af) can be expressed as the
automorphic induction from E to F' of the Hecke character u, where F is
a quadratic extension of F. Denote this as m = It (). Note that in certain
cases, the same dihedral representation may be induced from more than one
quadratic extension.
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We will make use of a theorem of Ramakrishnan (from [15]; see also the
appendix in [11]) to analyse the incomplete L-function.

Theorem. Given m, 7' € Ao(GL2(AR)) that are both dihedral, the auto-
morphic tensor product m X« is a cuspidal automorphic representation for
GL4(AR) if and only if m and 7' cannot be induced from the same quadratic
extension.

On the other hand, if ™ and @' can be induced from the same quadratic
extension E, express them as m = IE(u) and n’ = IE(v), for suitable Hecke
characters i and v. Then,

w7~ If (uv) B 15 ("),
where T denotes the non-trivial element of Gal(E/F).
When 7/ ~ 7, we have
TX7T~1ByxBILW/V7),
where y is the Hecke character associated to the extension E/F. If v/v"
is not Gal(E/F)-invariant, then I (v/v7) is cuspidal and LT (s, (1 K7) x
(mX7)) has a pole of order at most three. On the other hand, if v/v7 is
Gal(E/F)-invariant, then
X7 ~1BxyBv/v"B W/ - X).
So LT (s,(r ®7) x (m X 7)) has a pole at s = 1 of order at most four. [
Now let us turn to two of the L-functions mentioned in Theorem 1.4.
Lemma 3.2. Given m € Ao(GL2(Ar)) that is not of solvable polyhedral
type, the incomplete L-functions LT (s, 7% x 74) and LT (s, 73 x 7%3)

have poles at s =1 of orders 14 and 5, respectively.

Proof. By the Clebsch—-Gordon decomposition of tensor products, we
know that

LT (s, 77 x 74 = LT (s, A'm x A'm) L (s, Adm x Adr)?Ch(s)*

where A*r = Sym*r ® @2, with w being the central character of 7.
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From Kim, and Kim and Shahidi [8, 10], we know that A%~ is automor-
phic and in fact it is cuspidal, since 7w is not of solvable polyhedral type.
By Gelbart and Jacquet [4], Adm is automorphic, and because 7 is not of
dihedral type we have that Adw is cuspidal. Since they are both self-dual,
the L-function LT (s, 7%* x 7*4) has a pole of order 14 at s = 1.

The proof for LT (s, 7%3 x 7*3) follows similarly. O

3.2. Essentially self-dual cuspidal representations for GL(3)

In this subsection, we show the existence of a family of cuspidal automorphic
representations for GL(3) that satisfy the conditions of Theorem 1.3 (with
m < 3).

We begin with the following theorem, known to the experts:

Theorem. Given a self-dual cuspidal automorphic representation 11 for
GL(3), there exists a cuspidal automorphic representation © for GL(2) and
a Hecke character v of order (at most) two such that

II ~ Adr ® v.
Furthermore, w is unique up to character twist.

Note that v is the central character of IT and that = must necessarily be
non-dihedral (otherwise the adjoint lift would not be cuspidal).

Remark 5. This theorem was known in the folklore to arise from a com-
parison of the stable trace formula for SL(2)/F with the twisted trace for-
mula for PGL(3)/F. More recently, another proof was found by Ramakr-
ishnan [16], which makes use of a descent of Ginzburg, Rallis, and Soudry
[5] and a forward transfer from odd orthogonal groups to GL(n) of Cogdell,
Kim, Piatetski-Shapiro, and Shahidi [3].

An immediate consequence of the theorem above is that any essentially
self-dual cuspidal automorphic representation II for GL(3) can be expressed
as Adm ® n, where 7 is a non-dihedral automorphic representation for GL(2)
and 7 is a Hecke character. Given two such cuspidal automorphic represen-
tations II and m, we will say that II is associated to .

We now require the following lemma:

Lemma 3.3. Let Il be an essentially self-dual unitary cuspidal automorphic
representation for GL(3) associated to some w. Denote the central character
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of m by w, and let T be the set containing exactly all the infinite places as
well as the finite places where 7 is ramified. Then

LT(s,Ix T x T x II) = LT (s, (A7 B Adn B1) x (A'r B AdrB1)),

where A*m ~ Sym*nr ® w2,

Proof. This follows by examining the decompositions of tensor powers of
Langlands conjugacy classes. Given v € T, let us represent A,(m) by the
matrix diag{a, }. Writing IT as Adm ® 7 (as explained above), we can rep-
resent A,(IT) by diag{an/B,n, Bn/a}. For A,(II x II), note that

an/p B/
n ® n
Bn/o an/B
is equivalent to
0?5
a/f a/p
1 & 1 P 1
B/ B
32 /a?
Therefore,
LT(s,TI x TI) = LT (s, A'n BAdn B 1)
and the lemma follows. O

Recall that 7 is a cuspidal automorphic representation that is not of
solvable polyhedral type. Thus, by Gelbart and Jacquet [4], the adjoint lift
Adr is cuspidal. By Kim and Shahidi [10], the symmetric fourth power
lift of 7 is a cuspidal automorphic representation for GL(5), and so A*r is
cuspidal. Furthermore, A%7 is self-dual. The identity in the lemma above
therefore implies that LT (s,II x II x II x II) has a pole of order three.
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As in the previous subsection, we note that the known bounds towards
the Ramanujan conjecture for GL(2) (see [2, 10]) satisfy the conditions of
Theorem 1.3 for essentially self-dual unitary cuspidal automorphic represen-
tations for GL(3).

4. Proof of Theorem 1.6

We prove the final theorem from the introduction:

Theorem 1.5. Given m € Ay(GL,(AF)), fir a complex number a and let
S =S(m,a) ={v|ay(n) # a}. Then

Proof. We begin by establishing the asymptotic properties of two particular
Dirichlet series as s — 17. Let T be the set containing the infinite places of
F', as well as the finite places where 7 is ramified. The bounds towards the
Ramanujan conjecture established by Luo—Rudnick—Sarnak [12] imply

ay ()

e Nv$

(4.1) =log L(s,m) + O (1)

as s — 17. The L-function L(s, ) is invertible at s = 1 [6], and so the right-
hand side of (4.1) is bounded as s — 1. The same holds for the Dirichlet
series on the left-hand side.

To address the asymptotic behaviour of

the bound of Luo—Rudnick-Sarnak will not be sufficient (one would need a
bound with exponent less than 1/4 rather than only less than 1/2). Instead,
we can establish an upper bound on the rate of growth under this limit, as
in Lemma 1.5 of [14], using the positivity of the series to show that

|av(7‘)|2 T = 1
< — -
vgz Nos log L' (s, 7 x ) = log 1 +0(1)

as s — 1T,
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Let 1s(v) be the indicator function for the set S = S(m, ). Then, apply-

ing Cauchy—Schwarz,
1/2 1/2
|ay(m) — af? 1
< _ .
(20 (S a

v veES

ay(m) —a)lg(v
Z( ()NUS) s(v)

(2

We divide the inequality by log(1/(s — 1)) and examine the limit infi-
mum as s — 17, applying our results above. We obtain

— < .
lal?+1 — O

Remark 6. As mentioned in the introduction, this inequality does not pro-
vide any information when o = 0. The arguments in the proof, and thus the
resulting inequality, apply for all GL(n). However, the examples in Section 5
show that there exists a sequence (7, )nen, where 7, € Ag(GL,(AFr)), such
that 6(S(mp,0)) — 0 as n — oo. Therefore, a non-trivial bound for ae = 0 is
not possible for an equation that holds in this much generality. Obtaining
a non-trivial bound would require finding a way to establish a bound that
only holds for a finite number of integers n.

5. Question 1.1 and examples

Let E/K be a Galois extension of number fields where the Galois group
is an f-adic Lie group. Fix a positive integer r and a finite extension F of
Qy. Let p: Gal(K/K) — GL.(F) be a homomorphism that factors through
Gal(E/K), and denote by A the density of {v | trace(p(Frob,)) = 0}. Propo-
sition 16 on page 371 of [18] states that

1

A<1— ol

Serre explains that this bound is sharp for every value of r. The bound

is attained by p if and only if two particular conditions are satisfied: the

representation must be absolutely irreducible, and the projective image in

PGL(r) must be a group of order 2. For example, the product of an abelian

group of order r with itself will suffice. Furthermore, such examples exist for
every r.

The section ends with the question of whether analogous results hold for

cuspidal automorphic representations associated to reductive groups, even
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for those which do not correspond to /-adic representations. He states that it
is likely and that such a question is related to the conjectures of Langlands.

We consider the case when the reductive group in question is GL(n).
Fixing a positive integer k, we show how a positive answer to Question 1.1
for GL(k) follows from the Ramanujan conjecture for GL(k). For a uni-
tary cuspidal automorphic representation 7 for GL(n), the Rankin—Selberg
L-function L(s, 7 x 7) is meromorphic in C, non-vanishing in Re(s) > 1,
and has a simple pole at s = 1. Let T" be the set that contains exactly the
finite places at which 7 is ramified as well as all the infinite places. The
Ramanujan conjecture for GL(n) implies that, as s — 17,

2
5 1O tog L7 (5,7 7) + 0. 1)
vgT v

and thus )
" 1
ZM = log <> +0(1).
var v s—1

Let S be the set of places (outside T') where a,(7) is non-zero. The (weak)
Ramanujan conjecture implies

2 2
Sl g~ vt
Nuvs Novs

vgT veS

Dividing both sides by log(1/(s — 1)) and taking the limit infimum as s — 1T,
we obtain

1
—5 < 4(9)

which corresponds to the statement in Question 1.1.

We now comment on whether this conjectured bound would be sharp. As
mentioned above, there exists an absolutely irreducible representation 7, :
H — GL,(C) with the following two properties: first, the projective image
is the product of an abelian group of order r with itself, and second, the
density of the set of places where the associated trace of Frobenius is zero
is exactly 1 — 1/72. The group H then factors through a nilpotent group, so
we appeal to the following theorem of Arthur and Clozel [1].

Theorem. Given an irreducible Artin representation p of degree n that
factors through a nilpotent group, there exists a cuspidal automorphic rep-
resentation ™ for GL(n) such that

L(s,p) = L(s,m).
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Applying this to the Artin representation above proves the existence of a
cuspidal automorphic representation that demonstrates that the conjectured
bound is sharp.

As a side note, we explain how the Ramanujan conjecture also implies a
bound for the occurrence of another set of Hecke eigenvalues. Such a bound is
implicit in [14]. Our observation is that it is sharp, due to the same examples
as above.

Given 7 € Aop(GL,(AR)), define the set S' = {v| |ay(7)|# n}. The
Ramanujan conjecture for GL(n), implies the following inequality:

2“2—|av(7f)|2 < n?
Nus - Nuys’
v veS’

Dividing by log(1/(s — 1)) and taking the limit infimum as s — 17, we
obtain

2 _
s,

(5.1) Loy

n

This bound being implied by Ramakrishnan[14], let us recall the relevant
theorem:

Theorem (Ramakrishnan). Given a unitary cuspidal automorphic rep-
resentation  for GL(n), then

Ramakrishnan explained that the proof leads to a more general state-
ment. Given a unitary cuspidal automorphic representation 7 for GL(n) and
a positive number k, we have

k2 —1
O({v [ lav(m)] <k}) 2 —5—
The inequality in the description of the set on the left-hand side was not
originally strict, but the proof stands under this slight alteration. We point
out that the bound here implies equation (5.1) above.
We show that this bound is sharp when k = n. The projective image of
the representation 7, is an abelian group of order n?, and thus the number
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of elements of 7,(H) with trace zero is

The set of the remaining elements in 7,,(H) is the fibre (with respect to the
projection GL,(C) — PGL,(C)) over the identity element in the abelian
group. Their images in GL,(C) are all of the form e¥I,, so a proportion
of exactly 1/n? of the elements of 7,,(H) have a trace that has absolute
value equal to n. The corresponding cuspidal automorphic representation
m = 7(7y,) (via the theorem of Arthur—Clozel) then proves that equation (5.1)
is sharp.

Because the bound is sharp, increasing it would only be possible for a
proper subset of cuspidal automorphic representations. This is illustrated
in [14] for n = 2. There, the bound of 1/4 is sharp due to certain dihedral
automorphic representations. By assuming the cuspidality of the symmetric
square, one excludes the dihedral case and obtains a bound of 9/10 that
holds for all non-dihedral unitary cuspidal automorphic representations for
GL(2). Similarly when n > 2, increasing the bound will only be possible for
a subset of unitary cuspidal automorphic representations for GL(n).

6. Proof of Theorem 1.2

We consolidate the results of the previous sections to prove Theorem 1.2.

Theorem 1.2. Letw € Ag(GL,(AFR)), wheren = 2, or w is essentially self-
dual and n = 3. Then the upper density of places v at which the Hecke eigen-
value is zero is bounded above by 1 — 1/n?, where n = 2 or 3, respectively.

Proof. As shown in Section 3, Theorem 1.3 implies Theorem 1.2 in all cases
except when 7 is an essentially self-dual cuspidal automorphic representation
for GL(3) that is associated to a tetrahedral or octahedral automorphic
representation (recall that “associated” was defined in Section 3.2).

Since the Ramanujan conjecture holds for tetrahedral and octahedral
automorphic representations, it therefore also holds for the essentially self-
dual cuspidal automorphic representations for GL(3) associated to them.
The proof in Section 5, which shows that the Ramanujan conjecture for m
implies a positive answer to Question 1.1 for 7, applies here. This concludes
the proof of Theorem 1.2. O
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