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Boundedness of non-homogeneous square
functions and L? type testing conditions
with ¢ € (1,2)

HENRI MARTIKAINEN AND MIHALIS MOURGOGLOU

We continue the study of local Th theorems for square functions
defined in the upper half-space (Rf'l, X dt/t). Here u is allowed
to be a non-homogeneous measure in R™. In this paper we prove
a boundedness result assuming local L? type testing conditions in
the difficult range ¢ € (1,2). Our theorem is a non-homogeneous
version of a result of S. Hofmann valid for the Lebesgue measure.
It is also an extension of the recent results of M. Lacey and the first
named author where non-homogeneous local L? testing conditions
have been considered.

1. Introduction

We study the boundedness of the vertical square function

viw = ([Tnser)”.

Here the linear operators 6y, t > 0, have the form

(1) 0uf (@)= [ i) (w) duty).

The appearing measure g is a Borel measure in R”™ which is only assumed
to satisfy, for some m, the upper bound

w(B(z,r)) Sr’™, zeR" r>0.
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Moreover, for some « > 0, the kernels s; satisfy the size and continuity con-
ditions

o
1.2 ) <
12) sl ) & G
and
ly — 2"
1.3 ) — sil@ )| <
( ) |St(‘r y) St(x Z)‘ ~ (t-i- ‘Jl‘—y’)m—"_a

whenever |y — z| < t/2.
The following is our main theorem.

Theorem 1.4. Let g € (1,2) be a fized number. Assume that to every open
cube Q C R™ with n(0Q) = 0 there is associated a test function by satisfying
that

(1) sptbg C Q;

(2) Jobodu = pn(Q);
(3) 16Q/1%, 0 S H(Q);
(4)

“Q) A
L[ we@Pe ) dute) < w@.
o \Jo
Then for every p € (1,q] we have that

”VHLP(M)—)LP(M) S 1+ ‘/loc,qa

where

B 1 Q) Jdi q/2 1/q
“““‘F?u@yé<l mm@»t) e

and the implicit constant depends only on n,m, q,p, the kernel constants and
the constant in the testing condition (3).
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Suppose we, in addition, have the x-continuity of the kernels s, i.e.,

|z — 2|
t+ |z —yl)mte

(15) ‘St(x7y) - St(zvy)| rg (
whenever |x — z| < t/2. Then for every p € (1,00) we have that

HVHLT’(u)HLP(M) S 1+ Vioc,q-

After some reductions the proof boils down to proving the L estimate for
p = q. However, the conclusion of the theorem for p = 2 under x-continuity
can be considered to be the main point. As such it is an extremely gen-
eral form of a local T'b theorem with non-homogeneous measures and non-
scale-invariant L'T¢ type testing conditions. It should also be noted that an
example from |23] shows that when dealing with the vertical square function
(as we are here) one cannot derive the L?(u1) estimate from the L7(u) esti-
mate without xz-continuity. This fails even in the case that u is the Lebesgue
measure.

Hofmann [11] proved the L? boundedness of the square function under
these local LY testing conditions (and x-continuity) in the case that p is the
Lebesgue measure. Our proof in this general context is completely different,
and we find it necessary to first work directly in L9(u) rather than in L?(u).
To this end, we need to begin by establishing that

1 @) AN
s ( / |et1Q<x>2t>

We will then bound this Carleson norm of LY type by Viec 4. Hofmann, how-
ever, uses a T'1 in L? and bounds, by a clever argument, a Carleson norm of
L? type by a Carleson norm of L9, ¢ < 2, type. We find his argument to be
specific to the doubling situation. Our strategy has the additional bonus of
giving the L9 result without z-continuity.

We also rely on and extend the very recent non-homogeneous twisted
martingale bounds by Lacey and one of us [18]. On the other hand, we
develop an L? analog of the good Whitney averaging trick first used by
us [22]. Lastly, we make extensive use of the LP, p # 2, techniques, includ-
ing Stein’s inequality. The complete outline of the proof is given in Subsec-
tion 1.1.

Very recently Lacey and the first named author [19] managed to prove
the L? boundedness in the non-homogeneous case but only with local L?
testing conditions. Our main theorem is an extension of these two state of

/2 1/q
d,u(af)] .

IVIILa(y—ra) S 1+ Sup
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the art results [11], [19]. Indeed, we consider general measures and general
exponents simultaneously. The aforementioned two references are the most
obvious predecessors of our main theorem, but the whole story up to this
point is rather long.

One can consider T'b theorems at least for square functions and Calder6n—
Zygmund operators. Then they can be global or local. And if they are local,
they can be with the easier L°°/BMO/T** type testing assumptions, or
with the more general L®, s < oo, type assumptions. Moreover, in the lat-
ter case the range of the exponents (in the Calderén—Zygmund world more
than one set of testing functions appear) one can use is a very significant
problem. Lastly, the fact that whether one considers the homogeneous or
non-homogeneous theory is a major factor. All of these big story arcs are
relevant for the context of the current paper. We now try to give at least
some of the key references of local T'b theorems.

The first local Th theorem, with L control of the test functions and
their images, is by Christ [7]. Nazarov, Treil and Volberg [24] proved a non-
homogeneous version of this theorem. The point compared to the global T'b
theorems is as follows. The accretivity of a given test function bg is only
assumed on its supporting cube @, i.e., | fQ bg dp| Z 1(Q). While in a global
T'b one needs a function which is simultaneously accretive on all scales. But
the remaining conditions are still completely scale invariant: bg € L ()
and Tbg € L (p). This scale invariance of the testing conditions is the main
thing one wants to get rid of.

The non-scale-invariant L® type testing conditions were introduced by
Auscher, Hofmann, Muscalu, Tao and Thiele [3|. Their theorem is for per-
fect dyadic singular integral operators and the assumptions are of the form
Jolbbl S 11, Jo 317 S 1Q1. J, [TW17 < 1QI and J, 762" S |Ql. 1<
p,q < oco. Extending the result to general Calderén—Zygmund operators is
complicated (it is almost done by now — but not completely). Hofmann
[10] established the result for general operators but only assuming the exis-
tence of LT test functions mapping to L?. Auscher and Yang [5] removed
the € by proving the theorem in the sub-dual case 1/p+ 1/¢ < 1. Auscher
and Routin [4] considered the general case under some additional assump-
tions. The full super-dual case 1/p+ 1/¢ > 1 is by Hytonen and Nazarov
[17], but even then with the additional buffer assumption sz |Tb61;2 7 <|Q|
and f2Q |T*bé‘pl < 1@l

This was the main story for the Calderén—Zygmund operators for dou-
bling measures. For square functions the situation is a bit more clear with
the need for only one exponent ¢g. The case ¢ = 2 is implicit in the Kato
square root papers [2, 12, 13| and explicitly stated and proved in [1] and
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[9]. The case ¢ > 2 is weaker than this. The hardest case ¢ € (1,2) is due to
Hofmann [11] as already mentioned. Some key applications really need the
fact that one can push the integrability of the test functions to 1+ e (see
again [11]).

The non-homogeneous world is yet another story. The whole usage of
these non-scale-invariant testing conditions is a huge source of problem in
this context. One reason lies in the fact that even if we have performed a
stopping time argument which gives us that a fixed test function by behaves
nicely on a cube @, for example that fQ |br|? dp < pu(Q), we cannot say much
what happens in the stopping children of Q. That is, in a stopping child @’
of @) we cannot use the simple argument

/ bl dp < / el du < (@) < w(@)
Q' Q

which would only be available if © were doubling. The non-homogeneous
case ¢ = 2 for square functions is the very recent work of Lacey and the first
named author [19]. The case p = ¢ = 2 for Calderéon—Zygmund operators is
by the same authors [18]. For relevant dyadic techniques see also the Lacey—
Vahakangas papers |20, 21| and Hytonen—Martikainen [16|. To recap the
context, in this paper we consider non-homogeneous square functions and
push ¢ to the range ¢ € (1,2).

We still mention that the study of the boundedness of non-homogeneous
square functions was initiated by the recent authors in [22]. This was a global
Tb. The key technique was the usage of good (in a probabilistic sense) Whit-
ney regions. A scale invariant local T'b is by the current authors together
with T. Orponen [23]. In that paper we also study the end point theory, L?
theory, and various counter-examples (e.g. the failure of the change of aper-
ture with general measures and the difference between conical and vertical
square functions).

1.1. Outline of the proof

Let us give a brief point-by-point outline of the proof:
1) We prove a T'1 in L%(u) which states that

IVl Lo(uy=rLa(u) S 1+ Cary (g, 10),
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where

°(Q) a/2 1/q
Cary (g, 10) :sgp [M(llOQ)/Q (/0 ]9t1Q(1;)|2it) dﬂ(x)] .

2)

Using the above we reduce to bounded functions |f| <1 in various
martingale estimates. This is key for us. Indeed, we need to be able to
control norms of the type

(o)

where the (twisted) martingales Ay are constructed (in a dyadic grid)
via stopping times from the test function bg. This is very delicate with
general measures and such general test function. Indeed, estimates of
this type have only very recently been established by Lacey and one of
us 18] in the g = 2 situation.

Y

La(p)

Sufficient control of such martingales for bounded functions is then
achieved by a non-homogeneous John—Nirenberg type argument. This
generalises the arguments in [18] from the L? case to the L case.

The estimation of Cary (q,10) by Vigcq starts by a probabilistic good
Whitney averaging argument in L?. This requires some rethinking com-
pared to the ¢ = 2 case of [22|. Essentially, we fix an arbitrary cube
Qo C R™ with side-length ¢(Qo) ~ 2° and an arbitrary function f with
|f| < 1g,. The good Whitney means that we reduce to bounding

o(R) , dt a/2 1/q
[ / ( > 1@ [ s t) e

REDyo04
¢(R)<2°

by C(1+ Vlocvq),u(l()Qo)l/q, where D is an arbitrary fixed dyadic grid.

We then expand f = ZQeD Aqf using the constructed twisted mar-
tingales. This sum is not restricted to good cubes. Still, the existence
of common dyadic parents of () and R of controlled size is needed. This
is because the L4, g # 2, theory requires the usage of Stein’s inequality,
and the needed martingale structure is constructed via these common
ancestors. But only the goodness of R is used for this (and for multiple
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other bounds). This is special to the square function case and is a mas-
sive technical simplification: we avoid showing that twisted martingale
decompositions restricted to bad cubes would be, on average, small in
the L9 norm, and our paraproducts readily collapse (see Remark 4.1
of [16] and Remark 2.14 of [21]).

6) After completing the estimation of various series we conclude the
p = q case of our theorem. The general case is achieved by the non-
homogeneous vector-valued theory of Calderon—Zygmund operators by
Garcia-Cuerva and Martell [8].

We conclude the introduction by additional notes, which are collected
to the following remark. This can be safely skipped in the first reading. We
then indicate, as an extremely brief example, an interesting connection of
square functions to geometry. After that we set up some notation.

Remark 1.6. The estimate ||V 1o(s)—re(u) S 1+ Vioc,q can be proved as-
suming only that pu(B(x,r)) < A(x,r) for some A: R™ x (0,00) — (0, 00) sat-
isfying that r +— A(z,r) is non-decreasing and A(z,2r) < Ch\A(z,r) for all
x € R™ and r > 0. In this case one only needs to replace the kernel estimates
by

ta
Az, 1) + |z — y|* Az, [z — yl)

[se(z,y)| S

and
ly — 2|*
z,t) + |z —yl*Az, |z — yl)

‘St(x7y) - St($,2)| 5 taA(

whenever |y — z| < t/2. This is done in the global situation in [22]. Here we
skip the required modifications. Such formalism lets one capture the doubling
theory as a by-product, and allows some more general upper bounds than .

We also point out that the assumption (1), i.e. sptbg C @, is not neces-
sary. But then one does need to understand that the assumption (3) reads
Jan 1617 dpn < 1(Q). A careful reader can see that everything goes through
as written except that Section 8 requires some small technical modifica-
tions. One can assume that the dyadic grid D one is working with has the
following ‘no quadrants” property: Whenever I, € D, k € N, is a strictly
increasing sequence (meaning that Iy C Ixyq1) of dyadic cubes, then this
sequence exhausts all of R" (meaning that (J,cy Ix = R"). One can assume
this since almost every random dyadic grid is such. Then it is easy to see
that Lemma 8.2 remains true. This is almost everything one needs to change
in the proof, we leave the details as an exercise.
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Let us also make the standard remark that the assumption (2) can be
replaced by | fQ bg dp| 2 11(Q). One then just considers the scaled test func-
tions

o M@
¢ beQdﬂQ

Example 1.7. We briefly point out an interesting connection of the bound-
edness of square functions (our topic) and geometry. Let E C R™ be a closed
set which is m-ADR for some integer 0 < m < n, i.e., u:= H"|g satisfies
u(B(z,r)) = r™forallz € E and r € (0, diam(F)). Instead of going through
the extensive literature of uniformly rectifiable sets we content by just cit-
ing the very recent result of Chousionis, Garnett, Le and Tolsa [6]. Let
s¢(x,y) = to[t 7™ ¢([z — y]/t)], where p(z) = (1 + |2[?)~"+D/2 This kernel
satisfies (1.2), (1.3) and (1.5). Let V' be the corresponding square function.
One of the results of [6] says that E is uniformly m-rectifiable (for the defi-
nition see [6]) if and only if V is L?(x) bounded.

Notation

We write A < B, if there is a constant C' > 0 so that A < C'B. We may also
write A ~ B if B < A < B. For a number a we write a ~ 2 if 28 < a < 2F+1,

We then set some dyadic notation. Consider a dyadic grid D in R™. For
Q, R € D we use the following notation:

e /(Q) is the side-length of Q;

d(Q, R) denotes the distance between the cubes @ and R;

D(Q,R) :=d(Q,R) +£(Q) + {(R) is the long distance;

Wo =Q x (£(Q)/2,4(Q)) is the Whitney region associated with Q;
h(Q) = {Q' €D Q' < QUQ) = £(Q)/2};

gen(Q) is determined by £(Q) = 28°*(Q);

e Q¥ ¢ D is the unique cube for which /(Q®*)) = 2¥¢(Q) and Q c Q¥);
o (o =n@ [, fdn.
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2. Reductions and start of the proof
2.1. Reduction to the case p = ¢q

Suppose we have proved the bound ||V ze(u)—re(u) S 1+ Vioc,q already. De-
fine A =C and B = L*((0,00),dt/t). Let K: R" x R® — B = L(A,B) be
defined by

K(‘Ta y) = [t = St(‘rv y)]?

and let T: L9(u) = L (1) — LE (1) be defined by

Tf(z)= Rnﬂixdﬁf@)WAy):[tH>&f@ﬂ}

It is not hard to see that

1
K@yl $ —
1K 9)ls S

and

ly — 2|/
_ QL E—
HK('T7y) K([E,Z)HB ~ ‘.’L'—y‘m+a/2,

2ly —z[ <[z —yl.

The non-homogeneous vector-valued theory of Calderén—Zygmund operators
by Garcfa-Cuerva and Martell [8] yields that ||| zs () - r2(0) S 1+ Viee,q for
p € (1,¢q]. If we have the x-continuity of the kernels s;, then we also have
that

K K < o=l 2 <

K (z,y) — (%y)”mev [z — 2] < |z —yl.

The bound || T zr(u)—r2(u) S 1+ Vioe,q holds for all p € (1,00) in this case.
Since we have that || T'f||rz(.) = [V fllLr(u), the LP theory of V' follows from

the p = ¢ case.
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2.2. Reduction to a priori bounded operators V'

In this subsection we say the following. Suppose we have proved the L9(u)
bound of Theorem 1.4, i.., the quantitative bound [V re(y—ram S 1+
Vioc,q, under the additional a priori finiteness assumption ||Vl fa(u)—re(u) <
0o. Then the L(u) bound of Theorem 1.4 automatically follows without the
a priori assumption.

To this end, define si(z,y) = s¢(z,y) if 1/i <t <4, and si(z,y) = 0 oth-
erwise. These kernels are clearly in our original class — they satisfy (1.2)
and (1.3) with kernel constants bounded by those of V. Define

Vif (@) = ( [ s ‘ff) e ([T eisrr ) -

where
0, f(x) = / si(z,y)f () du(y).

Let us note that the V; are bounded operators on L4(u). Let

M, f(z) = sup

1
>0 (B, 1)) /B(x,r) |f] du(y).

This centred maximal function is a bounded operator on LP(u) for every
p € (1,00). Notice that |0, f(x)| S M, f(x) for every t > 0 and € R". Using
this we see that ||V;||re()—re(n) < [21og i]l/QHMu|\Lq(u)_>Lq(m < 00.

By monotone convergence we have that

IV Fllzequy = Ho (IVif [l Lo
< hfisup IVill o ()= 2oy 1 | Lo ()

S; hm Sup(l + léc,q)Hf”Lq(,u)

1—00

< (1 + Vioc,q)HfHLq(N)'

So it suffices to prove Theorem 1.4 under the assumption [[V[| (- ra(u)
< 0o — a piece of information that will be used purely in a qualitative way.



Boundedness of non-homogeneous square functions 1427

2.3. Reduction to a g-Carleson estimate

We begin by stating a T'1 in L9(u) (the case ¢ = 2 is in [22]). The proof of
this T'1 is indicated in Appendix A. Define, say for A > 3,

Q) q/2 1/q
00, ( / |et1Q<x>\2Cf> du(x)]

- B 1 °Q) Lt /2 1/q
Cary (4. ) = sup [WQ) /Q ( /0 16,1(2) t) du(w)] .

Here the supremums run over all the open cubes ) C R™. Then, for q € (1, 2],
we have that there holds that

Cary (g, A) :=sup
Q

and

(2.1) IV zo(u) Lo < C1(1+ Cary (g, 30)) < Ca(1 + Cary (g, 10)).

Assuming the existence of the L4 test functions as in Theorem 1.4 we then
prove that

(22) Carv(q, 10) < 03(1 + Vioc,q) + 0271||VHL4(”)_>L(1(M)/2-

We call this the key inequality. Combining (2.1) and (2.2) gives that

IVl zaguy—srag) < C+ Vioeq) + IV Il Lauy—sLa(0)/2

ending the proof.

We will now start the proof of the key inequality (2.2). This task is
completed in Section 8. In Appendix A we indicate the proof of the T'1
theorem in L9(u), i.e., the first estimate of (2.1).

3. Random and stopping cubes / Martingale
difference operators

3.1. Random dyadic grids

At this point we need to set up the basic notation for random dyadic grids
(these facts are essentially presented in this way by Hytonen [14]).

Let Dy denote the standard dyadic grid, consisting of all the cubes of the
form 2%(¢ +[0,1)"), where k € Z and ¢ € Z". We also denote Dy = {Q €
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Dy : £(Q) = 2F}. A generic dyadic grid, parametrized by w € ({0,1}")Z, is of
the form D(w) = Ugez Dy (w), where Dy (w) = {Qo + zx(w) : Qo € Dy} and
zp(w) =35k w;27. The notation Qp+ w = Qo + D i<k w;27, Qo € Do,
is convenient. We get random dyadic grids by placing the natural product
probability measure P, on ({0,1}")% (thus the coordinate functions w; are
independent and P,(w; =n) =2""if n € {0,1}").

We fix the constant v € (0, 1) to be so small that

v<a/2m+2a) and my/(1—7) < a/4,

where o > 0 appears in the kernel estimates and m appears in pu(B(z,r)) S
r™. A cube R € D is called D-bad if there exists another cube @ € D so
that £(Q) > 2"¢(R) and d(R,0Q) < ((R)"¢(Q)'~7. Otherwise it is good. We
denote the collections of good and bad cubes by Dgooq and Dyaq respectively.
The following properties are known (see e.g. [14]).

e For a fixed Qy € Dy the set Qo + w depends on w; with 29 < £(Qo),
while the goodness (or badness) of Qp + w depends on w; with 2 >
2(Qo). In particular, these notions are independent (meaning that for
any fixed Qo € Dy the random variable w — 1lg00d(Qo + w) and any
random variable that depends only on the cube Qo + w as a set, like
w fQo+w f du, are independent).

e The probability 7go0q := Pu(Qo + w is good) is independent of Qg €
Dy.

® Thad := 1 — Tgood S 2777, with the implicit constant independent of 7.
The parameter r <1 is a fixed constant which is at least so large that
2r(1=7) > 100.

The following lemma is stated without proof since the first part was
proved on page 25 of [15] and the second is lemma 2.10 of [20)].

Lemma 3.1. Let Q € D and R € Dgood, and set §(u) := Pluf’;r-‘ ,ueN.

(1) Assume £(Q) < £(R). Let {(R)/¢(Q) = 2° and D(Q, R)/¢(R) ~ 27 for
£>1 and j > 0. Then, there holds that

R c QUH+i+00)),
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(2) Assume £(R) < £(Q). Let £(Q)/¢(R) = 2" and D(Q, R)/{(Q) ~ 2 for
0,7 > 0. Then there holds that

RC Q(j+9(j+f)).

3.2. Collections of stopping cubes

Let D be a dyadic grid in R™ for which ©(0Q) = 0 for all @ € D. It will be
enough to work with such dyadic grids since for almost every w € ({0, 1}")%
there holds that D = D(w) satisfies this property. For Q € D we may now
set bg = biny(@), where the latter function exists by assumption. Now also
bg satisfies the assumptions (1)-(4) listed in Theorem 1.4.

Let Q* € D be a fixed dyadic cube with £(Q*) = 2°. Set Fp). = {Q*} and
let .7:%2* be the (disjoint) collection of the maximal cubes @ € D, Q C Q*,
for which at least one of the following two conditions holds:

D) [bgel <1/2;
2) (bg-[7)g > 2147
Here A is a constant such that HbRqu(u) < Ap(R) for every R.

Next, we repeat the previous procedure by replacing Q* with a fixed
Qe ]-"(012*. The combined collection of stopping cubes resulting from this is

called fé*. This is continued and we set Fo- = |J;2, ]-"é Finally, for every
QeD, QCQ, welet Q“ € Fg- be the minimal cube R € Fg- for which
Q CR.

Lemma 3.2. IfF € Fl. for some j > 0, then there holds that

(3.3) > ulS) < Tu(F),

SeFitt

ScF

=1 L4 €(0,1)
T = 2 2A)7 ,1).

Proof. Let F' € Fg-. Consider a disjoint collection {Q}}; C D for which Q} C
F and [{br)qg:| < 1/2. We have that
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H(F)Z/deMZ/ deM+Z/ br dp
P M\U; Qi . JQL
1/q 1/q 1
1 1
SM<F\LiJQ¢> (/Flbpqdu> +2;M(Q

< Ay (F\UQ%> (P9 + %M(F),
u(F) < (241/7)° ‘(F\UQ> I

p(F) — (UQ?)] :
Therefore, we obtain

u(UQ%) < (1 - @)u(ﬂ-

Next, we consider a disjoint collection {Q?}; C D for which Q? C F and
(Ibp|9)g2 > 271 A7 Then, one may notice that

L1 1 A
M(UQ?) <2777lATe /F|bF|qu§2(2A)q/M(F)-

Combining the analysis we conclude that (3.3) holds. O

which implies that

(24)°

The next lemma follows.

Lemma 3.4. The following is a Carleson sequence: ag = 0 if Q is not from
U; Fh., and it equals 1(Q) otherwise. This means that >0crQ S 1(R) for
every dyadic R.

We now state the classical Carleson embedding theorem.

Proposition 3.5. Given a Carleson sequence (Ag)gep we have for every
feLP(u),1l<p<oo, that

Y NalPAg < CllfI7.,.

QeD
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Remark 3.6. Note that ¢ is always reserved to be the fixed index ¢ € (1,2)
appearing in the testing conditions.

The next proposition is a Carleson embedding on LP(u), where the Car-
leson condition itself depends on p. This kind of Carleson is also well-known,
of course, but we state and prove this general version here for the convenience
of the reader.

Proposition 3.7. Let D be a dyadic grid in R™ and p € (1,2] be a fized
number. Suppose that for each Q € D we have a function Ag satisfying that
sptAg C @ and

p/2 1/p
Z |Ag(x 2] du(:v)> < 0.

QeD
QCR

(3.8) Carp((Ag)gen) = (Sup /

Rrep (R

Then we have that

(3.9) /[Z\ ol Ag(@)?

QeD

p/2
du(x) S Cary((AQ)gen) I 1%,

Proof. For each fixed j € Z let (R;)z denote the maximal R € D for which
I(f)r| > 27. We have that

13 khof1al >|} du(z)

QeD
/ SN hellAg@)] }pﬂdu(x)
JEZ  Q€eD
(Fel~27
5/[22292 Z |AQ($)|2} / dp(x)
jez i QeD
QCR;
<22mz/ Y g } du()
JEZL QeD
QCR:
< Carp((AQ)QeD)pZ%jM(UR;)
JEZ i

< Cary((AQ)oen)” S 2P u({MP f > 27})
JEL
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~ Cary((Ag)oen )| MP FIL,
< Cary((AQ)en )11,

where the last estimate follows form the LP(u) — LP(u) boundedness of
the dyadic Hardy-Littlewood maximal operator ME. In the proof we also
used the assumption p € (1,2] simply via the fact that (a + b)Y < a” + b7
for a,b > 0 and v € (0, 1]. O

3.3. Twisted martingale difference operators and square
function estimates

IfQeD, QCQ* and f € Li (u), we define the twisted martingale differ-
ence operators

5 (N (Fe

AQf = 7b(Q/)a - an ].Q/
b a / b a

oo L@ e {bg)q

Note that on the largest Q* level we agree (by abuse of notation) that Ag- =
Egg* + Ag-, where Egyf = (f)q-bg-. Therefore, we have that [ Agfdp =0
if Q@ € Q*. We also define

Af=AY f= > Agf
QED,:QCQ~

Notice that if /(Q*) = 2%, then k < s, that is, only cubes inside the fixed Q*
are considered.

We now state some lemmata which contain the square function estimates
we need in our proof. The first one was proved by Stein on page 103 of |25]:

Lemma 3.10. Let (M,v) be a o-finite measure space and let O denote the
family of measurable subsets of M. Suppose that F1 C Fo C --- is an infi-
nite increasing sequence of (o-finite) o-subalgebras of M. Let By = E(-|Fg)
denote the conditional expectation operator with respect to Fy,. Assume that
{fr}r is any sequence of functions on (M,v), where fi is not assumed to be
Fr-measurable, and let (ng)r be any sequence of positive integers. Then there

holds that
1/2 1/2
(3.11) H (Z rEnkko) (ZW)
k>1

k>1

< 4,
Lr(v)

, 1< p<oo,
Lr(v)

where A, depends only on p.
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The proof of the next lemma is quite hard. It was proved by Lacey and
the first named author [18] (but only in L?(p)).

Lemma 3.12. Suppose F' € Fg- and f € LI(p). Suppose also that we have
constants eg, QQ € D, which satisfy |eq| < 1. Then there holds that

q

Y chof
QeD
Q=F

SAT{
La(p)

We don’t need the full strength of this. Therefore, instead of using it
we will give a somewhat simpler proof in the |f| < 1 case, which is the only
thing we will need. This also contains the modifications needed in the ¢ # 2
case.

Lemma 3.13. Suppose F' € Fg- and |f| < 1. Suppose also that we have
constants eq, Q € D, which satisfy |eq| < 1. Then there holds that

(3.14)

E eAqf
QeD
Qe=F

S u(F).

~

La(p)

Proof. For the fixed F' € Fg-, we let j € N be such that F' € FI and define
H:HF:{HE.F%;'I: H C F}. For a cube Q € D for which Q% = F we
set

- (Nor _ hae |,
el Q,Ed%)w[@pm <bF>Q]1Q'

The initial step is that

q q

Y chof SR, + sup Y «aDof
S0 Le(u) ~ 90 La(u)
(Q)>e

This works exactly as in [18], proof of Proposition 2.4.
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The second step is to show that

p
(3.15) sup| > eoDof Su(F),  |fl<1,pe(0,00).
e>0 QeD Le ()
Qe=F
{(Q)>e

The argument we will next give shows that for (3.15) it is enough to show
that for a fixed s € (0,00) but for all P € D there holds that

s

(3.16) sup| > eqDof < Cip(P).
0| Qep:Qcp L ()
Q:=F
L(Q)>e

Consider a fixed function f for which |f| < 1. Let us define the function
0o =05"egDof,if Q*=F, and yg =0 otherwise. Notice that leQll Lo <1
if U5 > 4. Notice also that ¢ is supported on () and constant on the children
Q' € ch(Q). For P € D we define

®p :=sup Z vl = C; Lsup Z eQDq f|.
0| gep >0 gep.Qcp
QcP Qo=F
L(Q)>e LQ)>e

Suppose we have (3.16) with some s and for all P. Then for all P € D we
have that

S

pla € Pitp(e) > 1) < [ @hdu=Cylsw| 3 coDof
P 0] Qep:Qcp Le ()
Q:=F
U(Q)>e

<Gy Ciu(P)
< u(P)/2,
if Cy > 011/521/5. So let us fix Cy large enough.
The non-homogeneous John—Nirenberg principle (see e.g. Lemma 2.8 of

[18]) now tells us that for every P € D and t > 1 there holds that

p({z e P:®p(z) > t}) < 27ED/2,(P).
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But then we have for every p € (0,00) and P € D that

p
i) sw| S oDof|| £ [ Shaugu),
>0 Qep:qcp Le(n) P
Q=F
6Q)>e¢

With the choice P = F we have (3.15).

So we have reduced to showing (3.16) with some exponent s € (0, c0)
and for all dyadic cubes P € D. We will first do this with f =1 and s = 1/2,
i.e., we will prove that for every P € D there holds that

sup eoDol
[l 5 eme

1/2
] dp S p(P).

QeD
Q*=F,QCP
LQ)>e
Let us write
11 (br)g—{(br)g , [(br)g — (br)e]
b b N bp)?2 * 2 '
(br)q (br)q br)§ (bF)Q™(br)gr

Define ég := eQ/<bF>é, Q® = F. Note that |ég| < 1, and then that

1/2
/[sup Yoo Y, (e - (brlle du]
P L0 gep O cch(Q\H
Q*=F,QCP
LQ)>e
1/2
<uP) Y sup| N Eg Y (e — (br)elle
U1 Qep Qech(Q)\H La(p)
a=F QCP
(Q)>e

< (P YD1 pbp | 5 S u(P).

The penultimate estimate follows from Corollary 2.10 of [18] (with p = q).
For the last inequality we have the following explanation. It is trivial if
FNP=0orF C P. Otherwise, we may assume that there is a @) for which
Q*=F and Q C P C F. But then P* = F.
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The exponent s = 1/2 is more useful now when we are dealing with the
second term:

1/2
b — (b 2
/[Sup T o 3 el ibrel 1@,] o
P | e0 QeD Q/GCh(Q)\H <bF>Q <bF>QI
Qe=F,QCP
L(Q)>e
1/2
<[ Zma(lpbw] dy
P 1 Qep
1/2
< (Pt [Z \Aig(lpr)P]
QeD La(p)

< (P VY 1pbp| pagey S B(P).

Here

of = Y. Uhe - (NHelly
Q'ech(Q)

is the classical martingale difference. So we have proved (3.16) with s = 1/2
and f =1 for every P € D. That means that for f =1 we have (3.17) with
every p € (0,00) and P € D.

Consider now a function f for which |f| < 1. Using the above special
case we will now prove (3.16) for every P € D with s = 1. Let us write

(br)gr (br)q

(br)g  (br)q

o e _ ) e el | e e
(brig- (br)Q

(3.18) = <bF>Q {<f>Q’ - <f>Q}
(3.19) +{(fe - <f>Q}{ <bFl>Q' - <b;>cz}
(3.20) * <f>Q{ <bF1>Q’ N (b;m}'

The terms (3.18)—(3.20) give us the corresponding decomposition

eqDof = egAGLf + A f - Dol + e Dgl,
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where AE) is the classical martingale defined above, AE? is the stopped clas-
sical martingale

\of = Y e — (Helle
@ eh(Q\H

and the bounded constants e}g and eé are defined by

1 € 2 _
€ = ryg’ € = eQ(f)o-

The first term can be bounded by Holder (say with p =2) and using
Corollary 2.10 of [18] (with p = 2). The rest exploit the special case f = 1.
The second term can be bounded by bringing the absolute values in, using
Holder to the sums with p = 2, and then using Hoélder in the integral with
p = 2. Here one needs (3.17) with f =1 and p = 2. The last term is just
(3.17) with f =1 and p = 1. We are done. O

In the |f| <1 case we can get rid of the assumption Q* = F' as follows:

Proposition 3.21. Let |f| < 1. Then there holds that

q
S (@)
La(u)

~—

1/2
(g
k

Proof. By Khinchine’s inequality there holds that

()

where (e )kez is a random sequence of Rademacher functions, i.e., a sequence
of independent random variables attaining values +1 with an equal probabil-
ity P(er, = 1) = P(e, = —1) = 1/2. If we set eg = e}, when Q € Dy, we have

S

La(p)

)

La(uxP)

> erAif
k
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that
e 2. Aof

‘ k QEDk:QCQ*

(2] 5 s

Y elqf

L (pxP) La(puxP)

QED:QCQ*
q ) 1/q
720 \ FeFi. Il Q€ED:QCQ” La(uxP)
Qo=F

1/q
SZ( > M(F)> < @)Y,

20 \ FeF),

where the second-to-last inequality follows from (3.14) and [dP =1, and
the last one from (3.3). O

4. Reductions towards the proof of the key inequality

We will estimate the quantity

°Qo) a/2 1/q
[ / ( / |etf<x>\2it> du<x>]
0 0

for an arbitrary fixed cube Qg C R™ and for an arbitrary fixed function f
satisfying that |f| < 1¢g, (the choice f = 1, would suffice). Let s be defined
by 2571 < 4(Qo) < 2°.

4.1. Reduction to a dyadic setting of good geometric data

For a fixed w € ({0,1}")% and = € Qg we have that

Qo) dt “R) dt
/0 |04 f (x |2 < Z 1g(z / |04 f (x )|27-

ReD(w tR)/2
Z(R)SQ

Recall the constants from (2.1). To prove (2.2) we note that by above it is
enough to prove that

(R) a/2 1/q
/Rleow)( > talw) [ o >|2‘f> du(w)]

ReD(w) tR)/2
Y(R)<2¢

(41) B,
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can be bounded by

[C3(1+ Vioe.q) + C3 IVl oy 2o /2]1(10Q0) V7.

And here we may take the average over only those w for which there holds
that D(w) satisfies that pu(0R) =0 for every R € D(w). This is because
almost every w is such.

We can estimate the quantity in (4.1) by

0(R) th q/2 1/q
Bl [ta@( X w@ [ wf@PT] di)
R™ RED(w) gooa L(R)/2
U(R)<2¢
U(R) dt q/2 1/q
+Eal [ 1Q0<x>< > et [ !9tf(:r)l2t> du(w)] .
" RED(w)naa UR)/2
O(R)<2s

It is actually only now that these quantities inside the average really start to
depend on w! Using Eg® < (Eg)® for a € (0,1], we see (with o =1/¢q and
a = q/2) that

U(R) Zdt q/2 11/q
Bl [ ta@ ¥ w@ [ ps@Pd)
Rm RED(’UJ)bad Z(R)/z J
L(R)<2¢
{(R) th q/2 11/q
<| [ o@(E X i@ [ jes@P) )|
R P (R)/2 ]
o(R)<2¢

Using the fact that w +— 1paa(Ro + w) is independent of w +— 15,44 (x) for
every Ry € Dy, and that Eylp.q(Ro + w) < ¢(r) — 0 when r — oo, we have

{(R) 2@ q/2 ) 1/q
/Rleo(x)< Z 1R(:c)/£ |0 f ()] t) dy(z)

RED(w)pad (R)/2
U(R)<2:

< (M) 2V Fllpaguy < (2C2) IV | Loy Loy 1(10Q0) M/

Ew

fixing r < 1 large enough (note that ¢(r) = C(n,a,m)27"7).
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We have reduced to showing that uniformly on w € ({0,1}")% the quan-

tity
((R) , di a/2 1/q
[/R 1Qo(33)< > 1R($)/Z(R) 104 ()| > ()

ReD(w)good
L(R)<2s

can be dominated by Cs3(1 + Vloc,q),u(l()Qo)l/q. We fix one w and write D =
D(w). More specifically, w can also be taken such that p(OR) = 0 for every
ReD.

2. Decomposition of f

Since f € L9(u) is supported in Qo we may expand

(12) = Y Aot

Q*eD Q€D

§(Q*)=2= QCQ~

QoNQ*#D
Notice that there are only finitely many such Q* and always Q* C 10Q).
Define

1/2
Aflz) = ( >, 1@ / 62 ()[? )
RED, 004 tR)/2
2-r<(R)<2

and

U(R) 1/2
Af(x) ::< S 1ala) /g( 6, dt) .

REDy004 R)/2
U(R)<2s

Notice that for x € Q)¢ there holds that

Af(ﬂﬁ)—&(Z > AQf)(x)

o Qca
(Q)>2-
< [Af(z) — Acf(2)] + |Axf(2) —AH<Z > AQf) (z)
Q@ Qca

L(Q)>2—"
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«R) dt 1/2
< ( Z 1R($)/ 10:.f ()] t) + Ay (f—z Z AQf) (2)
L(R)/2 Q

ReDgood R)/ * QCQ*
(R)<2-+ (Q)>2-
2" i\
g( / wtﬂx)?t) +v(f—2 > A@f><x>.
0 Q* QCQ*
2(Q)>27~

It follows by dominated convergence and the fact that V' is bounded on L9(u)
that

=0.
La(p)

lim
K—r0QO

1Q0(Af—An(z 5 AQf))
Q" QCQ*
UQ)>2—~

We have reduced to showing that

(4.3) o
((R) i\
lo@( Y w@ [ |3 ader@) T
RED,004 UR)/2] Qep La(u)
9-r<f(R)<2° QCQ
(Q)>2+

can be dominated by Cs(1 + Woc,q)M(Q*)l/q for every fixed x and for every
fixed Q*. We used the fact that

m(Z > AQf>—Z Y. O,

Q" QcQ Q" QcQr
(Q)>2-x 0Q)>2-+

since the sum is finite for every k. To fix only one Q* C 10Q¢ we used the
fact that #{Q* € D: £(Q*) =2° and Q* N Qp # 0} < 1.

4.3. Splitting the summation

We will split the sum (4.3) in to the following four pieces:
Q: U(Q) <{(R);
Q: Q) = £(R) and d(Q, R) > L(R)"((Q)' 7
Q: {(R) < £(Q) < 2"(R) and d(Q, R) < L(R)(Q)'
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Q: U(Q) > 2"¢(R) and d(Q, R) < ((R)7(Q)' 7.

We call the second sum the separated sum, the third sum the diagonal sum
and the last sum the nested sum. Thus, (4.3) is bounded by

Iy(@)<t(r) + Isep + Ldiag + Inested-
We bound these four pieces in the four subsequent chapters.

Remark 4.4. The x and the s are fixed and sometimes such implicit con-
ditions on the generations of the cubes are not written down.

5. The case £(Q) < ¢(R)
We start by proving the following lemma.

Lemma 5.1. Let Q, RED be such that £(R)/0(Q)=2" and D(Q, R)/¢(R) ~
29 for £ >1 and j > 0. Then, if So = QUHIT0W) v c R and y € Q, there
holds that

(5:2)  [se(w,y) — si(w,cq)| S 27*2739/M(Sp) ™™, t € (U(R)/2,((R)).
Here cg denotes the centre of Q.

Proof. First, notice that for every y € @ we have that |y — cg| < (Q)/2 <
¢(R)/4 < t/2. Therefore, we may use (1.3) to obtain

Q)" “(Q)"
|st(m,y) — St($,CQ)| SJ (K(R) n d(Q,R))m+a SJ D(Q,R)m+a)

where we used that obviously D(Q,R) S ¢(R) +d(Q, R) in our situation.
Next, observe that

K(Q)a ~ 9—alog—(m+a)j —m
Big. gy 2R

Using the estimate m~y/(1 — ) < a/4 and the definition of Sy we see that
U(So)™™ Z 27T I (R) T

Combining we get (5.2). O
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Let Q € D and R € Dgpoq be such that £(R)/4(Q) = 2° and D(Q, R)/¢(R) ~
27 for ¢ > 1and j > 0. Assume also that (z,t) € Wg. Since £(Q) < ¢(R) < 29,
we have [Agfdp = 0. Using this we write

0:Aq f(z)| = |/Q[5t(90>y) — sz, cQ)]Aq f(y) du(y)

Using the estimate (5.2) we now see that
Gl @) 5 270127 ()™ | g w)lnty),

where Q, R C Sy := QUA7H90) (by (1) of Lemma 3.1).
We can now see that Iyg)<¢r) can be dominated by

)

La(p)

(Z > 1R< > 5(50)_m/|AQf\du>2>1/2

k<s REDy go0a QED,_: QCQ*
D(Q,R)/E(R)~27

> b
j?e

where b; ¢ := 27439 Let us fix j, £, k. Set 7i(k) :==j 4+ 0(j) + k = gen(Sp).
We have by disjointness considerations and the fact that @, R C Sy that

3 1R< > wsom rAQf\du>2

REDy go0a QEDr_: QCQ*
D(Q,R)/t(R)~27

2
:< > v ) 2_mTJ(k)/|AQf|du)

REDk,goo<l QetDk*l: QCQ*
D(Q,R)/4(R)~2/

:< o> 1w Y 2m”(k)/!AQf\du>2

SGDTj(k) ReDy go0a QED,_: QCQ*
RCS D(Q,R)/¢(R)~27

1 2
5( > 5 |Ak—ef|dﬂ>

SGDTj(k)
= [E., (k) (| Ap—e f)]-
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Note that for fixed j,¢ there holds by Stein’s inequality (Lemma 3.10)

and estimate (3.22) that
1/2
(Z rAka)

k<s

<

La(p)

< Q).
La(p)

1/2
H <Z[Efj(k)(|ﬁkef|)]2)
k<s

We may now conclude that Iyg)<y(r) S Q).

6. The separated sum
We first prove the following lemma.

Lemma 6.1. Let Q,R € D be so that d(Q, R) > ¢(R)"4(Q)' 7, £(Q)/{(R) =
2¢ and D(Q,R)/{(Q) ~ 27 for £,j > 0. Then, if Sy = QUH0U+D) 2 ¢ R and
y € Q, there holds that

(6.2) |se(z,y)| < 27497329/ (5) ™™t e (U(R)/2,4(R)).
Proof. We begin by noting that

AR _ HQ)™U(R)?
Q.Ry™ ~ " D(Q. Ry™+

EACHDIPS i =272ty @),

The second estimate is a standard fact and follows since (m + a)y < a/2,
{(R) < U(Q) and d(Q, R) > L(R)"¢(Q)'7.
On the other hand it is easy to see that

0(S)™™" > 2—mj—(f+j)a/4g(Q)—m.

This uses just the definition of Sy and the bound m~y/(1 —v) < a/4. Com-
bining the estimates we have (6.2). O

Let Q € D, R € Dgooq be such that d(Q, R) > ((R)4(Q) 7, 4(Q)/4(R) =
2t and D(Q, R)/4(Q) ~ 27 for £,5 > 0. If (x,t) € Wx we have by (6.2) that

680 f(x)] < 27U/ Ag(Sp) / Ao f ()] du(y),

where Q, R C Sy := QUHU+0) (by (2) of Lemma 3.1).
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If we denote Bj’g = g~ olt+g)/ 4 we may deduce that Isep can be dominated
by

2 bie

7

(Z o1 ( > sy f |AQf|du)2)l/2

k<s REDk good QEDy40:QCQ
D(Q,R)~274(Q)

La(p)

A completely analogous estimate to that of the previous section shows that

7. The diagonal sum
Let Q € D, R € Dgooa be such that £(Q)/¢(R) = 2° and D(Q, R)/¢(Q) ~ 27.
Since we are in the diagonal summation Igias we have that £, 5 < 1. If (z,t) €
Wgr we have that

[se(z, y)| ST~ L(R)™™ ~ (S0) ™™,

where Q, R C Sy := QUHU+0) (by (2) of Lemma 3.1). It is now clear by the
previous arguments that Igiae S pu(Q* )1/‘1.

8. The nested sum

In this case one uses the goodness of R to conclude that one must actually
have that R C Q. Therefore, things reduce to proving that

UR) |5~ gen(R) dt 1/2
Lgo > 1R/ > 0Agof < (@),
REDg0a: RCQ* UR)/2 | = r+1 La(p)

2-r<U(R)<25—"

We bound the left-hand side of the above inequality by Ihested,1 + Inested,2;

where
Inested,l =
UR) |5~ gen(R) dt 1/2
o ¥ wf | Y olrounevaro
REDyo0a: RCQr  THR/2| 4=y La(y)

2-r<U(R)<25—"
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and
Inested,Q =
UR) |5~ gen(R) 2 1/2
10, ( > 13/ > Ollge-n Ao f) )
ReDgood: RCQ* E(R)/2 f=r+1 L(I(u)

2-r<U(R)<257 T
8.1. The sum Iyested,1
The following lemma is the key to handling this sum.

Lemma 8.1. For { >r+1 and R € Dy gooa we have for (x,t) € Wg that
there holds that

0t (1renre—nAgo f)(2)] S 2a€/22(k+@)m/ |Ago f(y)] du(y).

Proof. 1f S € ch(R®), S # R and (x,t) € Wg, we have by the size esti-
mate (1.2) that

1m0 NS [ o {(QZM;AW( ) du(y)

S
/(ig) g(gl)m|AR<f>f(y)dM(y)

Here we used that by goodness d(R,S) > ¢(R)7¢(S)'~7, and that we have
v < a/(2m+ 2a). O

Let us denote Bg = 279/2 We now see using this lemma that I;ested,1 can
be dominated by

2\ 1/2
> b 1Q0< > ( Y. 12 Eom /|AR(@>JC< !du(y)> >

L>r+1 k<s—{ \ R€Dy gooda La(p)
RCQ~
. 2\ 1/2
<S> b 1Q0< > ( > (SS)/IAsf(y)du(y)> )
eZT+1 k‘SS*Z SEDk+z 'u L‘I(,u)

ScQ+
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2\ 1/2
=Y b 1Q0< > ( > Ml(;)/SIAwf(y)\du(y)) )

>r+1 k<s—f \ S€Dy4, La(u)
1/2
s(ZﬁmmmW) < u(@)e
k<s La(p)

The last inequality follows from Stein’s inequality (3.11) and (3.22).
8.2. The sum Iyested,2

We begin by recording the following bound:

Lemma 8.2. For {>r+1 and R € Dgooq we have for (z,t) € Wgr that
there holds that

‘gt( (R~ 1))Lb(R(g> )( )| <2—cx£/2

Proof. Choose Ny so that (R())* = R(+No)  Notice that since R is good
there holds that

d(R, aR(£+j—1))m+a > 2a£/22aj/2€(R)au(R(£+j)).

Here we used that y(a+m) < «/2.
Therefore, for (x,t) € Wg, the above estimate, the size bound (1.2) and
the stopping conditions show that

10:(1(Ree-1)ebrwya ()] S Z/ %\b(mw ()] du(y)

RUAN\(RE+I—1) \x -

<Z (R (ROH)
2a€/22a]/2€(R) (R(Prj))

< 2 a€/2'

We now have to do a case study.
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8.3. The case (R¢~V)* = (R(®))e
In this case we may write
(8.3) lre-nAge [ = —1(ge-1)eBre-nbrwye + Bre-nb(re)a,
where

<f>R<€*1> <f>R<Z>

B £—1) — -
Ry <b(R(Z71))a>R(Z71) <b(R(€))a>R([)

with the minus term missing if £(R()) = 2°.
Accretivity condition gives that

| Bro-n |n(RY) < -

~

- ‘ / Ao fdp
RU-1)

Combining with Lemma 8.2 we see that for (z,t) € Wg there holds that

/ BR(Z—I)b(R(Z))a dﬂ
R(—1)
1

—al/2
16:(1 (o) Bre-n by ) (@) S 27 M(R(“l))/}wn |Ago f|dp.

So to control the sum with the first term of (8.3) it is enough to note that
for a fixed £ > r + 1 there holds that

2\ 1/2
1@0( 2 ( > /.. mmf(yndu(y)) )

k<s—t \ ReDy: RcQ~ M

2\ 1/2
< 1QO< > ( > %L!Awf(y)!du(y)) >

]CSS—E SeDkH,l

1/2
= (Z[Ek—l(Mkﬂ)]Q)

k<s

La(p)

La(p)

< (@)Y,
La(p)

In the last step we again used Stein’s inequality (3.11) and (3.22). We will not
touch the second term of (8.3) yet — it will become part of the paraproduct.
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8.4. The case (R¢~1D)e = R¢-1)

We decompose

<f>R(Z*1) <f>R“)
lpe-nApof = ———bpe-1) — —""—bpw)a
R¢=D R()f <<bR(zz1)>R(41> Y <b(R(’3>)a>R“) ()
(f)re
—|—1 t-1ye ——————b(R©Ya.
(RE) <b(R(£>)“>R<“ (7

The term in the parenthesis will become part of the paraproduct, and we do
not touch it further in this subsection.

For the second term, using the construction of the stopping time and
Lemma (8.2), we have for (z,t) € Wg that

(f)re
0 1 -1 cib £)\a
t< (R T e V) (x)

We say that R € Sy, if (RU=D)* = R~ To control the corresponding sum
we note that

Ore(z,t)] = S 2P| geo-

U(R) s—gen(R) 2dt 1/2
1q, > 1R/ > Orul-t) "
REDgood: RCQ* E(R)/Q Z:T'Jrl LQ(‘UJ)
2-r<f(R)<25-" ReSe
s—gen(R) 1/2
N 1620( > 1w ), 2a€/2’<f>R<@>’2>
REDgo0a: RCQ* l=r+1 La(p)
2-r<h(R)<2s—" ReS,
1/2
< 1Q0< ootz \(f>S!2AS>
>r+1 SeD: SCcQ+ La(u)
1/2
< 1Q0( ) |<f>s\2As> < m@HY,
SeD: ScQ* La(p)

where we denoted

S’ech(S)

(S/)a:S/
For the final estimate one can use the fact that |f| <1 to throw away the
averages, and then use Holder with exponent p:=2/q > 1 together with
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Lemma 3.4:
1/2
SeD: ScQ+

8.5. The Carleson estimate for the paraproduct

IN

1/py1/q
TN

FeFqo

S (@) Pu(@) Ve = (@),

La(p)

Combining the above two cases and collapsing the remaining telescoping
summation we are left with:

U(R) 1/2
1Qo< Z 1R/ b<f>(r)0tb(R<r>) ?)
rep g 2 | {brene) re i
2"‘“<£ <25—7‘
i\
5 ( Z Z 1R/ \thsa 2)
SeD ReD La()
SCQ* RH=S
at\'"’
- (Z > > 1R/ |00 ? )
FGJ:Q*SS& F ReD Lq(“)
RM—=g
1/2
th
FeFg« R:RCF Lo(u)
2
< < S 1F/ \etbFfdt)
FEFqr L)

IN

>( ¥

1/21q 1/q
F) dt
<1F / sk ) )
320 \FeFy,. 0 L ()

1/q
S Vioc,qz ( Z M(F)) S ViOC#J:u(Q*)l/q'

720 \FeFi,

In the first inequality we used the stopping time conditions and the fact
that |f| < 1, while the penultimate inequality follows from assumption (4)
of Theorem 1.4.
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Appendix A. T1 theorem in L7(u)

Let us recall the definition of our Carleson constant:

. - 1 Qo) L\’ 1/

cube

Recall also that ¢ € (1,2]. We are interested in proving the following 71
theorem.

Theorem A.1. We have the quantitative bound
(A.2) IV Lo(u)—La(n) S 1+ Cary(q, 30).

We now indicate the proof of this theorem. We can again, without loss
of generality, assume that [|V'||pa()—re(u) < 00

A.1. Reduction to a dyadic setting of good geometric data

Since we are not so well localised yet this part of the argument has a few
more steps than that of the main theorem. We write

0o 2@_ L(R) 2@
[es@r = Y e [ s

ReD(w) {(R)
= lim Z 13(1’)/ 10 f () e
7% ReD(w) {R)/2

{(R)<2¢
By monotone convergence we have that

((R) d q/2 1/q
|Vf||Lq(u)=Slggo[ / ( > tate) [ 2|etf<x>|2f> du<x>] .

ReD(w) UR)/
o(R)<2¢
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«(R) a/2 1/q
> o) | wtﬂx)?‘f) du(l’)]

We take the expectation E,, of this identity. Notice that there holds that
ReD(w) (R)/2

L
L(R)<2

<V £llaguy € L({0,1}")7).

Indeed, ||V f]|o(u) < 00 and Ey,1 = 1. Therefore we have by dominated con-
vergence that

/(R) dt q/2 1/q
IV Sl = Jim B [ ( > o) [ wtﬂx)r?t) du(w)]
$§Tro0 R ReD(w) L(R)/2
L(R)<2¢
We now write
IVl La(u)y—sLa(u) = sup IV £l L)
f compactly supported

Il fllzau <1

Fix such f, and then fix N so that spt f C B(0,2"). It is enough to prove
that for every s > N there holds that

2(R) 2@ q/2 1/q
/R”< 2 1R(x)/ﬁ(R)/zWtf(gg)‘ t) L)

ReD(w)
L(R)<2s

< O(1+ Cary(g,30)) + V|| pa(u) o o) /2-

Ey

Now also fix s > N. One may argue as in Subsection 4.1 and reduce to
showing that uniformly on w € ({0,1}")Z there holds that

£(R) q/2 1/q
[/< 2 1R(m)/e(fz)/2|9tf(x)‘2it> d“(m)]

RED(’lD)gOOd
0(R)<2s

< (1+ Cary(q,30)).

We fix w and write D = D(w).
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A.2. Expanding f and splitting the summation

We now expand the fixed f in L(u) as follows:

(A.3) f= lim > > Agf
Q*eD QeD
{(Qr)=22 QCR~
Q*NB(0,2N)#£p £(Q)>2~"

This time the martingales are simple: Aqf =3 o cang)l{f)e — (flolle
with the understanding that Ag- f = ZQ'ech( 5 (Nele, UQ7) =2° The
argument of Subsection 4.2 shows that it is enough to be able to bound the

quantity
(A.4)
q/2 1/q
[/ ( Z le/ Z 0. Mg f(x ) d,u(:L’)]
ke RED 000 UR)/2| Qep
2-r<U(R)<2® laol
0Q)>2—+

with C'(1 + évarv(q, 30)) for every fixed k and for every fixed Q*.

The splitting of the summation is the same as in the proof of the main
theorem: the quantity in (A.4) is dominated by Iyg)<s(r) + Lsep + Ldiag +
Lhested- The first three terms are treated using similar arguments to the cor-
responding ones found in Sections 5, 6 and 7, and allows us to obtain

Ly@y<e(r) + Tsep + Laiag S 1.

Indeed, notice that in these sections things boil down to the martingale
estimate

1/2
(A.5) H( > \AQf|2>

QCR~

Sfllzeq =1
La(p)

which is easy for the classical martingales. These sections don’t depend on
the finer structure of the martingales.

The only difference lies in the treatment of the nested sum. Mostly it is
much easier because of the simple martingales. But the thing that is more
complicated is that now only f € L%(u) (and not bounded). The moral of
the story: only the paraproduct requires a different argument.
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A.3. The paraproduct in T'1

We need to show that

where

La(p)
SCQ*
As@? = 3 1a(x) / 10:1()?
v, Jumpe

ROM=S

By Proposition 3.7 it is enough to show the next lemma.

Lemma A.6.

There holds that

Carg((As)s) S Cary (g, 30).

Proof. Let Q € D, Q C Q*. We have that

J

q/2
Z As(x ] dp(z)

SeD
SCQ

| SED REDyo0n (R)/2
SCQ R(H=8

ReD
d(R,Q°)>100¢(R)

< Cary (g, 30),

((R) a/2
Y Y i / /\m(x)?ﬂ dp(x)

«R) q/2
> e [ !etux)?ﬂ )

Here we used that each appearing R € Dgooq satisfies that R C Q and £(R

2774(Q). Therefore, we have that d(R, Q) > £(R)7£(Q)*~7 > 2r(1~

(R

<
>

100¢(R). Let R(Q) denote the maximal R € D for which d(R, Q¢) > 100/(R).
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We have reduced to bounding

(H) a/2
/Q[ > 2l / 2\@1@)2?] dp(z)

RER(Q) HED
{(R) th q/2
< /Q [ S 1a() /0 16,1(x) t] du()

HCR

RER(Q)
q/2
U(R)
- R o] o
ReR(Q
< Cary(¢,30)7 > u(100R)

ReR(Q)
< Cary(g,30)7u(Q).

Recall that the supremum in the definition of é\a/rv(q, 30) runs over all
the open cubes. Therefore, we used that R C 2int(R) and then simply that
60int(R) C 100R. We also used the disjointness of the cubes in R(Q) and
the bounded overlap property ZREn(Q) Lioor S 1. We are done. ]

This completes our proof of Theorem A.1.
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