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Lie algebra deformations in
characteristic 2

SOFIANE BOUARROUDJ, ALEXEI LEBEDEV,
DIMITRY LEITES AND IRINA SHCHEPOCHKINA

Of four types of Kaplansky algebras, type-2 and type-4 algebras
have previously unobserved Z/2-gradings: nonlinear in roots. A
method assigning a simple Lie superalgebra to every Z/2-graded
simple Lie algebra in characteristic 2 is illustrated by seven new
series. Type-2 algebras and one of the two type-4 algebras are
demystified as nontrivial deforms (the results of deformations) of
the alternate Hamiltonian algebras. The type-1 Kaplansky alge-
bra is recognized as the derived of the nonalternate version of the
Hamiltonian Lie algebra, the one that preserves a tensorial 2-form.

Deforms corresponding to nontrivial cohomology classes can be
isomorphic to the initial algebra, e.g., we confirm Grishkov’s implicit
claim and explicitly describe the Jurman algebra as such a “semitriv-
ial” deform of the derived of the alternate Hamiltonian Lie alge-
bra. This paper helps to sharpen the formulation of a conjecture
describing all simple finite-dimensional Lie algebras over any alge-
braically closed field of nonzero characteristic and supports a con-
jecture of Dzhumadildaev and Kostrikin stating that all simple
finite-dimensional modular Lie algebras are either of “standard”
type or deforms thereof.

In characteristic 2, we give sufficient conditions for the known
deformations to be semitrivial.

1. Introduction

Hereafter, K is an algebraically closed field of characteristic p > 0 unless
otherwise stated. The letter p also denotes “momenta”’ indeterminates but
confusion is impossible.
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1.1. Preparatory information

Assuming that p™ = oo and N = {1,2,...}, we designate
(1) O(m; N) := K[u; N] := Spang <u(r) | i < pNi)

foru= (uy,...,up)and r = (r1,...,ry) and any N = (Ny,..., N,,), where
N; € NU oo for any i, the addition is natural, and the product is given by

(2) u® L y® — (f?)u(zﬂ), where (zf) — ﬁ (r:s)

1=

The elements of the algebra O(m; N) of divided powers serve as “functions”
over K. The shearing vector with smallest coordinates

(3) N,=(,...,1)

is of particular interest (see [9, 46]). Only one of the algebras of divided
powers O(n; N) is indeed generated by the indeterminates declared: the one
for N = N,. Otherwise, the list of generators consists of uz(-p ) for all i and k;
such that 1 < k; < N;. We define distinguished partial derivatives by setting

8i(u§-k)) = 5iju§-k_1) for any k < p™i.

Let vect(m; N) := derg;st(O(m; N)) be the general vectorial Lie alge-
bra spanned by all distinguished derivations f;0;, where f; € O(m;N); let
svect(m; V) be its subalgebra of divergence-free derivations. Various vecto-
rial Lie algebras are complete or partial Cartan prolongs, i.e., the results of
generalized prolongation procedures.

1.1.1. Cartan prolongations. Let DS* be the operation of raising to
the kth divided symmetric power and DS" := @ DS*; we set (for further
k>0

details, see [41])

i: DSH(g_1)*®g_1 — DS*(g_1)* ®¢*; ®g_1,

4 .
(4) j: DS*(g_1)* @ g0 — DS*(g_1)* @ g*, @ g1

as the natural maps. Let the (k, N)th prolong of the pair (g—1,go) be

(5) gk.N = (J(DS (9-1)" ® go) Ni(DS™ (9-1)" @ 9-1)) g n -

where the subscript k£ in the right-hand side singles out the component
of degree k. It is easy to show that if the gg-module g_; is faithful, then
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(9-1,80)«N8 = ®gr N is a Lie subalgebra in vect(dimg_q; N); it is called
N = Q8N

the (complete) Cartan prolong of the pair (g—1,¢0). A partial prolong is a
subalgebra of (g_1, go)« N generated by g_1, go, and a go-submodule of g;.

1.1.2. Lie algebras of Hamiltonian series. For a detailed description
of several types of Hamiltonian series, their divergence-free subalgebras, their
central extensions—Poisson algebras, and simple derived in characteristic 2
of any of the above algebras, see [33]. Here, we briefly recall that a given sym-
metric bilinear form B on the space V' is said to be alternate if B(v,v) = 0 for
any v € V and nonalternate otherwise. The normal shapes of nondegenerate
bilinear forms B, whose Gram matrices are also denoted by B, are denoted
by II(n) and I(n), where n = dim V, respectively reduced to the side and
main diagonal. The orthogonal Lie algebra that preserves B is denoted by
op(V). If n is odd, then there is only one equivalence class of nondegener-
ate symmetric bilinear forms, and we can drop the subscript B in op(V);
if dimV is even, then there are two equivalence classes of nondegenerate
symmetric forms: one contains II(n) and the other one I(n).

The Hamiltonian Lie algebra can be alternate h(V; N) or nonalternate
h7(V; N) depending on the type of the differential 2-form® the algebra pre-
serves by means of the Lie derivative. We often write hp(n; N) instead of
hp(V;N). Both b(V;N) and h;(V;N) have divergence-free subalgebras
described, together with a history of earlier partial discoveries, in [33].

In this paper, we describe hp(V; V) as the Cartan prolong (V,0p(V))«n
with the multiplication given by the Poisson bracket of generating functions

OF 0G
(6) {F.G}p = Z Bijﬁixiai:nj for any F,G € O(n; N),
1<i,j<n
where (B;;)7';—; = B. The elements of hp(V;N) can be realized by vector
fields
OF 0
(7) Hp = Z B —— forany F € O(n;N).

1<iq Y 833Z 81']'
<i,j<n
The Lie algebra whose space is O(n; N) with the bracket (6) is called the
Poisson algebra if B o4 I; it is a central extension of hp(n; N) for B ~ II.
We note that although h7(n; N) is well defined, there is no Lie alge-
bra po;(n; N) with the bracket (6). Indeed, the bracket should be antisym-
metric, i.e., alternate, while {x;, x;}; = 1, not 0. More on possible brackets

Tt was shown in [33] that this 2-form is the sum of products of 1-forms, the
product being either exterior (alternate case) or tensor (nonalternate case).
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corresponding to the alternate bilinear form B can be found in [33] and
Subsection 3.1.

1.2. Overview of the situation

Even the incomplete stock of nonisomorphic species in the zoo of sim-
ple finite-dimensional Lie algebras for p = 2 was until recently considered
uncomfortably numerous (see the introduction in [45]). It has many more
exhibits than would have been considered “normal” if the classification in
cases p > 3 were taken as a “norm.” A final touch in the proof of the clas-
sification can be found in [2].

The improved version of the Kostrikin-Shafarevich conjecture due to
Dzumadildaev and Kostrikin [30] states that for any p > 0,

(8) all simple Lie algebras are either of “standard” type
or deforms (the results of deformations) thereof.

The improved conjecture definitely embraces p > 5 as proved in [30], where
the Melikyan algebras are identified as deforms of the Poisson algebras. The
claim in [32] identifying the simple Ermolaev algebras as deforms of the
contact algebras supports the Conjecture (8) for p = 3. The Conjecture (8)
seems plausible if, for p = 2 and 3, we enlarge the stock of examples analo-
gous to those “standard” for p > 5 by exhibits from [3, 5, 7, 8, 18, 24, 33]
found after (8) was formulated. Therefore, we must find out which simple
Lie algebras are “standard” from the standpoint of (8), and solve a “small
technical problem” of describing all nonisomorphic deforms.

A conjectural description of “standard”, hence, all (together with their
deforms) simple finite-dimensional Lie algebras over K for p = 2, although
longer than that for p > 3, is possible to grasp. This conjecture stemmed
from an idea that had already led to the classification of simple Lie super-
algebras of polynomial vector fields over C (see [37]). The new conjecture
yielded new examples for p = 3 (see the arXiv version of [24]).

For p = 2, the new conjecture (see how it was being molded from [35]
to [7]) gathers all examples known to us in describable groups and indicates
ways to obtain new examples. Apart from these and several new exam-
ples given in [8], there are also known examples (due to Kaplansky, Shen,
Skryabin, Brown, Jurman, Vaughan-Lee, and recently Eick) of mysterious
nature. In this paper and [7, 8], we study which of these “mysterious” exam-
ples, if any, might qualify as “standard” from the standpoint of Conjec-
ture (8), see also [22, 44]. We demystify the other examples by identifying
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them either as deforms of or as isomorphic to some of the “standard” exam-
ples.

1.2.1. On limited information derived from cohomology in describ-
ing deforms of Lie algebras. In §2, we recall how deformations of Lie
algebras are calculated. The trivial deformation of g corresponds to the
change of the basis in g corresponding to a 2-coboundary, while the lin-
ear part of any global deformation is a cocycle; hence, deforms linear in
the deformation parameter, also called infinitesimal deforms, correspond to
cocycles representing classes of H?(g;g).

If charK > 0, there are “fake deformations”. This means something
much worse than “some of linear deforms corresponding to cocycles rep-
resenting classes of H?(g;g) might be not extendable to a global deforma-
tion”. The textbooks and papers on Lie (super)algebra cohomology do not
yet indicate the following important phenomenon:

Let each cocycle representing a class of H?(g;g) # 0

9) be extendable to a global deformation. This does
not preclude some (or all) deforms of g from being
isomorphic to g.

Let semitrivial deformations (and their results, the deforms) be the ones
whose linear parts are given by cocycles representing nontrivial cohomology
classes but whose deforms are isomorphic to the initial Lie algebra. In addi-
tion to examples in [10], we show that the Jurman algebras are semitrivial
deforms.

Examples of semitrivial deforms have been known to us since 1987 when
we computed that? dim H?(o’(3);0’(3)) = 2 over K for p = 2 while, up to an
isomorphism, there is only one simple 3-dimensional Lie algebra: o/(3). (Ten
years earlier the phenomenon (9) was observed without any explanations of
its origin in [17].) The first explanation of the cause of the phenomenon (9)
was given in [10]. For p = 2, we give sufficient conditions for semitriviality
of a deformation, see Subsection 2.3.

1.2.2. The Vaughan-Lee algebras are not new over K. The table on
p. 948 in [18] shows that simple algebras of Vaughan-Lee (all new over [Fy)
are only new as forms of Lie algebras known over K (or even over a Galois
field extending Fy).

2Hereafter, the prime ’ denotes the first derived, also called the commutant.
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1.2.3. The Eick algebras are new. Several simple Lie algebras were
introduced in [18] and conjectured (e.g., because the list of “known” algebras
Fick used for comparison was incomplete as compared with a wider list
known to us) to be new. These algebras had to be interpreted and described
in more detail than in [18]. With Eick’s help, we recently established that
all the six tentatively new algebras in [18] are indeed new. All the six new
Eick algebras are obtained in one of the ways predicted by the conjecture
[35]: Eick algebras are partial Cartan prolongs (see Subsection 1.1.1), like
Frank algebras for p = 3 (cf. [24]), or deforms of something “standard.”

1.2.4. One of the Shen algebras and its generalized Cartan pro-
long due to Brown are “standard”. In [42], Shen described several
simple Lie algebras. One Shen algebra was rediscovered, together with sev-
eral algebras new at that time, by Brown [11]. Brown’s examples, described
only in components in [11], were interpreted in [7, 24] together with a clar-
ification of their structure and related new simple Lie superalgebras. One
remarkable exceptional simple Lie algebra (we call it gs(2) in honor of Shen
Guangyu, who discovered it; see [42]) is a true analog of the Lie algebra g(2)
in characteristic 2. Brown rediscovered this algebra (Eick called it Broy(1,1)
n [18]) and considered its Cartan prolong. We called the derived of this
prolong me’(5; V), and interpreted it as a version of the Melikyan algebras
in characteristic 2 (see [8]). These me’(5; N), where Ny = Ny = N3 =1 are
the only possible values, and its particular case gs(2) = me’(5; NV,) seem to
be new “standard” examples. Several Shen algebras were interpreted in [4]
as deforms of certain “standard” algebras, and several of Shen’s examples
are either nonsimple or not new (see [39]). Moreover, the multiplication in
several Shen algebras does not satisfy the Jacobi identity.

1.2.5. Jurman and Kaplansky algebras as deforms. We started this
paper intending to prove that the Jurman and Kaplansky algebras are
deforms of more “conventional” simple Lie algebras (such as the two noniso-
morphic versions of the Lie algebra of Hamiltonian vector fields) and their
divergence-free subalgebras (see [33]). While this paper was being written,
Grishkov published a note® [21] claiming that the Jurman algebra is iso-
morphic to the (derived of) a Hamiltonian Lie algebra. Grishkov’s paper is
based on a difficult result due to Skryabin, and its claim is implicit. Conse-
quently, we heard doubts that it is correct. It IS correct: we give an explicit
isomorphism in Prop. 4.5. Amazingly, the existence of this isomorphism does
not contradict the fact that the Jurman algebra is a deform corresponding

3A draft of this note was available on Grishkov’s home page since 2009.
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to a cocycle personifying a nontrivial cohomology class of the (derived of
the) Hamiltonian Lie algebra: Jurman algebras are examples of “semitriv-
ial” deforms (see Subsections 1.2.1 and 2.3).

In §5, we identify type-1 Kaplansky algebras with certain known “stan-
dard” Lie algebras and prove that type-2 Kaplansky algebras are deforms of
certain “standard” Lie algebras. Type-3 algebras were identified (in different
terms) by Kaplansky himself as o’;(n). Type-4 algebras might be “standard”,
see Subsection 5.1.

1.3. Main results

The three most interesting parts of our paper:

(1) The discovery of a Z/2-grading quadratic in roots. Among the Lie
algebras known to us, the type-2 and type-4 Kaplansky algebras are the only
ones with such gradings (cf. (88)). We present details on relations between
gradings and derivations, in particular, an observation that gradings are not
always defined by derivations, in Subsection 5.0.2.

(2) A method assigning a simple Lie superalgebra to every simple Lie
algebra if p = 2. It is illustrated with seven new series, superizations of the
Kaplansky algebras in Subsection 5.2. Modulo classification of Lie algebras,
this had led us to a classification of simple Lie superalgebras, see [9].

(3) Thanks to the insistence of a referee, we managed to give sufficient
conditions for deformations encountered so far for p = 2 to be semitrivial
(see Theorem 2.3); but other types of semitrivial deformations are possible.

The main bulk of the paper is devoted to interpretating the simple
Lie algebras discovered by Jurman and Kaplansky in terms of better known
(“standard”) examples of Lie algebras of Hamiltonian vector fields or their
simple derived. Voluminous computations are performed using Grozman’s
Mathematica-based package SuperLie, cf. Lemmas 4.3, 6.3, 6.4, 6.5.

1.4. Open problems

1. We have described deforms of hj;(n; N) for n = 2. Investigation of the
isomorphism classes of the deforms for n > 2 and any N is a must. The
classification of the deforms of the more natural nonsimple relative of the
simple algebra, i.e., of hr(n; IV), is also needed: it had led to an interpretation
of previously mysterious type-2 Kaplansky algebras. The search for deforms
of another relative, the Poisson Lie algebra poy;(n; N), is equally reasonable
(answers to such problems for p = 0 have physical interpretations), see [29,
30].
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2. A new way to construct simple Lie algebras in the absence of classifica-
tion? is provided in [18] if the structure constants belong to Fa; the paramet-
ric families cannot be captured by Eick’s method. Regrettably restricted to
algebras of dimension < 20 at the moment, Eick’s computer-aided approach
would promise (when its range will have been widened to dimension 250,
or at least 80) to give a base for a conjecture making its future theoretical
proof psychologically comfortable (no new examples would be expected).

3. Our results show that hr(2; V) and bh;(2; V) have different numbers
of deforms and both types of deforms are important for classifying simple Lie
algebras. The situation is similar to that in characteristic 0, where the Lie
superalgebra h(2n|m) has (only if (2n|m) = (2|2)) more deformations than
po(2n|m) (see [38]). A problem is to describe deformations of hr(2n; N) and
b1 (2n; V).

4. In [43], Skryabin classified nonequivalent normal shapes of the exterior
2-forms preserved by the Hamiltonian Lie algebras hr(n; N). It remains
to classify a la [43] nonequivalent normal shapes of the tensorial 2-forms
preserved by the Hamiltonian Lie algebras h;(n; N) and its divergence-free
subalgebras.

5. Listing all nonisomorphic deforms of g = h7;(2;(g,h + 1)) requires
considering orbits of the Aut(g)-action on the space H?(g;g) following Kuz-
netsov and his students (see [12, 31]). If the algebraic group Aut(g) of auto-
morphisms of g were computed, then the result in [19] could be extended to
the simple Lie algebras without a Cartan matrix. So far, this has been done
only in certain particular cases (see [40]).

6. Several identification problems remain (see Subsections. 4.3, 5.2.3,
6.2, 6.5, and 6.4.2 and Eq. (33)).

7. A tough problem, partly solved in §2.3, is to to give sufficient condi-
tions for any (other than those we considered) deformation to be semitrivial.

2. Deformations and cohomology ([10])
2.1. Lie algebras
A multiparameter deformation of a Lie algebra g over K is a Lie algebra g,

where t = (t1,...,t,), given by a Lie algebra structure on the tensor product
g ®k K[[t]] such that the Lie algebra go, i.e., the algebra obtained for ¢t = 0,

4Eick’s search is random; to estimate the probability of a miss is very interesting.
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is isomorphic to g. For any x,y € g, the deformed bracket has the form

(].O) [x7 y]tl,...,tr = CO(I,, y) + tlc% (.’L‘, y) +eeet trC%(.’IJ, y)
+ticl 1 (2, y) + tataci o (m,y) + -+ 2 (m,y) + -
where c*(z,y) = [z,y].

The maps c}: g ®x § — g must be 2-cocycles (say the degree-1 condi-
tions), i.e., for alli =1,...,r and any z,y, z € g, we have

dei(z,y,2) = ¢ ([2,y],2) + ¢ ([y, 2], 2) + ci ([2, 2], )
- [$7cz1<yvz>] - [yv Czl(zvx>] - [Z,C%({L‘,y)] = 0.

For brevity, we recall properties of deformations for 1-parameter defor-
mations; the multidimensional case is considered routinely. For example,
Eq. (10) becomes

(11) [z,y]: = (z,y) + tc' (z,y) + 2 (z,y) + - - - .

Two 1-parameter deforms g; and §; given by the collections ¢ = (¢!, c?,...)
and ¢ = (&!,¢2,...) lead to equivalent deforms, i.e., g; and g; are isomorphic
as Lie algebras by an isomorphism of the form 7(z;t) =Y, 7 (2)t’ for
70 = id and any x € g, if and only if ¢ and ¢ are related as follows (for all
n > 0, where i, j,k > 0):

(12) Yo n@@y) = Y @) my).

i+j=n i+j+k=n

Any change of basis of g can be included in a 1-parameter family of iso-
morphisms 7(-;t) : g — g and regarded, naturally, as a trivial deforma-
tion. We see that the trivial deformation corresponds to dr; modulo t?;
the search for the most general multiparameter deformation of a given Lie
algebra therefore begins with computing the space H2(g;g). Its explicit
basis given by 2-cocycles (representing the classes) determines infinitesi-
mal deformations. We then try to prolong each infinitesimal deformation to
higher degrees. The Jacobi identity imposes conditions on all terms in the
deformed bracket, which must be satisfied in each degree. In particular, two
l-parameter degree-1 cocycles ¢! and ¢! are infinitesimally equivalent (i.e.,
7 = id + t71 modulo #?) if and only if ¢! — &' = dry.

Let g; be a 1-parameter deformation of a Lie algebra g given by the

collection ¢ = (¢!, c?,...). The Jacobi identity yields that the coefficient of
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t™ vanishes for each n:

(13) > (I (@), 2) + cyclic(z, y, 2) =0,

0<i,j<n; itj=n

where cyclic(z,y, z) denotes the sum of all cyclic permutations of the argu-
ments of the expression written on the left of it. We set

[, (@, y, 2) = (¢ (2,y), 2) + & (' (2,y), 2) + eyclic(z, y, 2),

k

14
W H(a,y, 2) = (M (x,y), 2) + cyclic(z, y, 2).

The brackets [[c!, ¢/]] are called Nijenhuis brackets (in differential geometry)
or Massey brackets (in deformation theory). The sum (13) can be expressed
as a Maurer-Cartan equation:

0 ifn=2k+1,

15  d"= > [, ] +{ e h

o 1 = .
0<i<j<n; it+j=n ctoct ifn =2k

To prolong an infinitesimal deformation given by a cocycle ¢!, we first
compute [[c!,c!]]. If [[¢},c!]] = 0, then the infinitesimal deformation satis-
fies the Jacobi identity and is a true deformation. If [[c!,c!]] € Z3(g, g) and
[[c', c!]] € B3(g,g), then the infinitesimal deformation is obstructed and can-
not be prolonged. If [[c!, ¢!]] = dc? with ¢? # 0, then —#2¢? is the 2nd degree
term of the deformation. To prolong the deformation to degree 3, we com-
pute the Massey product [[c!, ¢?]]. There are the three possibilities

1) [[", ] =0,
2) [[c!, ?]] = dc? for some ¢ # 0,
3) [[c¢}, ¢?]] # dc? for any 3.

If [[c}, c?]] = de3, then —t3¢? gives the 3rd degree term of the deformation.
To go up to degree 4, we must be able to compensate ¢ o ¢? + [[¢!, ¢*]] by
a coboundary dc?, and so on. The main difficulty here is that the repre-
sentatives of the cohomology classes and the cochains ¢?, ¢, etc., are not
uniquely® defined. A good choice of cochains may considerably facilitate
computations. The following lemma is helpful.

5If ¢? is a solution of the equation dc? = ¢! o ¢!, then ¢ + cocycle is also a solu-

tion. The choice of a certain c? affects the expression of the ¢ terms. The problem
is how to find a “nice” c? in order to have as few ¢3 terms as possible and, more
importantly, vanishing Massey products in degrees > 3. If we fail to achieve this
with ¢2, then we can try with ¢, and so on.
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2.1.1. Grozman’s lemma ([10]). For any finite-dimensional Lie algebra
g, all cochains with coefficients in the adjoint module can be expressed as
sums of tensor products of the form a ® w, where a € g and w € A\ (g*).

Lemma 2.1. For anyc=a®w witha € g and w € \"(g*), let dc denote
the coboundary of ¢ in the complex with coefficients in the adjoint module,
dw be the coboundary in the complex with coefficients in the trivial module,
and da be the coboundary of a € g regarded as a 0-cochain in the complex
with coefficients in the adjoint module. Then dc = a ® dw + da A w.

2.2. Lie superalgebras

In certain problems, if p > 0, then we must replace the (formulas of) con-
ventional cohomology in the preceding subsection with divided power ones
(see [6]).

2.3. Semitrivial deformations

In all examples we know, the deforms of g corresponding to semitrivial defor-
mations for p = char K are isomorphic to the initial Lie algebra via an iso-
morphism 7(-,¢) given by an expression of the form (also see [10], where

equality ¢/(1+t)i =1+ (¥/t)" should be used)

(16) 7(x;t) =2+ Z 7i(x)(Vt)?  with the 7; satisfying conditions (12).
i>1

Therefore, the semitrivial cocycle ¢, that would have been obtained for p = 0
as the differential of a 1-cochain C' such that C(x) = W for any x € g,
cannot be thus obtained if p > 0, because the function /¢ is not differentiable
for p > 0.

For any derivation D of the Lie algebra g, let cp € C?(g;g) be defined
by

(17) cp(z,y) = [Dz,Dy] for any z,y € g.

It is easy to verify that cp is a cocycle, i.e., dep(z,y,2) =0 for all z,y, z € g.
Moreover, if p # 2, then ¢p = —%d(DQ)7 i.e., cp is trivial.

Here is a general description of semitrivial deformations for p =2 in
the case where an isomorphism between the algebra and its deform is a
polynomial in v/¢. We do not know how to characterize arbitrary semitrivial
deformations.
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Lemma 2.2. Let g be a Lie algebra in characteristic 2, and let ¢ € Z%(g; g)
generate a semitrivial deformation such that the isomorphism between the
algebra and its deform is polynomial in \/t. Then there is a derivation D of
g such that c is equivalent to cp, i.e., c —cp € B%(g; g).

Proof. Let the isomorphism be Fi(z) =2 +3 ;5 fi(z)(v/t)!, where only a
finite number of the f; € C'(g;g) are nonzero. Then the deformed bracket
has the form

[:E7y]t = [Sﬂ,y} + (fl([x7y]) + [fl(x)ay] + [SE, fl(y)])ﬁ

(18) : :
+ ([f1(2), f1(y)] + dfz(z,y))t + higher order terms in v/%.

Because the coefficient of v/# is zero and the coefficient of t is c(z, ), we see
that fi is a derivation, and c is equivalent to cy, . O

We do not know whether every cocycle of the form (17) generates a global
deformation, nor do we know whether all such deformations are semitrivial
or trivial. We can prove it for two classes of derivations.

Theorem 2.3. Let g be a Lie algebra over a perfect field K of characteristic
2, and let D be a derivation of g satisfying at least one of the following two
conditions:

1. D?> = aD for some a € K (if a =1, then such D corresponds to a
7./2-grading);

2. D is nilpotent.

Then the cocycle cp (see Lemma 2.2) is either trivial or semitrivial.

Proof. To prove that c is either trivial or semitrivial, we show that there is a
polynomial family of invertible maps Fy(z) = x + >, fi(2)t*, where only
a finite number of the f; € C1(g;g) are nonzero, such that

(19)  [Fu(x), Fu(y)] = B[z, 9] + D> ¢j(w,y)t¥) forall z,y € g,
j=1

where only a finite number of the ¢; € C?(g; g) are nonzero, and ¢; = cp.
This would mean that there exists a global deformation of g given by the
bracket

2,9l = o, 9] + Y i, y)t,
j>1
all the deformed algebras being isomorphic to g with the isomorphism given
by F\/E
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1. If D? = aD, then we set Fy(x) = 2 + tD(x); this map is invertible if
ta # 1. We also set ¢; = cp and ¢; =0 for j > 1. It is easy to see that (19)
holds because D[Dzx, Dy| = 0.

2. Now let D be nilpotent. We set

fi— D? if i = 2F for some k,
10 otherwise.
We note that all the f; are derivations. We set®
5S> [D%z,D¥~sy] if j = 2F for some F,
cj(z,y) = 1<<2-1
0 otherwise.

Because D is nilpotent, the map F; is invertible. We must prove that
the coefficients of ¢” in (19) are the same for any n > 0, i.e., that

(20) [fn(x)>y] + [xa fn(y)] + Z [fz(x)v fn—z(y)]

1<i<n-—1
cm(x,y) + . ; 1 fn—2j(cj(z,y)) if n=2m,
- <j<m—
= fullzy)) + Yo fu—2i(ci(z,y)) ifn=2m+ 1.

1<j<m

Because f,, is a derivation, Eq. (20) can be simplified to

(21) > @), fai()]
1<i<n—1
Cm($7y) + 1< ; . fn—Zj(Cj(xay)) if n= 2m,

> fa—2jilci(z,y) if n=2m + 1.

1<j<m

If n =1 or if n cannot be represented as a sum of at most two powers of
2, then both sides of (21) are equal to 0 because f; and ¢; are only nonzero

6Tt might be wondered, “Why does the deformed bracket satisfy the Jacobi iden-
tity? In particular, why do the c; satisfy the Maurer-Cartan equations?” We forget
for a moment that g is a Lie algebra and regard it just as an algebra. Then if (19)
holds (and we show that it does), then the deformed algebra is isomorphic to g with
the isomorphism given by F. Because g is a Lie algebra, the deformed algebra is
also a Lie algebra, i.e., the deformed bracket satisfies Jacobi identity.
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if i is a power of 2. Therefore, (21) has nonzero terms only if n is the sum
of at most two powers of 2.
If n = 2F + 2!, where k > | > 1, then the right-hand side of (21) is

f2’C (02“1 (l‘, y)) + fQL (62’9*1 (JZ, y))
= Y (ID**5w,D? oy 4 Dz, D¥ sy
1<s<2i—1
+ ) ([D*Fx, DYy + (D, DT Ty
1<s<2F—1
= [D2lx, D2ky] + [nga:, Dgly],

and the last expression is exactly the left-hand side of (21).

If n = 2¥ 4+ 1, where k > 1 (this case is in fact a particular subcase of
the above case for [ = 1, but we consider it separately because there is no
coi-1 in this case), then the right-hand side of (21) is

filepms(zy)) = > ([DF'a, D ~y| + [D%z, D* 75y

1<s<2k—1
= [Dx, D*"y] + [D* z, Dy,

and the last expression is exactly the left-hand side of (21).
If n = 2%, where k > 2, then the right-hand side of (21) is

f2"*1(62k*2($7 y)) + CQ’“*I(ZQ y)
= Y (e, DYy 4 Do, DY)
1<s<2b—1_1
+ Z [D*z, D*~%y]
1<s<2k—1
_ [D2k_lx7 DQk_ly]7

and the last expression is exactly the left-hand side of (21).
Finally, if n = 2, then the left-hand side of (21) is [Dx, Dy, same as its
right side, c1(z,y). O

3. Modular vectorial Lie algebras as deforms of each other

Weisfeiler and Kac were the first to discover parametric families of simple
finite-dimensional Lie algebras with a Cartan matrix over K (see [47]). For
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further examples of deforms of simple Lie algebras, see [10, 15, 17, 24, 30,
32, 33, 43].

In this section, we extend the list of such examples and also show that
several nonisomorphic Poisson Lie algebras are deforms of one Lie algebra
nonsimple over K but simple over a ring and thus resemble forms over alge-
braically nonclosed fields of an algebra defined over an algebraically closed
field. We regard expressions of the form k& mod p, where k € Z, as integers
from the segment [0, p — 1] and not as elements of K.

Lemma 3.1. We consider a linear endomorphism ®., where o € K, of the
algebra O(1;n), given by the formula

k

(22) B, (z) = a[;]x(m?

where {%} denotes the integer part of% and k < p™. If a # 0, then ®, is an

automorphism of O(1;n).

Proof. Clearly, ®,, is a bijection, and we need only prove that

(23) Do (z® - 20y = &y (2F)) - By (21,
ie.,
(24) ol (K5 1)t — [T (B 1) g,

One can see that?

VH} - {k] + [l] if (k mod p) + (I mod p) < p,

(25) p p p
<k ]: l) = 0(modp) if (k mod p) + (I mod p) > p,
and the statement in the lemma hence holds in both cases. O

"The thing equal to 0 in the second line of (25) is not the same as the thing

equal to {ﬂ + [ﬂ in the first line. We also note that in the first line, the equality

(involving integer parts used as power degrees) is over Z; in the second line (involv-
ing the binomial coefficient), the equality is over K or modulo p. In both lines, the
residues of k£ and [ modulo p should be understood as integers from the segment
[0, p — 1]; then the inequalities make sense.
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We consider the endomorphism D, = ®_! 0 9o ®, of O(1;n) given by

) = {Om(k) if p1k;

26 D (z®)) =
(26) (= adz® if p | k.

We define Dy (i.e., Dy for o = 0, when @ is not defined) using relation (26).
Note that if we consider the isomorphism O(1;n) ~ O(2; (1,n — 1)) given by

9

(27) ZL'(k) PR ygk mod P)yg{f])

then Dy on O(1;n) corresponds to d; on O(2;(1,n — 1)).
Similarly, in the algebra O(d; N) with indeterminates x = (z1,...,xq),
we can consider the map

(28) Bo () = als%lmx(r),

which is an isomorphism for o # 0. The maps (here 9; := 9y,)

Qi i pir,

(29) D,;= <I>;1 00;0®, actas Da,i(m(r)) = )
ad;z(") if p | 7.

We define Dy ; using the relations (29).
3.1. Poisson Lie algebras

We consider the Lie algebra pog(d; N), where B = (B;;) is an alternate
(the analog of antisymmetric for p = 2) nondegenerate bilinear form on a
d-dimensional space. The space of this algebra coincides with O(d; V), and
the Poisson bracket is defined by Eq. (6).

We consider the deformed bracket of pog(d; N) determined by the map
®,, on O(d; N) (observe that the deformation parameter is a — 1, not «):

[F, G]B,a = (I)gl([q)a(F)7(I)a<G)]) = Z Bij(bgl(aiq)a(F) ’ ajCI)Oc(G))
1<i,j<d
(30) = D By (5:%a(F)) - 271 (9;®a(@))

1<i j<d

= Y BijDaiF - Dy ;G,
1<i,j<d
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because the map ®, on O(d; V) for a # 0 preserves the (associative and
commutative) multiplication of functions.®

We now consider the Lie algebra with the bracket (30) for any «. Because
we obtained this bracket from a trivial deformation (for o # 0), the obtained
Lie algebra is isomorphic to the initial Lie algebra poz(d; V). To what is the
Lie algebra for o = 0 isomorphic?

Under the isomorphism O(d; N) ~ O(2d;(1,...,1,N;1 —1,...,Ng— 1))
given by the formula

1 1 mod mod % %i

B 2l ol yrmedn L yamean ([3])  (5]),

the operator 9; on O(2d;(1,...,1, Ny —1,...,Ng — 1)) is the image of the
operator Dg; on O(d; N). Hence, the Lie algebra given by commutation
relation (30) with o = 0 is isomorphic to

pop(d;(1,...,1)) @ O(d; (N1 — 1,...,Ng— 1))
(32) ~pog(d;(1,...,1) @O(1;(Ny +---+ Ny — d))
~pog(d;(1,...,1)) ® O(1; (1))@MN+-+Na=d,

We see from (32) that all Poisson algebras with the same number of
indeterminates, the same ) N;, and bilinear forms B equivalent over the
ground field are deforms of one Lie algebra.

Conjecturally, the same statement

“the vectorial Lie algebra X (k; V) is a deform of the ten-
(33) sor product X (k; N,) ® O, where O := O(u; N) with an
appropriate N7

holds whenever the space of the Lie algebra X (k; N) can be identified with
O, or the direct sum of several copies of O each endowed with its extra
structures of (associative) multiplication, and the bracket can be defined
using only distinguished derivatives, associative and commutative multipli-
cation of functions, and linear operations, e.g., for vect and ¢ (cf. the proof
of Theorem 5 in [15]).

8 Any automorphism of the space O(d; N) produces a deformed bracket, but the
second equality in (30) is due the fact that

0.1 (004 (F) - 0;a(G)) = 051 (0:a(F)) - 271(0;0a(G)).



370 S. Bouarroudj et al.

4. The Jurman algebra is a semitrivial deform
4.1. The Jurman algebra

Jurman introduced a Lie algebra over Fo = {0,1} that seemed to have no
analog over fields K of characteristic p # 2 (see [25]) until its interpretation
in [21]. Jurman constructed this algebra by, in a sense, doubling the Zassen-
haus algebra, which is the derived of the Witt algebra vect(1; N). Jurman
therefore called his algebra the Bi-Zassenhaus algebra denoted by B(g, h).
But the letter B is overused, and we wish to emphasize properties of the
Lie algebra B(g,h) that differ from the properties in which Jurman was
interested. We therefore designate this algebra j(g, k) in honor of Jurman.
The following description (see [25]) allows extending the ground field and
considering j(g, h) over K.

Let g > 2 and h > 1 be integers. Let = 29 — 1 and » = 29" > 8. Tak-
ing the elements

(34) {v;@t)|te{0,1}, j € {-1,0,...,5c—3}}
as a basis in j(g, h), Jurman defined the bracket by setting
(35) [Yi(s),Y;(t)] = bzsjt Yitjrsta—n)(s +1),

where (in the next formula, the binomial coefficients and their sum are con-
sidered modulo 2 and meaningless expressions are taken to be 0; see Exam-
ple 4.1 for further elucidations of the meaning of the binomial coefficient for

s=t=1)
(36)
(z‘+j+st(2f17)> n (i+j+st(2—17)) if —1<i+j+st(2—n)
bifjt.: i+1 j+1 < 3 —3,
0 otherwise.
Example 4.1. Let (g,h) = (2,1). We have biﬁl = 2_2 + (Z;Q). The

first summand is meaningless for any ¢ and should be understood as a 0.
The second summand makes sense for ¢ > 2 when it is equal to 1.

We have bi”ol = (2;1) + (Z I 1). The first summand makes no sense
for any ¢, and the second summand makes no sense for i = —1,0, 1. Each of
these meaningless binomial coefficients should be understood as 0. If i > 1,

then (211> =i—1 (mod 2).
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have bt = ‘
We have by it

) + (;) with the first summand always meaning-
less (hence equal to 0) and the second summand equal to 0 for i < 2.

4.2. The Jurman algebra j(g, h) as a deform of h1;(2; (g, h + 1))

To interpret the Jurman algebra j(g,h) somehow, we compare it with a
known simple Lie algebra. The most plausible comparison candidates can
be found in [33], where all possible versions of Poisson Lie algebras were
described in characteristic 2, as well as Lie (sub)algebras of Hamiltonian vec-
tor fields. We realize the Poisson Lie algebra poy;(2; V) by generating func-
tions (divided powers) in the two indeterminates p and ¢ with the bracket

OF 0G ~ 0F 0G
(37) {F7G}_87p67q+87q87p for any Fj,CTve(Q(Q,M)7

where 9, and 0, are distinguished partial derivatives.

We consider the Lie algebra hyi(2; V) = po(2; N)/K - 1 and its derived
b(2; V). We keep expressing the elements of hyy and by via generating
functions having in mind, by abuse of notation, their classes modulo the
center of por.

We recall (see [37]) that the Weisfeiler filtrations were initially used
to describe infinite-dimensional vectorial Lie (super)algebras £ by select-
ing a maximal subalgebra Ly of finite codimension. Dealing with finite-
dimensional algebras, we can confine ourselves to maximal subalgebras of
least or “almost least” codimension. Let £_; be the minimal Ly-invariant
subspace strictly containing L. For ¢ > 1, we set

L_ji1=[Lq, L]+ L

38
( ) and L; = {D eL; 1 | [D,,C_l] C »Ci—l}‘

We thus obtain a filtration,
(39) L=L gDL 41D DLyDL D --.
The d in (39) is called the depth of £ and of the associated graded Lie

superalgebra g = @ g;, where g; = £;/L;41.
—d<i

We let £ denote j(g,h) when considered with a Weisfeiler filtration.
Egs. (35) and (36) imply that assuming g, h = oo, we have only one maximal
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subalgebra of finite codimension:
Lo = Span(¥;(0), Y;(1) | i, > 0).

Its maximality follows from table (47). The Weisfeiler filtration correspond-
ing to the pair (£, Lo) is
(40)

L=L 1DLyDL DLy -+, where ,CZ'+1 = {X e L; ‘ [[,,X] C [,1}

Let gri(g, h) = @ g;, where g, = L£;/L;+1 for i > —1.
Proposition 4.2. We have grj(g,h) = b (2; (g, h +1)).

Proof. For brevity, we set b := h[;(2; (g,h+ 1)) and g := grj(g, h). Note that
every element of the Cartan prolong is uniquely determined by its brackets
with the elements of the (—1)st component. In particular, any X = pB g e
b is uniquely determined by the conditions

(ady)(ad)* " (X) = p,  (ad,)T
(41) (ady)® (X
(ady) (X

ady)’(X) =q for By >0,
) =D, ad,(X) =0 for 4 >1, v=0,
) =gq, ady(X) =0 for =0, v> 1.

Let X be the image of an X € j(p,q) in g. The definition of a filtration
implies that dimg_; = 2 and g_; = Span(Y_1(0),Y_1(1)). We identify

Y_1(0) «—¢q, Y_i(1) «—p.

Let0<a<2"—1and0< B <n =29 —1.Our next goal is to establish
the correspondence

(42)  Yi(s) +— pWqet1=5) where s=0,1and i=a(np+1)—1—s+ 5.

For manual computations, it is more convenient to consider the two cases
s = 0,1 separately:

&<

(1) +— pB)g2) fora=a(n+1)—2+4,

43
(43) Y5 (0) «— pPgCtD forb=a(n+1)—1+ 8.

Let Ay := (adyfl(o))7 (adyil(l))é. Clearly, the image X of X €i(p,q)
belongs to g if and only if there exist v and § such that v+ 6 =k + 1 and
A, 5(X) ¢ Lo while A, 5(X) € Lo for v and ¢ such that v+ < k + 1.
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We now consider the brackets in the Lie algebra j(p, q):

}/j—l(s) lfj Z 07

0 it j =1,
(a1 (1), %5(0)] = {?—1(1) 520,

0 itj<n-—1,
Y;5(0) ifj=zn-1

Equations (44) for the elements X € j(p, q) of the form X = Yz_»(1) for
2 < B < nimply that

(45) Ag-10(X) =Y_1(1) «—p, Ag(X)=0.

Expressions (45) mean that X € gz_o, and the element X corresponds to
p® € h. We have thus obtained the first correspondence in (43) for oo = 0.
Similarly, for X = Y3_1(0), where 1 < g <1, we have

Ago(X)=Y_1(0) «— ¢ and
Aﬁ—l,l(X) = Yfl(l) — X € g5-1 and
X +—pPqen,

implying the second correspondence in Eq. (43) for a = 0.
Equations (44) also imply that

Yip1(1) ifj>mn,
(46) (adY,l(l))z(Yj(s)) = {0 ! 1( ) ifj' <Z~

Therefore, for any a > 0 and 8 > 0 and X = Y, (;41)48-2(1), we have

(ady ()" (ad%/,l(l)) (X) = Ap-12a(X) =Y (1) <= p,
a—1
(ady- ()" <ad§,_1(1)) ady (1)(X) = Agoa 1(X) = Y_1(0) «— g,

implying the correspondence X <+— pP)¢(29)  This provides the first cor-
respondence in Eq. (43) for the case where a > 0 and 8 > 0. We obtain
the second correspondence in Eq. (43) for the case where a@ > 0 and 5 > 0
absolutely analogously.
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It remains to consider the case where a>0 and 3=0. Let X =Y, (,4-1)—1(0).
Then

Ap2a(X) =Y_1(0) ¢— ¢ = X € goa—1.
But

Y_1(0), X]=Ya(mi1)-2(0) = Yo 1)1y (—1)(0) < pg®* ™D € g, 003,

Since 1 > 3, it follows that 2a — 1 < 1+ 2a — 3, and hence [Y_1(0), X] = 0,
i.e., the element X corresponds to ¢(2**1. This provides the second cor-
respondence in Eq. (43) for a > 0 and § = 0. The first correspondence in
Eq. (43) for this case is similarly obtained.

We see that the maximal power of p is equal to n =29 — 1, and hence
N(p) = g. Because 2« + 1 < 2"*1 — 1, it follows that N(q) = h + 1. O

Accordingly, the basis elements of the components of the first five degrees
are as follows:

g-1 do g1 92 g3
pe=Ya(l) | pPe—=Yo(1) | pP=ni(1) | pW e Ya(1) p® «— Y3(1)
q«—Y1(0) | pg+—Yo(0) | pPg«—11(0) | pBg— V2(0) pWq «— Y3(0)

(47) q@ =Y, (1) | pg® = V(1) | pP¢? «— V0 (1) | D@ =V, 10(1)

0« Y,(0) | pg® «— V11(0) | p@¢® «— ¥,:2(0)

q® = Yo, (1) | pg® = Youa(1)

q<5) — Y2n+1 (0)

Let {-, -} and [-, -] denote the respective brackets in g = bj;(2; (g, h + 1))
and j(g, h). Expressing the Y;(s) in terms of monomials in p and ¢, we see
that for the simplest case g = h + 1, the Jurman cocycle ¢ (which deforms
b(2;(g,9)) into the Jurman algebra) is (for any F,G € O(2;(g,9))), as
direct calculations show,

[F,G] ={F,G} + m.(F,G),
(48) where ¢ — Z P m+n 3) 2 d(q (m)) Ad(q (n)))

m<n

and m.(F, Q) (see Eq. (55)) is the map corresponding to the cocycle c.

We call all other cocycles (which do not deform h7;(2; (g, g)) to the Jur-
man algebra) non-Jurman cocycles.

With respect to the pair of operators (deg,(-) — 1,deg,(-) — 1

) the weight
of the cocycle F @ d(G1) A --- ANd(Gy) for any F,G1,...,Gy € b (2;

(9,9))
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is equal to

(19)  (deg,(F)~1=Y " (deg,(Gi)~1), deg,(F)~1- Y (deg,(Gs)~1)).

So, the Jurman cocycle has the weight (29, —2). By the symmetry p +— ¢,
there is another Jurman cocycle of weight (—2,29) leading to an isomorphic
Jurman algebra.

If g # h + 1, then there is no symmetry p «— ¢, but there still is another
Jurman cocycle making bi;(2; (g, h + 1)) into j(h + 1, g — 1). It is of the form

(50) c= Z q(9)p(m+n—3) ® d(p(m)) A d(p(n)), where § = 2/+1 _ 1.

m<n

If p > 2, most of the cocycles representing classes of H?(g;g) are not
integrable for the simple vectorial Lie algebras g (see [15]). If p = 2, we do
not know any simple Lie algebra g with a nonintegrable cocycle representing
a class of H%(g;g).

Lemma 4.3 ((g9,h) = (2,1),(2,2); conjecture for generic values of
(g,h)). Any linear combination of cocycles representing classes of H?(g; g)
for g =b1(2; (9, h + 1)) can be integrated to a global deform (Cf. Lemma 6.5
for g ="b1(2;(g,h +1))).

For g+ h=¢ + 1 = K, the Jurman algebras j(g,h) and j(¢’,h’) re-
garded as Z/2-graded Lie algebras j = jj @ j1, with j5 spanned by the Y;(0)
for all 7, have these even parts isomorphic, and the odd parts, as modules
over the even part, are also isomorphic. This is clear from Egs. (35) and (36).
We note that the brackets of two odd elements given by Jurman’s cocycles
can be united into one bracket depending on as many parameters as there
are partitions K = g+ h with ¢ > 2 and h > 1. To see this, we consider (a)
the brackets of two “odd” elements and one “even” element and (b) the
brackets of three “odd” elements; the statement is obvious in both cases.
The bracket obtained linearly depends on all K parameters.

Proposition 4.4. For 0 <k <21 and 0 <1 <2971, the isomorphism
i(g,h) ~ b :=b}(2;(g,h+ 1)) is given by the maps

(51)  Yas-rpr1—1(0) = Yaomrppro1 = p@ g™ 4 (ke + 1)pWglth),
(52)

(2971+1) ,(k—1) +(k+1 ) (k) if k>0,
Yos-1p11—2(1) «— Zos-1p11—2 = p(l) q ( g f
p if k=0.
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Assuming that ¢ = 0 for m < 0, we can express Z in (52) uniformly:
(53)  Zos-rppi—2=p Wg* D4 (k+1)pW¢®  for all values 0< k< 2"

Proof. Taking into account that (k4 1) mod 2 =0 or 1, we can unite cor-
respondences (51) and (52) by considering the 1-parameter family of maps
(we note that ad,wv is a derivation of h such that adf)(,ﬁrl) =0):

OF
Qi:h—bh, F— F+tp(“)67q = F +tadyu+n (F), where p=29"".

Let m.(F,G) be the map (54) corresponding to the cocycle ¢ (see (48)).
Direct computations show that @ / is an isomorphism of Lie algebras because

{@:(F), 2(G)} = &:({F, G}) + t*m(F, G). U

4.2.1. Deforms of h};(2; (g, h + 1)) for the smallest values of (g, k).
Clearly, if g = h + 1, it suffices to consider only cocycles of nonnegative
weight because of the symmetry p «+— gq.

Let (g,h) = (2,1). Here are cocycles representing a basis of the space
H?(g;g). The Jurman cocycle ¢ := cgs 5 in (48) is cq,—o from our list (59)
below.

Proposition 4.5. Here, F,G € bh1;(2; (g, h + 1)) are arbitrary, {-, -} is the
Poisson bracket of functions generating h(2m; N), and h € K.

The following cocycles are semitrivial:

1. The Jurman cocycle cos o (see (48)) represents the map

(54) P (9, F - 8§G + agF - 04G), wheren =29 — 1.
For (g,h) = (2,1), the cocycle c4,—o (see (59)) represents the map
(55) my,_o(F,G) = p®(9,F - 92G + 92F - 9,G).

2. The cocycle co—4 (see (59)) represents the map whose shape is inde-
pendent of (g, h):

(56)  mo—4(F,G) = 0,00F - 053G + o F - 0,0,G = {9, F, 0;G}.

3. The cocycle co—o (see (59)) is equivalent to the cochain that represents
the map whose shape is independent of (g, h):

(57) m07_2(F, G) = {aqF, 8qG}.
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The following cocycles are nontrivial:
4. The cocycle ca (see (59)) is equivalent to the cochain representing
the map

(58) mao(F,G) = p" (9, F - 8§G + OI%F -04G), wheren =29 —1,

which yields one of the filtered deforms (see [15]).

5. The cocycle c_g o (see (59)) is inherited from the quantization of
the Poisson Lie algebra poy(2; (a,a)) being the linear in the Planck constant
part of the cocycle restricted to the subquotient bj; of poy;. The deformation
turns b1 (2; (a, a)) into psl(2*) for any a.

The index of each cocycle is equal to its weight (further on, to save
trees, we give full expression of only the cocycles with short expressions; the
lexicographic order of summands adding up to the cocycle makes it possible
to distinguish cocycles by looking at the pieces displayed; if these pieces are
insufficient to interpret them, then see the TEX file in arXiv and uncomment
the hidden terms):

a2 =p¥ @d(q) Ad(g?) +p® g® d(q) Ad(g®) +pP ¢ @ d(q®) A d(q®),
co—4=pRd(p q(2)) Ad(p q(g)) +p® d(q(3>) A d(p(2) q(Q)) +q® d(q(3)) Ad(p q(3)) +

20 =P @ d(p) Ad(g) + pg® @ d(q) Ad(q®) +p® g @ d(q) Ad(p® q)

+19 ¢ @ d(p) Ad(pg®) + P ¢ @ d(¢?) A dp? g) + P 4P @ d(q) A d(pg®),
o2 =p®@d(p) Ad(pq®) +p@d(pqg) Ad(pq®) +p® d(¢®) Ad(p® )
+q®d(g) Ad(pg™) + q@d(pg) Ad(g®) +q®d(g?) Ad(pg®) +
c a2 =p@dpq?) Adp® q) + ¢@ dpg?) Adp®? ¢?) + q ® d(q“’) d(p® q)
+pP @d(p® ) Ad(p® ¢?) +pg@dpg®) Adp® ¢?) + -

(59)

Proof. The fact that the maps m,,, where w is a weight, do correspond to
the cocycles ¢, as claimed is subject to a direct verification. The idea is as
follows. We see that the image of ¢4 _» is always divisible by p3) and that this
image is nonzero only if both arguments are polynomials (divided powers)
in ¢. Taking into account the weight of the cocycle and its (anti)symmetry,
we seek m.. in the form

PO (A(FOIG + GIZF) + B(0,F - 92G + 01F - 9,G)), where A, B € K.

It turns out that for A =0 and B = 1, we obtain the desired. For other
cocycles, we seek the operators in the form D F - DoG + DsF - D1G or
p3) (D1F - D3G + DoF - D1G), where the D; are compositions of some deriva-
tions. We must check if any of these operators m, in fact matches c. It could
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be that to have a nice expression for m., we must replace ¢ with a ¢ of the
same cohomology class.

1. The semitriviality of the Jurman cocycle is explicitly proven for arbi-
trary (g, h) in Proposition 4.4.

2. We consider the maps ®(F) = F + hDF, where D = 8q2. Because
D? =0, it follows that the corresponding deformed bracket produced by
co,—4 18

(60) {F.GYyy = {F G}

3. In this case, although D? #£ 0 for D = §,, the derivation D is still
nilpotent, and Theorem 2.3 is hence applicable here.
4. In this case, the deformed bracket is equivalent to

(61)  {F,G}n=(0p + WpPO2)F - 0,G + 0, F - (9, + hp'¥92)G.

5. Let the Poisson Lie algebra be realized by the Poisson bracket on the
space of functions in p'= (p1,...,pm) and §= (q1,- -, ¢m). We consider the
deformation (over the ground field F = C or R, physicists call it quantiza-
tion) that turns the Poisson Lie algebra into the Lie algebra of differential
operators with polynomial coefficients (see Sect. 1.4.7 in [20]). The cocycle
that determines quantization corresponds to the map

0*F 0°G B 0%’F 9*G
ap? 8q22 aqg ap?

(62) QF.G)= >

1<i<m

for any F,G € F|p, q|.

Here, we encounter an analog of quantization over F = K for charK = 2.
Let the coordinates of the shearing vector corresponding to p be the same
as those corresponding to ¢. Let™: '+ F be the map that to any monomial
F € O(p,q; (N, N)) ordered such that each p; is to the left of all the g; for all
i and j assigns a differential operator obtained by the replacement ¢; — h0,,,
where A € K, for each i. All linear operators in the finite-dimensional space
O(p; N) are differential, and the deformed Lie algebra is hence isomorphic to
al(O(P: N)) ~ gl(2¥), where |[N| = 3 N;. Clearly, the same cocycle induces
a deformation of h'(2m;N) into psl(2IX¥). For any % # 0, the deforms are
obviously isomorphic (use rescaling, i.e., divide by #), and the commutator
of differential operators is related to the Poisson bracket as

(63) [F,G] = {F,G}ps. + O(h) for any F,G € O(p,q: (N,N)).

For m = 1, the weight of the cocycle linear in % in the right side of Eq. (63)
(up to a sign corresponding to the interchange p <+ q) is precisely (2,2). O
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For g = b};(2; (g, h + 1)), where (g,h) = (2,1), the cocycles considered
in Proposition 4.5 represent a basis of H?(g; g). Because dim H?(g; g) grows
together with the coordinates of the shearing vector (g, h), there are more
deformations to be interpreted in the general case. It seems reasonable to
switch attention from cocycles ¢ to maps m.. Conjecturally, all nonJurman
cocycles correspond to the filtered deforms classified by Skryabin (see [43])
or to the quantization. This is so for (g,h) = (2,1).

5. What Kaplansky algebras are isomorphic to.
Nonlinear superizations

In 1981, Kaplansky described four types (in fact, five: the dimensions of the
two cases of the type-4 algebras differ significantly) of simple Lie algebras
for p = 2 (see [26]). He described them only by means of the multiplication
table. We interpret them in terms of familiar Lie algebras of vector fields.

Kaplansky defined the algebras in terms of J-systems resembling the
notion of a root system. Over Fy, a J-system I' in the space V with a
symmetric inner product B is a set of nonzero vectors with the property
that if u,v € I" are distinct and satisfy B(u,v) = 1, then u + v € I'. Given
any J-system ', we construct a Lie algebra gr over Fo with basis elements
ey for every u € T', and the multiplication given by the expressions

B(u,v)eyy, for u,v distinct and u 4+ v € T,
0 foru4+v gl oru=w.

(64) [ew, €] = {
We note that the second half of the lower property in (64) is automatically
satisfied if the form B is alternating. Each Kaplansky algebra Kap;(n), where
1 =1,2,3,4, has the form gr for some I'.

Any algebra defined over F5 can obviously be defined over K by extension
of the ground field. In what follows, speaking of Kaplansky algebras, we
assume that such an extension is performed unless otherwise specified.

Kap;(n): For n >4, let dimV =mn, and let V' carry a nondegenerate
and nonalternate inner product B. Let e!,...,e" be an orthonormal basis
of V. For T, we take all vectors in V except 0 and e = el + - -- + ", which
is the unique element satisfying B(e,y) = B(y,y) for all y. Clearly, B ~ I.
We recall that the brackets in h(V; N) := (V,0,(V)).n (I'is for “little”)
and h;(V;N) := (V,07(V)).n are the same (see [33]):

{F,G};:= Y 0.F-0.,G, whereF,G € K[z N],

1<i<n
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only the stocks of generating functions of these Lie algebras differ. We
make the assignment e, «— [[;;<,,(1 + 2)". (We note that Kaplansky
considered monomials in X; := 1 + z; instead of monomials in z;.) We have
Kap; (n) ~ [h;(n) because Kap; (n) does not contain e. In particular, we have
an interpretation of Kap;(4) sought, but not found, in [21, 25]. Eick proved
the isomorphism for n = 4 (in different terms) in [18].

Kapy(2m): Let dim V' = 2m, and let V' carry a nondegenerate and alter-
nate inner product II. We take all nonzero vectors in V. Kaplansky men-
tioned this algebra because it fits into the approach he suggested although
this algebra has analogs for any characteristic’ p > 0, and we could hence
have ignored it; it is a filtered deform of b(2m; N,). If we had ignored it,
then we would not have discovered a nonlinear Z/2-grading.

Kaps(n) = 0(n), as Kaplansky observed (in different terms). Kaplansky
wrote “the gaps (in the set of values of n = 5, 7, and > 9) avoid duplication.”

Kap, ,(2m), where a = 0 or 1, is a temporary notation, for lack of a bet-

ter idea, for two similarly described and equally mysterious algebras of quite
different dimensions. In their description, we need Arf invariants of quadratic
forms. For a most lucid definition of an Arf invariant, see [14]. In Eq. (65),
a is the value of the Arf invariant (here, 0 or 1), and B is short for “Big”
and is reminiscent of the form B (see Eq. (66)).
Let dim V' = 2m, where m > 3, and let (Q be a nondegenerate quadratic

form on V. We set
(65)

Kap, ,(2m) :=gr,(2m) for I'y ={u eV |Q(u) =1} and a = Arf(Q),

Kap, p(2m) := gr,(2m) for I'p ={u eV},

where the alternating bilinear form B is given by the formula
(66) B(u,v) = Qu +v) + Q(u) + Q(v).

We note that several quadratic forms (), nonequivalent and with different
values of the Arf invariant, in Eq. (66) can produce the same bilinear form
B. Observe that

Kap, ,(2m) C Kapy(2m) C Kapy g(2m).

9Kaplansky did not describe such algebras explicitly. Here is a description for any
p > 0: Consider the polynomial algebra in y; := exp(x;) and set O,,y; = 0;;y; and
(y;)P = exp(pz;) = 1. In the space K[y|, we introduce the Poisson bracket. Then
Kap,(2m) is isomorphic to the quotient of the Poisson algebra modulo the ideal of
constants.
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Proposition 5.1. 1. The Lie algebra Kaps g(2m) is isomorphic to the alge-
bra whose space is O(2m; N ) with indeterminates p; and q; for 1 <i < m
and the bracket

(67) [fa g] = Z (1 +pz)(1 + ql)(aplf ’ aQig + aqlf ’ apig)'

1<i<m

2. The Lie algebra Kapy p(2m) is isomorphic to a deform of the Poisson
algebra por(2m; N, ) with the deformed bracket

(68) [figln= D (1+hpia:)(Bp.f 049+ 04t Opg) for any h#0

1<i<m

and
(69) Kaps p(2m) ~ Kapa(2m) @ ¢,
where the center ¢ is generated by constant functions.

Proof. 1. The isomorphism is given as follows. We choose a symplectic basis
for the inner product B in V. If (uy,...,us,) are coordinates of a vector
u € V in this basis, then

€y fu = (1 +p1)u1 ce (1 +pm)um(1 + (]1)umJrl ce (1 + Qm)uzm-

2. Clearly, (67) is a particular case of the bracket

(70) [f.gln= > (L+Hp)(1+Hq)(Op,f - Oqg+0qf - Dpg) with H'=1.

1<i<m

Here, the part linear in /' describes a trivial deformation of poy;(2m; N,) (as
can be verified), and the quadratic part corresponds to (68) with h = (B/)2.
This cocycle is nontrivial, as a computer-aided study shows.

The center is a direct summand because all weight spaces in Kap, 5(2m)
are 1-dimensional, and the weight of the space generated by constants is 0,
but there are no two distinct weight vectors of the same weight. O

5.0.1. Kaplansky algebras Kap, g(2m) and Kap, ,(2m) in conve-
nient indeterminates. Examples of forms ), with an Arf invariant equal
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to a are

Qo(u) = Z Ui U4,

1<i<m

(71) <i<

Qi(u) =ui + Uy + D Uit

1<i<m
We introduce operators L;, where i = 1,...,2m:
o (1 + qi_m)a%—m ifm+1 <1< 2m.

Then L;f, = uify. Weset A= > L;Liim.
1<i<m
The nonzero elements f, such that Q,(u) =1 span the subalgebras

Kap, ,(2m) C Kap, p(2m) with bracket (67). The definition (65) yields the
conditions that single out the subalgebras Kap, ,(2m) in Kap, g(2m):

f+Af=0 for Kap, o(2m),

O (40 f+(1+0)0f +AF =0 for Kapy,(2m).

The condition Af + f = 0 in (72) singles out the eigenvectors of A with the
eigenvalue 1. But

Afu = Z Uiuierfu = QO(u)fUa

1<i<m

and this eigenspace is therefore spanned by all f, such that Qo(u) = 1, which
is exactly the image of Kap, (.

The case of Kap,; is similar. For simplicity, we replace L2f with Lif
and L2, 1f with Ly, 11 f. This is possible because L? = L; and the u; only
take values 0 and 1. Indeed,

Kaplansky claimed (and we see that the claim obviously follows from
Eq. (71)) that

2m=lom — 1) if Arf(Q) = 0,

(73)  dimgp, =271 (2" — (-1)") = {2m—1(2m +1) if Arf(Q) = 1.

We now study the structure of these algebras. It is more convenient to
pass to the coordinates z; := (1 + p;) and y; := (14 ¢;). The bracket (67)
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and operators (72) become

(74) [f9) = @yi(Ds,f - 0y9+0y.f - Ou.9)
1<i<m
and
(1 + Z wiyiaxiayi>f =0 for Kap, o(2m),
(75) 1<i<m
(1 + 2100, + 10y + > xiyiﬁxﬁyi> F=0 for Kapy,(2m).
1<i<m

For example,

7y Kapra(2) = Span(rin). Kapy,(2) = ch(3) = oeet (1:(2)
Kap, o(4) ~ op1(3) @ 07;(3), Kap, ;(4) ~ Kaps(5) = oz(5).

5.0.2. Gradings and derivations. The commutative subalgebra § in the
algebra det(g) of derivations of the type-2 or type-4 Kaplansky algebra g,
i.e., the subalgebra b that determines the (Z/2)?"-grading Kaplansky used
to construct g, is not the maximal torus t in der(g). Clearly, the Kaplansky
algebras of type 2 and type 4 are (Z/2)*™-graded by degrees modulo 2 with
respect to each indeterminate x; and y;; hence,

h = Span(z;0;,,yi0y, | i =1,...,m).

On the other hand, there exists an element D € t commuting with all ele-
ments of h but not belonging to h. Equivalently, there exists a basis of
¢ simultaneously homogeneous with respect to both the (Z/2)*™-grading
Kaplansky used and an extra Z/2-grading given by D (which is a second-
order operator; see (75)), and this extra grading cannot be linearly expressed
via the (Z/2)?™-grading. We explain why this situation is remarkable.

It might be thought that we should have taken the maximal torus t
from the very beginning. The catch is that in all cases we know, except for
these Kaplansky algebras, the extra grading operator “splits” some of the
weight spaces of the previous grading. For each of these Kaplansky algebras,
this is not the case: the weight spaces of the (Z/2)?™-grading are already
1-dimensional (except the weight-0 space if we consider the 2-closure of
the algebra, but this weight-0 space does not split, anyway). Therefore, the
weight spaces cannot be split further. Hence, it seems there is nowhere the
extra grading can appear from, but it does appear.
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We note that the derivation might be given by a differential operator of
order > 1 but the corresponding grading might still be “linear” in a sense.
We consider the Witt Lie algebra W,, over K = Fon, where n > 1. For its
basis, we take {eq }aeck With the relations [eq, eg] = (8 — a)eqq 5. In fact, W,
is vect(1; (n)) over K. On W), there is a natural grading: deg(e,) = .

Now, consider a new grading: deg,., (¢o) = &, which resembles the
“nonlinear” gradings of Kaplansky algebras. Indeed, all weight spaces are 1-
dimensional with respect to the old grading, and the new grading is expressed
nonlinearly in terms of the old grading if n > 1.

But if the new grading is regarded as (Z/2)"-grading (recall that K =
Fon = (Z/2)™ as a vector space), then the new weight is obtained from the
old weight by a linear transformation. The function f : a — 2 is linear in
the sense that f(a+ 8) = f(a) + f(5), and at the same time it is nonlinear
in the sense that it is not true that

(77) f(ea) # ef(a) for any ¢ € K.

The condition (77) holds only if c =0 or 1, i.e., for n = 1.

5.0.3. Gradings not given by derivations. We also note that over a
field K of characteristic p > 0, a (super)algebra g can have gradings not given
by any derivations of g. Indeed, consider g:=[® K[z]/(x® — 1) for some
algebra [, where the polynomials in = are usual ones, not divided powers.
Obviously, g is Z/3-graded. Because Hom(Z/q,Z/p) = {0} for primes q # p,
there is no derivation of g that determines this Z/3-grading if p # 3. The
same applies to Z/4-gradings of the simple Lie algebras for p = 3, see [24].

5.0.4. The invariant symmetric bilinear forms. Kaplansky claimed
that each Kaplansky algebra of type 2, 3, or 4 has a nondegenerate invariant
bilinear symmetric form (we call it K here) and several other interesting
properties whose verification “is quite routine.” Unlike Kaplansky, we think
that a lucid proof of these properties is also of interest. Here, we prove the
existence of the invariant form K. The description of K in presence of the
alternate form B is very simple:

(78) K ey, ey) = 0y
The form K is invariant, i.e.,

K([ew ez]? ev) = K(eu) [627 ev])
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because

ifu+z+#wv, then u # z + v, and both sides vanish, and

ifu4+z=wv (and u= z+v), then the Lh.s.is K(B(u,z)ey,e,) = B(u, 2)
and the r.h.s. is B(z,v) = B(z,u+ 2) =
B(z,u) because B is alternate and hence
B(z,z) =0.
We cannot guess how Kaplansky reasoned in the case of the nonalternate
form B. In the case of the alternate form B, our argument relies on the

invariant form on the Poisson Lie algebra induced by (the “desuperization”
of) the Berezin integrall®

(79) K(f,g) = /fg := the coefficient of the highest term of fg

if the Poisson algebra pop(n; N,) is regarded as a “desuperization” of the
Lie superalgebra po(0|n), i.e., if the space of pa(0|n), the Grassmann super-
algebra, is identified with the algebra of truncated polynomials in even inde-
terminates.

5.1. The restricted closures of Kaplansky algebras

Over Fy, the 2-closures of g = Kap, (2m) and Kap, ,(2m), except'! Kap, (2),
can be described as follows. Let the space of the closure be g ® V*. We set

(80) [, B] =0, [, ey] = a(u)e, for any o, € V¥, e, € g.
For a fixed u € V, let B, € V* be the map

(81) B, : v~ B(u,v) foranyve V.

We can then define squaring by setting

(82) ol =q, el = B, e V™.

10See [37] for a short summary of the basics of linear algebra and geometry in a
super setting; for a textbook, see [36] or Bernstein’s lectures in [13].
1 This is a degenerate case: the algebra is 1-dimensional and its 2-closure is itself.
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The squaring thus defined does indeed satisfy the required conditions:

lew, [eus €u]] = [eu, B(u, v)ey ]
= B(u,u +v)B(u,v)e, = B(u,v)e, = [By, €]

and
[, [, eu]] = (a(w))?eu = alu)en.
Over an arbitrary field K of characteristic 2, the space of the 2-closure

is also g ® V*, but g and V* are considered over K, and squaring is given
by the formula

(83) (ac)? = a?a, (ae,)? = a®>B, € V* for any a € K.

This description of the 2-closure shows that none of the Lie algebras
Kap, ,(2m) for m > 2 is isomorphic to the simple derived of the orthogonal
Lie algebra of the same dimension. Indeed, the 2-closures of these alge-
bras have different dimensions: the codimension of the simple derived of the
orthogonal algebra in its 2-closure is much greater than dim V*. Since 0 (n)
consists of zero-diagonal symmetric matrices, dim o (n) = 3n(n — 1).

Equation (73) implies that dim Kap, ,(2m) = dimo}(n) if n =27 +1
for a =1 or if n =2" for a = 0. We therefore wonder if Kap, ,(2m) is a
part of the o}(n) family. If n > 2, then the 2-closure of 0%(n) is the alge-
bra of symmetric traceless matrices, and the codimension of o/ (n) in its
2-closure is n — 1 (the dimension of the space of diagonal matrices of trace
0). From the above description, the codimension of 0% (n) in its 2-closure is
equal to dim V* = 2m. Since n — 1 > 2m (if m > 2), we see that the alge-
bras Kap, ,(2m) and 0% (n) are nonisomorphic except for Kap, ¢(2) ~ 07(2),
Kap, 1(2) ~ 07(3), and Kap, ;(4) ~ 07(5).

5.2. General remark on superizations of Lie algebras

For basics of Lie superalgebras for p = 2, see [3, 33]. If p = 2, there are two
methods each of which assigns a simple Lie superalgebra to every simple
Lie algebra (see [9], where it is proved that every simple Lie superalgebra is
obtained by one of these two methods from a simple Lie algebra). Here, we
apply one of these methods to Kaplansky algebras. Let gr be a Z/2-grading
of g = g5 @ g7 and (g, gr) be the minimal subalgebra of g containing g and
all the elements 2, where z € g7. Clearly, there is just one way to extend
the grading gr to (g, gr). We define squaring by z? := 21 for any z € g7 and
let S(g, gr) denote the simple Lie superalgebra obtained.
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5.2.1. Nonlinear Z/2-gradings of Kaplansky algebras. The only
known way (until this paper) to obtain a Z/2-grading on a Lie algebra
amounts to the following. We take an arbitrary linear function of the weights,
more precisely, a homomorphism from the grading group to Z/2. Examples
of Lie superalgebras S(g, gr) obtained from these gradings: gl(n) produces
gl(kln — k); ¢(6), ¢(7), and ¢(8) produce their superizations; or1(2(n + m))
produces orr(2n|2m) and pe(2n) for n = m, whereas b(2n; N) produces
br(2k; N|2n — 2k) and le(n; N), if the coordinates of N = (N, 1,...,1) cor-
responding to odd indeterminates are equal to 1 (see [3, 33]).

The space V* (more precisely, K ®p, V*, where V* is considered over
) is a torus in the 2-closure of Kapy(2m) or Kap,,(2m), and u € V' is
precisely a weight with respect to this torus. That is how we obtain what
we call linear superizations of the 2-closures of Kapy(2m) and Kap, ,(2m)
(see below).

The Lie algebras Kapy(2m) give the first (and conjecturally unique)
examples of how to introduce a Z/2-grading nonlinearly, and there are even
two nonequivalent ways to do this.

Under any superization (linear or not), the even part of the superized Lie
algebra is a Lie subalgebra of the initial Lie algebra. Hence, there is nothing
extraordinary in the fact that the even part of the superized Kapy(2m) @ V*
is Kap, ,(2m) © V*.

The whole Kapy(2m) cannot enter the even part of the superized Lie
algebra, because the odd part would otherwise be zero. If g = Kap, & V*,
then V* cannot be a part of gy because o = a for any a € V*. Therefore,
V* must be a part of gg. Hence, if the whole Kapy goes into gg, there is
nothing left for g7.

5.2.2. Linear superizations of Kap,(2m) and Kap, ,(2m). Here,
we say “linear” in the sense that every e, is homogenous and its parity is a
linear function of u € V considered over Fs.

We define the parity by any element ¢ € V* by setting p(e,) = ¢(u).
Because the form B is nondegenerate, there is a unique v € V such that

(84) ¢ = DB, (see (81)),ie., ¢(u) = B(v,u) for all u € V.

We let ¢, denote this .
To show that two such superizations induced by distinct nonzero vectors
v and v’ are isomorphic, it suffices to find a linear map M : V — V such



388 S. Bouarroudj et al.

that

1a. M preserves B for Kap,y(2m),
(85) 14. M preserves @ and hence also preserves B for Kap, ,(2m), and
2. Mv=v'.

The induced maps
(86) M : ey — e, M*:p— oM™t forany p e V*

then determine an isomorphism between superizations. Indeed, for the first
one,

[Mey, Mey] = [enru, enro] = B(Mu, Mv)errurnio = B(u,v) Meyyy,
and if we also define P'(e,) = B(v',u), then
P'(epn) = B(v', Mu) = B(Mv, Mu) = B(v,u) = P(ey).

Lemma 5.2. For Kapy(2m), an operator M with properties (85) exists for
any two nonzero vectors v and v' (considered over Fy).

Proof. If B is an alternate bilinear form on a vector space V' of dimension 2m
and B is nondegenerate, then there is an “alternate basis” for B, i.e., a basis

el,...,e?™ of V such that (this is true over any field of any characteristic;
see [1])
1 ifj=i+m,
(87) B(e',e!) =< -1 ifi=j+m,
0 in all other cases,
. . . . . 0 1
i.e., the Gram matrix of B in this basis is . [l
—1, Op

Lemma 5.3. Let B and V be as in Lemma 5.2 and v € V a nonzero vector.
Then there is a basis €', ... ,e*™ of V satisfying (87) such that ! = v.

Proof. We choose any vector w € V such that B(v, w) = 1 and set ™!

We set

= w.

Vi ={z eV | B(z,v) = B(z,w) = 0}.

Then dim V| = 2m — 2, and the restriction B of B on V| is nondegenerate.
We choose €2,...,e™, ™2 ... e’ as an alternate basis of B . O
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2m 2

Now let el,e?,...,e*™ and €', &%,...,é%™ be two alternate bases of V
such that e! = v and é! = v'. We set Me! = &°. Because

B(Me',Me’) = B(é',&’) = B(e', &’),

it follows that M preserves B, and Mv = v’.

For Kap, ,(2m), such an M exists for two nonzero vectors v and v’ if
and only if Q(v) = Q(v") (we recall that v and v’ are considered over Fy).
Hence, there are two linear superizations for each Kap, ,(2m) © V* with the
exception of Kap, ,(2), where Q(u) = 1 for any nonzero u, which has only
one superization (it is 00 ;(1]2)).12

5.2.3. Nonlinear superizations Kap$S, ,(2m), and KapS, , .(2m).
We note that the superization (88) is nonlinear, which means that the parity
is not a linear function of u because it is equal to Q(u) + 1.

Let all spaces defined over Fy be considered over K by extension of the
ground field. We set!?

sy (KapSau(2mgi= Kapy,(m) o V",
(KapSy . (2m)); = Span(eu | € V; u# 0, Q(u) = 0)

and define the bracket of even elements with any element and squaring of
the odd elements by Eqgs. (64), (80), and

(aey)? := (aey)? = a®B, € V*  (see (83)).

Let v € V' be such that Q(v) = ¢ and KapS, , .(2m) the corresponding
nonlinear superization of Kap, ,(2m) @ V*.

To describe these Lie superalgebras, we recall the definition of the parity
@y (see (84)), ¢y(u) = B(v,u), and consider the following vectors v = v, €

12Tn fact, the argument with the map (86) does not prove that the two superiza-
tions of Kap, ,(2m) are nonisomorphic but only that there is no isomorphism of
the form (86) between them. Conjecturally, they are nonisomorphic.

13We are not sure which notation to use here. The @, are just erxamples of
quadratic forms with the Arf invariant a, while the @ in (88) can be any quadratic
form with the Arf invariant a.
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V' assuming that the quadratic forms @, are as in Eq. (71):
’Uo’o = Ul,l = (1, 0, . ,0),

vo,1 = (1,0,...,0,1,0,...,0) (the second 1 is in
the (m + 1)th position),

89
(89) v1,0=1(0,1,0,...,0) form >1 (if m =1, then Q1(v) =1
for any nonzero v € V, and vg 1
hence cannot be chosen).
We set
(90) KapS, , .(2m)g := Span(e, | u # 0, Qu(u) = 1, B(vge,u) =0) V™,
KapS, , .(2m)1 := Span(e, | u # 0, Qua(u) = 1, B(vge,u) = 1).

(Here, as usual, B(u,v) = Q(u+v) — Q(u) — Q(v), and Q = Qq.)

5.2.4. There are no nonlinear superizations of Kap, ,(2m) induced
by nonlinear superizations of Kap,(2m). InKapS, ,(2m) correspond-
ing to a form @, can we take the part corresponding to Kap, ,(2m) with
another form @Q'? We can, but this superization fortunately (the classifica-
tion would otherwise certainly be a nightmare) coincides with a linear one.
This subsuperalgebra is singled out by the condition @'(u) =1 while its
even part is singled out by this condition together with the extra condition
Q(u) = 1, which can be replaced with Q(u) + Q'(u) = 0; because both Q
and @’ should yield the same bilinear form B, the quadratic form Q + Q’
degenerates into a linear function. Therefore, this superization is equivalent
to a linear one.

Therefore, up to an isomorphism, there is one linear superization of
Kap,(2m), this superization'? is here denoted by KapLS,(2m). The three Lie
superalgebras KapLS,(2m) and KapS, ,(2m) for a = 0, 1 are nonisomorphic.

141t would be interesting to find out if KapS,(2m) is a deform of a superization
of hrr. This is clearly not so for b (2k|2m — 2k) because their dimensions differ (we
recall that KapS,(2m) contains V*). But it might be a deform of a larger algebra.
Conjecturally, it is not.
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6. D’inachevé
6.1. Generalizations of the Jurman construction

We consider a(2; (g, h)), the Lie algebra whose space is O(2; (g + h, 1)), and
the bracket of any F,G € O(2; (g + h,1)) is given by the formula (we write
x and y to avoid confusion with p and ¢ in the preceding sections)

o1) [F,G] = 0, F - (0y +y02")G + (0 +y02')F - 9,G
= [F,Glpp. + y(0.F - 0¥ G + 92’ F - 0,G).
Both 8, and 9, + yd2’ are derivations of O(2; (g + h, 1)) and they mutually
commute and therefore the Jacobi identity holds. (We note that the fact
that the conventional Poisson bracket satisfies the Jacobi identity is a corol-
lary of the similar properties of 9, and 9,.) The first derived a'(2; (g, h)) of
EQ (g, h;)) is spanned by all monomials except the highest-degree element
29+h_1
Y.

Lemma 6.1. We have a'(2;(g,h))/c =~ i(g, h) with an isomorphism realized
by the expressions

Vi) = oy, V(1) = 2l

Proof. We directly verify the commutation relations. We first note that the
brackets of Y;(0) with anything do not contain additional terms because
these terms contain not d, but multiplication by y, and Y;(0) already con-
tains y while y -y = 0. We also note that [Y;(1),Y;(1)]ps = 0. Taking this
into account, we see that

(i)y . 20D 4 p+1) . ()

¥:(0), 75(0)] = aVy -2 ;

(92) = ((“;f;l) (“;;7:{1» GEE
= () () v,

(93) [¥:(0), Y3(1)] = a0 gplith — (17772 ) g4

= (") () v,
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The statement of Eq. (92) is clear; that of Eq. (93) holds because if
1+ 3+12>0, then

(i+j+1)+<i+j+1):(i+j+1)+(i+j+1):(i+j+2)
it 1 j+1 it 1 i i+1 )’

while if i+ 5 +1 < 0, then i = j = —1, and (Z—:j_—;2 pHi+2) = 1 e, is
a constant, which generates the center ¢. Therefore, it is equal to 0 in the
quotient a’(2; (g, h))/c. Hence, in this case, we also have

() + () v =0

‘We now have

Yi(1),Y;(1)] =y ($(i+1) U= (i 1-n) x(j+1)>
i+j+2—n i+j+2—n i+j+2—n
() 4 (e
t+j+2—n i+j+2-—n
:<( i1 >+< j+1 ))Y"““*“(O)'

We hence see that the commutation relations are the same as in j(g, k) in
all cases. g

(94)

6.2. Comparison with known Lie algebras

The direct analog of bracket (91) exists in any characteristic p and has the
form

(95) [F,G] = 0,F - (3 +y" 10" )G + (9, +y* L") F - 0,G
= [F,Glpp. + 4P (0. F - 02 G+ ' F - 9,G).

For p > 3, all finite-dimensional simple Lie algebras are classified, and this

bracket is therefore the bracket of a known Lie algebra.

Question 6.2. To which of the filtered deforms of Lie algebras of Hamil-
tonian vector fields (see [33]) is the Lie algebra with the bracket (95) iso-
morphic?
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6.3. On further generalizations

We can replace 0y, + Y02’ with Oy + R(y)0?', where R is any polynomial of a
divided degree < N(y). Conjecturally, the only R of interest is the monomial
of highest possible degree; the other shapes of R can be reduced to this or a
constant. But it seems that for any N(y) > 1, the result is j(¢g+ N — 1, h):
the cocycles that make Jurman algebras from h;(2; (2,2)) and hi;(2; (3,2))
change the bracket in precisely this way.

We can consider any number k of pairs of indeterminates with the
bracket

(96)  [F,Gl= > 0uF-(dy +v:05" )G+ (0y, + y:02 )F - 0,,G.

1<i<k

We note that the g; can differ for different 1.

Lemma 6.3. The Lie algebra af;(2k; (g1, h1), ..., (gk, hi)) has no center
and no homogenous ideals for k =2 and (g1, h1) = (g2, h2) = (2,1). (Con-
jecturally, it is simple.)

6.4. ar(2;(g,h))

The Lie algebra az(2; (g, h)) based on h1(2; (g + h, 1)) can also be generalized
in the above way by beginning with the bracket

(97) [F,G] = 0,F - 0,G + (0, + y02 ) F - (8, + y02 )G
and generalizing further as indicated above.

Lemma 6.4. The Lie algebra ar(2k;(g1,h1),...,(9k, hx)) has no center
and no homogenous ideals for k =2 and (g1,h1) = (g2, h2) = (2,1). (Con-
jecturally, it is simple.)

Lemma 6.5. Forg:= h(2;(2,2)), each cocycle (98) representing the weight
elements of H?(g;g) is integrable, and all except c® 5 (see Eq. (99)) are lin-
early integrable.
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Ly =@ (dpa) AdE® ¢D) +d(pa®) A dp? ¢2) + d(pg®) A d(p >)+---,

Ay =pedp® q) Ad(p® q) + g d(p®) Ad(p® )+q®al(p<2 )Ad(p @) +
Ay =pedpq) Adp? ¢¥) +pedpq®) Adp® ¢@) +pedpe®) Adp o 9+,
Ly =p@dp@) Adp®) + g dp®) Ad(p® )+q<2 ®@d(p?) Ad(p® ¢?) + -,
Ay =p®dg?) Ad(pg?) +q@d(g?) Ad(q®) +p® @ d(¢®) A d(p® ¢@)) +
Ay =p@dp®) Adp®) + g d(p) Ad@p®?) Q)+Q®d( ( NAdp® q)+--- .

(98)  cty=p@d(p®) Adpe®) +p@dp®) Ad(¢®) +q© dp®) Ad(@?) + -

co=p®d(q) Ad(pq) +p? @ d(q) Adp® @) +p® @ d(q) Ad(p® q) + -+,

o5 =q® @ d(q) A d(p® >)+pq‘>®d() ((‘>)+pq<>®d< @) Adpg)+ -,
s =p® @d(p) Ad(g?) +p® q@d() d(@®) +p¥ g2 d(¢®) Adpg) +---
=9 odq)rdq?)+pq® @dg) Adpd®) +pe?P ® (q<2>)/\d(pq)+-~~,
3 =p® @d(p) Ad(p?) + p® g @ d(p) Ad(p® q) + p® g2 d(p?) Ad(pg) + -,

Proof. Computer-aided. The nonlinear deform (cf. [10]) is
['7 ']h = [7] + 6?12h+ AR? + Bh3a

where

A=pg® @dp® ¢?) A dp® ¢P) +pg® @ d(p® ¢*) A dp® ¢*)
+p? ¢ @ d(p® q) Ad(p® ¢*)) + ¢ @ d(pg®) A dp® ¢P)
+q® @ dpg®) A dp® ¢?) +pg® @ d(p® q) A d(p® ¢P))
+p® g2 dp® ¢) A dp® ¢?) + ¢ @ d(pg) A dp® ¢?)
+q® d(p(?’)) NP q) +q@d(pg) Ad(p® ¢P),

B = ¢® @ dp® ¢@) nd(p® ¢?).

(99)

O

6.4.1. The Lie algebra a;(2; (g, h)) is a deform of h1(2; (g + h,1)).
To prove this claim for the smallest values of (g,h), we list all infinitesi-
mal deforms of h7(2;(2,2)). For the cochain F ® (dGy A --- A dG,,), where
F,Gy,...,G, € b1(2;(g + h,1)), its weight is equal to

(100) (degp Zdegp ))) mod 2, degq Zdegq ;)) mod 2).

1<i<n 1<i<n
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We note that this grading is induced by elements of a maximal torus, more
specifically, by p®) and ¢(@. This grading is therefore modulo 2 and is not
a Z-grading. This algebra also has the outer grading deg,,, given by

(101) deg(p):deg(q):17 degout(F):deg(F)_27 degout(dF):2_deg(f)'

The cocycles (102) are all of weight {0,0}. They are indexed in accordance
with deg,.
(102)
co,—8 =p®d <pq(4)> Ad <pq(5)> +p®d (q(5>> Ad (p<2) q(4)) +q®d (pq(4)> ANd (q(6)> + e,
cl1=p®d (q<4>> Ad <pq<4)) +q®d (q<4>> Ad (q<5>) +p?wd (q<4>) Ad <p(2> q(4>> T

aa=pPed(gnrd (q<4)) +p¥qed(gnd (q(5)> +p¥qed (q<2)) Ad (q<4)) o

ca 2 =p® @d(q) Ad (q<2)) +pPqed(g)nd (q(3>> +p¥¢@ @d(q) Ad (q(4)> +o
c1—5 =p@d(@?) Adpg™W) +p@ dpg®) AdgW) + -

co,-a =p@d(pg?) Ad(pg®) +p@dq?) Adp? ¢?) + -,

c15 =p@d(p@) Ad(pg®) +p@d(p®) Ad(¢ D) + -,
coa=p@dpq®) Adp® ¢®) + q@ dpq?) Ad(p® ¢P) + -,

coo 1 =p@dpg®) Adp® ¢®) +p d(p® q) AdpgP) + -,
ca-3=p®@d@?) A dp® ¢?) +pdp® ) Ad(pq®) + -,
co—2=p@d(pq) Ad(pq?) +p@dg?)Adp? q)+-- .

20 =p? @d(p) Ad(q) +pq? @d(g) Ad(gP) + -,

coo2=p@dpq?) Adp® q) +q@dq) ANdp® ¢P) + -,
co20=p@dp?)AdpP q) +p@dlpg) Adp®) + -,

coa2 =p@d(®) Ad(p® ¢®)) + g2 dp®) A d(P® ¢ )+,
ci0=p@d(PP) Ad(p® q) + ¢ @ dp®) Ad(p® ¢@) + -,

o4 = (¢ ® (d(p) Ad(q) + (0P ¢P) @ d(p) Ad(p@) + -,

cos =09 @dp) Nd(g) +p? ¢P @dp) A d (p?) 4+,

cog =q D @d(p) Adp®@) +pg ™ @ d(p) Adp®) + p@ ¢V @ d(p®) Ad(p?).

6.4.2. Question. How to interpret the non-Jurman cocycles a la Propo-
sition 4.5 for the other values of (g, h)? For example, for (g,h) = (3,1) and
(2,2), i.e., for the deformations of hi;(2;(3,2)) ~ bj;(2;(2,3)), the Jurman
cocycle deforming h;(2;(3,2)) into j(3,1) is c_28, and the Jurman cocycle
deforming h7;(2; (2, 3)) into j(2,2) is c4,—2, see (102).

Conjecture 6.6. We have

Kapy (2m) # poy(2m; N,), and Kapz(2m) % b(2m; N).
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We verified this for small m. For m =1, Kap, 5(2) is isomorphic to
0’(3) @ ¢, where ¢ is the 1-dimensional trivial center, and hence is not iso-
morphic to por(2; N,), which is solvable. For m = 2, computer-aided com-
putations show that the infinitesimal deformation corresponding to (68) is a
nontrivial cocycle. To prove the conjecture, we must show that the cocycle
is not semitrivial either. Of course, what we really need to know is what
Kap, p(2m) and its subalgebras Kap, ,(2m) are isomorphic to. We present
some plausible conjectures.

Conjecture 6.7. 1. The Lie algebra Kap4 1(2m) is a deform of the subalge-
bra in the Poisson algebra po(2m; N ) generated by functions f € O(2m; N,)
satisfying ), <i<3 % = 0. (The quotient of this subalgebra modulo center
is isomorphic to slh(2m); see [33].)

2. The Lie algebra Kapy1(2m) is a deform of o}(2m + 1; N,) while
Kapyp(2m) is a deform of a subalgebra in o’ (2m; N,) (see [33]).

The dimension of H?(g;g) is big and grows quickly with m. How can
we select the needed deform? The Poisson algebra and its subalgebra con-
sisting of harmonic functions have a center generated by constants, while
Kap, ;(2m) is simple. Therefore, in the huge space of cocycles representing
infinitesimal deformations, we need only select cocycles of the form

(103) f®d1)nd(g)+---

and compare the global deforms corresponding to them with Kap, ;(2m).
For small m, dim H?(g;g) does not explode yet. For m = 2 and m = 3, we
have dim H?(g;g) = 34; all cocycles are integrable and all global deforms
corresponding to them (if a representative is chosen carefully by means
of coboundaries) are linear in the deformation parameter. For m = 2 and
m = 3, there is only one cocycle of the form (103) (up to coboundaries).
These cocycles are of degree 2. In degree 2, there is only one cocycle for
m = 3, and there are five cocycles for m = 2. Further investigations show
that Conjecture 1 only holds for m = 2; for m = 3, the two algebras to be
compared have different numbers of central extensions.

6.5. How to establish nonisomorphicy?

Skryabin [43] classified the filtered deforms of Hamiltonian Lie algebras
ba(2m; N). It remains to select which of them is the simple Lie algebra
Kap, p(2m)/c >~ Kapy(2m). We have not yet performed such an identifica-
tion.
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To find out if two given Lie algebras of the same dimension are iso-
morphic, Eick considered the following invariants in [18]:'® dim H!(g;g) or
rather dimdet(g), the order of the group Aut(g), the number of elements in
Ann(g), and the order of Exp(g).

Speaking of deforms, we can consider the action of Aut(g) on the space
of infinitesimal deformations, as in [12, 31].

For algebras of small dimension, there is still another approach, at least
theoretically. We can compare identities that the algebras satisfy. A. A. Kiril-
lov formulated the following analog of the Amitsur-Levitzki theorem, whose
proof was only preprinted in the Keldysh Institute of Applied Mathemat-
ics in the 1980s (see [28] for a translation of one such preprint; the other
preprints with related results by Kirillov, Kontsevich, and Molev have not
yet been translated, but they were at least reviewed by Molev).

Theorem 6.8 ([27]). Let g be a simple Lie algebra of vector fields over a
field of characteristic 0. Let

(104) ap(Xy,.. ., Xp) = Y (—1)""7adx,, ---adx,,, -
o€Sy

The identity ap(Xy,...,Xg) =0 for any X1,..., X € g holds
a. for k> (n+1)? if g = vect(n),
b. for k > n(2n+5) if g =H(2n), and
c. fork>2n2 +5n+5ifg==802n+1).

Dzhumadildaev suggested an interesting modification of emphasis in this
train of thought, finding a hidden supersymmetry for an analog of antisym-
metrizors with z instead of ad, in (104). He also showed a relation to strongly
homotopy algebras (for further details, see [16] and [34]).

15An almost exact quotation from [18]: “We say that a derivation d € der(g) is
p-nilpotent if dP = 0 holds. For a p-nilpotent derivation d, we define its exponential
matrix expd := Zogigp—l ‘f—, We call a p-nilpotent derivation d an annihilator if
d(X)d’(Y) =0 for all X,Y €g and i,j >0 with i +j > p. Let Ann(g) C der(g)
denote the subset of annihilators. We define Exp(g) to be the subgroup of Aut(g)
generated by {exp(d) | d € Ann(g)}. We note that the order of every element exp(d)
is equal to either p or 1. Hence, Exp(g) is a subgroup of Aut(g) generated by auto-
morphisms of order p.”
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