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The functional equation of the
Jacquet-Shalika integral representation of
the local exterior-square L-function

JAMES W. COGDELL AND NADIR MATRINGE

An integral representation for the exterior square L-function for
GL,, was given by Jacquet and Shalika in 1990. Recently there has
been renewed interest in both the local and global theory of the
exterior square L-function via this integral representation. In an
earlier work, the second author used his results on the connection
between linear periods and Shalika periods to analyze the local
exterior square L-functions via Bernstein-Zelevinsky derivatives
and prove the local functional equation in the case of G Loy, (F'), for
F anonarchimedean local field. In this paper we complete this work
and derive the local functional equation for the exterior square L-
function for GLay,+1(F) by similar methods, and extending the
functional equation in both cases to non-generic representations.
With these results, we have the local functional equation of the
exterior square L-function for irreducible admissible representa-
tions of GL,,(F), for any n, for use in future applications.

1. Introduction

An integral representation for the exterior square L-function for GL,, was
given by Jacquet and Shalika in 1990 [9]. In the mid 1990’s the first author,
with Piatetski-Shapiro, embarked on the local analysis of the exterior square
L-function via this integral representation in conjunction with their project
to establish functoriality from SOs,+1 to GLg, via the converse theorem
and integral representations [4]. The approach there was by the Bernstein-
Zelevinsky theory of derivatives as in [3]. This was set aside and never pub-
lished, other than [4].

Recently there has been renewed interest in the local and global theory
of the exterior square L-function via this integral representation [1, 10, 11].
In particular, in [14] the second author used his results on the connection
between linear periods [13] and Shalika periods to analyze the local exterior
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square L-functions via Bernstein-Zelevinsky derivatives and prove the local
functional equation in the case of GLay,,. This approach seems simpler than
the approach used in [4].

In this paper we complete the work in [14] and derive the local functional
equation for the exterior square L-function for GLgp,11. In their original
paper, Jacquet and Shalika considered the odd case only briefly in their last
section, Section 9. We deduce the shape of the local functional equation from
the global one in [9] and then prove it using a purely local approach. As in
[14], this is based on the Bernstein-Zelevinsky theory of derivatives and the
theory of linear periods [7] extended to the odd case. Our method allows
us to extend our results, and those of [14], to any irreducible admissible
representation of GL,, via the use of representations of Whittaker type. We
should point out that our version of the global and local functional equation
in the odd case is different from that given by Kewat and Raghunathan in
[11]; we will address this discrepancy in the last section of the paper.

The local functional equation of the exterior square L-function is now
available for irreducible representations of GL,,, for any n. We will use these
local functional equations in the future to prove the inductivity, or multi-
plicativity, of the local exterior square L-function and ~-factor, and then
complete the local nonarchimedean theory of the exterior square L-function
at the ramified places.

We should point out that the exterior square L-function is available from
the Langlands-Shahidi method [16] and the main result of [11] is that for
discrete series representations the L-functions from the Langlands-Shahidi
method and the integral representation of Jacquet and Shalika agree.

2. Preliminaries

Let F be a nonarchimedean local field, with ring of integers £, prime ideal
P, and fix a uniformizer w so that P = (w). Let ¢ = |O/P| denote the
cardinality of the residue class field. We let val : F* — Z be the associated
discrete valuation with val(w) = 1 and normalize the absolute value so that
|a| — qfval(a)‘

Let M denote the algebra of k& x k square matrices with entries in F
and M, the a x b matrices with entries in F.

We denote GL,,(F) by G,, for n > 1. We will denote |det(g)| by |g| for
a matrix in G,,. The group N, will be the unipotent radical of the standard
Borel subgroup B, of G,, given by upper triangular matrices. For n > 2 we

denote by U, the group of matrices u(x) = fn f) for  in Fn1.
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For n > 1, the map g > (’ 1) is an embedding of the group G,_1 in
Gy. We denote by P, the subgroup G,_1U, of G,. This is the mirabolic
subgroup of G,,. We fix a nontrivial additive character 6 of F', and denote
by 6 again the character

n—1
n 6 Z Niit1
i—1

of N,. The normalizer of 9|Un in Gp_1 is then P,,_;.
Suppose n = 2m is even. Let o, € G}, be the permutation matrix for the
permutation given by

o 12 .- m | m+1 m+2 --- 2m
" \1 3 -+ 2m—1 | 2 4 oo 2m)

In this case we denote by M, the standard Levi of G,, associated to the
partition (m,m) of n. Let w, = o, and then let H,, = w, M,w, .
Suppose n = 2m + 1 is odd. In this case we let o, be the permutation

matrix in G, associated to the permutation

(12 m | m+1 m+2 -+ 2m 2m+1
Tom+1 =11 3 ... 9m_1 | ) 4 v 2m 2m+1)°

so that o2,y = 02m+1|G,,, and let womp1 = Wam42|GLa,.,, SO that

(1 2 -+ m+4+1 | m+3 m+4 --- 2m+1
Wbl =1 3 .. 2m4+1 | 2 4 . 2m-2)°

In the odd case, oomt1 # wamr1. We let M, denote the standard parabolic
associated to the partition (m + 1,m) of n and set H, = wnangl as in
the even case.
Note that the H,, are compatible in the sense that H,, N G,_1 = Hy,_1.
We will need the work of Bernstein and Zelevinsky concerning the clas-
sification of irreducible representations of G,,. We first define the following
functors following [2]:

e The functor ®* from Alg(P,_1) to Alg(P:) such that, for 7 in
Alg(Pg_1), one has &7 = ind?}:ilUk (5(1]{9271' ®0).

e The functor ¥+ from Alg(Gr_1) to Alg(Pg), such that for 7 in
Alg(Gg—1), one has ¥tm = indgi_lUk (5(1]127T ®1) = (5(1]12% ® 1. (Note
that in this case Py, = G_1Uy, so the induction itself is trivial.)



700 J. W. Cogdell and N. Matringe

We recall the following proposition which follows from Propositions 3.1
and 3.2 of [13] (in which one has injections instead of isomorphisms, but
they are actually isomorphisms):

Proposition 2.1. Let o belong to Alg(P,—1), and x be a character of P, N
H,,. Then there is a character X' of P,—1 N H,_1, independent of o, such
that

Homp,nm, (270, x) =~ Homp, nm, (0, XX)-
As a corollary we have the following.

Corollary 2.1. Let n =2m 4+ 1 be an odd integer. Let p be an irreducible
representation of Gy for k <n —1, and x be a character of H, N P,. Then

Homu,qp, (91)"F710F (p), x) =~ Homu, (p, xs1,)
for a character ¥ of Hy independent of p.
Proof. By the previous propositions we have
HomHnmPn ((q)+)n_k_1\lj+(p)’ X) = HomPk+lmHk+l (\Ij+(p)? X:U’/)
for an appropriate character /. U7 is just twisting by |det(-)|*/2, and then
extending a representation of Hy to P11 by 1 on Ug1, so it is quite straight
forward that a linear form on ¥ (p) quasi-invariant under Pjyq N Hyyq is

just a linear form on a twist of p by a character, quasi-invariant under Hy.
O

3. The functional equation of the local exterior square
L-function, when n is odd

In this section, n = 2m + 1 is odd.
3.1. An action of the Shalika subgroup on CZ°(F™)

We consider the Shalika subgroup S, of Gy:

g =z Yy
Sp = g gEGmyxEMl,mvyeMm,laZEMm
z 1
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We recall that

defines a character of P, NS,. We claim that S,, admits a certain linear
representation on the space C°(F™). In the following we view x € F" ~
M1, as a row vector so, for g € Gy, xg is simply matrix multiplication
and for yp a column vector in F ~ M,, 1 we set (z, yo) = xyo, again matrix
multiplication.

Proposition 3.1. There is a linear representation Ry of S, on the space
C°(F™), such that:

g
e Ry g o(x) = d(zg).
1
I, 2o
* Ry Iy, ¢(x) = 0(Tr(—20))9(x).
1
Im Yo
* Ry I, o(x) = 0((z, y0))o().
1
I
* Ry I, P(x) = ¢(x + x0);
o 1

in fact, Ry is simply the model of indf;:msn(@*l), given by the restriction
feindy g (071) = ¢ € C(F™),

I,
where ¢(x) = f I,

r 1

Proof. One just checks that this is indeed the model of indf;zm s, (©71) given
by the restriction map defined in the statement above. O
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Let 7 = 7, be the matrix (Im " > For h € G,,, we denote by h” the
1

matrix 7h7~!. One can check, using the generators of S, given in Proposi-
tion 3.1, that the map s+ {(s71)7” = %s~7 defines an automorphism of the
group Sy.

Proposition 3.2. For ¢ in C°(F™), we denote by

o) = [ o ()

for du such that the Fourier inversion formula holds. We denote by F the
operator ¢ — ¢ on C°(F™). Then it satisfies

F(Ry(s)9) = Is| "2 Ro-1 (') F(9).
Proof. One checks this on the generators given in Proposition 3.1. O

3.2. The integral representation for the exterior
square L-function

Let m be an irreducible admissible representation of G,,. If 7 is generic, we let
W(m,0) denote its Whittaker model; if not, then = is an irreducible quotient
of an induced representation = of Langlands type which has a Whittaker
model and we set W(mr,0) = W(E, ) [8]. Following Section 9 of [9] we now

define two families of integrals, for W in W(m, 0), ¢ in C°(F™), and s in C:

I, =z g
Jo(s, W) Z/W On I, g Q(Tr(—z))]g\sfldzdg,
1 1

where ¢ is integrated over N,,\G,,, and z over N;,\ M,,, where N,, is the
space of upper triangular matrices, and

J9(37 w, ¢) = J9(87P(¢)W)7

where
I,
s = [ wlg| " 1 || ota

r 1

Notice that in fact, p(¢)W is a finite sum of right translates of .
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It is proved in [9] that there exists rr in R, such that the integrals
Jo(s, W) converge for Re(s) > rr, and that they are in fact elements of
C(q¢*). This implies the same property for the integrals Jy(s, W, ¢). It is
moreover proved in [15] that the integrals Jy(s, W) span a fractional ideal
J of C[¢**], generated by an Euler factor L(s,w, A?).

Lemma 3.1. The integrals Jo(s, W, ¢) also span J, = L(s,m, A?)Clg™*].

Proof. One has (Jo(s, W, ¢)) C (Jo(s, W)), as p(¢)W is a finite sum of right
translates of W. Conversely, for ¢ the characteristic function of a small
enough subgroup of F™ the integral Jy(s, W, ¢) becomes equal to a posi-
tive multiple of Jy(s, W) by smoothness of W(w,#), hence (Jy(s, W, ¢)) D
(Jo(s, W)). O

We now check that the integrals Jy(s, W, ¢) define invariant bilinear
forms under the group S,,.

Lemma 3.2. The map Bsrg: (W, ¢) — Jo(s, W, $)/L(s,m,A?) defines a
bilinear form on W(m,8) x C°(F"™), which satisfies the relation

By o(p(W)W, Ro(h)¢) = || ~*/* Bz o (W, 9).
Proof. We recall that, for o = oy,

I, =z g I,
Je(s,vv,qb):/W o I p L
1 1 z 1

x §(2)0(Tr(~2))|g|*~ dudzdg

which is absolutely convergent for s large enough. One just needs to check
the invariance of B g under the generators of S, given in Lemma 3.1. This
follows from a simple change of variables. (l

Let w = w,, be longest Weyl element of of G,,, represented by the antidi-
1

denote by W the map on G,, defined by W(g) = W(wlg~1). Then W s W
is a vector space isomorphism between W(w,0) and W(n¥,0~!), where

1
agonal matrix with ones along the second diagonal, i.e., w = ) . We

7" denotes the (admissible) contragredient of 7, which satisfies p(h)W =
p('h~1)W. Now, Proposition 3.2 has the following consequence.
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Lemma 3.3. The bilinear form Cs ;g : (W, @) — Bl,sy,rvygq(p(T)WN/, qg) on
W(m,0) x C(F™) also belongs to the space Homg, (W(m,0) @ CX(F™),
7).

Proof. By definition, for h € S,, we have

P

Cs,ﬂ,H(p(h)VVa RG(h’>¢) = Blfs,ﬁvﬂfl (p<T)p(h)W7 f<R9(h)¢))

If we now use Proposition 3.2 and Lemma 3.2 to compute the right hand
side we have

—_—~—

Bisr g (p(1)p()W, F (Ro(h) )
= Bi_snv0-1 (p(T)p(h "YW, R 72 Rp-1 ((h7T))

~

= B 7Y2B1 v o1 (p(Ch ) p(T)W, Rg-1 (7))
= |h|75/2C 0 (W, 9).

0

The functional equation will then follow if we can prove that for almost
all s, the space Homg, (W(m,0) @ C°(F™),|.|=%/2) is of dimension at most
1. That is what we do in the next section.

3.3. The local functional equation

We denote by L, the non-standard maximal Levi subgroup of G,, of type
(m + 1,m), given by

g1 u
L, = go eGplueMpy1, vE Mim, NEF, g1,92 € Gy,
v A

We first show that if 7 is an irreducible representation of G, then there is an
injection of the vector space Homp, s, (W(m,0),0) into Homp,nr, (W(m, ),
X) for some character x of L,,. This will be a consequence of the technique in
Paragraph 6.2 in [7]. This will then give us a multiplicity one result which we
can apply to the functionals B, r g and Cj » o above to obtain the functional
equation.

Let II = W(m,0). Recall that if 7 is generic then W(m,6) ~ = while if
7 is not generic then W(m,#) ~ = where E is the induced representations
of Langlands type having 7 as its unique irreducible quotient. If L is an
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element of the space Homp,ng, (II,©) and v belongs to II, we denote by
Sp.v the function on G, defined as St ,(g) = L(II(g)v). If we formally set

(Sp0rs) = /G St (diag(g, Ins1))lgl*dg

and
I'r(v) =1(SLp,s)

then a simple change of variables in the integral gives that

I, € Homp,r, (11, xs)

g1 u —S
where < 92 = (%) . To actually implement this we need to first
1

understand the convergence of I(Sy,,,s) and then in the realm of conver-
gence show that the map L — I'y is indeed injective.

We begin with convergence. We write U] for the unipotent radical of
the standard parabolic of type (i,n — i) = (i,2m + 1 — 7). In what follows
all that is important is that II has finite length.

Proposition 3.3. Fora € (F*)™ we let m(a) be the matriz diag(b, . . ., by,
Imy1) with by = a; - - - am,. For 1 <i < m, there is a finite set X11; of char-
acters of F* (namely the central characters of the irreducible sub-quotients
of the Jacquet modules Iy of 11), such that if St is as above, and |a;| <1
when i is between 1 and m — 1, then Sy, ,(m(a)) is a sum of functions of the
form

[T xi(aijvat(ai)™ o(a)
=1

with x; € X, tntegers m; > 0, and ¢ a Schwartz function on F™. This
implies that there is a real number i1, such that the integral

(Sh08) = /G St o(ding(g, Ins1))lgl*dg

is absolutely convergent for Re(s) > r.

Proof. Let V' be the space of II. As in p. 118 of [7], we see that there is
¢ =cry > 0, such that |a,,| > ¢, and |a;| <1 for i € {1,...,m — 1} implies
Spv(m(a)) = 0, thanks to the relation L(m(a)m(u)v) = O(aua™t)L(r(a)v)
for u € U], C Sp.
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Lemma 6.2. of [7], which asserts that if ¢ is a positive integer < m and if
ve V(U]) ={r(u)v' =o' | v € V,u € U}, then Sp,,(diag(m(a)) vanishes if
|a;| is small enough, and |a;| < 1for 1 < j < m, is also valid in our case. This
lemma only uses the quasi-invariance of St, , under the Shalika subgroup Sy,
and its right smoothness. We indicate the notational changes to be made

in Lemma 6.2 of [7] for our situation: a = m(a) := diag(b1,...,bm, lm+1)
instead of diag(by, ..., bm, In), u1 == <I’" ImZH), ug 1= (“, Im“)7 v is the

same, and ( = ) replaced by <Im bu/ "t ) Notice that there
is a typo in [7], equality at the top of p. 120, where the second 7(a) should
stand just before vy. This shows that the lemma applies in our situation.

Now, let H; be the group {diag(tl;, ;+1-:),t € F*}, H} = {diag(tl;,
Int1-i),t € O —0}, H=[[", H;, and H' = [, H}. Fom<m the Jac-
quet module Vyr = V/V(U)) has finite length and H; acts by a charac-
ter on each irreducible subquotient. Fix L € Homp, g, (II,0), and call V
the space of maps ¢, :a € H — Sp,(m(a)) for v e V. V is certainly a
smooth H-module. Let V; denotes the H;-submodule of functions ¢ in V,
such that there is cs > 0, which satisfies that p(h;)¢ vanishes on H' when
|hi| < ¢y (with h; € H; ~ F*). Then, V/V; is a quotient of Vi (thanks to
our version of Lemma 6.2), and we can apply Lemma 3.4 below, which
tells us that for any v € V, ¢, restricts to H' as we expect. Now, let
(28)p be a finite set of representatives of {am € Hp, | 1 < |am| < cpo}/U
for a U compact open subgroup of H,, fixing ¢r,. We can then write
1{1§\am\§CL,v}¢L7U(a’l7 ey Am—1, am) as

Z¢L,v(ala~- y A — 17ZB 25U am Z(bLﬂZg ala---7am—171)123U(am)-

We now conclude (as 1 € H},), thanks to the relation

¢L,v(a17 ey U1, Gy = 1{|am\§1}¢L,v(ala ey G 1, G

+ 11<jan|<er } L0 (15 - 5 Q1 Om)

for |a;| <1 when i <m —1.

The asymptotic expansion implies the convergence of the integral as on
the top of p. 119 of [7], as we can here as well write L(II(h)v) = L(II(m(a)k)v
(see [7]), because {diag(g,g,1), € Gy, } fixes L. (This part was a problem in
the even case [14].) O
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We are left with proving Lemma 3.4 below. This lemma is very similar
to Lemma 2.2.1 of [6]. We will give a slightly different proof, based on [12],
where the exponents of the representation appear.

Lemma 3.4. Let H be a torus of dimension m, decomposed as H =[]\ H;
with each H; ~ F*. Let H} C H; be the inverse image of O — {0} in H; and
set HY =T, H!. Let V be a space of uniformly smooth functions on H,
that is, each fixed by some open subgroup of H, and for each i set

Vi = {¢ € V| there exists cy > 0
such that ¢(a) =0 for all a € H' with |a;| < c4}.

Suppose each quotient module Q; =V /V; has a finite filtration 0 C Qq,; C
<o C Qp,i = Q; such that H; acts by a character on each successive subquo-
tient Qr11,/Quq. Let X; be the finite family of such characters. Then there
is a finite collection of functions &(a) = [[;~; xi(ai)val(a;)™ with x; € X;
and n; € N such that for all €V and a € H' we have

$la) =Y &(a)pe(a)
13

with ¢ a Schwarts function on O™.

Proof. We will do an induction on m. This will be based on the following
construction. Let ¢ € V and let ¢ be its image in Q,, = V/V,,. Then Q,, is a
module for H,, ~ F'* with a filtration as in the statement of the Lemma. As
such, it satisfies the hypotheses of Lemma 2.1 of [12], and so ¢ generates a
finite dimensional submodule of Q,,, under the reduction of right translation.
Let B = {e1,...,&} be a basis of the submodule {p(h)¢ | h € H,,) generated
by ¢. For each i let e; €V be a lift of &. By Proposition 2.8 of [12], if
we let M(h) = Matg(p(h)) be the matrix representing right translation by
h € H,, with respect to the basis B, then M(h) is upper triangular with
entries of the form x(h)P(val(h)), for x in X, and P a polynomial. Let
e="(e1,...,e;) € V", so that if = >_|_, x;€;. Then the difference

dlai,...,am-1,h) = d(a1,...,am-1,h) — (z1,...,2.)e(a,...,am-1,h)

vanishes for all a; € H},i=1,...,m — 1, and |h| < ¢~ for some t > 0, that
is,

(1) oar,...,am—1,h) = (x1,...,z,)e(al, ..., am—1,h)

for all a; € H},i=1,...,m — 1, and |h| < ¢t for some ¢ > 0.
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For any a in H,,, there is n, € N, such that for any [ in {1,...,r},
the map p(a)e; — 3, M(a)g ey vanishes on the set ([[7" H}') x {h € H,y, |
|h| < ¢ " }. Let w be a uniformizer of F*, and U a compact open subgroup
of O such that (1,...,1,U) fixes e, as well as the representation h — M (h)

of H,, ~ F* on C". Choose a set uy, ..., u; of representatives of O* /U, and
let n/ = max(n,,,nw). Fix z with |z| = ¢~ If a,, € H}, we can write it
am = w'uju for some r >0, ¢ € {1,...,l}, and u € U. We then have, for

a; € Hl-l, the equalities
e(at, ... ,am_1,2am) = eay,...,am_1, 200" u;) ="M (u;)e(ar,. .., am_1,2w")
because |zw"| < |z] < ¢ ™. If r > 1, we then have

e(at, ... ,am_1,20") = "M(w)(a1,...,an 1,20 1)

because |z" ! < |z| < ¢~ "=. Repeating this last step as needed, we find
that
e(ar, ..., am_1,2am) = "M (" u;)e(as, . .., am_1,2)

="M (am)e(ay,...,am_1,2).

N

If we then set N = max(n/,t), then for |a,,| < ¢~ and a; € H}, we have

(2) e(at,...,am_1,am) = "Mz M(ap)e(a, ..., am_1,2).

We now begin the induction. Let m = 1 so that H = H; = FX and H' =
Hi = 9 — 0. The Formula (1) becomes the statement that there exists ¢ > 0
such that

o(a) = (x1,...,2,)e(a)

when |a| < ¢'. From Equation (2) we deduce that there exists z € H! and
N € N such that

e(a) ="M (=7")'M (a)e(2)
for |a] < ¢~V. Hence, if we set N’ = maz(N,t), we obtain

dla) = (z1,...,2.)e(a) = (z1,...,z.)'M(z" a)e(2)

for |a| < ¢~V'. Hence for a € H' we have

d(a) = Ly (@1, 20) M (27 )M (a)e(2) + 1y~ <<y 0(a)

which is of the desired form since the x; and z are fixed and the non-zero
entries of M (a) are of the form x(a)P(val(a)) for x € X;.
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To complete the induction, we assume the result for H' = H:r;ll H;.
Then, considering H =[] H;, by (1) we know there is a ¢t > 0 such that

daty ... am—1,0m) = (T1,...,zp)e(ar, ..., 0m-1,0n)

for all a; € H}, i=1,...,m—1, and |a;,| < ¢~*. From Equation (2) we
deduce that there exists z € H}, and N € N such that

e(at,...,am-1,am) =Mz Y M(an)e(ar, ..., am_1,2).
for |an,| < ¢V and a; € H}. Hence, if we set N’ = max(N,t), and let

flar,...,am—1,am) = (x1,. .. ,a:r)tM(zfl)tM(am)e(al, ey U1, 2),

then
¢(a17 ey 1, am) == 1{|am‘§q*N’}f(a17 ceey Qm—1, am)
+ 1{q7N’§‘am‘§1}¢(ala vy Qm—1, am)
for a; € Hil.
Now, if we fix y in H}, and denote by Vy the space of functions on

H = H:i}l H; of the form b/ — ¢(K,y) for ¢ € V. As y belongs to H!, and
as Qy; = Vy/Vy,i is a quotient of Q; =V/V; for i between 1 and m — 1,
we can apply our induction hypothesis to this space, so any function ¢, in
V, is a sum of functions of the form a’ — [["7" xi(a})val(a})™ ¢(a’), for
Xi € Xi, m; € N, and ¢ a Schwartz function on O™~!. As » belongs to H}}
and h' — e;(h/, z) belongs to V, for i € {1,...,r}, we deduce that the map
1{|am|§q_N/}f(a1, veuy@m_1,0pm) is of the desired form on H!.
It remains to show that the same is true for the map

Lgv <lan|<} (@1 Gmot, Om)

on H'. However, taking U an open subgroup of 9% such that (1,...,1,U)
fixes ¢, and representatives (24 )q of {g™V < |am,| < 1}/U, we can write

l{q*N'§|am|§1}¢(a1a sy Am—1, am) = Z 1zaU(am)¢(a1, <o Am—1, Za)
«
and we conclude by the induction hypothesis again applied to the V,_, that

l{q_N/§|am|§1}(a1, ey m—1, am)

is of the desired form as well, which concludes the proof. O
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Let sp be a real number strictly greater than rij. Given L € Homp, g, (11,
©) and v € Vi, set

I'r(v) =1(SLw, S0)-

This now converges and, as noted above, a simple change of variables in
the integral defining I(Sr.,s0) gives that I'y, € Homp,nr, (11, xs,) where

g1 u —So
— (lal
x50< s 1> - (\g2|> '

Proposition 3.4. Suppose sy is a real number greater than rr. The
map L~ T gives a linear injection of Homp, g, (II,©) into the space
HomanLn (H7 XSO ) °

Proof. We only need to check that if I'y, is zero, then so is L. So we suppose
that I'y, is zero. Consider ®(y) the function on M,,, equal to St ,(diag(:,
Ini1))] - |07™ on Gy, and to zero outside Gy,. Then ®(y) is L! for a Haar
measure on M.,,, because Sy, (diag(g, Im+1))|g|® is L' for a Haar measure
on G, and M,,, — Gy, is of measure zero in M,,, and we have the equality

/M @(y)dyz/ Sto(diag(g, Im+1))|g]*dg.

m

More generally, for any = in M,,, we have the equalities of absolutely con-
vergent integrals:

m

/ S ( , ><dlag<g, Lons1))lgl* dg
I v
1

/ 0(Tr(g))So (diag(g, Ims1)) g dg
- / O(Tr(xy)) @ (y)dy = B(x).
M

But I';, being zero implies that the first integral in this series of equality is
zero, hence ®’s Fourier transform on M,, is zero. In particular, ® is zero
almost everywhere on M,,, but as it is continuous on G,,, it must be zero
on G,. This implies that St ,(I,) = L(v) is zero for every v, i.e. that L is
Z€rOo. O

From here, we get the following multiplicity one result that is the key to
proving the local functional equation.
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Proposition 3.5. For almost all s, the space Homg, (W(m,8) @ C°(F™),
.|7%/2) is of dimension at most 1.

Proof. We again let II denote W(m, ). Set x = xs, as in Proposition 3.4.
We first prove that for all values of ¢~%, except possibly a finite number, we
have

dim(Homp,nr, (IL, x|.|*)) < 1.

We can replace P, N L, by P, N H, in the statement we wish to prove, as
both are conjugate in G,, (and actually in P,,). Then according to Section 3.5
of [2], the restriction of II to P, has a filtration by derivatives with each suc-
cessive quotient of the form (®+)"*=10+(7) for k <n —1 and 7 = 7(»=*)
a representation of Gy, the (n — k) derivative of 7. Since the functors &+
and U are exact, we can replace each 7 with its composition series (it is of
finite length) and assume a filtration with successive quotients of the form
()" *k=1g+(7) with 7 irreducible. For every irreducible representation 7
of Gy, for k > 1, from Corollary 2.1 we deduce that

Homp,am, (91" 710 (1), x[|*)) = Homp, (7, xuu5).|°)

and this last space is zero except for a finite number of ¢~ as 7 has a central
character. For all other values of ¢~*%, we deduce that the functional must be
non-zero on the bottom piece of the Bernstein-Zelevinsky filtration which is
(®+)"~1W*(1). Thus for all but finitely many values of ¢~* we have

dim(Homp g, (I1, x|.|*)) < dim(Homp, g, (@) 10T (1), x|.|%)).
Again by Corollary 2.1 we have

Homp,nm, ()" 1w (1), x|.[*) = Homp, (1, xpiy-|°)

which has dimension one. This proves our assertion about dim(Homp,~r, (11,
x[-1%))-

Proposition 3.4 then implies that

dim(Homp, s, (I1,].]°0)) < 1

for all values of ¢7* except a finite number. Now, we have the following series
of isomorphisms:
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Homs, ([T C(F™),|.|7*/?) = Homsg, (1 @ indyy g (©71),].|7%/?)
~ Homs, (IT, Indg" -, (|.|*/**1/?0))

n

~ Homg, rp, (IL |.|~¢1/20)),

the last isomorphism by Frobenius reciprocity. Hence for all but finitely
many values of ¢~* the space Homyg, (IL ® C2°(F™),|.|=%/?) is of dimension
at most one. OJ

This has as a consequence the functional equation of the exterior-square
L-function in the odd case.

Theorem 3.1. Let m be an irreducible admissible representation of Gy,.
There exists an invertible element e(s, m, A2, 0) of Clg*®], such that for every
W in W(m,0), one has the following functional equation:

Jo(.W.9) _ Jo-1(1 = 5, p(r) W, )

N2, 0 =
(s, m A, )L(S,TF,/\2) L(1—s,7,A?)

Proof. As the bilinear forms C ;9 and B defined in Lemmas 3.2 and
3.3 belong to Homg, (W(m,8) @ C°(F™),|.|~%/?), Proposition 3.5 gives the
existence of e(s, 7, A%, 0) defined for all but finitely many values of s, such
that e(s,m, A%, 0)Bs zg(W, ¢) = Cs z9(W, $) for all W and ¢ and almost all
but finitely many s. Since B;  o(W, ¢) and Cs . o(W, ¢) are rational functions
in C(g™*) then this €(s,m, A% 6) extends uniquely to a rational function
e(s,m, A2 0) € C(qg™°) satisfying the equality in the statement.

As the integrals Jp-1(1 — s, W, (}5) span the fractional ideal L(1 — s, 7",
A2)C[g**], one can always find a finite set of Whittaker functions W;, and
Schwartz functions ¢; satisfying

> " Jo-r(1— s, p(T) Wi, ¢i) = L(1 — 5,7, A?) € C[q 7).

Therefore, for this choice of {(W;, ¢;)} we have

Zi J9(57 Wi7 ¢2)
L(s,m, N?)

e(s,m A2, 0) =1,

and the factor e(s,m,A?,0) is nonzero in C(q~%), with e(s,m, A% 0)7! €
(C[qis]. Now, there is also a choice of a finite set of Whittaker functions W,
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and Schwartz functions ¢; satisfying . Jo(s, Wj, ¢;) = L(s, , A?%), hence

Z'JQ_l(]- - S,p(T)ﬁ/J‘,Q/;') s
6(87777/\279) = ! L(]. _ 8,77'\/,/\2)] : € (C[q:t ]7

thus it e(s, T, A2,0) is a unit in C[g™*]. d
3.4. Remarks on the local functional equation in the even case

In Theorem 4.1 of [14], the second author proves the functional equation for
generic irreducible representations of G, with n = 2m even. To generalize
to any irreducible admissible representation, one must argue with the Whit-
taker model W(, 6) as we do above. The proof uses Proposition 4.3 of the
same paper, hence one needs to check that the irreducible representation 7
of the statement of this Proposition can safely be replaced by the Whittaker
model W(m, ). Looking at the proof of this Proposition, we see that we
need to extend Proposition 4.2 of [14], and its immediate Corollary 4.1, to
W(m,0). Proposition 4.2 is itself a consequence of Proposition 4.1, so that
the only point is to extend Proposition 4.1 of [14] from an irreducible generic
representation to a representation of the form II = W(m,0) ~ A; x --- X A,
which is parabolically induced from irreducible generic representations A; of
smaller linear groups. Setting L(s, II) = [, L(s, A;), the statement of Propo-
sition 4.1 (and hence of Propositions 4.2 and 4.3) is still true for IT thanks to
Section 3 of Godement-Jacquet’s first chapter [5]. All the other arguments
in the proof of Theorem 4.1 are valid for any irreducible admissible repre-
sentation, just as in the proof of Theorem 3.1 above. There is however one
point, namely that the e factor is a unit, the proof of which is not correct
in Theorem 4.1 of [14]. One just needs to modify this bit as in the proof of
Theorem 3.1 above.

The conclusion of this discussion is that the local functional equation
of the exterior square L-function is now available for irreducible admissible
representations of G, for any n.

3.5. Comparison with Kewat and Raghunathan

A local functional equation for the exterior square L-function in the case
of odd n = 2m + 1 is given in the paper of Kewat and Raghunathan [11] in
their Theorem 8.1. That local functional equation differs from the one we
have presented here. Kewat and Raghunathan derive it, without detail, from
a global functional equation.
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Let k be a global field and A the adeles of k. In [11], the global functional
equation in the case of odd n is given in their Theorem 3.11. Let 7 be a
cuspidal representation of G(A) with n =2m + 1 and let ¢ belong to the
space V; of w. The global integral for the exterior square L-function in the
odd case is given in Formula (3.4) of [11]:

I, X Y\ /g
I(S,tp)=///<p I, g
1 1

(Tr(X))dXdY | det g|*Ldg,

where X and Y are integrated over M,,,(F')\M,,(A) and k™\A™, g is inte-
grated over G, (F)\Gn(A), and 1 is a non-trivial character of k\A. The
functional equation they claim in Theorem 3.11 is

(3) I(s,0) =I(1—s,¢")

for ¢’ a suitable translate of ¢(g) = ¢(*g). The right translate is not speci-
fied, but from page 220 of [9] it seems it would be translation by d(wy,,) =

Wm
Wm,
1

Let d(h) = diag(h, h,1) for h in GL,,(A). Then the left hand side of (3)
is a linear form on V; satisfying

I(s, p(d(h))p) = | det h|' (s, )

by a simple change of variables. If we write out the right hand side of (3)
we find this is again a linear functional on V; but now a change of variables
gives

I(1 = s, [p(d(h)¢]') = |det h|*I(1 = 5, ¢).

The only way to reconcile the quasi-invariances of the two sides is if the
functionals are both 0, which they aren’t. So the global functional equation
found in [11] seems not to be correct. This issue will persist to the local
functional equation, the second part of Theorem 8.1 of [11], since it was
derived from the global functional equation. So the local functional equation
of [11] is incorrect as well.

This is not the global functional equation that appears in Jacquet-
Shalika [9]. The global functional equation in the odd case is given on page
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220 of [9] as
1(87901) = I(l - 8790/)

where ¢ is a suitable translate of @o. Here, if ¢ € V; then ¢1 and @9 are
defined on page 219 of [9]

I,
v1(9) —/w g I B(X) dX
X 1
and
I, Y\
©a(9) Z/so g I o(Y) dY
1

where ® € S(A™). Here we have the presence of extra unipotent integrations
on the two sides, much as in the usual Hecke integrals for GL, X GLy,.
The shape of the local functional equation we obtain in our Theorem 3.1 is
derived from this global functional equation.

Kewat and Raghunathan seem to have simply misinterpreted the formula
in Jacquet and Shalika [9]. Fortunately, the result in [11] doesn’t really
depend on the shape of the functional equation, just having local/global
compatibility. So this error should not affect the main result, Theorem 1.1,
of [11].
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