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Reducible surgeries and Heegaard
Floer homology

JENNIFER HOM, TYE LIDMAN AND NICHOLAS ZUFELT

In this paper, we use Heegaard Floer homology to study reducible
surgeries. In particular, suppose K is a non-cable knot in S? with
a positive L-space surgery. If p-surgery on K is reducible, we show
that p = 2g(K) — 1. This implies that any knot with an L-space
surgery has at most one reducible surgery, a fact that we show
additionally for any knot of genus at most two.

1. Introduction

Let K be a knot in S3, and denote by S3 (K) the result of %—Dehn surgery
on K. Recall that a 2-sphere in a 3-manifold is essential if it is not the
boundary of any ball in the manifold. In this paper, we will be concerned
about the case when S (K) is a reducible manifold, that is, a manifold which
contains an essential sqphere. Such a slope £ will be called a reducing slope.
By [3], we may assume that in this situation S3(K) will decompose as a
connected sum and that p # 0. An example of this occurs when the knot
K is a cable. More specifically, if K is the (p,q)-cable of a knot K’, then
S3q ( ) = L(q, p)#S3 (K'), where L(q, p) is the lens space given by 4 -surgery
on the unknot. In fact the Cabling Conjecture asserts that this is the only
example:

Conjecture 1.1 (Cabling Conjecture, Gonzalez-Acuna — Short [5]).
If K is a knot in S® which has a reducible surgery, then K is a cable and
the reducing slope is given by the cabling annulus.

The reducing slope given by the cabling annulus is precisely the example
mentioned above. Here, torus knots are considered cables of the unknot. The
Cabling Conjecture is true for many classes of knots, including torus knots
[14], satellite knots [26], and alternating knots [13]. In particular it suffices
to consider hyperbolic knots.
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Note that for cabled knots, the reducing slope is an integer and one
of the connected summands is a lens space. These conditions are known
to be true for any reducible Dehn surgery (see [6] and [7], respectively).
In particular, neither S%;(K) nor S§(K) is reducible. Thus, assume 1 <
|§| = |p|. Additionally, it is known from [8] that the geometric intersection
number between any two distinct reducing slopes for a knot is 1. Since these
slopes are integral, it follows that any knot in S has at most two reducible
surgeries, which would necessarily be consecutive integers. In addition, it is
shown in [12] that for non-cable knots, any reducing slope p satisfies the
bound |p| < 2g — 1, where g denotes the genus of K. This bound, along
with the other results previously mentioned, severely restricts the possible
reducing slopes of a non-cable knot: it must be an integer p in the range

(1.1) 1<|pl<29—1.

Heegaard Floer homology, defined in [22], has proved very useful in
answering questions involving Dehn surgery. Recall that to each closed, ori-
ented 3-manifold Y, Ozsvdth and Szabé associate to Y a finitely generated
abelian group HF(Y), which splits over Spin® structures:

HF(Y)= @ HF(Y,s).
s€Spin©(Y)

Throughout this paper all Heegaard Floer chain complexes will be computed
with F = Z /27 coefficients, and we therefore omit them from the notation.
We will also work with the related invariant HF*(Y), a module over the
ring F[U], where U is a formal variable.

Heegaard Floer homology has been especially fruitful when studying
surgeries which yield lens spaces. This is facilitated by the simplicity of their
Heegaard Floer groups. In particular, a lens space Y satisfies dim HF'(Y') =
|H?(Y; Z)|. More generally, any rational homology sphere satisfies the in-
equality dim HF(Y,s) > 1 for each s; an L-space is a rational homology
sphere where equality is satisfied for all s. A knot in S with a positive L-
space surgery is called an L-space knot. Obviously, a knot with an L-space
surgery is either an L-space knot or its mirror is. Admitting such a surgery
imposes strong restrictions on the knot, such as being fibered [4, 15].

There is a sort of complementary result to (1.1) given in [11] for L-space
surgeries: if K has a positive L-space surgery, then its slope satisfies g =
2g — 1. Hence if a reducible L-space is obtained by surgery on a hyperbolic
knot in S3, the slope must be +(2g — 1). It is shown in [9] that reducible
L-spaces that bound a so-called sharp 4-manifold cannot arise from Dehn
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surgery on a knot in S3. It also follows from [9], combined with [2], that a
hyperbolic knot in S cannot admit both a lens space surgery and a reducible
surgery.

The goal of this paper is to show that Heegaard Floer homology is a
potentially useful tool to study the Cabling Conjecture. One of the key
observations is that Heegaard Floer homology satisfies a Kiinneth formula
[21, Theorem 1.5], in the sense that if Y = Y1#Y5, then

(1.2) HE(Y,s1#52) =~ HF(Y1,51) @ HF (Y, 59),

since we are working with F-coefficients. This property and its analogue for
HF*, combined with the fact that lens spaces are L-spaces, gives a pattern
to the Heegaard Floer homology groups of a manifold with a lens space
summand (see Lemma 2.6). We will then compare this to the structure of
the Heegaard Floer homology of a manifold obtained by surgery on a knot
using the mapping cone formula of [23].

As a warm-up with the techniques, we will give a new proof of a result
originally due to Boyer and Zhang.

Theorem 1.2 (Boyer-Zhang [1]). Genus I knots satisfy the Cabling Con-
jecture.

Note that Theorem 1.2 additionally follows from (1.1). While our proof
does not rely on the upper bound in (1.1), it will play an important role
in the proof of our main theorem, which determines the possible reducing
slope of L-space knots.

Theorem 1.3. Let K be a hyperbolic L-space knot. If p is a reducing slope,
then p = 2g — 1.

We also have the following corollaries of Theorem 1.3.

Corollary 1.4. If K is an L-space knot, then K cannot admit two reducible
sSurgeries.

Corollary 1.5. Let K be a hyperbolic knot in S with an L-space surgery.
Then the exterior of K contains no properly embedded punctured projective
planes.

Proof. Suppose P is a properly embedded punctured projective plane in the
exterior of K. Then there exists a slope p given by ¢P in which the resulting
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surgered manifold M contains a projective plane P. Let N denote the closure
of a tubular neighborhood of Pin M , so that N is a once-punctured RP3.
By the RP3 theorem [11], M % RP3, and hence M\int(NN) is not a ball.
Thus M is reducible, so by Theorem 1.3 the surgery slope is an odd integer.
However, M =~ RP3#M’ for some M’, and hence |H;(M)| = p is even, a
contradiction. O

In light of Corollary 1.4, one might ask what can be said without the
hypothesis of having an L-space surgery. We have the following theorem.

Theorem 1.6. If K is a knot in S® of genus at most two, then K does not
admit two reducible surgeries.
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2. Heegaard Floer homology preliminaries

We will assume the reader is familiar with all flavors of Heegaard Floer
homology for a 3-manifold YV (defined in [22]), as well as the Z @ Z-filtered
knot Floer chain complexes CFK*(Y, K) for a 3-manifold, null-homologous
knot pair (Y, K) (defined in [20] and [25]).

Let K be a nontrivial knot in S3, in which case we write CFK®(K)
to denote CFK®(S3, K). We are interested in computing ﬁ(Sf;(K)) and
HFWS;’(K)) for p an integer. In order to do this, we use the mapping cone
formula given in [23]. We now briefly sketch the construction to establish
notation.

2.1. Review of the mapping cone formula

For a subset X of Z@Z, let CX be the subgroup of CFK*(K) generated
by those elements with filtration level (,7) € X. The set CX will have an
induced chain complex structure if it may be obtained by passing from
CFK®(K) to successive subcomplexes or quotient complexes.
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For s € Z define complexes

A, = C{max{i,j — s} = 0},
B, = C{i =0}

and

A+ = C{max{i,j — s} = 0},
= C{i >0}

Throughout this section, we will use ° to denote either =~ or *. Note that
B° =~ CF°(S®). Fix a nonzero integer p, and consider performing p-surgery
on K. There are two canonical chain maps v : A7 — By and b : A7 — Bg, ),
where v, (respectively v]) is given by projection to C'{i = 0} (respectively
projection to C{i > 0}), and b (respectively hI) is a composition of three
chain maps: the first is projection to C{j = s} (respectively C{j = s}), the
second is a chain homotopy equivalence which shifts vertically to C{j = 0}
(respectively C{j = 0}), and the final is a chain homotopy equivalence to
C{i = 0} (respectively C{i = 0}) induced by Heegaard moves.
For s € Z, define chain maps

D;,S : @ At G_) Btov

t=s(mod p) t=s(mod p)

where for z € A,
Dps(x) = v (x) + by (2).

It is clear that D, , =D, for s=s" (mod p). Define X, = Cone(D,,),
where Cone denotes the (homologlcal) mapping cone. Deﬁne

P X

0<s<p

For integral surgeries, there is a canonical identification of SpinC(SS (K))
with Z/pZ, described explicitly in [23, Subsection 2.4]. We will assume
throughout the remainder of this paper that this identification has been
fixed for any such surgered manifold. For s € Z, we will use [s] to denote the
Spin® structure corresponding to the mod p residue class of s. The identi-
fication is Z/pZ-equivariant in the sense that [s + 1] = [s] + PD[u], where
w represents the meridian of K. Under this identification, the complexes A3
are quasi-isomorphic to CF°(S2,(K), [s]) for m sufficiently larger than s [20,
Theorem 4.4]. More generally, we have the following.
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Theorem 2.1 (Ozsvath-Szabé [23]). Let X, be as defined above. Then
there is an isomorphism

H(X5,) = HF(S3(K), [s]).
2.2. Properties of the mapping cone formula

There is a standard diagram associated to X7, to which we will refer as the
mapping cone diagram. An example of this is given in Figure 1. We will not
distinguish between the diagram and the corresponding chain complex.

A, A, A Ag AS A2 A3

v g hi4 'Uig_.’ bi3 .:Uo_l.‘_'bo_z .it)gv: ho

B, B, B, BS

Figure 1. The mapping cone diagram for p = 3. Each color in the diagram
corresponds to A ; for some s.

To simplify our study of A, we pass to a smaller, quasi-isomorphic
chain complex. Let g denote the genus of K. Recall that

g=max{teZ| HFK(K,t) # 0},

where HFK (K,t) denotes the summand of HFK in Alexander grading ¢
[19, Theorem 1.2]. As in the proof of [24, Proposition 9.6], this implies that
the map

vg : Ay — B;
induces an isomorphism on homology for all s > g. Indeed, the kernel of
v, (respectively b)) is the subcomplex C{i < 0,5 = s} (respectively C{i <
0,7 = s}), which is acyclic when s > g. Furthermore, the image of v in B
has acyclic quotient. Similarly, the map
h 'AO - Berp

induces an isomorphism on homology for all s < —g.

We define a new auxiliary complex as follows. Define A7 = H, (A7) and
B; = H.(B3), as well as vy = (v9)x and hj = (7). Then the truncated

s
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mapping cone complex is

) o o
Xy = ( > As> ® < @ Bs> :
1—g<s<max{g—1,1—g+p} 1—g+p<s<g—1

with differential the mapping cone coming from the induced maps, i.e. for
x in A7, define

Dy s(x) = vi(x) + hy (z),

and the differential on X7 is such that X = Cone(D,, ;). Define X  to be
the subcomplex of the truncated mapping cone complex consisting of those
A? and By with ¢t = s (mod p), and all corresponding maps.

The above facts imply the following proposition.

Proposition 2.2. The complex X5, and hence the complex CF°(S3(K),
[s]), is quasi-isomorphic to the compler X ;.

Note that By =~ F and B} =~ F[U,U']/UF[U] for all s. Throughout,
we use the notation 7+ for F[U,U~!]/UF[U]. To increase clarity in some
arguments, we will refer directly to the diagram of the truncated mapping
cone complex. Two examples of the truncated mapping cone diagram can
be found in Figure 2.

Consider the submodule of A} consisting of the image of U™ for arbi-
trarily large N. This submodule is independent of N and isomorphic to
T+. Denote the restrictions of v and h} to this submodule by o7 and &, ,
respectively. Define

Vs = rank(ker o),

H, = rank(ker h:)

It turns out that for all s, both V; and H, are finite. Under the identifications
of UN - AT and B} with 7+, we have that o} is given by multiplication by
UV, A similar result holds for E:.

Lemma 2.3. For all s € Z, the modules AS = Hy(A2) and A° , = H,(A°,)
are isomorphic and under this isomorphism, the maps vy and h°, agree.
Hence Vs = H_;.

Proof. By [20, Proposition 3.9], we have that the complex obtained from
CFK®*(K) by reversing the roles of i and j is filtered chain homotopy equiv-
alent to the original complex. Thus, the subquotient complexes A7 and A°
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are chain homotopy equivalent, and the following diagram commutes

A s B
(o] bo_s O
Ao, = B 0

Lemma 2.4 ([16, Lemma 2.4]). The Vs form a non-increasing sequence,
1.e.,

Ve=Vsy1 forall seZ.

Similarly, the Hg form a non-decreasing sequence, i.e.,
H, < Hysy 1 forall s e Z.
Lemma 2.5. For all s € Z, the integers Vi and V_s are related by
Vos=Vs+s.

Proof. For N > 2g — 1, the d-invariants of S%(K) are determined by the Vj
for |s| < 1(IV — 1) [20, Theorem 4.4] (cf. [10, Theorem 5.3]). More precisely,
consider the quotient map

C{max{i,j — s} = 0} - C{max{i,j — s} > 0}/C{i < 0,5 = s} = C{i = 0},

and note that the induced map on homology can be identified with v} :
A} — BF. As discussed above, for k » 0, under the identifications of U* -
A} and Bf with 7+, 77 is multiplication by U">. Since the lowest grading of
a non-trivial element in H,(C{i > 0}) =~ HF*(S?) is zero and the quotient
map from C{max{i,j — s} > 0} to C{i = 0} preserves grading, the lowest
grading of a non-zero element in U* - A} is —2V,. We have

42 + N2 - N

(2.1) (S} (K), [s]) = —2Vi — s + AN

By [18, Theorem 1.2], the d-invariants are invariant under Spin® conjugation,
ie.,

(2.2) d(S}(K), [s]) = d(S} (K), [s]).
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Then combining (2.1) and (2.2), we have

0 = d(S%(K),[s]) — d(S¥(K), [—s])
45> + N2 - N 45> + N2 - N
= —2‘/; — s+ T — (—QV_S — (—8) + 4]V>
=2V —=V_s+s),
ie, V_g = Vs + s, as desired. O

We conclude this subsection by recalling the definition of v(K), first
given in [24, Definition 9.1]:

v(K) = min{s | vs # 0}.
The knot genus has a description in terms of v(K) [24, Proposition 9.6]:

(2.3) g = max{v(K),{s | dim A,_, > 1}}.

2.3. Some remarks and a proof of Theorem 1.2

In order to utilize Heegaard Floer homology to study reducible surgeries,
we establish an important structure in the Heegaard Floer homology of a
3-manifold with an L-space summand.

Lemma 2.6. LetY be a 3-manifold such that Y = Y] # Ys, where Y1 is an
L-space and |H*(Y2)| = r < co. Then for any s € Spin°(Y) and o € H*(Y),
we have HFT(Y,5 + ra) ~ HF*(Y,s) as relatively-graded F[U]-modules. In
particular, dim HF(Y,s + ra) = dim HF (Y, s).

Proof. 1t is our goal to appeal to the Kiinneth formula for Heegaard Floer
homology to study its behavior under connect sums. However, in order to do
this, it is easier to work with the minus flavor of Heegaard Floer homology,
since the chain complex C'F~ is a finitely-generated complex of free F[U]-
modules. Recall that HF_(-Y,s) ~ HF*(Y,s) by [21, Proposition 2.5],
where HF_(—Y,s) is the cohomology of the complex Homg()(CF~ (Y, 5),
F[U]). Therefore, we will establish the desired isomorphism by showing that
HF~(-Y,s) ~ HF~(-Y,s + ra), since F[U] is a PID.
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Let s = s51#s9 for s; € Spin®(Y;), i = 1,2. We now apply the Kiinneth
formula for HF~ [21, Theorem 1.5] to see that

HF (-Y,s) ~ H,(CF (-Y1,51) ®r[u) CF™ (—Ya,52))

where the isomorphism is as relatively-graded F[U]-modules. Since Y7 is an
L-space, we also have that —Y7 is an L-space (again by [21, Proposition 2.5]),
and thus HF~(—Y1,51) = F[U]. Therefore, by the (algebraic) Kiinneth the-
orem, we have

HF (=Y,s) =~ HF ™~ (=Y3,s3).

In particular, HF~(-Y,s) is independent of s;. Under the identification
H2(Y) = H?(Y1) ® H%(Y2), we have ra = (v, 0) for some v € H?(Y7). There-
fore, we have § + ra = (81 + 7y)#52, which implies

HF (=Y,s5+ra) ~ HF(=Ya,s3).

Therefore, HF*(Y,s + ra) = HF*(Y,s). Since HF is determined by HF*
when working over F, the desired equality for dim H F' holds as well. Il

To complete this section, we give a proof of Theorem 1.2.

Proof of Theorem 1.2. Let K be a genus one knot with reducing slope p. Up
to mirroring, we may assume p > 0. Since 05 is an isomorphism for s > 1
and hg is an isomorphism for s < —1, Proposition 2.2 yields

Tl - | Ao ifs=0 (mod p),

HE(Sp(K), [s]) = { F  ifs#0 (mod p).

Since S;’(K ) is reducible, there is a non-trivial lens space connected sum-
mand. Since lens spaces are L-spaces, Lemma 2.6 implies there must be a
Spin® structure [s] # [0] for which HF(S3(K),[s]) = Ag. This implies that
ﬁo ~ IF, so the knot admits an L-space surgery, and hence is fibered by [4].
Recall that the only genus one fibered knots are the figure eight knot and
the trefoil. One may check that for the figure eight knot, dim ﬁo = 3, which
is a contradiction. On the other hand, the trefoil is a torus knot, and hence
satisfies the Cabling Conjecture by [14]. O

3. L-space knots

In this section we study the mapping cone formula for L-space knots and
prove Theorem 1.3. Let K be a genus ¢ knot in S with an L-space surgery.
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Up to mirroring, we may assume that this surgery coefficient is positive.
However, the purported reducing slope for K may be negative. In light of
Theorem 1.2, assume g > 2.

In the present situation, we obtain additional information about the
truncated mapping cone diagram. First, it follows from [20, Theorem 4.4]
and a surgery exact triangle argument (using [21, Theorem 9.16]) that

(3.1) A;~F and Af =T

for each s € Z. This implies, by (2.3), that v(K) = g. By definition, all the

maps Us in the truncated mapping cone diagram vanish; one can also deduce

that the hg vanish as well. As for the maps v, recall that for s > g the map
vf AN - Bf

is an isomorphism. For s < g, since V; is finite and the map v] is U-
equivariant, we must have that v} is a surjection.

3.1. HF and p | 2g — 1

The goal of this subsection is to prove the following preliminary result using
HF.

Proposition 3.1. Let K be a hyperbolic L-space knot. If p is a reducing
slope, then p | (29 — 1).

With the mapping cone formula one can easily compute the total dimen-
sion of HF(S3(K)) (see [24, Proposition 9.5]). However, in order to prove
Proposition 3.1, we need to keep track of the Spin®-grading. Recall that the
identification Spin®(Sy(K)) = Z/pZ is fixed.

Lemma 3.2. Let K be a knot with a positive L-space surgery, and let p
be any integral slope on K satisfying (1.1). Let k = 2g — 1 (mod p) so that
0<k<|p|l. Ifp>0, for seZ such that g—k < s<g—k+p,

2[%J+1 ifg—k<s<g,
dim HF(S3(K), [s]) =

2{%J—1 ifg<s<g—Fk+p.
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If p<O0, for s€ Z such that g —k < s <g—k+ |p|,

2[%J+3 itg—k<s<y,
dim HF(S3(K),[s]) =
2[%J+1 ifg<s<g—k+|p.
We are interested in Lemma 3.2 since it immediately establishes the
following.

Proposition 3.3. Let K be a knot with a positive L-space surgery, and let
p be any integral slope on K satisfying (1.1). If p does not d@ide 29 — 1, the
mod p residue class of g is the unique class such that dim HF(S3(K), [g —
1]) > dim HF(S3(K), [g])-

Proof of Lemma 3.2. Let to =1 — g + max{0,p}. Then ¢y is the smallest
value of ¢ such that both the domain and codomain of the map v; appear
in the truncated mapping cone diagram. Consider the following partition of

S, So S1

(a) The truncated mapping cone diagram for 4-surgery on a genus 6 L-space knot. In this
example, to = —1 and m = 1.

S So Ss

A, Ao A A, As
—~ / ~ / —~ / ~ /
ho h1 ho hs
s Ol gl W L

(b) The truncated mapping cone diagram for —2-surgery on a genus 4 L-space knot. In
this example, to = —3 and m = 3.

Figure 2. Two examples of truncated mapping cone diagrams. Each color
in these diagrams corresponds to a Spin® structure on Sg(K ).
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the indices that occur in the diagram:

-5}

If Z; is nonempty, then —1 < i < m where
29T1 -1 ifp>0,
2971 :
—‘p if p <.

Fix an integer s. For —1 < ¢ << m, there is at most one t e Z; with t =s
(mod p).

Let D denote the object set of the truncated mapping cone diagram.
Since the maps 7; and ht in the diagram vanish and dim At d1m Bt =1 for
all t, Proposition 2.2 implies that computing the dimension of HF (S, 3(K),[s])
reduces to counting the number of objects At and Bt in D with t=s
(mod p). To facilitate this, we partition D into sets S; = {At, B, eD|te L}.
See Figure 2 for two explicit examples. For all 0 <¢<m —1, the con-
tribution of §; to dim HF(S3( ), [s]) is two. The contribution of S_; to

dim HF (53( ), [s]) is one. Finally, the contribution of S,, is two if there
exists t = s (mod p) such that g — k < ¢t < g and zero otherwise. The result
now follows from summing the contributions. O

Proof of Proposition 8.1. Let K be a hyperbolic knot with a positive L-
space surgery such that Sg(K) ~ L(m,n) # R for L(m,n), R # S3. Then
p satisfies (1.1). Let |[H?(R)| = r. Clearly r < p. Suppose p does not divide
2g — 1. By Proposition 3.3, the mod p residue class of g is the unique class
such that

dim HF(S3(K),[g — 1]) > dim HF(S3(K), [g])-
By Lemma 2.6, we must also have
dim HF(S3(K),[g +r — 1]) > dim HF(S3(K), [g + r]).
Uniqueness implies that r is a multiple of p. This is a contradiction. O

3.2. HF"' and the proof of Theorem 1.3

In the following lemmas, we give a description of H F;gd(Sg (K)) in terms
of the maps v;” and h;". As discussed, since K is an L-space knot, each
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object in the truncated mapping cone diagram (either A;% or B;") is isomor-
phic to 7. Recall that under these identifications we have that v, (x) =
UVix and hf (z) = UHtz. In this setting, ker(v; + h;") is ker(v;") for non-
negative t or ker(h;r ) for non-positive ¢, and in particular is isomorphic to
F[U]/UmindVeHe} | Define

K" =ker(v; + h{).

Finally, we recall that for a rational homology sphere Y, HF*(Y,s) =
F[U,U~!] for all 5. In particular, this implies that U* - HF*(Y,s) is iso-
morphic to 7+ for k sufficiently large, and that under this identification,
HF?,(Y,s) ~ HF"(Y,s)/T*. Note that Lemma 3.4 below is essentially a
special case of [17, Proposition 3.6]; we include it to obtain explicit contact
with the relative gradings on HF

red’

Lemma 3.4. Let K be an L-space knot. If p> 0, p| (29 —1), and p #

2g — 1, then for |s| < &, we have

HF;gd(S;’(K),[s]) = ker b} @ kerv, ® P K,
E<ltl<g—1-p
t=s (mod p)

where k=5 (mod p) with 1 —g<k<1l—g+p and { =s (mod p) with
g—1l—p<f<g—1.

Remark 3.5. A similar result holds for any p > 0 such that p < 2¢g — 1, but
for notational convenience, we restrict to the case p | 2g — 1. In particular,
when p is close to 2g —1 (i.e., 2p > 2g — 1), for certain values of s, the
complex X", may consist solely of A7.

Proof. Fix [s| < &. We consider the truncated mapping cone X;f ¢ for the
Spin® structure [s]. Recall that X' consists of A fort = s (mod p) and 1 —
g<t<g-1,and B} fort =s (mod p) and 1 — g+ p <t < g — 1 together
with the maps between them.

Consider the submodule of Hy (X, ,) consisting of the image of arbitrarily
large powers of U. We claim that any element in this submodule has non-
zero projection to Af. Indeed, identify A" with F[U, U~1]){w;)/UF[U]{we).
Fix N » 0, and consider the chain
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ne = Z U*Ht+stmt7Nwt + U*Nws
1—g<t<—2%2
t=s (mod p)
+ Z UHS—W+nt—Nwt 7
P<t<g-1
t=s (mod p)

where

my = Z ) and ng = Z 7.
t<i<-—1L i<t
i=s (mod p) i=s (mod p)

Note that for 1 —g <t < —%, the sum — H; + V; — my is non-negative since
Vi — Hy > 0 by Lemmas 2.3, 2.4, and 2.5. Similarly, for £ <t <g—1, we
have that H; — V; + n; is non-negative.

We consider the action of U on 7s. It is straightforward to verify that
U™ -ns is a cycle and non-zero in Hy(X,;) for any 0 <n < N, and that
U"-ns =0 for n > N. (Recall that H; — V; =t for all t € Z by Lemmas 2.3
and 2.5.) In particular, for all 0 < n < N, the projection of the cycle U™ - 1,
to A is U™V . w,. By letting N grow arbitrarily large, it follows that any
element of H, (X;f ;) which is in the image of arbitrarily large powers of U
has non-zero projection to AY. This completes the proof of the claim.

Now consider the subcomplex R, s X;f , consisting of all of the AZ’ ’s,
except for A, and all of the B, ’s. This subcomplex determines a short

exact sequence

0—>Rp7s—>X;5—>A:—>O.

By the preceding paragraph, the induced exact triangle on homology induces
an injection from U* - H, (X, ) to A for arbitrarily large k. As an injective
F[U]-module map from 7t to 7t is an isomorphism, we must have that
the induced map from U* - H,(X,},) to Af is an isomorphism. Therefore,
HEL(Sp(K), [s]) = Hi(Ryp,s).
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We now show that the homology H. (R, ) is as described in the state-
ment of the lemma. We claim the kernel of the differential on R, 5 is

(—B B;r @ ker h; @ ker 7’; &) (—D K;r
1—g+p<t<g—1 l—g+p<it<%
t=s (mod p) t=s (mod p)

o @O K

L<i<g—1-p
t=s (mod p)

Indeed, any element in the kernel of the differential contained in @1,g<t<§Azr
must be a linear combination of elements in kerh; and K;" for 1 — g+
p <t <% since the sequences (V;) and (H;) are non-increasing and non-
decreasing, respectively, by Lemma 2.4. A similar statement holds for any
element in the kernel of the differential contained in (—nggg_lA;r . Each B}
lies in the image of the differential on R, ;. This completes the proof of the
lemma. O

We now consider negative surgeries.

Lemma 3.6. Let K be an L-space knot. If p <0, p| (29 —1), and p #
1—2g, then for s € Z, we have

HEL(SHK),[s) = @ K.
1—g<t<g—1
t=s (mod p)

Proof. As in the preceding proof, we consider the truncated mapping cone
X,r, for the Spin® structure [s]. The diagram X7, consists of A for t =
s (modp) and 1 —g<t<g-—1, and B, for t =5 (mod p) and 1 —g+
p<s<g-—1, together with the maps between them. Each Az’ and B;’ is
isomorphic to 7 since K is an L-space knot.

The kernel of the differential on X is

+ +
® Blel D K
1—g+p<t<g—1 1—g<t<g—1
t=s (mod p) t=s (mod p)
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Indeed, any element in the kernel of the differential contained in @1g<i<g1 At+
must be a linear combination of elements in K,;' for 1 — g <t < g — 1 since
the sequences (V;) and (H;) are non-increasing and non-decreasing, respec-
tively, by Lemma 2.4. Since the image of the differential is contained in

+

© B
1—g+p<t<g—1
t=s (mod p)

we can identify

® K
1—g<t<g—1
t=s (mod p)
with a submodule of HFrJerd(S’S(K), [s])-

Let ty be such that p <ty <0 and tg = s (mod p). If t <ty with t = s
(mod p), then for each element & € B;" there is an element &;_, € B;" p such
that & + &—p is a boundary. Similarly, if ¢ > to with t = s (mod p), then for
each element & € B, there is an element &4, € B;Srp such that § + & is
a boundary. In fact, these boundaries generate, so a change of basis shows
that

HFYSYE). ) =B,®| @ K

1—g<t<g—1
t=s (mod p)
Thus, we conclude that
HEL4(Sy(K), [s]) = K/,
1—g<t<g-—1
t=s (mod p)
as desired. 0

We also compute HF'(S3(K)) in terms of the v;" and h;” when p =
1—2g.

Lemma 3.7. Let K be an L-space knot. If p =1 — 2g, then for |s| < g, we
have isomorphisms

HF*(S,(K), [s])

lle

Bf @ Kf if s <0,
B:_M @K if s = 0.
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Proof. Fix |s| < g. We consider the truncated mapping cone
consists of AY, B}, and B}

X, 5, which
together with the map hf from A} to B

—lp’ Ip
and the map v} from A to B.
The kernel of the differential is
iy ® BT @K
If1—g¢g < s <0, then by Lemmas 2.3 and 2.5, we have that Hy < V;. Thus,

no element in BY is in the image of the differential, and any element in
B:—Ip\ is homologous to a (possibly trivial) element in B . In particular, we
can identify B} with UYN - H. (X, 5) for N » 0. Similarly, if 0 < s < g — 1,
then Hy > Vi, and we can identify B ol with UN-H*(Xp,s) for N » 0.
Furthermore, any element in B is e1ther homologous to something in B:_ | ﬂ

or is in the image of the differential. This completes the proof.

In order to prove Theorem 1.3, we must analyze HF*(S3(K),[s]) as
a relatively-graded F[U]-module. As discussed, for an L-space knot, each
A} is isomorphic to 71 and under this identification, we have K} ~ F[U]/
UmindVe.led For each t with [t| < g — 1, we consider the elements z;, 3, and
Z in A;’ which correspond to U~ max{Ve.He} ry—min{Vi,He} gy q y—min{Vi, Hij+1
respectively under the isomorphism A;” >~ 7. Note that ¢, y; ¢ K, , while
2 is the unique non-zero element of K, with largest relative grading. Since
K is a non-trivial L-space knot, we have min{V;, H;} > 0 for all |t| < g —1
(combine [24, Proof of Lemma 8.1] and [19, Theorem 1.2]). Therefore, z; is
well-defined and nonzero for all |t| < g — 1.

We define an auxiliary object

fﬁ(Sg(K), [s]) = coker (U : HF " (S3(K),[s]) » HF T (S}(K),[s]))
=~ coker (U : HF}((S3(K), [s]) — HEL(S3(K),[s]))-

Since H Fr:d(S?’( ), [s]) is finite-dimensional over F, we have that
HF(S3( ), [s]) is as well. In fact, HF(S?’( ), [s]) is generated by the classes
of those z; with t = s (mod p). The mapping cone X, comes with an abso-
lute grading, which induces an absolute grading on the truncated mapping
cone X, This grading agrees with the absolute gradlng on HE* (S, 3(K),[s])
and the absolute grading in turn induced on HF (S3(K), [s]). We will use
gr to denote the grading on the truncated mapping cone. By Lemmas 3.4
and 3.6, we have that when p > 0,
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(3.2) dim HF,(S3(K), [s])
=#{t|t=s (modp), 5 <[t <g—1, gr(z) = n},

and when p < 0,
(3.3) dim HF,,(S3(K), [s]) = #{t | t = s (mod p), gr(z) = n}.

Therefore, studying HF as a graded vector space corresponds to under-
standing the gradings of the z;.

Lemma 3.8. For each t € Z, we have gr(x;) — gr(y:) = 2|t|.

Proof. Combining the definition of x; and y; with Lemmas 2.3, 2.4, and 2.5,
we see

gr(ze) — gr(ye) = 2(max{Vy, Hi} — min{Vi, Hy})

= 2|V, — Hy
= 2|V, — V4|
_ 9. 0

Lemma 3.9. Suppose that 1 —g<t,t+p<g—1. If p> 0, then

2t itt>0
(3.4) gr(zeip) —gr(z) =< —2(t+p) ift+p<0

0 ift<0<t+p.
If p <0, then

2t ift+p=0
(3.5) gr(zisp) —gr(ze) = 1 2(t+p) ift<o0

22t +p) ift+p<0<t.

Proof. Since gr(y:) — gr(z;) = 2 for all ¢, it suffices to establish the desired
equalities for gr(y:1p) — gr(y:) instead.

We prove the lemma in the case that p > 0, as the argument for p < 0
is similar. First, let t <0<t +p. We have V; > H; and H;y, > Viy), by
Lemma 2.4. By the definition of y; and y;4,, this implies that h; (1) and

vttrp(ywp) both correspond to 1 under the identification B;;p ~ 7%, and
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thus h;f (y) = vttrp(ywp). Since the differential in the truncated mapping
cone lowers the relative grading by one and both y; and y;1, are grading
homogeneous elements, we have that gr(y:) = gr(yi+p)-

Now, suppose ¢ > 0. In this case, we have H; > V; and H;yp, > Viy)p. By
an argument similar to the previous case, we have ;' (x;) = v/, ,(y1p). This
implies gr(z¢) = gr(ys+p). The result now follows from Lemma 3.8.

Finally, let ¢ <t +p < 0. Now, V; > H; and Vi4, > H;,,. We see in this
case that b (y:) = v/, ,(zt1p). Therefore, gr(y;) = gr(z¢4p). The result again
follows from Lemma 3.8. ]

Now suppose that S3(K) = L(m,q)#R, where |H' (R)|=r. By Lemma 2.6,

we know that HF(S3( ),[s]) and HF(S3(K),[s + r]) are isomorphic as
relatively-graded F-vector spaces. Therefore, we would like to compare this
fact to the gradings computed in Lemma 3.9. Define

grpst = min{n | HF,(S3(K), [s]) # 0}

and
gr&p = max{n | ﬁn(S;’(K), [s]) # 0}.

Therefore, for all n, s € Z, we have

(3.6) dim HFng_;it +n(Sg(K)7 [8]) = dim HFgr‘[’:ir] +n(S]§(K)7 [S +7])
and

(37)  dimHF e n(S3(K),[s]) = dim HEF gon o (SEK), [s +7]).

With this, we are ready for the penultimate step towards the proof of The-
orem 1.3.

Proposition 3.10. Let K be a hyperbolic L-space knot. If S;’(K) s a
reducible manifold, then p = +(2g — 1).

Proof. We suppose that K is a hyperbolic L-space knot with the property
that S3(K) = L(m,n)#R, where |H*(R)| = r. We argue by contradiction,
supposing that |p| < 2¢g — 1. By Proposition 3.1, we have p | 2g — 1. Com-
bined with (1.1), this implies 1 < |p| < 29 L and m > 3. In particular, 2g — 1
is not prime, so g = 5. These condltlons guarantee that there are exactly
2?1) L > 3 objects of the form A} in the truncated mapping cone for each
Spin€ structure.
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We first consider the case that p>0. By Lemma 3.9, we have that
gr(z—p) =gr(zo) =gr(zp) (since % >3, these elements all exist in the trun-
cated mapping cone). Furthermore, for any other s=0 (mod p), Lemma 3.9
guarantees gr(zs) > gr(zp). By definition, we have that gr][°6’]t =gr(zp). Because

zo does not contribute to H Fr:d by Lemma 3.4, we apply (3.2) to conclude
dim HFng&:(Sg(K), [0]) = 2.
We now do the analogous computation for the Spin® structure [—r]. Because

—r <0 <p—r, Lemma 3.9 implies that gr(z_,) = gr(z,—,) and gr(z) >
gr(z_,) for all other t = —r (mod p). Therefore, (3.2) implies

dim HF gyor (Sp(K), [-r]) =1,
since z_, does not contribute to HF,. This contradicts (3.6).

We will use a similar argument for the case that p < 0. By Lemma 3.9,
we have that

gr(z0) — gr(zp) = gr(zo) — gr(z—p) = 2|p|.

Again, we remind the reader that the conditions on p guarantee that all three
of these elements appear in the truncated mapping cone. Furthermore, for
any other t = 0 (mod p), we have that gr(zo) — gr(z:) > 2|p|. Thus, grtgf =
gr(z0), since for p < 0, the element zy contributes to HF.", by Lemma 3.6.

By (3.3), we have that

dlm HFgrE[O)]p 72|p‘ (Sg(K), [0]) = 2.
We now will compare this to ﬁ’grﬁo alp| (S;’ (K),[r]). We claim that
dlm HFgrfi]p *2‘P| (SE(K), [7"]) #+ 2.

This will follow by again computing the relative gradings of z; for t =r
(mod p). In particular, Lemma 3.9 implies gr(z,) — gr(zr4p) = —2(2r + p),
while gr(z,) — gr(z,—p) = 2(r — p). Furthermore, for any other ¢t = r (mod p),
Lemma 3.9 implies gr(z,) — gr(z) > 2|p|. In particular, we have that gr(z) =
grE:]p . Therefore, if dim HF gy _2‘p|(SS(K ), [r]) were to equal 2, we would
need —2(2r + p) = 2(r — p) = 2|p|. This would imply r = 0, contradicting
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the fact that r | p. We now conclude that
dim HF geor oy (S (), [0]) # dim HE geor oy, (S (), [1]),

contradicting (3.7). O

Proof of Theorem 1.3. Let K be a hyperbolic L-space knot with reducing
slope p. Suppose for contradiction that p # 2g — 1. In light of Proposi-
tion 3.10, it suffices to assume that the reducing slope is p = 1 — 2g. Suppose
that S? o, (K) = L(m,n)#R, where |[H?(R)| = r. We assume the same nota-
tion as used throughout this section. We fix 0 < s < g — 1. Lemma 3.6 gives
that for each s € Z with 0 < s < g — 1, we have

HF*(S30,(K), [8]) = By, © K = TH@F[U]/UminVotl:),

s+1—2g
Therefore, there is only one z; to consider for each 0 < s < g — 1, namely z;.
Now, for any ¢, let b; denote the element of B, corresponding to 1 under the
identification B;” =~ T+. We have gr(bss+1-24) = d(S5_ 99(K), [8]); call this
grading level ds;. We would like to determine the difference in the gradings
of z; and bsy1-24, by studying the relative gradings in the truncated map-
ping cone. Recall that the components of the differential on the truncated
mapping cone are given by v} + hl, and thus these lower relative grading
by one. Since s > 0, we have H Vs7 which implies h (x5) = bsi1-24, and
thus gr(zs) — gr(bs+1_gg) = 1. On the other hand, by Lemma 3.8,

gr(zs) —gr(zs) = gr(zs) —gr(ys) +2 = 2s + 2.

Therefore, gr(bs41-24) — gr(zs) = 2s + 1, and thus, gr(z;) = d; — 2s — 1. We
have, for 0 < s < g — 1, that as absolutely graded F[U]-modules,

HF+(519’729(K), [s]) = T(di) @® (F[U]/Umin{VS’HS}){dsfzsfl},

where we use the notation (F[U]/Uk){q} to mean that the degree of the
highest-grading non-zero element (namely 1) is ¢. It is now easy to see
that HF*(S3_ 94(K), [0]) and HF*(S}_ 99(K), [r]) are not isomorphic as
relatively-graded F[U]-modules, contradicting Lemma 2.6. O

4. Knots with two reducible surgeries

Proof of Theorem 1.6. Suppose that K is a knot of genus at most two with
two reducing slopes. As discussed, we may assume that K is hyperbolic. By
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Theorem 1.2, we may assume g = 2. As we noted in the introduction, the two
reducing slopes are consecutive integers. Hence after possibly mirroring K,
by (1.1) we assume that these slopes are 2 and 3. Since reducible surgeries on
knots in S? produce non-trivial lens space connected summands, we see that
each surgered manifold is the connected sum of a lens space and a homology
sphere. By Lemma 2.6, we see that

(4.1) dim HF(S3(K),[0]) = dim HE(S3(K), [1]),
and
(4.2) dim HF(S3(K),[~1]) = dim HF(S3(K), [0])

We apply the mapping cone formula to both of these surgeries, simulta-
neously. The truncated mapping cone diagram for 2-surgery is:

Here ﬁ(S?’(K) [0]) = Ag and P/I?(S?’( K),[1]) = H(Cone(0)), where 6 =
h_1 + v1. The truncated mapping cone diagram for 3-surgery consists only of
the complexes A_, Ay, and A, where HF(S3( ). [i]) = Ay, fori = —1,0,1.
Then we see from Proposition 2.2 and (4.1) that

dimA\_l + dimle\l +1—2rank6 = dimA\O,
while from Proposition 2.2 and (4.2) we find that

dim A\,l = dim 121\0 = dim A\l.

Hence we determine that

dimﬁo + 1= 2ranké.

Since rank @ is either 0 or 1, we find that dim 121\0 = 1. Thus S3(K) is an
L-space. By Theorem 1.3, S3(K) is irreducible, a contradiction. O
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