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The subadditivity of the Kodaira

dimension for fibrations of relative

dimension one in positive characteristics

Yifei Chen and Lei Zhang

Let f : X → Z be a separable fibration of relative dimension 1
between smooth projective varieties over an algebraically closed
field k of positive characteristic. We prove the subadditivity of
Kodaira dimension κ(X) ≥ κ(Z) + κ(F ), where F is the generic
geometric fiber of f , and κ(F ) is the Kodaira dimension of the
normalization of F . Moreover, if dimX = 2 and dimZ = 1, we
have a stronger inequality κ(X) ≥ κ(Z) + κ1(F ) where κ1(F ) =
κ(F, ωo

F ) is the Kodaira dimension of the dualizing sheaf ωo
F .

1. Introduction

The following conjecture due to Iitaka is of fundamental importance in the
classification theory of algebraic varieties over C, the field of complex num-
bers:

Conjecture 1.1 (Cn,m). Let f : X → Z be a surjective morphism of proper,
smooth varieties over C, where n = dimX and m = dimZ. Assuming the
generic geometric fibre F of f is connected, then

κ(X) ≥ κ(Z) + κ(F ).

This conjecture is proved in the following cases:

(1) dimF = 1, 2 by Viehweg ([30], [33]);

(2) Z is of general type by Kawamata and Viehweg ([19] Theorem 3, [32]);

(3) dimZ = 1 by Kawamata ([20]);

(4) F has a good minimal model by Kawamata ([21]);

(5) F is of general type by Kollár ([23]);
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(6) Z is of maximal Albanese dimension by J. A. Chen and Hacon ([7]);

(7) F is of maximal Albanese dimension by Fujino ([12]);

(8) n ≤ 6 by Birkar ([3]).

Since the existence of good minimal models of F is proved for certain
cases (see [4], [24], [13]), (1,5,7) are special cases of (4).

In this paper, we consider subadditivity of Kodaira dimension of a fibra-
tion of relative dimension 1 over an algebraically closed field k of positive
characteristic. We say a projective morphism f : X → Z between two vari-
eties a fibration, if f∗OX = OZ . We say a fibration f : X → Z is separable if
the field extension f∗ : k(Z)→ k(X) between the rational function fields is
separable and k(Z) is algebraically closed in k(X). Then general fiber of a
separable fibration is geometrically integral ([2, Theorem 7.1]).

Over a field of positive characteristic, the generic geometric fiber of f
is possibly not smooth. So a proper definition of Kodaira dimension for
singular varieties is needed. We have two attempts (Definitions 2.5 and 2.7).

The main results of the paper are:

Theorem 1.2. Let f : X → Z be a separable fibration of relative dimension
1 between smooth projective varieties over an algebraically closed field k of
positive characteristic. Then

(1.1) κ(X) ≥ κ(Z) + κ(F ),

where κ(F ) = κ(F̃ , ωF̃ ) (see Definition 2.5), F the generic geometric fiber

of f , F̃ the normalization of F , and ωF̃ the canonical line bundle of F̃ .

Theorem 1.3. Let f : S → C be a fibration between a smooth projective
surface S and a smooth projective curve C over an algebraically closed field
k of positive characteristic. Then

(1.2) κ(S) ≥ κ(C) + κ1(F ),

where F is the generic geometric fiber of f , κ1(F ) := κ(F, ωo
F ) and ωo

F is
the dualizing sheaf of F (see Definition 2.7).

Theorem 1.3 is essentially known to experts, as Prof. F. Catanese pointed
out. For readers’ convenience, we shall give a proof in Section 4, by Bombieri-
Mumford’s classification of surfaces in positive characteristics. One difficulty
to generalize the inequality (1.2) to higher dimensional cases is the weak
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positivity of f∗ωl
X/Z for l� 0, which plays an important role in the proof

of the known cases of Conjecture Cn,m over C, but the positivity fails in
positive characteristics (see [28], [34] Theorem 3.6). The semi-positivity of
f∗ωl

X/Z for l� 0 holds for certain fibrations due to Patakfalvi ([27]).
Let’s briefly explain the idea of proof of Theorem 1.2. Following Viehweg’s

approach ([30]), we modify the fibration f : X → Z into a family of stable
curves (see the commutative diagram (3.1) in Section 3.1), and then study
the behavior of the relative canonical sheaves under base changes or alter-
ations. Starting from the fibration f : X → Z, after a base change π : Z ′ →
Z, where π is an alteration, we obtain an alteration X ′ → X such that, X ′

and Z ′ are smooth and the fibration f ′ : X ′ → Z ′ factors through a stable
fibration f ′′ : X ′′ → Z ′ with X ′′ having mild singularities. The stableness of
the fibration implies that κ(X ′′, ωX′′/Z′) ≥ κ(F̃ ) (Theorems 2.12, 2.14). We
can attain the goal by showing κ(X ′′, ωX′′/Z′) ≤ κ(X ′, ωX′/Z′) ≤ κ(X,ωX/Z).
The first inequality is due to Proposition 2.2 since X ′′ has mild singulari-
ties. The second one is from carefully comparing ωX′/Z′ and the pull-back
of ωX/Z (see Theorem 2.4).

One difficulty to carry Viehweg’s proof of Cn,n−1 into positive charac-
teristics is the lack of resolution of singularities in positive characteristics.
Applying resolution theory, Viehweg shows that ([30, Theorem 5.1]), after
replacing f : X → Z by a birationally equivalent fibration f1 : X1 → Z1,
there is a flat base change Z ′ → Z1 such that X1 ×Z1

Z ′ has mild singu-
larities, and the fibration X1 ×Z1

Z ′ → Z ′ factors through a stable fibration
fs : Xs → Z ′. The advantage of flat base change is that the relative canonical
sheaves (or relative dualizing sheaves) are compatible with flat base changes.
However, the morphism Z ′ → Z constructed in Diagram (3.1) is not flat.

2. Preliminaries and notations

Notations and assumptions:

• D(X) (resp. D+(X), D−(X) and Db(X)): the derived category of the
(bounded below, bounded above and bounded) complexes of quasi-
coherent sheaves on a variety X;

• �: quasi-isomorphism between two objects in the derived category;

• Lf∗, Rf∗: the derived functors of f∗, f∗ respectively for a morphism
f : X → Y ;

• g(C), pa(C): the geometric genus and the arithmetic genus of the
curve C.
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For basic facts of derived categories, we refer to [17]. Throughout the
section, k is an algebraically closed field of arbitrary characteristic, and all
varieties are over k. On a variety X, we always identify a sheaf F with an
object in D(X). Let L1, L2 be two line bundles on X. We denote L1 ≥ L2,
if L1 ⊗ L−12 has non-zero global sections.

2.1. Duality theory

We list some results on Grothendieck duality theory, part of which appeared
in [30, §6]. For details we refer to [15] Chap. III Sec. 8, 10, Chap. V Sec. 9
and Chap. VII Sec. 4.

Let f : X → Y be a projective morphism between two quasi-projective
varieties of relative dimension r = dimX/Y . There exists a functor f ! :
D+(Y )→ D+(X) such that for F ∈ D−(X) and G ∈ D+(Y ),

Rf∗RHomX(F, f !G) � RHomY (Rf∗F,G).

Recall that

(a) If g ◦ f : X → Y → Z is a composite of projective morphisms, then
(g ◦ f)! � f ! ◦ g!;

(b) For a flat base change u : Y ′ → Y , there is an isomorphism v∗f ! = g!u∗

where v and g are the two projections of X ×Y Y ′;

(c) If G ∈ Db(Y ) is an object of finite Tor-dimension ([15, p. 97]), there is
a functorial isomorphism f !F ⊗L Lf∗G � f !(F ⊗L G) for F ∈ D+(Y )
([15, p. 194]);

(d) We call the bounded complex KX/Y := f !OY the relative dualizing
complex, and ωo

X/Y := H0(KX/Y [−r]) the relative dualizing sheaf. In
particular if Y = Spec k, then the relative dualizing complex is called
the dualizing complex, denoted byKX ; and ωo

X := H0(KX [−r]) is called
the dualizing sheaf ;

(e) If f is a Cohen-Macaulay morphism ([15, p. 298]), i.e., f is flat and
all the fibers are Cohen-Macaulay, then f !OY � ωo

X/Y [r] for a quasi-

coherent sheaf ωo
X/Y , and ωo

X/Y is compatible with base change ([15,

p. 388]). If moreover f is a Gorenstein morphism, i.e. f is flat and
all the fibers are Gorenstein, then ωo

X/Y is an invertible sheaf ([15,

p. 298]).
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Proposition 2.1 ([30], Lemma 6.4). Let h : X → S be a projective Cohen-
Macaulay morphism and g : Y → S a projective Gorenstein morphism of
quasi-projective varieties. Let f : X → Y be a projective morphism over S.
Then f !OY � ωo

X/Y [r] and ωo
X/Y � ωo

X/S ⊗ (f∗ωo
Y/S)

−1 where r = dimX/Y .

Proof. Let n = dimX/S and m = dimY/S. By (e), KX/S � ωo
X/S [n] and

KY/S � ωo
Y/S [m] where ωo

X/S is a sheaf and ωo
Y/S is an invertible sheaf. By

(a) and (c), we have

KX/S � f !KY/S � f !(OY ⊗L ωo
Y/S [m]) � f !OY ⊗L f∗ωo

Y/S [m].

So f !OY � ωo
X/S ⊗ (f∗ωo

Y/S)
−1[r]. �

Proposition 2.2 ([30], Corollary 6.5). Let S be a quasi-projective vari-
ety, X and Y two projective varieties over S of the same relative dimen-
sion n, and f : X → Y a projective morphism over S. Assume that KX/S �
ωo
X/S [n], KY/S � ωo

Y/S [n], both ωo
X/S and ωo

Y/S are invertible sheaves, and
Rf∗OX � OY . Then there is a natural injection f∗ωo

Y/S → ωo
X/S.

Proof. The duality isomorphism gives ExtiX(F, f !G)→ ExtiY (Rf∗F,G) ([15,
p. 210]). For i = 0, one has

HomX(OX , f !OY ) ∼= HomY (Rf∗OX ,OY ) ∼= HomY (OY ,OY ).

By the assumption and Proposition 2.1, we have f !OY � ωo
X/S ⊗ (f∗ωo

Y/S)
−1.

Therefore, there is an injection OX → f !OY � ωo
X/S ⊗ (f∗ωo

Y/S)
−1, corre-

sponding to 1 ∈ HomY (OY ,OY ) by the above Proposition. �

Proposition 2.3. Let f : X → S and u : S′ → S be two projective mor-
phisms of quasi-projective Gorenstein varieties. Consider the base change

X ′ = X ×S S′ v−−−−→ X

f ′
⏐⏐� f

⏐⏐�
S′ u−−−−→ S

If either u or f is flat, then f ′!OS′ � ωo
X′/S′ [n] where n = dimX/S and

ωo
X′/S′

∼= v∗ωo
X/S.

Proof. If u is flat, then the assertion follows from (b). If f is flat, since both
X and S are Gorenstein, all the fibers of f are Gorenstein ([15, Prop. 9.6]).
The assertion follows from (e). �
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We study the behavior of the relative dualizing sheaf under a non-flat
base change.

Theorem 2.4. Let X,X ′, Z, Z ′ be projective varieties. Assume there exists
the following commutative diagram

X ′ σ−−−−→ X̄ ↪→ X̄ ′ = X ×Z Z ′ π1−−−−→ X

h

⏐⏐� g′
⏐⏐� f

⏐⏐�
Z ′ idZ′−−−−→ Z ′ π−−−−→ Z

where f : X → Z is a fibration of relative dimension r, π : Z ′ → Z a gener-
ically finite surjective morphism, π1 and g′ the projections, X̄ the unique
irreducible component of X̄ ′ dominating over X, and σ : X ′ → X̄ a bira-
tional morphism.

Assume moreover that f has integral generic geometric fiber, f !OZ �
ωo
X/Z [r], h!OZ′ � ωo

X′/Z′ [r], and ωo
X/Z , ω

o
X′/Z′ are invertible sheaves on X

and X ′ respectively. Then there exists an effective σ-exceptional divisor E
on X ′ such that

ωo
X′/Z′ ≤ σ∗π∗1ω

o
X/Z + E.

Proof. The projective morphism f : X → Z can be factored through a closed
imbedding i : X → P and a smooth morphism p : P → Z, such that f = pi.
Let P ′ = P ×Z Z ′ be the base change. Consider the following commutative
diagram

X ′

h

��

σ �� X̄ ′ π1 ��

j
��

X

i
��

P ′ π2 ��

p′

��

P

p

��
Z ′ π �� Z

where g′ = p′j.
We obtain a non-zero composite homomorphism

Rσ∗h!OZ′
α �� g′!OZ′

β �� Lπ∗1f !OZ , ♠

where α is induced by trace map and β is an isomorphism on a nonempty
open subset of X̄.
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Indeed, since h = g′σ, we have h! � σ!g′!. The homomorphism α is simply
the trace map Rσ∗σ! → idD+(X̄′) applied to g′!OZ′ , which is isomorphic over

the locus where σ : X ′ → X̄ ′ is isomorphic.
The homomorphism β is a base change map, obtained by applying j−1

to

j∗g′!Lπ∗OZ � j∗j!p′!Lπ∗OZ � RHomOP ′ (j∗O′X , p′!Lπ∗OZ)

� RHomOP ′ (j∗π
∗
1OX , p′∗Lπ∗OZ ⊗ ωo

P ′/Z′ [d])
γ−→ RHomOP ′ (Lπ

∗
2i∗OX , p′∗Lπ∗OZ ⊗ ωo

P ′/Z′ [d])

� RHomOP ′ (Lπ
∗
2i∗OX , Lπ∗2(p

∗OZ ⊗ ωo
P/Z [d]))

� Lπ∗2RHomOP
(i∗OX , p∗OZ ⊗ ωo

P/Z [d])

� Lπ∗2i∗i
!p!OZ

δ−→ j∗Lπ∗1i
!p!OZ

� j∗Lπ∗1f
!OZ ,

where d = dimP/Z, γ and δ are both given by the base change map Lπ∗2i∗ →
j∗Lπ∗1. If V is an open subvariety of Z ′ on which π is flat, then β|(p′j)−1(V )

is an isomorphism.
By taking the 0th cohomology of ♠, we get a nonzero homomorphism of

sheaves

σ∗ωo
X′/Z′ → H0(g′!OZ′ [−r])→ π∗1ω

o
X/Z

and its pull-back homomorphism

♥ : σ∗σ∗ωo
X′/Z′ → σ∗π∗1ω

o
X/Z .

The natural homomorphism λ : σ∗σ∗ωo
X′/Z′ → ωo

X′/Z′ is surjective out-
side the σ-exceptional locus, and since ωo

X′/Z′ is a line bundle, we can
write the image of λ as I ⊗ ωo

X′/Z′ where I ⊂ OX′ is an ideal. The sub-
variety defined by I is contained in the exceptional locus of σ. Observ-
ing that kerλ is torsion and thus HomX′(kerλ, σ

∗π∗1ωo
X/Z) = 0, applying

HomX′(−, σ∗π∗1ωo
X/Z) to the following exact sequence

0→ kerλ→ σ∗σ∗ωo
X′/Z′ → I ⊗ ωo

X′/Z′ → 0

we deduce that the homomorphism ♥ : σ∗σ∗ωo
X′/Z′ → σ∗π∗1ωo

X/Z factors
through a homomorphism I ⊗ ωo

X′/Z′→σ∗π∗1ωo
X/Z . We conclude that there

is an effective σ-exceptional divisor E such that ωo
X′/Z′ ≤ σ∗π∗1ωo

X/Z + E. �
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2.2. Relative canonical sheaves

It is known that the canonical sheaf ωX coincides with the dualizing sheaf
ωo
X for a smooth projective variety X. For a normal quasi-projective variety

X, we define the canonical sheaf ωX := i∗ωXsm where i : Xsm ↪→ X is the
inclusion of the smooth locus. If X is a normal projective Gorenstein variety,
then ωX is an invertible sheaf coinciding with the dualizing sheaf ωo

X .
Let f : X → Y be a projective morphism between two quasi-projective

varieties of relative dimension r. We define the relative canonical sheaf ωX/Y

as the relative dualizing sheaf ωo
X/Y . In particular if X and Y are smooth

projective varieties, then ωX/Y is a line bundle linearly equivalent to ωX ⊗
(f∗ωY )

−1 by Proposition 2.1, which coincides with the usual definition.

2.3. Kodaira dimension

Let X be a projective variety, L a line bundle on X and N(L) the set of all
positive integers m such that |mL| �= ∅. For an integer m ∈ N(L), let Φ|mL|
be the rational map defined by the linear system |mL|. The L-dimension
κ(X,L) is defined as

κ(X,L) =

{
−∞ if N(L) = ∅
max{dimΦ|mL|(X)|m ∈ N(L)}, if N(L) �= ∅

If X is a smooth projective variety over k, the Kodaira dimension κ(X) :=
κ(X,ωX), where ωX is the canonical sheaf of X.

Definition 2.5 ([29] Chap II, Definition 6.5, [26] Example 2.1.5).
Let X be a projective variety. We say that X ′ is a smooth model of X, if X ′

is smooth projective and X ′ is birational to X. If X has a smooth model
X ′, then the Kodaira dimension κ(X) is defined by κ(X) := κ(X ′).

Remark 2.6. 1) Resolution of singularities in a positive characteristic field
hasn’t been settled yet, so the existence of a smooth model is not clear.
However, if dimX ≤ 3, smooth models of X always exist ([9], [10]).

2) If smooth models of X exist, then the definition of Kodaira dimension
is independent of choice of the smooth models.

Another way to define Kodaira dimension is to use the dualizing sheaf.

Definition 2.7. Let X be a projective variety with the invertible dualizing
sheaf ωo

X . Then κ1(X) := κ(X,ωo
X).
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Remark 2.8. 1) For a fibration f : X → Z between smooth quasi-projective
varieties, the dualizing sheaf of a general fiber and the generic fiber is a line
bundle.

2) If X is Gorenstein and projective, then ωo
X is an invertible sheaf. If X

is smooth, then the dualizing sheaf coincides with the canonical sheaf, thus
κ1(X) = κ(X).

Example 2.9. Let C ′ be a cuspidal projective curve in P2
k. Then κ(C ′) =

−∞ and κ1(C
′) = 0. For a projective curve C over k, κ1(C) ≥ κ(C).

2.4. Covering theorem

The following theorem is needed in the sequel.

Theorem 2.10 ([18] Theorem 10.5). Let f : X → Y be a proper surjec-
tive morphism between smooth complete varieties. If D is a Cartier divisor
on Y and E an effective f -exceptional divisor on X. Then

κ(X, f∗D + E) = κ(Y,D).

2.5. Stable fibrations

Definition 2.11 (Delinge and Mumford). A flat family of nodal curves
f : X → S together with sections si : S → X, i = 1, . . . , n with image schemes
Si = si(S) is called a family of n-pointed stable curves (or an n-pointed stable
fibration) over S of genus g if

1) Si are mutually disjoint, and Si disjoint from the non-smooth locus
Sing(f);

2) all the geometric fibers have arithmetic genus g;

3) the sheaf ωX/S(
∑

i Si) is f -ample.

In case n = 0 we simply call these stable curves (rather than stable 0-
pointed curves).

For an n-pointed stable fibration f : X → S and a base change S′ → S,
the map X ×S S′ → S′ is again an n-pointed stable fibration. Since f is a
Gorenstein morphism, we know that f !OS [−1] � ωX/S is an invertible sheaf,
which is compatible with base change.
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2.6. Relative canonical sheaf of stable fibrations

We recall the following result due to Keel for a fibration of stable curves.

Theorem 2.12 ([22] Theorem 0.4). Let S be a normal projective variety
and f : X → S a stable fibration with fibers being curves of arithmetic genus
g ≥ 2. Then

(i) ωX/S is a semi-ample line bundle if char k > 0;

(ii) if the natural map S → M̄g is finite, then ωX/S is big.

Only (ii) is needed in the sequel. We sketch a proof of (ii) by the argument
of [22, Proposition 4.8].

Proof of (ii). By taking a local basis of f∗ωX/S and a proper choice of g
positive integers, one can define the relative Wronskian section (see [25]),
which is independent of the choices of the basis. Thus the Wronskian section
defines a non-zero global section of the sheaf ωN

X/S ⊗ f∗ det(f∗ωX/S)
−1 for

some N > 0, because the non-smooth locus of f is of codimension ≥ 2. Then
we can write that

ωN
X/S ∼ f∗H + Z

where H = det(f∗ωX/S) is a big line bundle on S ([8, 2.2]) and Z is the
effective divisor on X defined by the wronskian section. Therefore, ωX/S is
big ([6, Lemma 2.5]). �

Remark 2.13. One point of the proof above is the positivity of det(f∗ωX/S).

The semi-positivity of f∗ωl
X/S , l� 0 for fibrations with sharply F -pure fibers

(stable curves are sharply F -pure) is proved by Patakfalvi ([27, Theorems 1.5,
1.6, Corollary 1.8]). It is possible that analogous results to Theorem 2.12
hold for this type of fibrations. To prove the bigness, it suffices to prove that
f∗ det(f∗ωl

X/S) ≤ ωN
X/S for some l� 0 andN � 0. However, the above proof

does not apply if the fibers are of higher dimension, because the Wronskian
section is not defined.

For a semi-stable elliptic fibration, we have the following result. We give
a proof for the readers’ convenience. One can also refer to [31, Section 9.3]
for a proof.

Theorem 2.14. Let S be a smooth surface and f : S → C a semi-stable
elliptic fibration over a smooth curve C. Then κ(S, ωS/C) ≥ 0, and the equal-
ity is attained if and only if f is isogenous to a product.
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Proof. First note that f∗ωS/C is a line bundle such that ωS/C ∼ f∗f∗ωS/C .
We have that ωS ∼ f∗(f∗ωS/C ⊗ ωC), then it follows that c1(S)

2 = 0 and

χ(S, ωS) = χ(C, f∗ωS/C ⊗ ωC)− χ(C,R1f∗ωS/C ⊗ ωC)(2.1)

= deg(f∗ωS/C) + deg(ωC) + χ(C,OC)− χ(C, ωC)

= deg(f∗ωS/C)

where the second equality is from Riemann-Roch formula and R1f∗ωS/C =
OC , and the third equality is due to deg(ωC) = 2g(C)− 2 and χ(C,OC) =
−χ(C, ωC) = 1− g(C).

Denote by t the number of the singular fibers. Then c2(S) = t since
Euler number of smooth fibers is 0, and of singular fibers is 1. Applying
Noether’s formula 12χ(S, ωS) = 12χ(S,OS) = c1(S)

2 + c2(S), we get that
12 deg(f∗ωS/C) = t ≥ 0, hence κ(S, ωS/C) ≥ 0.

If t > 0, then κ(S, ωS/C) > 0.
If t = 0, then all the fibers are smooth. We conclude that f : S → C is

isogenous to a product by moduli theory of curves, hence κ(S, ωS/C) = 0.
Therefore, κ(S, ωS/C) ≥ 0, and the equality is attained if and only if

t = 0, then we are done. �

3. Proof of Theorem 1.2

Notations are as in Theorem 1.2. We can assume that the normalization of
the generic geometric fiber of f has genus g ≥ 1.

3.1. Stable reduction

Applying de Jong’s idea of alterations, we have the following commutative
diagram.

(3.1)

U
ρ1←−−−− X ′′ = U ×M Z ′ ρ′←−−−− X ′ σ−−−−→ X̄ ′ = X ×Z Z ′ π1−−−−→ X

h

⏐⏐� f ′′
⏐⏐� f ′

⏐⏐� g′
⏐⏐� f

⏐⏐�
M

ρ←−−−− Z ′ idZ′←−−−− Z ′ idZ′−−−−→ Z ′ π−−−−→ Z

where

1) π : Z ′ → Z is an alteration (see Definition 5.1) where Z ′ is smooth;
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2) σ : X ′ → X̄ ′ is a birational morphism onto the strict transformation
of X under Z ′ → Z (see Definition 5.2), and X ′ is smooth;

3) ρ′ : X ′ → X ′′ is a birational morphism such that Rρ′∗OX′
∼= OX′′ ;

4) h : U →M with M normal and projective, is a family of stable curves
if g ≥ 2, or a family of 1-point stable curves if g = 1. Moreover, the
natural morphism M → M̄g if g ≥ 2 (or M → M̄1,1 if g = 1) is a finite
morphism.

We state the idea of the construction of the diagram. For detailed con-
struction, see Appendix 5. After a finite purely inseparable extension Z1 →
Z, general fibers of f1 : X1 → Z1 are smooth, where X1 is the normalization
of X ×Z Z1. Then flattening f1, we get a flat family f2 : X2 → Z2 of curves.
By stable reduction, we get a family of stable curves, which is the pull-back
of a family of stable curves h : U →M , where the natural map M → M̄g is
finite. In the process, some singularities may appear. So we need to carefully
control the singularities of each steps.

Claim 3.1. If g = 1, then κ(U, ωU/M ) = dimM ; if g > 1, then κ(U, ωU/M ) =
dimU .

Proof. If g = 1, then dimM = 0 or 1. It is trivial, if dimM = 0. If dimM =
1, then U is a surface with at worst rational double singularities. Let Ũ → U
be a minimal resolution. Then Ũ →M is a semi-stable elliptic fibration. We
get κ(Ũ , ωŨ/M ) = 1, by Theorem 2.14. Thus κ(U, ωU/M ) = 1.

If g > 1, then ωU/M is big by Theorem 2.12. Thus κ(U, ωU/M ) = dimU .
�

Claim 3.2. κ(X,ωX/Z) ≥ κ(U, ωU/M ).

Proof. Since X ′′ is from the base change Z ′ →M and h : U →M is a stable
fibration, we have ωX′′/Z′ � ρ∗1ωU/M . Since Rρ′∗OX′ � OX′′ , there is a natu-
ral injection ρ′∗ωX′′/Z′ ↪→ ωX′/Z′ by Proposition 2.1. Applying Theorem 2.4,
there exists an effective σ-exceptional divisor E on X ′ such that ωX′/Z′ ≤
σ∗π∗1ωX/Z + E. Then applying the covering theorem (Theorem 2.10), we
have

κ(X,ωX/Z) = κ(X ′, σ∗π∗1ωX/Z + E)(3.2)

≥ κ(X ′, ωX′/Z′)

≥ κ(X ′, ρ′∗ωX′′/Z′) = κ(X ′, ρ′∗ρ∗1ωU/M ) = κ(U, ωU/M )
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�

3.2. Proof of Theorem 1.2

We can assume that κ(Z) ≥ 0 and the genus g ≥ 1. Then

κ(X,ωX) ≥ κ(X, f∗ωZ) = κ(Z, ωZ)

since ωX = f∗ωZ ⊗ ωX/Z and κ(X,ωX/Z) ≥ 0 by the two claims above. To
prove the theorem, it suffices to prove κ(X) > κ(Z) if g ≥ 2. We argue by
contradiction.

Assume now, g ≥ 2, and κ(X) = κ(Z). Let Φ|ωm
X | (resp. Φ|ωm

Z |) be the
rational map induced by |ωm

X | (resp. |ωm
Z |) for a sufficiently divisible positive

integer m. Let Xm (resp. Zm) be the closure of the image of Φ|ωm
X | (resp.

Φ|ωm
Z |). Since ωX = ωX/Z ⊗ f∗ωZ , we have |ωm

X/Z |+ |f∗ωm
Z | ⊆ |ωm

X |. Notice

that κ(X) = κ(Z) ≥ 0 and κ(X,ωX/Z) ≥ 0. There is a natural injection l :
f∗H0(Z, ωm

Z )→ H0(X,ωm
X ) induced by tensoring with a nonzero section s ∈

H0(X,ωm
X/Z). The injection l gives a commutative diagram

X

f
��

Φ|ωm
X
|

�� Xm

p

��
Z

Φ|ωm
Z
|

�� Zm

where p is the projection induced by l. The rational map p is generically finite
and dominant, since κ(X) = κ(Z). Hence, a general fiber of f is contracted
by Φ|ωm

X |.
On the other hand, by the proof of Claim 3.2, we have inclusions of

linear systems

ρ′∗ρ∗1|ωm
U/M | ⊆ ρ′∗|ρ∗1ωm

U/M | = ρ′∗|ωm
X′′/Z′ |

⊆ |ρ′∗ωm
X′′/Z′ | ⊆ |ωm

X′/Z′ | ⊆ |σ∗π∗1ωm
X/Z(mE)|.

Let Ψ′m (resp. Ψm) be the rational map induced by |σ∗π∗1ωm
X/Z(mE)|

(resp. |ωm
X/Z |). There is an injection l′ : (π1 ◦ σ)∗H0(X,ωm

X/Z)→ H0(X ′,
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σ∗π∗1ωm
X/Z(mE)), and it gives a commutative diagram

Z ′

π

��

X ′f ′��

π1σ

��

Ψ′m �� Y ′m
p′

��
Z X

f�� Ψm �� Ym

where Y ′m (resp. Ym) is the closure of the image of Ψ′m (resp. Ψm), p′ is the
rational map induced by l′. By Thm. 2.10, κ(X,ωX/Z) = κ(X ′, σ∗π∗1ωX/Z +
E), so dimY ′m = dimYm. Thus the map p′ is generically finite and dominant.
Since ωU/M is big, Ψ′m does not contract a general fiber of f ′. So Ψm does
not contract a general fiber of f . Contradiction!

Remark 3.3. By Claim 3.2, we have κ(X,ωX/Z) ≥ κ(U, ωU/M ). Note that
dimM = Var(f) where Var(f) is the variation of f (cf. [33], [21]). So Con-
jecture C ′n,n−1 holds (cf. [30, 1.6]). If κ(Z) ≥ 0, we have a more optimistic

inequality κ(X) ≥ κ(F ) + max{κ(Z),Var(f)}, i.e., Conjecture C+
n,n−1 holds

(cf. [33]).

Remark 3.4. The separableness assumption of f is necessary in our proof.
If f is not separable, we can also get Diagram (3.1) by Appendix 5. Note
that Step 1 in Appendix 5 is necessary. The strict transform X̄ ⊂ X ×Z Z ′

is a non-reduced scheme, and X ′ actually is a resolution of the reduction of
X̄. However, in this situation, the homomorphism α in the proof of Thm. 2.4
is possibly zero.

4. Proof of Theorem 1.3

Proposition 4.1 ([2] Corollary 7.3). Let f : X → Y be a dominant mor-
phism from an irreducible nonsingular variety X of dimension at least 2 to
an irreducible curve Y , such that the rational function field k(Y ) is alge-
braically closed in k(X). Then the fiber f−1(y) is geometrically integral for
all but a finite number of closed points y ∈ Y .

Definition 4.2 ([2] Definition 7.6). A morphism f : S → C is elliptic if
f is minimal, f∗OS = OC , and almost all the fibres of f (i.e., except finitely
many closed fibers) are nonsingular elliptic curves.

A morphism f : S → C if called quasi-elliptic if f is minimal, f∗OS = OC

and almost all the fibers of f are singular integral curves of arithmetic genus
one.
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Let S be a smooth surface and f : S → C be an elliptic fibration or a
quasi-elliptic fibration. Since C is a smooth curve, we obtain a decomposition
R1f∗OS = L ⊕ T , where L is an invertible sheaf and T is a torsion sheaf
on C.

Theorem 4.3 (Canonical bundle formula, [5] Theorem 2). Let S →
C be a relatively minimal elliptic fibration or a quasi-elliptic fibration from
a smooth surface. Then

ωS
∼= f∗(ωC ⊗ L−1)⊗OS(

r∑
i=1

aiPi),

where

1) miPi = Fbi (i = 1, . . . , r) are all the multiple fibers of f ,

2) 0 ≤ ai < mi,

3) ai = mi − 1 if Fbi is not an exceptional fiber, and

4) deg(L−1 ⊗ ωC) = 2pa(C)− 2 + χ(OS) + l(T ), where l(T ) is the length
of T .

Note that the condition f∗OS = OC implies that k(C) is algebraically
closed in k(S). So if f : S → C is a fibration, then f is a separable fibration
by Proposition 4.1.

We apply classification of surfaces by Bombieri and Mumford.

Theorem 4.4 ([2] Corollary 10.22). If S is a smooth surface with κ(S) ≥
0, then the birational isomorphism class of S contains a unique smooth min-
imal model X (i.e. there are no (−1)-curves on X).

Theorem 4.5 ([2] Theorem 12.8, Proposition 13.8). Let S be a min-
imal surface with κ(S) = −∞.

1) If h1(S,OS) = 0 then S is isomorphic to P2 or a Hirzebruch surface
Fn := P(OP1 ⊕OP1(n))→ P1 with n �= 1.

2) If h1(S,OS) ≥ 1 then the image C of the Albanese map is a smooth
curve. Moreover, there exists a rank two vector bundle E on C such that
albX : X → C is isomorphic to P(E)→ C.

Proof of Theorem 1.3. We can assume that the genus g(C) ≥ 1.
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After running relative minimal model program, we can assume that
f : S → C does not contain (−1)-curve on each fiber. If there is a horizon-
tal (−1)-curve, then it will be mapped onto C which has genus g(C) ≥ 1.
Contradiction! Therefore, we can assume that S is minimal and g(C) ≥ 1.

There are four cases: κ(S) = −∞, 0, 1, 2.
1) κ(S) = 2. Since κ1(F ) and κ(C) are at most 1, theorem holds.
2) κ(S) = 1. Since S is minimal, ωS is semi-ample. Consider the Iitaka

fibration on ωS , which is a morphism g : S → T with general fiber G. Then
G is an elliptic curve or a singular curve with arithmetic genus 1, and the
self-intersection number G2 = 0.

S
g ��

f
��

T

C

If G is mapped onto C by f , then g(C) ≤ 1. So g(C) = 1 and κ(C) = 0.
Then κ(S) ≥ κ1(F ) + κ(C).

If G is mapped into a point of C. Notice that G2 = 0, then G is a multiple
of a fiber of f . Then general fiber of f is an elliptic curve, or a singular curve
with arithmetic genus 1. Since f is a flat morphism, κ1(F ) = 0. So again we
have κ(S) ≥ κ1(F ) + κ(C).

3) κ(S) = 0. Since S is minimal and κ(S) = 0, we have ωS ∼Q 0. For a
general fiber F ′ of f , by adjunction formula, (ωS + F ′)|F ′ = ωo

F ′ ∼Q 0. Then
f is either an elliptic fibration or a quasi-elliptic fibration. By Theorem 4.3,
deg f∗ωn

S ≥ n(2pa(C)− 2) + n · χ(OS). By Riemann-Roch formula

χ(C, f∗ωn
S) = deg f∗ωn

S + (1− pa(C)) ≥ (2n− 1)(pa(C)− 1) + n · χ(OS).

Since κ(S) = 0, we have χ(OS) ≥ 0 ([5, the table above Theorem 5]) and
χ(C, f∗ωn

S)≤h0(C, f∗ωn
S)≤1. Therefore, pa(C)=1 and κ(S)≥κ1(F )+κ(C).

4) κ(S) = −∞. By Theorem 4.5, S admits a P1-fibration h : S → C ′,
where C ′ is a smooth curve.

S
h ��

f
��

C ′

C

Let H be a general fiber of h, then H is a smooth rational curve and the
self intersection number H2 = 0. If H is horizontal of f , then f(H) = C.
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Contradicts to the assumption g(C) ≥ 1. Therefore, general fiber of f is P1.
So κ(S) ≥ κ1(F ) + κ(C). �

5. Appendix: Alterations and stable reduction

In the section, we discuss the construction of the diagram (3.1) in Section 3.1.
Let f : X → Z be a separable fibration between smooth projective varieties
over k of relative dimension 1. We assume that the normalization of the
generic geometric fiber of f has genus g ≥ 1. Then f can be altered into a
stable fibration due to de Jong ([11]) . We sketch the construction by [1,
Sections 3 and 4]. First we introduce some definitions.

Definition 5.1 (de Jong). A morphism of varieties f : Y → X is called
a modification if it is proper and birational. The morphism f is called an
alternation if it is proper, surjective and generically finite.

Definition 5.2 ([1] Definition 3.1). Let f : X → Z be a fibration between
two varieties, Z ′ → Z a proper surjective morphism, where Z ′ is a variety.
The fiber product X̄ ′ := X ×Z Z ′ has a unique irreducible component dom-
inant over X, which is the Zariski closure X ′ := X ×Z η ⊂ X ×Z Z ′ of the
generic fiber, where η is the generic point of Z ′. We call X ′ the strict trans-
form of X under the base change Z ′ → Z.

Step 1. Since f : X → Z is a separable fibration, by [11, Lemma 2.8],
there is a finite purely inseparable extension Z1 → Z, where Z1 is a projec-
tive variety, such that the normalization X1 of X ×Z Z1 is smooth over the
generic point of Z1. Denote the fibration by f1 : X1 → Z1.

Step 2. There exists a modification Z2 → Z1, such that the morphism
f2 : X2 → Z2 is flat by Flattening Lemma ([1, Lemma 3.4]), where X2 is the
strict transform of Z2 under X1 → Z1.

Step 3. There exists a separable finite morphism Z3 → Z2 such that the
fibration f3 : X3 → Z3 has l ≥ 3 distinct sections si : Z3 → X3, i = 1, 2, . . . , l
and the sections si intersect every irreducible component of the geometric
fiber of f3 more than 2 points ([1, Lemmas 4.6, 4.9]), where X3 is the strict
transform of Z3 under X2 → Z2.

Step 4. There exists an alteration Z4 → Z3 such that there exists a fam-
ily of l-pointed stable curves f4 : X4 → Z4 ([1, Sections 4.6-4.9]). Here we
need the assumption l ≥ 3, so that we can apply Three Point Lemma ([1,
Lemma 4.10]).

Step 5. From f4 : X4 → Z4, we can obtain a family of stable curves
f̄4 : X̄4 → Z4 if general fibers of are of genus g ≥ 2 (respectively, a family of
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1-pointed stable curves if g = 1) by “contraction” ([1, Section 3.7]). Indeed,
first deleting l sections if general fibers of f4 have genus g ≥ 2 (respectively
deleting l − 1 sections if g = 1), then there is a relative contraction map
X4 → X̄4 over Z4 by contracting all the “non-stable components” of fibers
(regular rational curves containing not enough singularities and marked
points).

By moduli theory of curves (cf. [1, Section 13]), the moduli of the stable
curves of genus g if g > 1 (1-pointed stable curves if g = 1) with level-m
structure is a fine moduli space for m ≥ 3. Thus, there is a universal family

of stable curves U
(m)
g → M̄

(m)
g (or 1-pointed stable curves U

(m)
1,1 → M̄

(m)
1,1 ),

and a natural finite surjective morphism M̄
(m)
g → M̄g (or M̄

(m)
1,1 → M̄1,1).

For simplicity, we only consider the case g ≥ 2. The family f̄4 : X̄4 → Z4

induces a natural morphism Z4 → M̄g. After a finite surjective base change

Z ′4 → Z4, we have a natural map Z ′4 → M̄
(m)
g , and denote its image by M

and the pulled back universal family by U →M . Here we can assume both
Z ′4 and M are normal.

U

��

�� U
(m)
g

��

Z ′4

��

�� M �� M
(m)
g

��
X̄4

�� Z4
�� M̄g

Notice that the two fiber products X̄4 ×Z4
Z ′4 → Z ′4 and U ×M Z ′4 → Z ′4

are two stable fibrations having isomorphic generic geometric fibers. By [1,
Lemma 3.19], there is a finite extension Z ′′4 → Z ′4 such that X̄4 ×Z4

Z ′′4 → Z ′′4
and U ×M Z ′′4 → Z ′′4 are isomorphic families of stable curves.

Step 6. Let Z5 → Z ′′4 be an alteration satisfying

1) Z5 is smooth, and

2) the locus Σ ⊂ Z5, over which the fibration f5 : X5 := X4 ×Z4
Z5 → Z5

is not smooth, is a simple normal crossing divisor ([1, Section 4.10]).

Then

X̄5 := X̄4 ×Z4
Z5
∼= U ×M Z5 → Z5

is a family of stable curves which is from f5 : X5 → Z5 by contracting all
the “non-stable component” of fibers.
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The variety X5 has mild singularities. That is, if x is a singular point of
X5, then the complete local ring of X5 at x can be described as:

k[[u, v, t1, . . . , tn−1]]/(uv − tn1

1 · · · tnr
r )

where n = dimX5, t1, . . . , td−1 is a regular system of parameters of f5(x) ∈
Z5 such that Σ coincides on a neighborhood with the zero locus of t1 · · · tr
for some r ≤ n− 1 (cf. [1, Section 4.11]).

There is a resolution of singularities μ : X ′
5 → X5 by blowing up (con-

structed in [1, Section 4.11]). We can check that Rμ∗OX′5
∼= OX5

. For the
composite morphism ν : X ′

5 → X̄5, we have Rν∗OX′5
∼= OX̄5

, because only
rational curves are contracted by the morphism X5 → X̄5.

Step 7. In conclusion, letting Z ′ → Z be the composite base change
Z5 → Z, X ′′ = X̄5 and X ′ = X ′

5 introduced above, then we obtain the com-
mutative diagram (3.1) in Section 3.1.
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