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Affine cellularity of S,(2,2)

Guryu YANG

In this paper we prove that the affine Schur algebra S,(2,2) is
affine cellular over Q. As an application, we prove that the global
dimension of S,(2,2) is finite over Q.

1. Introduction

Affine Schur algebras have several equivalent definitions given by [8, 11, 18,
20, 21] respectively. There are clear correspondences between these defini-
tions on basis elements. Affine Schur algebras play a central role in linking
the representations of affine quantum groups and affine Hecke algebras.

Affine cellular algebras are introduced by Koenig and Xi in [17]. They
extend the framework of cellular algebras due to Graham and Lehrer in [9]
to affine cellular algebras which are not necessarily finite dimensional over
a field. Many examples such as affine Temperley-Lieb algebras and affine
Hecke algebras of type A when the parameter ¢ is not a root of Poincaré
polynomial are proved to be affine cellular in [17]. Recently A. S. Kleshchev,
J. W. Loubert, V. Miemietz and J. Guilhot prove that KLR algebras of type
A and affine Hecke algebras of rank two are affine cellular in [15] and [12]
respectively.

The aim of this paper is to prove that the affine Schur algebra S, (2, 2)
in case ¢ =1 is an affine cellular algebra over Q. We use the equivalent
definitions of S,(n,r) given by [8, 18, 21] respectively. By using the mul-
tiplication formulas given in [3, 18, 22], we investigate the ideal generated
by the idempotent corresponding to a particular diagonal matrix and con-
struct a chain of idempotent ideals in S, (2, 2). Then we prove that this chain
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affords an affine cellular structure for S,(2,2). As an application, we prove
that S, (2,2) over Q is of finite global dimension.

The paper is organized as follows. We recall equivalent definitions of
affine Schur algebras and some multiplication formulas in Section 2. In Sec-
tion 3 we recall affine cellular algebras defined by Koenig and Xi. In Section
4 we prove that S, (2,2) has an affine cellular structure and is of finite global
dimension.

2. Affine Schur algebras

In this section we recall equivalent definitions of affine Schur algebras given
by [8, 18, 21]. We give correspondences of the basis elements between these
definitions. At the end of this section, we recall some multiplication formulas
given by [3, 7, 18, 21] respectively.

First we recall a geometric definition of affine quantum Schur algebras
introduced by Ginzburg—Vasserot [8] and Lusztig [18]. Let F be a field and
let Flz, 2! be the Laurent polynomial ring in indeterminate z. Fix an
Flx, 27 1]-free module V of rank r > 1. A lattice in V' is a free F[z]-submodule
L of V such that V = L ®gy Flz, 27'].

Let §» = Fan be the set of all cyclic flags L = (L;);ez of lattices, where
each L; is a lattice in V such that L;_1 C L; and L;,_,, = xL; for all i € Z.
The group G of automorphisms of the F[z, 2~ !]-module V acts on §, by
g-L=1(9(L;))iez for g € G and L € §,. Thus, the map

¢:8n = Aa(n,r), L—dimL = (dimg L;/L;i—1)iez

induces a bijection between the set of G-orbits in §, and A,(n,r), where

Ap(n,r) = {(Ai)iez

X\ €N, Z)\i:rand)\i:)\inforiGZ}.
=1

Let

An,r) =< (A1, s A ) [N €N, Z Ni=T

1<i<n

We usually identify A(n,r) with A,(n,r) via the following bijection:
b:Ax(n,m) — A(n,7r), XN— (A1,..., ).

The group G also acts diagonally on §F, x §, by g(L, L") = (gL, gL"),
where g € G and L, L' € §,. By [18, 1.5], there is a bijection between the
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set of G-orbits in §, X F, and the set O, (n,r) by sending (L,L’) to A=
(ai ;)i jez, where
L;N L;

2.1 i o= di
(2.1) Qj,j np L. ﬂL;- L ﬂL;-il

fori,j € Z,

(22) Ou(n,r) =S A= (aij)ijez € Man(N)| Y aij= > ai;=r
sar B

and My »(N) is the set of all Z x Z matrices A = (ai ;)i jez With a;; € N
such that

(8) @i,j = Qin,j4n for i,j € Z;
(b) for every i € Z, the set {j € Z | a; j # 0} is finite.

Let O4 denote the orbit in F, x F corresponding to A. If (L, L) € Oy,
then row(A) = dim L and col(A) = dim L/, where

row(A) = Zai’j , col(A) = (Z a@j) .
JEZ ez = JEZ

Assume now that F =T, is a finite field of ¢ elements and write §a(q)
for §». For any fixed (L, L") € Oyn, let

CA,A/,A”;q = ‘{L/ € gA((]) ‘ (LvL/) € OA7 (LlaLH) € OA'}

Clearly, ca ar A is independent of the choice of (L, L"), and a necessary
condition for c4 as A, # 0 is that

(2.3)  col(A) =row(A"), row(A) =row(A”) and col(A4’) = col(A").

Let o7 = Z[q] be the polynomial ring with indeterminate q. By [18, 1.8],
there is a polynomial ps 4 4~ € Z[q] in g such that for each finite field F
with ¢ elements, ca 4 a7.q = paa, a7(q).

Definition 2.1 ([18, 1.9]). The affine quantum Schur algebra S, (n,r)
is the free Z[g]-module with basis {e4 | A € ©,(n,r)}, and multiplication
defined by

ehen = ZA”e@A(n,r) pA,A, A€, if col(A) = row(A’),
0, otherwise.
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As in the finite case, for each A € A, (n, ), define diag(X) = (0;;\i)i jez €
Oa(n,7), and ex = eqiag(n)- It is easy to see that for each A € ©,(n,r),

eq, if A =row(A);

0, otherwise

eq, if A =col(4);

0, otherwise.

(24) €A = { and epe) = {

Thus, ZAGAA(n,r) ey is the unity of S, (n,r). By specializing g to 1 in Defi-
nition 2.1, we get the affine Schur algebra S, (n,r), over Z.

Now we introduce an algebraic definition of affine Schur algebras given
by [21]. Let & = &, denote the symmetric group on r letters and let G, =
G x Z" denote the extended affine Weyl group of type A,_1. For a set S,
we denote by I(S,7) the set {i = (i1,...,4r) | iz € S,t =1,2,...,7}. We will
denote the set I(S,r) by I(n,r)if S ={1,2,...,n}. Now & acts on I(n,r) by
place permutation. &, acts on I(Z,r) on the right with & acting by place
permutation and Z" acting by shifting, i.e. i(o,e) =i + ne for i € I(Z,r),
o € G and ¢ € Z". Note that this action depends on the number n and &,
acts diagonally on I(Z,r) x I(Z,r). For each pair (i,j) € I(Z,r) x I(Z,r),
we associate an element &; ; such that & ; = & if and only if (4, j) ~e, (k,1),
i.e (4,7) and (k,l) are in the same & ,-orbit. -

Definition 2.2 ([21, Sec. 4]). The affine Schur algebra S, (n, 7) is defined

to be the Z-algebra with basis {;; | 4, j € I(Z,r)} and multiplication given
by the following rule: -

Remark 2.3. There is a Z-algebra isomorphism between S, (n,7); and
Sa(n,r). The correspondence ¢ between the basis elements is given by

¢(&ij) = ea,
where A = (ar,y)m,yeZ € GA(n,T), L,l S I(Z,’F) and
azy={slis=z, js=y, 1 <s<r}|.

The Z-algebra isomorphism above can be extended to a Q-algebra iso-
morphism. In this paper, we are mainly concentrated on the affine Schur
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algebra S,(2,2) over Q. For simplicity, we usually identify the basis ele-
ments occurring in the above equivalent definitions. In the following, we
always consider S, (n,r) and S,(2,2) as algebras over Q.

Remark 2.4. By Section 5.2 in [3], Sa(n,r) is a graded algebra over Q,

ie.
7’) = @ SA(n7T)m
meZ
Let ©f(n,r) ={A=(a;;) € Os(n,r) | aij=0fori>j} and O, (n,r) =
{A=(a;;) € Ox(n,r) | a;j =0 for i < j}. Then the degree gr(ey) for A €
O©7F (n,r) is defined by

gr(ea) = Y ai;(G—1),

i<j,1<i<n

and the degree gr(ea) for A € O, (n,r) is defined by

grlea) = > —ai;(i—j).

i>7,1<i<n

Now we recall some useful multiplication formulas which are given by
[3, 7, 18, 21] respectively. N
For i,j € Z, let Ef; € M, »(N) be the matrix (ezfl)klez defined by

7:7‘7‘ —
Cr1 =

1, ifk=4i+sn, | =7+ sn for some s € Z,
0, otherwise.

Proposition 2.5 ([7, 3.1], [18, 3.5]). Let 1 <h<n,A € O,(n,r) and
A =row(A). Let By, = diag(A)+mEp ), —mEy ;. and Cp, = diag(A)—
mER, +mEp . Then in Sy(n,r)

Qh + ty
(1) €B,, " €A = Z H < > CA+Y  cntu(BE  —ER1L)

teA (oo, m) weZ
Yu€EL ty<ap iy

ap u+tu
(2) ec, ea= > H( i )eA Sueztu(ER ,~Ef )

teA(oo,m) yEZ
Yu€Z, tu<ap 4

where A(oo,m) = {A= (Ni)iez | \i €N, Y ;A =m}.

Symmetrically, we can get the following multiplication formulas.
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Proposition 2.6. Let 1 <h <n,A € O,(n,r) and A = col(A). Let By, =
diag(A) +mEy, ., —mEp, and Cp, = diag(A\) —mEy, |, +mER, . Then
in Sy(n,r)

Ay b1+ Ty
(1> €A-€B, = Z H < ! > eAJFZueZ W(BL 1 —ER )

teA (oo, m) WEZ
Vu€Z,tu<ay, p

Ay p + ty
(2) ea-ec,= Y, H( " )eAzueztuEs,WE,s.hw

teA (oo, m) UEZ
u€LtySay p41

where A(oo,m) = {A= (N)iez | Ni €N, 3 ;A =m}.

Proposition 2.7 ([3, Prop. 6.2.3]). Let1 < h<n,A € O,(n,r) and A =
row(A). Let D, = diag(A) — Epy, + Ep 4 - Then in Sy(n,r)

€p,, €A = Z (@hutmn + 1)€A+(E,§=u+"m—E,§,u)a

uEL
ap 21

where m € Z \ {0}.

Proposition 2.8 ([21, 4.2]). Leti,j,k,l € I(Z,r). We have the following
equations in Sp(n,r).

(1) & jéki =0 unless j ~g, k.

tents.

Proposition 2.9 ([22, Sec. 2]).

(1) &&= > {GM,Z& : GA,i,j,za] &ils

6EGA,1,L\GA1/GA.L1

= > Spisy GA,ié,j,l] Eis.l»

0€64,:\6n.,;/Gn41

where i, 1 are in 1(Z,r), &, ; is the stabilizer subgroup of i in &, and
S5, 18 the stabilizer of i and j in &,, i.e. GA” =G6,,;N C‘SAJ, etc, GAJ 0\
GA,]/GAM denotes a representative set of double cosets.
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(2)  &ijtneljiine = > [6i,l5,5’6+6 : Gi,j,lé,s’é,s] &isn(ers+e)
56, 1 NG, /S

= ) [Gia,l,5'+aé : 6@'6471,@756] §id Ln(er+20)
666111,5\61/61&5/

where i, j,1 are in I(n,r), e, el €7, S, is the stabilizer subgroup of i in &
and &, j is the stabilizer of i and j in &, i.e. &;; =6;NG;, etc, &j e\
©;/6i . denotes a representative set of double cosets.

3. Affine cellular algebras

In this section let k be a noetherian domain. A commutative k-algebra B is
called affine if it is a quotient of a polynomial ring k[z1,..., 2] in finitely
many variables. A k-linear anti-automorphism 7 of a k-algebra A with 72 =
id 4 will be called a k-involution on A.

Definition 3.1 ([17, 2.1]). Let A be a unitary k-algebra with a k-linear
involution 7 on A. A two-sided ideal J in A is called an affine cell ideal if
the following conditions are satisfied:

1) 7(J) = J.

(2) There is a free k-module V' of finite rank and an affine algebra B with
a k-involution o such that A =V ®; B is an A-B-bimodule, where
the right B-module structure is induced by that of the regular right
B-module Bg .

(3) There is an A-A-bimodule isomorphism o : J — A ®@p A/, where A’ =
B ® V is a B-A-bimodule with the left B-structure induced by pB
and the right A-module structure is given as (b ® v)a = p(7(a)(v ® b)),
where p is the switch map:

p:V®k3—>B®kV,
vVRb+—— b®v, where v € V and b € B;



1262 Guiyu Yang
(4) The map « in (3) makes the the following diagram commutative:

J 2> A Xp A/
l"' lvl®b1®Bb2®v2_>v2®a(b2)®BU(bl)®'U1

J—"=A®pA

The algebra A is called affine cellular if and only if there is a k-module
decomposition A = Jj & Jy @ ---J;, with 7(J}) = J; for each j, and J; =
®1<i<iJ] gives a chain of two-sided ideals of A:

OZJ()CJlCJzC"'CJn:A,

and for each 1 <1i <n, J/ = J;/J;_1 is an affine cell ideal of A/J;_1. We call
this chain of ideals of A an affine cell chain.

Remark 3.2. Note that by the definition of affine cellular algebras, an
affine k-algebra is always affine cellular with respect to the identity map
as a k-involution. In particular, the affine Schur algebra S, (1,7) over Q is
isomorphic to Q[z1,z2, ..., Tr_1, 2, 2, }]. So S,(1,7) is affine cellular over
Q. In the following section we will prove that S, (2, 2) is affine cellular over Q.

4. Affine cellularity of S,(2,2)

In this section we prove that S, (2,2) is affine cellular and has finite global
dimension over Q. First we recall the definition of affine Hecke algebra H, (r)
over Q[g]. It has a set of generators T;(1 <i<r),T 3:1 with the following
relations:

T? =(q—1)T;+q, forl<i<r;
T,T; = T;T;, for 1 <i,j <r with |i — j| > 1;
T;TiT; =T T;Ti+q, for 1 <i<r, with |i —j|=1and r > 3;
T, T, =T, 'T, =1, T,T;T," = Tjy1, for1<i<r.

(4.1)

In the relations above, we identify 7,1 with T7. By specializing q to 1,
H,(2) over Q has a presentation as follows:

2 2 -1 _ -1 1.
42) {Tl =1, T3=1, T,T,' =T,'T, = 1;

T,T, " =Ty, T,ToT," =1T.
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Let A=(2,0),1=1(0,2),v = (1,1) € A(2,2). Then ey + e, + e, is the
unity in S, (2,2). We can identify H,(2) with e,S,(2,2)e,. The correspon-
dence is given as follows:

(4.3) w: Hpa(2) — e,57(2,2)e,,
o(1) =€, @(T1) =emr,1ms,), ¢(12) =ewEs,+B2,)
@(Tp) = C(Bf,+ES,) ('O(Tpfl) = €(Bf,+ES,):
Lemma 4.1. Let J denote the ideal generated by ey in Sx(2,2), i.e. J =
Sa(2,2)exSs(2,2). Then Sx(2,2) = S,(2,2)/J is isomorphic to Q[x,z71],

where Q[x, 7] is the Laurent polynomial ring in variable x.

Proof. By Proposition 2.5, we get that e, = €2Es, = €282, - €2E) - Since
€2mp,  €X = €2Ep, and ey - e2mp, = €2mp,, We get that e, = €2E2, €N €2R},
e J.

So é, is the unity in S,(2,2), and €,5,(2,2)é, = S5(2,2). Note there is
the following isomorphism

€,5,(2,2)e, = (€,55(2,2)e,)/ (e, Jey).

By identifying H,(2) with e,S54(2,2)e, by (4.3), we prove that J equals
the ideal of S, (2,2) generated by T1 + e, and T5 + e,,.

Let J’ be the ideal of S, (2,2) generated by T; + e, and Ty + e,,. We first
show that J’ C J. By Proposition 2.5, we have

C(BL+ES,) T ON = (B +BL) O O(BR +EE,) T C(BL+EL,):

Then we get

C(Bp,+ES,) " C(EE,+EE,) = C(Bp,+E5,) " €x " €(Bp, +Ep,) € J.
Since
€(Ef,+ES,) " €(BE +EE,) = €(Bp,+Es,) T e =T1+ ey,

this proves 17 + e, € J. By (4.2), Tp_l(Tl +e,)T, =To+ ey, then Tr + ¢, €
J. This proves J' C J.
By Proposition 2.5, we have

emp,+e0,) (T +ev)eme 1 ps,) = dex,

then ey € J’, which proves J C J'.
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Note that e,J’e, equals the ideal of H,(2) generated by 77 + 1 and
Ty + 1. By J = J and identifying H,(2) with e,5,(2,2)e,, we have

(e,54(2,2)e,)/(evdey) = Hy(2)/(eyd'ey) = Q[T,, T, .
This completes the proof of the lemma. ]

Remark 4.2. By Remark 2.3, T} = e(pp, s ,) corresponds to & j, where
i=(1,2) and j = (2,1) are both in I(2,2). Since (4, j) ~s, (4,1), by Propo-
sition 2.9,

2
TV =&y &g =&y - & = i = €

In the following, we will describe J as a bimodule over S, (2,2), and prove it
is projective as both left and right S, (2,2)-module. This affords a solution
to bound the global dimension of S, (2,2).

The following lemma which is given in [22] describes the algebra
eASA(2,2)€)\.

Lemma 4.3 ([22, Prop. 6]). exSa(2,2)ey is isomorphic to the Laurent
polynomial ring Q[z1, 2, x;l]

The isomorphism between exS,(2,2)ey and Q[wl,m,wgl] is given as
follows:

(4.4) ¥ exSa(2,2)en — Qlz, 2,25,
~1

V(eme,+re,) =21, Yleere,)) =22, Yleer:,)) =5 .

Lemma 4.4. Let B = e)Sx(2,2)ey. Then exSx(2,2) is a free left B-module
of rank four, Sx(2,2)ey is a free right B-module of rank four.

Proof. x55(2,2) = Qfea [ row(A)=A} = Q{emz, +52 ) | 4,J € Z}. Identify
B with Q[z1, x, xz_l] and by Proposition 2.7, the actions of z1 on €)5,(2, 2)
is given as follows.

€(Bb, o +EL) T €(ER 4B, ., LF D 1FJE

T €ps 4EL ) = C(B 2t EBL ) =7
HER ) = . )
' " 2€(E1A,1,+2+E1A,j) + e(ElA,i+E1A,j+2)’ t=J]- 2’
€(BL, +E2,) T 2€(E1A)i+EA y =7+ 2

1,5+2
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By Remark 2.3, identify xp with & ,,, where [ = (1,1),m = (3,3) €
1(Z,2), and identify e(rp +Ep ) With &y, where l = (1,1),u = (i,5) € I(Z,2).
By Proposition 2.9 we have

T2 - e(EA +EA ) = e(ElA,i+2+E1A,j+2)’
Ty (B ABS,) = OB, 4EL, )

Now we prove that €)S,(2,2) as a left B-module is generated by the set

I =A{ewmp, +B2,), €(Bs,+EL)y €REL)s €2E2,) )
Let
X = {e(ElA,'iJ’_ElA,j) ’ 1,] € Z}.

We prove that each element in X is contained in the B-linear combinations
of elements in II;. First if ¢ = j, we have

(& A = xé} ' €(2E1A,1)’ i = 2k + 1’
PR T e@rp,), =2k
If © # j, we have
_ b e, i =2k+1;
BB = x(kfl) e ) = 2k
2 ’ (E1A.2+E1A,j—i+2)7 t= :

So we only need to prove that X; = eps 1ps) and Y; = e,y s ) for
[ € Z can be generated by 1I;.

Note that
Xl+2+x2 'XZ—Q) l 7é _17173a
X5+ 209X I =3;
(4.5) xI1 - Xl = ° T4 b
X3a l= 17

2X1 + a2 X 3, l=—-
This gives the equalities
(4.6) Xpyo=a1-X;—a9-X; 9, and X o=y w1 - X; — 25" - Xpio,
for I # —1,3. Since X1, Xy € I3, by (4.5),

Xz=u X1, Xy=uw1-Xo—ems,1m,),
X5 =21 X3 — 229 - Xy, X—3:$2_1$1‘X—1_2x2_1‘X1

are all generated by II;.
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So we can prove each X; for [ € Z is generated by II; by induction on [
for [ € Z using (4.6).
Similarly we have

Yipotz2-Y 0, 1#0,2,4
Y5 + 2x2Y5, [ =4
Yu, =2
2Y5 + 29Y o, [ =0.

(4.7) Iy - Yi =

Since Y7, Y, € 111, we can use a similar induction on [ to prove that Y]
for [ € Z are all generated by 1I;.

Now we prove elements in II; are e)S,(2,2)ey-linearly independent. By
Remark 2.4, S,(2,2) is a Z-graded algebra over Q and the degrees of

e(ElA,1+E1A,2)’ e(E1A,2+E1A,3)’ 6(2ElA,1)’ e(QElA,z)

are 1,3,0, 2 respectively, and the degrees of 331,.732,1'2_1 are 2,4, —4 respec-
tively. Since x1 and 9 both have even degrees, we only need to prove that
(2B ,)s €(2Ef,) Are linearly independent and €(Ep, +EL,) €(Ep,+E:,) are
linearly independent.

Suppose there is an equation

fre@r)+9-eerp,) =0,

where f, g € Q[xl,xg,xgl}. We want to show that f=g¢=0. Since x1 -
e(zEﬁl) =T and ZQ - €(2Eﬁ1) = I, then f . e(zEﬁl) = f and

(4.8) f+9-egrs,) =0

Suppose f =) sasea, where ay € Q and A € ©,(n,r). Then by (2.3) each
term ey in f satisfies col(A) = col(2E{;) = A. Suppose that

g e@E,) =Y baea,
A/

where byr € Q and A’ € ©,(n, 7). Then by (2.3) each term ex in g- eaps )
has the property that col(A’) = col(2E7,) = p. Since the set {es | A €
©a(n,7)} is a basis for S, (2, 2), bases corresponding to matrices of different
columns are linearly independent. This implies that f =0 and g- e B, =
0. Then b = 0 for each A’ occurring in g - e@2Es,)- By Proposition 2.6, we
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get that g = ZA'[l] bare iy, where A'[1] is the matrix such that A’[1]’s ith-
column is the same as that A”’s (i + 1)th-column. This proves that g =0
and e@ps ), €@ps,) are linearly independent.

Now we prove that €(Ep, +EL,) C(Eb,+Ep,) are linearly independent.
Suppose there is an equation

(4.9) f'eemp vpe,) 9 e, mp,) =0,

where f', ¢ € Q[z1, 29,25 '] and at least one of f, ¢’ are not zero. We want to
find a contradiction. Since x5 is invertible, we assume each term containing
x9 in f’ and ¢’ has positive degrees in xs.

Now suppose f'=3 , maprizy and ¢ = > ed neqar§rd, where mgp,
ne,q € Q. By Proposition 2.7 and Proposition 2.9, we get

b

(4.10) 25 e(mp, 1) = D PRCBay it Bhaniasan )
0<k<2a

d

(411) $(1:33‘2 ’ e(ElA,2+E1A,3) = Z hle(ElA,zd+2+l+E1A,2d+3+2c71)’
0<I<2¢

where

(4.12) pr =1, k=0, or 2a; hy=1, [ =0, or2c

' pe>1, 1<k<2a—1; |h>1, 1<1<2c—1.

Suppose f/ # 0. Let mao,box‘f"xgo be any nonzero term appearing in f’
. . . .
with by minimal. If C(BS i1+ E gy 12100y) APPEATS 1L f- €(E, +E2,) with coef-

ficient s, then by (4.12), s > mg, 4, # 0. By (4.9), there is some dy and some
[ with 0 <[ < 2¢ such that

E(pa A = €(pA A .
(E1,2b0+1+E1,2b0+2+2a0) (E1,2d0+2+l+E1,2d0+3+2u—l)

Then we get that C(B a2+ B aag 1as2.) APPEATS ing - €(Bp ,+EL,) with nonzero
coefficient by (4.12). By by is minimal, we cannot find this term in f’-
e(EBs,+Ep,)- This contradicts (4.9).

Similarly, we can find a contradiction under the assumption that ¢’ # 0.
This proves that ega 4 ER,)> €(BE,+Ep,) are linearly independent.

Then II; is a basis of €)S5,(2,2) over €)S,(2,2)ey. In a similar way we
can prove that the set

o = {eme, 154, €(B,4+EL,) €QEL,) €QEL,))

forms a basis of S,(2,2)ey over e)S,(2,2)ey. O
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Proposition 4.5. There is an S, (2,2)-bimodule isomorphism
a:S(2,2)ex @p exSa(2,2) — S5(2,2)exSa(2,2),

and J = Sx(2,2)exSa(2,2) is projective as both a left and a right S,(2,2)-
module.

Proof. Let B = €)Sx(2,2)ey and let {b;};c; be a Q-basis of B. There is a
canonical epimorphism
a: Sp(2,2)ey ®@p exSa(2,2) — Sa(2,2)enSa(2,2),
eab; @ bpec — eabibiec,

where ey € I, ec € I1y,4,1' € 1.
The set

Q={eqab;@ec|es €y, ec €ly, i€ I}
is a basis of S, (2,2)e) ®@p xS (2,2) over Q. Let

Q= {eAbZ-e(; ‘ eA € HQ, ec € Hl, 1€ I}.

We prove « is injective by showing that elements in Q' are Q-linearly
independent.
Recall that

I = {e(m, 188,), €(EL,+EL,) €QEL,)s €QEL,))

and
o = {emp, +58,), €(B2,+E$,)> €2EL,) €@EL) )

Let m; for 1 <1 < 4 denote the elements in II; and let 7[‘2 for1<[<4
denote the elements in II5. Define

E,m - {ﬂ-gbiﬂ.m ‘ i € [}7

then
Y = Ur<im<aQ -

The elements in sz are Q combinations of basis e4 such that
row(A) =row(C), col(A) =col(D) forl <[l ,m <4,

where 7] = ec and m,, = ep. Since {e4 | A € ©4(2,2)} is a basis of S,(2,2),
we can divide € into disjoint union of subsets according to the row and
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column vectors of the matrices corresponding to the basis elements, such
that elements in different subsets are linearly independent. It suffices to
prove elements in the following sets are linearly independent.

’ 3<1l,m<4,

lym>
U %
1<l,;m<2
g,l U Qg’),%
11U,
/1,3 U Q,2,3’
14U,

We only prove elements in €23, U3, are linearly independent. Other
cases can be proved similarly. Suppose

e@pp,) - fremp vmp,) te@m,) 9 emp,Ep,) =0

where f, g are Q-linear combinations of elements in {b;};c;. Then

€@EL,) (f Ce(BE,+EE,) T e(Eﬁz+Eﬁ3)) =0.
by Proposition 2.8,

frews 168+ 9 emp,+E8,) = 0.

Then we can get f = g = 0, since €(Bp, +E2,) (B 5+ ELy) belong to II;.

This proves that J = S,(2,2)ex ®p exSa(2,2) as Sa(2,2)-bimodules.
Now we prove Sx(2,2)ey @p exSa(2,2) is projective as both a left and a
right S, (2,2)-module.

Since €)S54(2,2) and S,5(2,2)ey are free modules over B, S,(2,2)e\ ®p
exSa(2,2) is projective as both a left and a right S, (2,2)-module. Then
J is projective as both a left and a right S,(2,2)-module follows from the
isomorphism constructed above. U

Theorem 4.6. S,(2,2) is affine cellular over Q.

Proof. Let 7 be the anti-involution of S, (2,2) given by 7(e4) = €4/, where
A € 0,(2,2) and A’ denotes the transpose of A. Let J = S,5(2,2)exSa(2,2).
It is obvious that 7(J) = J. We first show that J is an affine cell ideal of
Sa(2,2).
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Let
I = {eme,+B2.)s €(B2,+E2,)r €@BL,)> €@E)
and
I = {e(me,+B3,), €(B2,+55,) C2Bp,)» €@EL,) )

be the same as in Lemma 4.4. It is easy to find that

(4.13) II; = {7(ea) | ea € Is}.

Let V be the free Q-module on the basis II5. Suppose that
A=V ®yB, A'=B®gV,

where B = €)5,(2,2)ey. Then by Lemma 4.4 we have the following isomor-
phism of S, (2, 2)-B-bimodules

w: A — S5,(2,2)en,
vRb— v-b,

where v € V,b € B. And by (4.13) we have the following isomorphism of
B-S5,(2,2)-bimodules

P A — exSa(2,2),
b@v —b-7(v),
where b€ B,v € V.

Then by Proposition 4.5, we have the following S, (2, 2)-bimodule iso-
morphism:

a: A A — J,

(4.14)
U1 ® b1 ® by @ vy —> vy - by - by - T(v2),

where by,by € B and vy,v9 € V.
Now define

f:A@BA,—>A®BA/,
V] ® b ® by ® vy — V2 @ T(b2) ®T(b1) ® vy,

where b1,by € B and vy,v9 € V.
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Then we have the following commutative diagram:

J?A@BA/

Pl

J<——AopA

Let a1 be the inverse of the bimodule isomorphism « given in (4.14).
Since Ta = af, we get that a7 = fa~!, i.e. we have the following com-
mutative diagram:

J-C AgpA

b
J s Aop A
This shows that J is an affine cell ideal of S,(2,2). By Lemma 4.1,

Sa(2,2)/J = Qlx,z71]. Then S,(2,2)/J is an affine cellular algebra over Q
by Remark 3.2. Now we have a chain of ideals

0CJC S22

and a decomposition of S,(2,2) as a Q-vector space( In fact, this is an
decomposition of S, (2,2)-module):

Su(2,2) = JEP Sa(2,2)/.

By Lemma 4.1, 7(55(2,2)/J) = Sa(2,2)/J. This implies that this chain
and decomposition satisfy the conditions given in Definition 3.1. This proves
that S5 (2,2) is an affine cellular algebra over Q. O

Corollary 4.7. The global dimension of Sx(2,2) is finite over Q.

Proof. By Lemma 4.5 in [17], if R is a ring and e = ¢? € R with ReR pro-
jective as a left R-module, then the global dimension of R is finite if and
only if the global dimension of (R/ReR) and the global dimension of (eRe)
are finite.

By Proposition 4.5, J = S, (2,2)exS,(2,2) is projective as a left S, (2, 2)-
module. By Lemma 4.1, S,(2,2)/J = Q[z, 2 !]. By Lemma 4.3, )5S, (2, 2)ex
>~ Q[x1, x2,25 ). Then both the global dimension of S,(2,2)/J and the
global dimension of e€)S,(2,2)e) are finite. This proves that the global
dimension of S,(2,2) is finite over Q. O
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Remark 4.8. In [2, Def. 2.4], affine cellular bases of affine cellular algebras
are introduced. In fact, suppose that

O=JycJichcC---CcJ, =4

is an affine cell chain of the affine cellular algebra A as in Definition 3.1,
such that

Ji/Jic1 2 A @B, Ay

is an A/.J;_1-bimodule isomorphism for each 1 <i<n. Let the set {c.,|s,t €
T (i)} be a B;-basis of J;/J;—1 which satisfies conditions in [2, Def. 2.4](
analogous conditions to that of cellular basis), for 1 < <n. Then {c} |
s,t € T(i), 1 <i<n}is called an affine cellular basis of A.

If in addition that A is a graded algebra, we can give a definition of
graded affine cellular basis(algebra) which is an affine analogue of graded
cellular basis(algebra) given in [13, 2.1]. An affine cellular basis(algebra) is
called a graded affine cellular basis(algebra) if each element in {c., | s,t €
T (i), 1 <i<n} is homogeneous.

By Proposition 4.5, {m; - 7} | 1 <4, j <4} forms a basis of J = 5,(2,2)ey -
Sx(2,2) over €)Sa(2,2)ex. By Lemma 4.1, Sx(2,2)/J = e, (Sr(2,2)/J)e,.
Then we find that {m; - 77, [ 1 <4,j < 4} and the identity element of S, (2, 2)
form an affine cellular basis of S, (2,2). It is easy to check that each basis
element is homogeneous under the grading of S,(2,2) given in Remark 2.4.
Then S, (2,2) is a graded affine cellular algebra in this sense.
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