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Weight shiftings for automorphic forms
on definite quaternion algebras,
and Grothendieck ring

DaAvVIDE A. REDUZZI

Let p be a prime number and let F be a finite field of characteris-
tic p. We investigate the interplay between the algebraic structure
of the Grothendieck ring of finitely generated F[G Ly (F)]-modules,
and the existence of cohomological operators producing congru-
ences modulo p between automorphic forms on definite quaternion
algebras over a totally real field.

1. Introduction

Let IF; be a finite field of cardinality ¢ = pY. In this paper we study the inter-
play between (1) the existence of some identities in the Grothendieck ring
of finitely generated |G Lo (F,)]-modules, and (2) the existence of congru-
ences modulo p between automorphic forms on definite quaternion algebras.
We produce such congruences as maps between cohomology groups. Since
our congruences change the weights of the automorphic forms but not the
level, they will be called weight shiftings. Our interest on this subject is
motivated by the weight part of Serre’s modularity conjecture over a totally
real field, as formulated by Buzzard-Diamond-Jarvis in [4], and proved by
Gee in [10] and [11].

Some of the congruences between Hecke eigensystems that we obtain in
the paper are known. The novelty of our results in those cases resides in
our method, which is cohomological (as in [3], [8], and [20], which deal with
the elliptic case), and in the fact that, via suitable intertwining operators,
we can exactly match the existence of weight shiftings between automorphic
forms, with the existence of some relations in the Grothendieck ring of
GLy(FF,). We show that these relations (that have the shape of Chebyshev
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polynomials) are sufficient to write down a presentation of this ring. (One
obtains in this way a heuristic explanation of why some weight shiftings
between automorphic forms exist, while others do not: with some exceptions
in small weights, only congruences compatible with the structure of the
Grothendieck ring are allowed).

Let us first look at the case of elliptic modular forms. For integers k& > 2
and N > 5, with N prime to p > 3, denote by M (N,F,) the space of ellip-
tic modular forms of weight k, level T'1(N), and coefficients in F, ([22],
[23]). The theta operator 6 : My (N, Fp,) — My ,11)(N,Fp) is a Hecke twist-
equivariant map induced on g-expansion by the derivation gd/dq and pro-
ducing a weight shifting of p + 1. The Hasse invariant A : My(N,F,) —
My (p—1)(IV, F,) is a Hecke equivariant map induced by multiplication with
the Eisenstein series Fj,_1 and producing a weight shifting of p — 1. It is
known that the Hasse invariant generates all the congruences modulo p
between the g-expansions of modular forms with SLy(Z) level ([22], 3, Th. 2).

The Eichler-Shimura isomorphism translates the study of Hecke eigen-
systems of elliptic modular forms over [F,, of weight k and level T'y (V) into the
study of the Hecke action on the group cohomology H'(I'y(N), Sym*~2 I_Fg)
In [3], Ash and Stevens identify an avatar of the theta operator in the
map induced in cohomology by multiplication with the Dickson invariant
©, = XYP? — XPY. In [8] Edixhoven and Khare construct a cohomological
counterpart of the Hasse invariant acting on weight two forms by studying
a degeneracy map

H' (Dy(N),F,) * — H'(I1(N) 1T (p) , Sym? ™' F).
A GLy(Fp)-equivariant derivation D of Fp[X,Y] defined by Serre as:
(1.0.1) Df =XPoxf+YP0yf

is used in [20] to produce cohomological weight shiftings by p — 1 starting
from forms of weight 2 < kK <p-+1 (Th. 3.4).

The existence of the operators ©, and D acting on modular represen-
tations of GLy(F),) is also suggested by some identities discovered by Serre
in the Grothendieck ring Ko(GL2(F,)) of finitely generated F,[GLo(F,)]-
modules ([25]). More precisely, set ¢ = p? and for any non-negative integer
k define the G Ly (F,)-representation Mj = SymF IF?]. After extending the
definition of the M}’s for negative values of k using an Euler characteristic
computation (Def. 2.2), Serre observes the following identity between virtual
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representations:
(1.0.2) Mj, — det 'Mkf(qul) = Mkf(qfl) —det -My_oq, (keZ).

When g = 1, the weight shifting by p + 1 appearing in (1.0.2) is induced
by the Dickson invariant ©,. Rewriting (1.0.2) as My — Mj_(,—1)
= det -(My_(p41) — Mr—2p), We see that the corresponding weight shifting
by p—1 is often induced by Serre’s derivation D. (This breaks down for
example when k£ =p — 1, as M,_; is irreducible).

It was suggested to us by F. Diamond to look into generalizations of
the above results to Hilbert modular forms. Let F' be a totally real number
field of degree g > 1 over Q, and let p be a prime unramified in F. To
simplify the notation of this introduction, we assume that p is inert in F,
with residue field F,. Working with geometric Hilbert modular forms over
F — whose weights correspond to tuples k = (ko, ..., kg—1) € Z9 — in [12]
Goren defines g partial Hasse invariants, which induce weight shiftings by
the vector (p, —1,0,...,0) and its cyclic permutations. Moreover Katz ([16])
and Andreatta-Goren ([1]) define g partial theta operators inducing weight
shiftings by (p, +1,0,...,0) and its cyclic permutations.

Motivated by the line of thought described earlier for elliptic modular
forms, one can expected to find the following algebraic counterparts of these
geometric operators: (i) identities in Ko(GL2(FF,)) between virtual represen-
tations whose weights differ by (p,£1,0,...,0); (i) intertwining operators
between modular representations of GLy(F,) producing weight shiftings by
(p,£1,0,...,0).

We discuss (7) in Section 2. In particular, the following relation holds in
Ko(GLy(Fy)) for all integers h, k, and ¢ (cf. 2.5):

(1.0.3) A — e g A
i i+l i+ i i+1
=M T~ dew™ o, MY,

where superscripts indicate Frobenius twists. Notice that shiftings by the
familiar weights (p,+1,0,...,0) appear in the above formula. In Section 3
we discuss (4i) and we show that, as for the case g = 1, the periods appearing
in (1.0.3) correspond to weight shiftings arising from intertwining operators.
For integers a, 5 such that 0 < a<g—1land 1 < g < g — 1, we define gen-
eralized Dickson invariants @/[,3?4 and generalized D-operators D; giving rise
for non-negative integers ko, ..., kg—1 to the G Lo(F,)-monomorphism:

(10.4) Of: det”” 2@ MY — (® M) e M, @ Mt

i#a,a+8 +1 kotstpo=?
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and to the G Ly (F,)-morphism:

o] . (] [0 [] [o+6]
(105)  DF: @ M, — <®#a7a+5M;@) DMy ® My, oo

In Section 4 we combine these operators with some results of [6] and [3]
on lifting Hecke eigensystems to produce congruences between automorphic
forms. Suppose p is an odd prime. Let O be the ring of integers of the
p-adic completion of F', and let D be a definite quaternion algebra with
center F' and split at p (recall we are assuming for simplicity that p is
inert in F). Denote by S (U, Z,) the space of Z,-valued automorphic forms
on D* having prime-to-p level U C (D ®p A%)™ and weight 7 : GLy(0) —
Autz (W7) (cf. 4.1). Assume that 7 is regular with parameters (k,w). We
remark that if U is small enough the formation of the spaces S;(U, A) for
different O-algebras A is compatible with base change (Prop. 4.3) — on the
other hand, base change compatibility fails for geometric Hilbert modular
forms.

An ezample of weight shifting result obtained using (1.0.4) and (1.0.5)
is the following: fix an integer 3 such that 1 < < g, and for any ¢ such
that 0 <i < g—1 choose a; € {p® — 1,p% + 1} and set a = (ao,...,a,-1)
and w' = w+ (p? - 1).

Theorem (Th. 4.15) Suppose that the weight parameter (k,w) satisfies the
condition 2 < k; < p+1 for all i, and that w is odd. Then, if €1 is a Hecke
eigensystem occurring in Sy (iw) (U, Zp), there is a Hecke eigensystem
occurring in reqular weight (k + a,w') and level U such that Q'(modmgz ) =
Q(mod mZP).

Other weight shiftings can be obtained using various combinations of
the operators @gx] and D[Ba]: for example, shiftings of the form

(p",0,...,0,£1,0,...,0),

where the number of zeros between p™ and +1 equals r — 1. In particular, if
we set r = 1 we recover the congruences produced in the geometric context
by the partial Hasse and partial theta operators.

As in the elliptic case, the methods of this paper cannot be applied to
obtain parallel weight shiftings by p —1 € Z7 for forms of weight k = 2,
because of the irreducibility of the Steinberg module M, | = ®f;01 My_l.
Using different techniques, Edixhoven and Khare show in [8] that for any
non-KEisenstein maximal ideal m of the Hecke algebra there is a Hecke-
equivariant embedding S2(U, Fp)m — Sp41(U, Fp)m. Further results on weight
shiftings for trivial weights are obtained by C. Sorensen in unpublished work.
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We conclude by observing that identity (1.0.3), whose validity was sug-
gested by the existence of geometric weight shiftings, is sufficient to deter-
mine the ring structure of Ko(GLy(F,)). This explains the heuristic that
the algebraic structure of the Grothendieck ring dictates the existence or
non-existence of congruences between automorphic forms.

Using Th. 2.7 we prove in Appendix A the following result, which for
simplicity we state for SLo(F,)-representations:

Theorem (Th. A.6) Denote by X the standard representation of SLo(Fy)
on Fg. There is an isomorphism of rings:

Ko (SLy(Fy)) ~

where fl91 (X)=(fo---0f)(X) is the g-fold self-composition of the monic
degree p polynomial:

F(X) = ZLP/QJ (—1)/ p<p_.j>Xp—2j'

j=0 p—J\ J

The polynomial f(X) gives the action of Frobenius on the canonical
generator X of Ko (SLz(F,)). It is interesting to observe that f(X) is a
Dickson polynomial of degree p ([5]), and therefore it is the essentially unique
degree p polynomial acting as a “universal Frobenius”. More precisely, by
a conjecture of Schur f(X) is — up to composition with rational linear
polynomials — the only integral degree p polynomial inducing a permutation
on infinitely many prime fields (Rmk. A.7).

In recent years there has been considerable focus on the study of weights
in Serre-type conjectures for reductive groups G which are not forms of
GLsy (cf. work of Herzig [13], Herzig-Tilouine [14], Emerton-Gee-Herzig [7],
et.al.). We hope in future work to apply the ideas of this paper to such
groups, exploiting the structure of the Grothendieck ring of G to produce
congruences between automorphic forms.

2. Relations in the Grothendieck ring

Fix a rational prime p, a positive integer g, and set ¢ = p. Denote by F,
a finite field with ¢ elements and fix an algebraic closure [, of F,; denote
by o the arithmetic Frobenius automorphism of F,. Let G' denote the group
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GL;y (Fy) and let M be a representation of G over F,. If n is any integer,
o" induces a map G — G. Composing this map with the action of G on M
gives the latter a new structure of G-module, denoted M and called the
nth Frobenius twist of M. If f: M — N is a G-homomorphism and n € Z,
denote by fI" : MM — NI the induced G-homomorphism.

Let M; denote the standard representation of G on F?I and for any
positive integer k define Mj, = Sym” M. We identify M, with the [F4-vector
space of homogeneous polynomials over F, in two variables X,Y and of
degree k, endowed with the action of GG induced by:

(2.0.6) <“ b)-X:aX+cY, (a b)-Y:bXerY.
c d c d

We set M to be the trivial representation of Gi. Denote by det : G — FJ
the determinant character of G.
The irreducible representations of G' over F, are all and only of the form

([26], §13):
(2.0.7) det™ ®®:01M,£Z]

where ko,...,ks_1 and m are integers such that 0 <k; <p—1 and
0 <m < ¢— 1. The tensor products in (2.0.7) are over F,, and the above
representations are pairwise non-isomorphic.

We denote by K(G) the Grothendieck group of finitely generated F,[G]-
modules: it is the free abelian group generated by the isomorphism classes
of irreducible representations of G over Fy ([24]). If M is an F,[G]-module,
we also denote by M its class in Ky(G). Moreover, we denote by e the image
of det in K¢(G). Tensor product over F, induces on Ky(G) a structure of
commutative ring with identity. We denote the product in the Grothendieck
ring Ko(G) by - or by juxtaposition.

In this section we present some identities between virtual representations
of G.

2.1. Negative weights

First, we extend the definition of My € Ky (G) for k < 0 in a way that is
compatible with Brauer character computations, as done by Serre in [25].
Let G = G L3 as an algebraic group over F,, and let T C G be the maxi-
mal torus of diagonal matrices. Identify the character group X (T) of T with
72 in the usual way, so that the roots associated to (G, T) are (1, —1) and
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(—1,1); fix a choice of positive root a = (1, —1). The corresponding Borel
subgroup B is the group of upper triangular matrices in G; we denote by
B~ the opposite Borel subgroup. For a fixed A € X(T), let M, be the one
dimensional left B~-module on which B~ acts (through T) via the charac-
ter A . Denote by indg’_ M, the left G-module given by algebraic induction
from B~ to G of M,. Define the following generalized dual Weyl module
for A (cf. [15], IL.5):

W () = Zizo (=1)"- R'ind§_ (M,).

Observe that W () is an element of the Grothendieck group Ky(G) of
G, and that R*indS_ (M,) is zero for i > 1 ([15], I1.4.2). For A\, = (k,0) €
X (T) with k£ any integer we have:

R'ind§. (M, ) ~ H(PL , O (k)).
B k F,

If £>0, then W (\;) = M}, (with abuse of notation, as W () is an
algebraic representation of G, while M}, is a representation of the special-
ization G(F,)); if £ < 0 we have W (\) = —Hl(IP’Ilpq,(’) (k)). The canonical
perfect pairing of G-modules:

H(Pg,, O (—k —2)) x H'(Pg_, O (k)) = H'(Pg,, O (—2)) ~ det ™' ®Gqp,,
leads to the following:

Definition 2.2 (Serre). Let k£ < 0 be an integer. Define the virtual rep-
resentation M, € Ko (G) by:

0 if k=-1
My = { —el R My if k< —2.

Tautologically, for any k € Z we have in K\ (G) the identity:
(A,) M+ e tF . M__5=0.

By slightly abuse of language, we call the integer k attached to My, the
weight of the virtual representation.

2.3. Serre’s identity

Fix an embedding ¢ : Fgz — M3(F;). Let @, be an algebraic closure of the p-
adic field Q, and fix an isomorphism between F, and the residue field of the
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ring of integers Zp of @p. Denote the corresponding Teichmiiller character
~ =X > X .

by :F, —Z,.Leta,be F;lmth a #b,and let ¢ € ]F;Q\IE‘;. For any k > 1

the Brauer character Greg — Q,, of the representation My, is given by:

(“ a)»—>(k+1)-d’“

< a ) ak+1_l;k+1
_-—
b a—b

ca(k+1) _ zk+1
L (C) =
cl—c

Using the above formulae, in [25] Serre observes the following identity,
valid in Ky (G) for any weight k € Z:

(Eg) Mk —€- Mk,(q+1) = Mkf(qfl) —€- Mkfgq.

2.4. Product formula

A computation with Brauer characters also shows that for any n,m € Z we
have in Ky (G):

(Hg) My My, = My + eMp 1 My, 1.

2.5. Frobenius twists

When g = 1, identities (A1) and (X;) are sufficient to compute the Jordan-
Holder factors of any virtual representation My, (k € Z). When g > 1 this is
not true, as the above identities do not involve Frobenius twists. We have
the following:

Lemma 2.6. Let g > 1. For any k € Z we have in Ky(G) the identity:
(®,) My = My_, MY — eP My,

Proof. Fix an embedding ¢ : g2 — Ms (F,) and denote by & € Z,, the Teich-

miller lift of x € F; as in 2.3. Let 7 be the Brauer character of the virtual

representation M} — Mk_lem + eP Mj_o,. Let a,b € qu such that a # b.
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We have:

T( “ . ) = (k+1)a* — (k—p+1)a" 7. 2a°
+a* - (k—2p+1)a~?r,

a &k—‘rl _ bk—l—l dlc—p—i—l _ bk—p+1 de _ b2p
T b )= :

a—b a—b ar — bp
_ pk—2p+1 _ Ek:—?p-i—l
a
+ alv? - —
a—>b

Both these expressions are zero. If ¢ € IF;Q\]F; then det: (c) = c¢!T9; also
notice that tr(c (c); Ml[l]) =tr(¢(c)?; My) = P + P4, so that:

5q(k+1) _ ék+1 - 6q(k7p+1) _ 6kfp+1
T(t(c) = ————— — + . = p
() = g @ )
(Lt)p Eq(k—2p+1) — gk—2p+1
+c . — ~ ,
cl—c
and this is also zero. |

Multiplying (®,4) by M,[Ll] and applying (II;) we deduce the following
formula, valid for any k, h,i € Z:

7 i+1 it+1 7 i+1 7 i+1 i+1 7 i+1
@) MR- = g g g gl

We summarize the identities described above:

Theorem 2.7. Let g = p? and let k,n,m € Z. The following identities hold
in the ring Ko (G):

( ) M, = _61+k Mg
(%) My — e My_(g11) = My_(g—1) — € Mi_2q

(I1,) MMy, = My 4 €My—1 Myp_1.
(®,) My = My_, MM — P My,

Remark 2.8. Equations (A,), (II), and (®,) are sufficient to compute the
Jordan-Ho6lder constituents of virtual representations of the form Hf:_ol M ,EZI_],
for all k; € Z. In particular, Serre’s relation (X,) is a consequence of the
relations (Ay), (®4), and (II;). In the appendix, we use Th. 2.7 to obtain
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an explicit presentation for the Grothendieck ring of finite dimensional
Fy[SLs (Fy)]-modules (Th. A.6).

3. Intertwining operators

In this section we first recall some intertwining operators between GG-modules
considered in [3], [8], and [20]. Motivated by relation (®f) of 2.5 and by [12]
and [1], we then define in 3.5 generalizations of such operators, which we
apply in Section 4 to produce congruences between automorphic forms.

3.1. The periods g+ 1 and g — 1

The irreducible complex representations of G = GLy(F,) that are not one-
dimensional or twists of the Steinberg representation are of two types: the
principal series representations, of dimension ¢ + 1 and obtained by inducing
to G regular characters of a Borel subgroup, and the cuspidal representa-
tions, of dimension ¢ — 1 and characterized by the property that they do not
occur as factors of a principal series. The two periods ¢ + 1 and ¢ — 1 appear
in Serre’s relation (X,) of Th. 2.7. On one hand, this suggests the existence
of intertwining operators between IF,[G]-modules that shift weights by ¢ + 1
and ¢ — 1 respectively. On the other hand, Khare observed that this also
suggests the existence of natural p-adic integral models of principal series
and cuspidal representations of G, whose reductions (modp) should coin-
cide with the cokernels of the above intertwining operators. These facts are
discussed in [3] and [20], and we recall below the available results.

3.1.1. The period g + 1. Let k > ¢ be an integer and let ©, := XY9 —
XY € F,[X,Y] be one of the Dickson invariants for the action of SLy (Fy)
on the symmetric algebra Sym* IFS. Let us denote by 6, also the G-equivariant
map det @ Mj,_ 441y — M}, obtained by multiplication by ©4. There is a nat-
ural isomorphism of G-modules (cf. [3], Lemma 3.2):

=~ Gy k
coker Oy det @M, _ (1) — IdE(1"),

where 7 is the character of the upper Borel subgroup B of G, defined
extending the character diag(a,b) — a of the standard maximal torus of G.

3.1.2. The period ¢ — 1. The period ¢ — 1 is studied in [20]. The start-
ing point is the G-equivariant derivation map D : F,[X,Y]—=F,[X, Y] defined
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by Serre as:
of of
D: f(X,)Y)— an—X +an—y.

By restriction D induces an intertwining operator My — Mj (4—1) for
any k > 0, giving rise to a weight shifting by ¢ — 1. The kernel of D on M,
is often non trivial ([20], Prop. 3.3), and D captures essential properties
related to the existence or non-existence of embeddings of G-modules of the
form My, — My 41y ([20], Prop. 3.5 and Prop. 3.6).

Assume that p is an odd prime and denote by W ([F,) the ring of Witt

vectors for the field IF,. Fix an embedding of W (IF,) inside Q,,.

Theorem 3.2. Let k be an integer satisfying 2 <k <p—1 and k # %.
Denote by R (k) the cuspidal @p—representation of G associated to the kth-
power of the Teichmiiller character. Let C be the Deligne-Lusztig variety of
SLyr,. There exists a canonical W (FF)-integral model

R(k) = Hclris(c/]Fq)—k

of R(k), arising from the (—k)-eigenspace of the first crystalline cohomology
group of Cyp_, such that there is a canonical isomorphism of F, [G]-modules:

coker D|Mk ~ R(k) Qw(r,) Fy.

The (—k)-eigenspace of Hclris(c/]Fq) s taken with respect to the natural
action of ker(Nmpx /px).

Proof. [20], Th. 4.2. O
3.3. Application to elliptic modular forms

We assume p >3 and by a modular form (modp) in this paragraph we
mean the reduction modulo p of a form in characteristic zero, as considered
by Serre ([23]) and Swinnerton-Dyer ([22]). In this paragraph we assume
g =1, so that G = GLy(IF,).

Let N >5 be a positive integer not divisible by p and denote by My(N,F,)
the Fp-vector space of modular forms for the group I'1(N) having weight
k > 2 and with coefficients in F,. The Hecke algebra T, generated over F,
by the Hecke operators T; for [ 1 pN, acts on this space.

The theta operator 6 : My(N,F,) — My (p41) (N, F,) is defined on g¢-
expansion by the formula 03", anq™) := >, na,g". If f € Mp(N,F,) we
have 0T;(f) =1 -T;0(f) for any T; € T with [ { pN.
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Denote by FEj,_1 the normalized form of the classical Eisenstein series
whose g¢-expansion is given by: E, 1 =1— 2(p 1)Zn>10p 2(n)q"™, where
B,_1 is a Bernoulli number, and o,_o is the (flVlSOI“ sum function. Then
Ep—1 is a modular form of weight p —1, level 1 and coefficients in Z .
Moreover the g-expansion of F,_1 is congruent to 1 modulo p. Multiplica-
tion by E,_1 gives rise to a Hecke-equivariant injective map Mj (N, F p) —
My (p—1) (N, Fp), which is multiplication by the Hasse invariant.

In view of the Eichler-Shimura isomorphism, the study of Hecke eigen-
systems of (modp) modular forms of weight k& > 2 and level N leads to
the study of the eigenvalues of the Hecke algebra acting on the cohomology

group

HYT1(N), My,_s),

where I'; (N) acts on the G-representation Mj,_y = Sym* 2 IFI% via its reduc-
tion (modp), and the action of T comes from the G-action on My_o as
in [3].

The weight shiftings realized on the spaces of modular forms by the theta
operator and the Hasse invariant have cohomological counterparts. In [3],
Ash and Stevens identifies a group-theoretical analogue of the theta oper-
ator in the map induced in cohomology by the Dickson invariant discussed
in 3.1.1:

O, .+

)

: HYT1(N),det @ Mj,_5) — H (T'1(N), Miyp1)-

Edixhoven and Khare identifies in [8] a cohomological analogue of the
Hasse invariant in the case k = 2 by studying the degeneracy map

HY (T1(N), My)®* — H* (T (N) N Tq (p), My_1).

In [20], Serre’s derivation map D defined in 3.1.2 is used to allow weight
shiftings by p — 1 when 2 < k < p+ 1:

Theorem 3.4. Let m be a non-FEisenstein maximal ideal of the Hecke alge-
bra T.

1) Ifk >0 and H'(T'1(N), Mi)m # 0, then also H' (D1 (N), Myt (p—1))m 7
0.

2) If 0 < k <p—1, there is a Hecke-equivariant embedding

HY(Ty(N), Mi)wm < H'(C1(N), Myt (p-1))m
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that is induced by the derivation D if 0 < k <p—1, and is the map
defined in [8] if k = 0.

Proof. The first statement and the second statement for k£ # 0 are proved in
[20], Prop. 5.1; the second statement in the case k = 0 is proved in [8], 2. O

3.5. More intertwining operators

Recall that G = GLy(F,) with ¢ = p9. When g = 2, equation (®5) of 2.5 sug-
gests the existence of intertwining operators shifting weights by (p, £1) and
(1, p). This is also compatible with the weight shiftings produced by partial
Hasse invariants and partial theta operators acting on spaces of Hilbert mod-
ular forms for a quadratic totally real field (cf. [12], [1]). In this paragraph
we define the expected generalizations of ©, and D. Unless otherwise spec-
ified we assume g > 1. Moreover, all the tensor products considered below
are over [F,.

3.5.1. Generalized Dickson invariants. For integers «, 8 such that 0 <
a<g—1land1l<p<g—1, define the generalized Dickson invariant @%?‘]
to be the element

@};‘] =Xy —yeoxr”’

of the G-module Ml[a] ® Ml[gff]. Set moreover Og := Q[b?]' If k, h are non-

negative integers, multiplication by @gl] in the F,[Gl-algebra F,[X, Y]l @
F,[X, Y]l**F induces an injective G-homomorphism:

ol : det?” oM™ @ M M @ M

Moreover the classical Dickson invariant ©l = XY — Y X7 of 3.1.1,
viewed as an element of M%)

o e
det? @M, —>Mk+(q+1).

induces an injective G-homomorphism 0] :

Remark 3.6. When =g — 1, the operators @[goﬂl give, under suitable
assumptions (cf. Section 4), cohomological analogues of the partial theta
operators defined in [1] in the context of Hilbert modular forms. Moreover,
the weight shifting by (...,p,1,...) appearing on both sides of the identity
(@7) of Section 2.5 is realized by © ngll acting on modular representations
of G.



1472 Davide A. Reduzzi

When g > 2 the generalized Dickson invariants do not produce weight
shiftings by cyclic permutations of (1,p,0,...,0). The following computation
shows that this is a consequence of the structure of Ky(G):

Proposition 3.7. Assume g > 2 and let k,h be integers such that 0 <
k,h <p—1. For any integer o such that 0 < a < g—1 and any integer
m, there are no non-zero G-module morphisms det™ ®M,£a} ®M}[Za+1} —

[} a+1
M, & M)

Proof. Assume a=0. By (®,) and (A,;) we have M}[LIJ]FP:M}[LHMF]—F

ep(h“)MZ[)l_]h_Q. If £ # p—1 we deduce that the Jordan-Holder factors of

M1 ® M][zl_‘}_p are My1 ® M}El] ® Ml[z] and detP(h+1) Mg ® Mzgl_]h_? un-
less h = p — 1, in which case only the first factor occurs. This proves the
result for k # p — 1, as the Jordan-Hélder factors of det™ @My @ M ][11] and

1] o . .
My 1 @ M +p Are pairwise non-isomorphic.

Assume now k =p—1 and write M, = Ml[l] + eM,_o. Applying (II,)
we obtain:

1 1 1 2 1
MMy = (M 4 engy o) () 0 e o0l )

=M M a2l

+eMy_o M M 4 PO o pIT
If h # p — 1, the above formula shows that none of the Jordan-Hélder factors
of M, ® M}[:J]rp equals det™ @M, ® M}[ll}. If h = p— 1, we have:

RV VY ROV RV BNV ROVARVLNY

= M + e - 2eP MM, 0P 4 e, oMY M

and det™ ®Mp_q ®MI[;H1 is not a constituent of M, ®M2[]10]71 if p#£2. If
]

p = 2, decomposing further M2[2 we reach the same conclusion. ]

3.7.1. Generalized D-operators. Denote by dx (resp. dy) the operator
of partial derivation with respect to X (resp. Y) acting on F,[X,Y]. If f €

F,[X, Y], denote by the same symbol the endomorphism of F,[X, Y] induced
by multiplication by f. Let k, h be two non-negative integers; for any integers
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a,f such that 0 < a<g—1and 1 < < g—1, define the generalized D-
operator D[Ba] by:

DY =ox o X7+ oy oY MM @ M — M o M)
Weset Dy := Dg)}. It is easily checked that Dgod M ia] QM ,[LOHrﬁ N ILO‘}I ®

M}[Li;f],ﬁ is a G-homomorphism, and it is injective if 0 <k <p—1 and

0 < h <p—1.For k and « as above, the Frobenius twists of Serre’s operator
Dl = X99x + Y19y also define G-homomorphisms D) : M ILO‘] - M ,E‘i](qfl)
which are injective if 1 < k <p— 1.

Remark 3.8. When g = g — 1, the operators Dgﬂl for0 <a<g—1give
rise to cohomological analogues of the partial Hasse invariants defined in [1]
for Hilbert modular forms (cf. 4). Moreover, rewriting the identity (®) of
Section 2.5 as:

it1

[ i+1 ) i+1
MM ) M = e

7 i+1 i i+1
h+1 ’ (MIE]—pMi[z—l] - MI£1—2pMi[L })

we see that the weight shifting by (...,p,—1,...) appearing above is some-

times realized by Dgfll ] acting on modular representations of G.

Similarly to Prop. 3.7, the nonexistence of weight shiftings by a cyclic
permutation of (—1,p,0,...,0) when g > 2 is a consequence of the structure
of K()(G)

4. Congruences between automorphic forms

We apply the constructions of the previous section to obtain, via cohomolog-
ical methods, weight shiftings for automorphic forms on definite quaternion
algebras.

We begin by fixing our notation. Let I’ be a totally real number field of
degree g over QQ, and let p > 2 be a rational prime unramified in F'. Denote
by Op the ring of integers of F' and write pOp = H;Zl‘ﬁj, where the ;s
are maximal ideals of Op. Fix an integer j with 1 < j <r. Suppose that
Fy, := Op/B; is an extension of F, = Z/pZ of degree f;. Let Fy, be the
completion of F' at B;, and denote by (’)ij its ring of integers. Fix an
algebraic closure @p of Q@p; let n be the positive least common multiple of
the integers fi,..., f, and let F be the maximal unramified extension of
Q, inside @, having degree n over Q,, so that Hom(F,Q,) = Hom(F, E).
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Denote by O the ring of integers of E and let F be its residue field. Let o
be the arithmetic Frobenius of the extension E/Q,. Set:

HOm(stpj,E) = {O-i(j) 0<i< fj _ 1}’

where the labeling is chosen so that for any ¢ we have ¢ o ai(j ) = Ji(i)l; here the
subscripts are taken modulo f;. Denote by a bar the analogous morphisms
for the residue fields, so that & is the arithmetic Frobenius of the extension
F/F,, and the elements of Hom(Fyp,,[F) = {EZ(]) :0 <4< fj — 1} are labeled
sothato—oa() ()

We let Ap be the rlng of adeles of F', and we denote by A% the subring
of finite adeles. We let S¢ (resp. S ) be the set of finite (resp. 1nﬁn1te) places
of F" and we identify Sy with the set of maximal ideals of Op.

4.1. Automorphic forms on definite quaternion algebras

We recall basic facts on automorphic forms on definite quaternion algebras
over totally real number fields, following [28] and [17]; cf. also [27].

Fix a finite set ¥ C S disjoint from the set of places of F' lying above
p and such that #X + [F : Q] is even. Let D be a quaternion algebra over
F whose ramification set is Soc U 2. Let Op be a fixed maximal order of D
and for any v € Sy — ¥ fix ring isomorphisms (Op), ~ M2(OF,). Let U be
a compact open subgroup of (D ®p A%¥)”™ such that:

1) U =[l,es,Uv, where U, is a subgroup of (Op);
2) Uy, = (Op), ifv e
3) if v|p, then U, = GL2(OF,).

Let A be a topological Z,-algebra. Let v; :=*33; be a place of F' above
p, and let W, be a free A-module of finite rank. Fix a continuous homo-
morphism 7; : Uy, = GL2(Op,, ) — Aut(Wr,), where Aut(Wr,) is the group
of continuous A-linear automorphlsms of Wr,. Let W, = ® i1 W=, where
the tensor products are over A, and denote by T the correspondlng homo-
morphism 7 : [[5_, Uy, — Aut(W ). We also denote by 7 the action of U
on W, induced by the projection U — H . (We remark that all the
A-modules we consider are of finite type, so we do not encounter issues on
the topology of tensor products, cf. Prop. 4.3)
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For A as above, let ¢ : (A®)™ /F* — A* be a continuous character such
that, for any v € Sy:

TU,no;, (u) = ¢_1(u) Idyy_, for all u e U, N (’);iv.
We say that such a Hecke character i is compatible with 7.

Definition 4.2. For D,U, A, 7, W, and v as above, the space S; (U, A) of
automorphic forms on D* having level U, weight 7, character ¢ and coeffi-
cients in A is the A-module consisting of functions f : D*\ (D ®p A¥)”* —
W, satisfying:

1) f(gu) =71(u)"1f(g) for all g € (D @p ASF)™ and all u € U;
2) f(gz) =9(2)f(g) for all g € (D ®@p AF)™ and all 2z € (AF)™.

We assume that for all ¢ € (D ®@p A%)™, the finite group (U - (A®)* N
t=1D*t)/F* has order prime to p. This assumption is automatically satisfied
if U is sufficiently small, as Lemma 1.1. of [28] implies that in this case
(U - (A®)* Nt~ 1D*t)/F* is a 2-group. We obtain as a consequence (cf. [28],
Cor. 1.2):

Proposition 4.3. Let B a topological A-algebra. The natural morphism
Srp(U,A) @4 B = Srg,Byw.p(U, B) is an isomorphism of B-modules.

Define a left action of (D ®@p A%)™ on the set of functions D*\(D ®p
AR — W, by setting (9f)(z) := f(zg) for all g,z € (D @p AR)*. Let S
be a set of primes of F' containing the ramification set of D, the primes

above p, and the primes v for which U, is not a maximal compact subgroup
of D). Let

gﬂ” = A[T,, Sy :v ¢S]

be the commutative polynomial A-algebra in the indicated indeterminates.
For each finite place v ¢ S, let w, be a fixed uniformizer for F;. The space
S;.»(U, A) has a natural action of T§"", with S, acting via the double coset

U (w” wy) U and T, via U (¥ ) U ([28], 1); this action does not depend

on the choices of uniformizers. The image of T%"4" in the ring of A-module
endomorphisms of S; (U, A) is the Hecke algebra acting on S: (U, A). The
isomorphism of Prop. 4.3 is Hecke equivariant.
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4.4. Systems of Hecke eigenvalues

Let R be a discrete valuation ring with maximal ideal mg. If 7 is a com-
mutative algebra, a system of eigenvalues of T with values in R is a set
theoretic map € : 7 — R. The reduction of  modulo mg, denoted Q, is
the function obtained by composing {2 with the natural map R — -*. Let
RT = R®z T; if M is an RT-module, we say that a system of elgenvalues
Q:7T — R occurs in M if there is a non-zero element m € M such that
Tm = Q(T)-m for all T € T. By [2], Prop. 1.2.3, we have:

Lemma 4.5. Let M be an RT -module which is finitely generated over R. If
Q: T — R is a system of eigenvalues of T occurring in M, then Q : T = o=

is a system of eigenvalues of T occurring in M ®p m?ﬂ

Moreover, by [6], Lemme 6.11 (cf. also [2], Prop. 1.2.2):

Lemma 4.6. Let M be an RT-module which is finite and free over R. Let
QT — R be a system of eigenvalues of T occurring in M @p L& - There
exists a ﬁmte extension of discrete valuation rings R'/R with mp N R mpg

and a system of eigenvalues V' : T — R’ of T occurring in M ®@r R’ such
that, for oll T € T, we have

R/
mpg '

Let D, U, 7, W, and ¢ be as in 4.1, and set A = 0. Recall that we are
assuming that ¢ is compatible with (7, W;), U is small enough, and p is odd.
Denote by a bar the operation of tensoring over O with F. From now on we
assume fixed a set S of primes of F' containing the ramification set of D, the
primes above p, and the primes v for which U, is not a maximal compact
subgroup of D). The systems of eigenvalues considered below will always
be with respect to the Hecke algebra Tg’f}"? for some topological O-algebra
A’: we will call such systems Hecke eigeﬁsystems.

(T)(modmp) = UT)  in

Lemma 4.7. Fiz an O-linear weight (7', W,/) together with a compatible
Hecke character ¢ : (AX)* JF* — O such that ' = . Let p : (7, W) —
(7', Wz) be a non-zero intertwining operator between F-representations of
U. Then:

1) ¢ induces a Hecke equivariant map ¢ : S- ;(U,F) — 5., ;(U,F);

2) Assume that ¢ is injective. If Q is a Hecke eigensystem occurring in
Srw(U,Q), there is a finite extension of E with ring of integers O,
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and there is a Hecke eigensystem Q' occurring in Sy 4 (U, O') such
that:

/

' (modme/) = Q(modmp) in :
mor

Proof. For f € S; (U, F) set p.(f) :=po f. As 7 and Y = 1)/ are compat-
ible, one sees that ¢.(f) € S- ;(U,F). If g,z € (D ®p AS®)™, we have:

(g-@:(f) (@) = (polg-f))(x) = (p«(g- [f)) (),

so that ¢, is Hecke-equivariant.

Assume now that ¢ is injective, which also implies the injectivity of
@«. Let 2 be a Hecke eigensystem occurring in S- (U, O); by Prop. 4.3,
reduction modulo mp induces a Hecke equivariant surjection:

7 Sry(U,0) — S; 5 (U, F).

By Lemma 4.5, the Hecke eigensystem (mod mep) occurs in S; ;(U, F), and
hence in S;, (U, F). Applying Lemma 4.6 to the Hecke equivariant surjection
Sr (U, 0) = S5 (U, F), we deduce the existence of a finite extension of £
with ring of integers ', and of a Hecke eigensystem Q' : Tg o — O occur-
ring in S; (U, O) ®p O’ whose reduction modulo mp- has value in F C n?ol,
and coincide with Q. By Prop. 4.3, Sy (U, O) ®0 O' ~ S, 4 (U,O') as
Hecke modules, and this concludes the proof. O

4.8. Remarks on regular weights

For any integer j s'uch thatl 1 <j<r fix tuples kU) = (k:(()j), ey k:](ci)_l) €
Zgz and w() = (w[()]), . 7“’%)—1) € Z/5. Define the O-module with G'La(O)-
action:

fi—1 ) _ o)
W(km,wm) = ®i]:0 Symki 20? ® det™

where the tensor products are over O. Letting the group G Ly (O Fm]-) act on
the tensor factor Symkl(])*2 0% @ det®” via the embedding GL2(Op, ) —

GL2(0O) induced by O'Z(j) =glo a(()j), the space Wy w)) becomes a repre-
sentation of GL2(Opy, ). We convene of viewing GL2(Op,, ) as a subgroup of

G L2 (0O) via the embedding O'(()j ), and we write the GL3(Op,,  )-representation



1478 Davide A. Reduzzi

Wk wi) as:

fi—1 G _ w @\
Wk ,wo) =®i:0 (Symk"’ 20? @ det™ ) ,

where the superscript [i] indicates twisting by the ith power of the Frobenius
element o.
Denote by 7(kt we) the action of GLa(Opy, ) on W wey and let

J

Tk,w) = ®§:17-(k(j)’w(j)), where k = (k(l), o ,k(r)). We have
T(k,w) * H;:1GL2(OFq3j) — Aut W(k,w)7
with Wiy w) = ®;:1W(k(j)7w(j)) (tensor product over O).

Definition 4.9. We say that 7y w) is a regular weight if there exists an
integer w such that:

KD 420! — 1= w

for all j and all 7. In this case, 7(y w) is determined by the weight parameter
(k,w) € Z922 X 7.

Remark 4.10. We are mostly interested in regular weights. This is because
automorphic forms on D* (in the sense of Def. 4.2) having regular weights
correspond to classical automorphic representations for D*, cf. [17], 3.1.14,
and [28], Lemma 1.3.

Lemma 4.11. Let 7(y ., be a reqular weight, viewed as an O-linear repre-
sentation of the compact open subgroup U of (D ®p AS)*. A Hecke charac-
ter : (AR)* JF* — O is compatible with T(k,w) if and only if the following
two conditions are satisfied:

1) ¢(u) =1 for all u € U, N OF , where v € Sy and v { p;
2) YP(u) = (Nmij/@p(u))lfw for all u € O;’mj’ where 1 < j <.

Proof. The reason for the first condition is straightforward, as the homo-
morphism 7 ) factors through [];_;GL2(OFy ).
Let j be such that 1 < j <r and fix u € O;\Bﬁ recall that we embed

OFr

', in O via ¢, The matrix (“u) € GLQ(OF%_) acts on Wk 4 as the
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automorphism:

fi=1 ) _ @ _

Q. ('@ 22 1) = (N o, ()" T,

where /d; denotes the identity map of (Symky)_Q 0?® detwiﬂ)[i]. The lemma

now follows, as we need to have 75x (u) = Y (w) - Idw,,., - O
5 ’

Lemma 4.12. Let w be an even integer. There exists a continuous Hecke
character ¢ : (AR)™ JF* — L) such that:

1) ¥(u) =1 for allu € O , where v € Sy and v { p;
2) P(u) = (Nmpm/_/@p(u))w for all u € (’)}X,m‘, where 1 < j <.

J

Proof. The adeles norm map (A)* — (Ag’)* induces a continuous homo-
morphism Nm : (A%°)* /F* — (Ag)* /Q*. The decomposition (AZ)* =Q* -
7> induces a continuous isomorphism £ : (AF)*/Q* — 7%/ (—1). More-
over, the map [];Z; — Z,5 defined by sending the tuple (a;), € [],Z;° into
a, € Z, defines a continuous homomorphism a : 7%/ (=1) - Z, since w is
even. The composition ¢ := a o § o Nm is a Hecke character with the desired
properties. O

Proposition 4.13. Assume 7 = 7y ) and T = T(k',w) are two reqular O-
linear weights for automorphic forms on D, with w = w'(modp — 1) and
w odd. Assume that v : (AS)* /F* — O* is a Hecke character compatible
with T(x vy, and that T(y . is isomorphic to an F-linear U-subrepresentation
of T wy- Then:

1) There is a Hecke character ¢ : (AF)™ /F* — O* which is compatible
with T(w ) and such that ' = ;

2) For any Hecke eigensystem € occurring in Sy (U, O) there is a finite
extension of E with ring of integers O, and there is a Hecke eigensys-
tem Q' occurring in Sy 4 (U, Q) such that Q' (mod me:) = Q(mod mp).

Proof. Since p > 2, the integer 1 — w’ is even. By Lemma 4.12, there exists
a Hecke character ¢ : (A¥)™ /F* — Z C O* such that ¢"(u) = 1 for all
v € Sy not lying above p and all u € OF, , and ¥"(u) = (Nmpmj/(@p (u)) '
for u € (’);ﬁp . By Lemma 4.11, 9" is compatible with 7 ,). Let o denote

the reduction modulo mp of the Hecke character ¢~ '4". Since w =
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w'(mod p — 1), by the compatibility of ¢ with T(k,w) and by the construction
of 9", the continuous character « is trivial on the open subgroup

H'Ufp (Uv m O;‘S‘v) X H;:log\pj

of (O @z 7). Therefore a factors through a finite quotient of (A%)* /F*
and the Teichmiiller lift & of « is a continuous character (A%)* /F* — O*.
The O*-valued Hecke character ¢/ := ¢”a~! is compatible with 7, and
satisfies ¢/ = 1), so that the first part of the proposition is proved. The second
part follows by applying Lemma 4.7. O

4.14. Regular weight shiftings

Set A= 0O and let D, U, (1,W;), and 1 be as in 4.1. Assume 7 is regular of
weight parameter (k,w) € Zg22 x 7. Recall that we write k = (k™). .. k(")
with k0 = (k) ... ,kjg)_l) € 75,

The following is an example of a weight shifting result for automorphic

forms of reqular weight that can be obtained via the operators introduced
in 3.5:

Theorem 4.15. Let 7 be a reqular O-linear weight with parameters (k,w)
with w odd. Let f :=min{f1,..., f-} and fix an integer B such that 1 < § <
[ For any integers i,j with1 < j <1 and 0 <1 < f;j_1 choose agj) c {p® -
1,p% +1}. Seta= (a,... a") with al) = (a((f), . ,agfjll), and let w' =
w+ (p? —1). Assume at least one of the following conditions is satisfied:

1) Let j be any integer such that 1 < j <r and < f;. Then for any
iwith()ﬁz’ﬁfj—l andagj) =pf -1, wehav62<k:§j) <p+1,2<
kg_)fj_ﬂ <p+1, andif i’ # i is another integer such that 0 <i' < f; —
1 and az(,j) =p? — 1, we also have i # i’ — f(mod fi)-

Let j be any integer such that 1 < j <r and § = f;. Then for any
iwith0<i< f;—1 andal(.]):pﬁ—l, we h(we2<k§])§p+1.

2) The weight k satisfies 2 < k:gj) <p+1 foralli,j.

Let v : (AR)* JF* — O* be a Hecke character compatible with 7. Then
if 2 is a Hecke eigensystem occurring in Sy (U, O), there is a finite exten-

sion of E with ring of integers O, and there is an O'-valued Hecke eigen-
system Q' occurring in regular weight (k + a,w’) and with associated Hecke
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character 1)’ such that:
Q' (modme/) = Q(mod mp).

The character ' is compatible with the weight (k + a,w’) and it can be
chosen so that 1/ = 1.

Proof. Recall that 7 is an O-linear representation 7 : H;ZIGLQ(OF%) —
Aut W where W = @)_,W; and

N
=@, (Sym" 202 @ det”) "

By regularity we have k:(j) + Qw(j) — 1 =w. The group G’LQ(OFq3 ) acts on
W via the action on W; induced by the embedding 0( 2 : GL2(Opy,) —
GLy(0O). The F-linear representation W; := W; @0 F of GLQ((’)Fq} ) factors
through the reduction map GLy(Opy, ) — GLg(Fqg ); using the notation
introduced in Section 2, we can 1dent1fy W; with the F[GLo(Fg,)]-module

_ fi—1 w [4]
Wj = ®i:0 (Mk(J) 9 ® det, ) ,

where we see GLa(Fyp,) — GLo(F) via O'(()] ), and the superscript [i] indicates

twisting by the ith power of the arithmetic Frobenius of Gal(F/F)).
For any integer j with 1 <7 <r, let

Ti={i:a —p +1} and Dj={i:a —p —1}.

For i € T; set 9% := @“ g if B < fjand 9 == O if § = f;, where ©f)_,
and O are the generahzed Dickson invariants for the group GLo(Fy,) ~
GLy(F,s,;) as defined in 3.5.1. For i € D; set 5§7) = Dgfj_ﬁ if < f; and
5§j )= = Dl if B = f;, where DH 5 and DIl are the generalized D-operators
for GLo(Fy,) defined in 3.7.1. Set

A; = (Oer ) o (Ouen, o).

where the symbol () denotes composition of functions, and each of the
two composition factors is computed by ordering 7; and D; in the natu-
ral way. The operators 19(j ) and (5(j ) give rise to morphisms of F[G Ly (Fy,)]-
modules via the scalar extension U(() 2 : Fop, < [F. We deduce that A; induces
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a  GLy(Fy,)-equivariant morphism A : Wj%WJ{, where WJ’ is the
F[G La(Fsp, )]-module:

= w@ 1\
Wi = ®ieT- (Mkf:mr(pﬁﬂ) ® det >

M\ il
®®16D( KO 4 (pF—1)—2 ®detw()> :

By 3.5.1, Qier; ﬁ(j) is injective. If (i) is satisfied, the discussion in 3.7.1
implies that Oiep, 5(] ) is injective on W;. Moreover the image of

=1 i) . -
Qe e W,
under Ojep, (5§j) is of the form J[;cp. (kl(j) — 2) - u for some non-zero u € W.
If (i7) holds, Hiepj(k:l(j ) _ 2) is non-zero in F and, being W; an irreducible
representation of G'La(Fy,), we deduce that Osep, 62-0 ) i injective on W;.
We conclude that under assumptions (¢) or (i¢), all the maps A; for

1 < j < r are injective. Let b(j) —1if¢ e 7; and b( D —0ifie D;. Define
the O|GL2(Opy, )]-module:

W = ®J,Cj;1 (S}’Irlkl(m“’gj)_2 0?® detw5j>+b§j)) . ;
1=

so that W’ Qo F = W’ as [F-representations of GLQ(OFLB ). Set W' =

X = 1VV’ and denote by 7’ the action of U on W’ induced by the projec-

tion U — [} —1GL2(Opy,). Let w' = w+ (p® —1); for all i and j we have

k‘gj) —i—agj) > k:gj) > 2 and:
(k7 +a?) + 20w +67) — 1= w+ (p° - 1).

Therefore 7’ is a regular weight for automorphic forms on D with parameters
(k +a,w’) € ZZ, x Z. The injections A; constructed above allow us to see
W = b2y W; as an F-linear U- subrepresentatlon of W/ = X _IW’ Since
w is odd and w = w'(mod p — 1), we can apply Prop. 4.13, Wthh concludes
the proof. O

Corollary 4.16. Under the assumptions of Th. 4.15, any Fp-lz'near con-
tinuous Galois representation arising from a Hecke eigenform in S; (U, O),
where T is a reqular weight of parameter (k,w), also arises from a Hecke
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eigenform in Sy g (U, Zy), where 7' is a reqular weight of parameter (k +
a,w') and ¢’ is some O*-valued Hecke character compatible with 7 and

such that ' = 1.

Remark 4.17. While the generalized Dickson invariants induce injective
maps on the trivial F-representation of GLa(Fsy,), the generalized D-
operators are identically zero on this representation. Starting with an auto-
morphic form whose weight (k(), ... k(")) is such that k') = 2 for some 7,
we can then produce weight shiftings using the operators @[o’? ! but we cannot
use the operators D([f I, On the other side, the study of weight shiftings by
p — 1 for such automorphic forms is motivated by the weight part of Serre’s
modularity conjecture for totally real fields (cf. for example Lemma 4.6.8
of [10]). Results in this directions are obtained by Edixhoven-Khare ([8] 4,
Prop. 1), and by C. Sorensen in unpublished work.

Appendix A. - Presentation of the ring Ko (SL2(F,))

Fix a rational prime p, a positive integer g, and set ¢ = pY. Denote by
F, a finite field with ¢ elements and let & be the group SLs(F,;). In this
appendix we apply the identities of Th. 2.7 to determine a presentation of
the Grothendieck ring of finitely generated F,[®]-modules. We treat the case
of & = SLy(F,) instead of GLy(F,) only to simplify the computations. The
main result is Th. A.6.

Identities in Ky (®). All the representations in this appendix are repre-
sentations of &: for convenience of the reader, we recall the notation set
up in Section 2, using Fraktur letters instead or Roman letters to denote
representations.

For any F,[®]-module 9t and any integer ¢, denote by ol the ith Frobe-
nius twist of 9. We let X be the standard representation of & on Fg, and
for k >0 we set 9, := Sym* X. Denote by Ky(®) the Grothendieck ring
of finitely generated F,[®]-modules. We set 9t_; := 0 and for any integer
kE < —2 we define My, := —M_j_2 € Ko(&) ([25]). The following identities
hold in Ky (&) for all k,h € Z (Th. 2.7):

) My +9M_p_2=0
Xg) My — My (g1) = M (g—1) — Mi—24
I1,) DMy, = My p + M 1M1
®,) My, = My M — My
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Some polynomials
Lemma A.1. The ring Ko (&) is generated by X as a Z-algebra.

Proof. This lemma follows by observing that the Grothendieck ring Ko (SLg)
of I_Fp—linear algebraic group representations of SLs is generated by the stan-
dard representation, together with the fact due to Steinberg that any irre-
ducible representation of & is obtained by taking F,-points of an algebraic
representation. We present below also another proof, which will be useful
later. '

The abelian group K (&) is freely generated by the ¢ elements Hf;& Dﬁgj],
where 0 < k; < p — 1 for any 4. It is therefore enough to show that for all inte-
gers i and k such that 0 <7 <g—1and 0 < kgp—lwehavef)ﬁg] € Z[X%].
Applying (II;) we obtain the recursive relations:

(A1) ol = (xl)2 — 1, ml! = 0. omlT | —omlT , (n > 2),

so that 9, € Z[X] for all k>0, and K (&) = Z[x, X1, ..., xlo-1]. Using
(®4) and (Ay) we see that

i+1] _ anli (4]
(A.2) xH = omll — o)

and we conclude that X1, ... xlo—1 ¢ 7[x]. O

Let X be an indeterminate over Z and define the following families of
polynomials of Z[X]:

For n > 0, the polynomial m,,(X) is monic of degree n and fI"(X) is
monic of degree p™.

Lemma A.2. For any non-negative integer i, we have fi(%) =%l in
Ky (8).
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Proof. By formula (A.1) we have:

in Ko (®) (n>0). If i = 0 the statement of the lemma is clear, and if i = 1
it follows from formulae (A.1) and (A.2). Assuming ¢ > 1 we have:

FEEIE) = my (F17(2)) = mp—2(F71(%)) = mp(X) — my,_o(X7).

Since taking Frobenius twist is a ring homomorphism of K (&), the right-
most term in the above equality is m, (%) — m,_o(X)l]. By formula (A.1),

the latter is SUIH ST)ILLQ, which equals X1 by (A.2). O

Lemma A.3. There is an isomorphism of rings:
Z[X]
(F9(x) - X)

induced by mapping the indeterminate X into the class of the standard rep-
resentation X of &.

~ Ky (8),

Proof. By Lemma A.1 the ring homomorphism 7 : Z[X| — Ky (®) induced
by X — X is surjective. Since X9 = %, Lemma A.2 implies that fl9/(X) —
X e kerm. Since fl99(X) — X is a monic polynomial of degree p? and K (&)
is Z-free of rank p9, the map 7 induces the desired isomorphism. O

We now determine a formula for the polynomial f(X). For an integer n,
denotes by |n| the largest integer not greater than n

Lemma A.4. For any non-negative integer n we have:

ma(X) = 3 1y <” J>Xn 2.

J=0 J

Proof. We induct on n > 0. Notice the statement is true if n < 2. Denote by
m,,(X) the right hand side of the above formula. If n > 2 we have:

mn(X) = Xmy_y (X) —my_o(X)
_ ZL n— 1)/2J Y j (n—l—j)Xn—2j
J

B Z n 2 /2 : (n—?—j)Xn72(j+1).



1486 Davide A. Reduzzi

If n>2iseven, [(n—1)/2] = (n/2) — 1 and:

) = S ()X e
= X (S D ()X ) (e
= S (1 () X = (X),

Ifn>2isodd, [(n—1)/2| =(n—-1)/2, |(n—2)/2] = (n—3)/2 and:

ma(X) = S0V (1) () xR S D () () X
= X"+ (Zg'r;—ll)/Q (_1)j (nj j)Xn 2])
= S (7 (1) X = i ().

Using Lemma A.4 one can easily check:

Lemma A.5. Letn > 2 be an integer. Then:

mp(X) —mp_o(X) = ZJLZ/(?J (—1)) <n;j>Xn—2j'

n—=17j

Combining Lemma A.3 with Lemma A.5 we obtain:

Theorem A.6. Let g be a positive integer, p a prime, q=pJ, and set
& = SLy(F,). The assignment X — X induces an isomorphism of rings:

Z1X]
) - %)
where f9Y(X) = (fo---of)(X) is the g-fold self-composition of the monic

degree p polynomial with integer coefficients:

Fx) = SO Ly 2 (p ; j)ij_

J=0 p—17

KO (6) ~

It was pointed out by S. Bloch that the polynomial f(X) € Z[X] is a
Dickson polynomial of the first kind (cf. [5]). Similarly to Chebyshev poly-
nomials, Dickson polynomials satisfy a nesting identity with respect to com-
position, so that one can easily write formulae for their self-iterations. In
the case of fl9(X), such a formula also follows from Serre’s relation (3,):
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f9(x) = ZWQJ (—1) q(g fj)XqZJ.

j=0 q—J\ J

Remark A.7. Dickson polynomials have many special features (cf. [18]).
In particular, a conjecture of Schur (1923) states that if K is a number field
with ring of integers O and g(X) € Ok[X] is a polynomial of degree larger
than one, inducing a permutation of Ok /p for infinitely many maximal
ideals p of O, then g(X) is a composition of Dickson polynomials and linear
polynomials over K. Cf. [9], [29], and [19] for a proof of Schur’s conjecture.

Notice that f19(X) = X9(mod p). More generally, we signal the following
fact that was pointed out by G. Savin:

Proposition A.8. Let G be a simply connected semisimple algebraic group
defined and split over Fy, and denote by Ko(G) the Grothendieck ring of
F,[G]-rational modules of finite F,-dimension. If M is an element of Ko(G)
and 1 is any non-negative integer, we have:

M = M (mod p).

Proof. Let T be a maximal torus of G defined and split over [F,, and denote
by X = X(T) its character group. For any A € X, denote by e()\) the corre-
sponding basis element of the group ring Z[X], so that e(A + \') = e(A)e(N)
for any characters A and \'. Fix a G-module 91 and write its formal charac-
ter as ch9t =)\ yma - e()), where m,, is the dimension of the M-isotypic
submodule of 2. For a positive integer i, the p’th power automorphism of
F, induces an action on Z[X] by sending a basis element e()) to e(p)), so
that:

ch(mlil) = Z my - e(A)P = (Z)\eXmA . e()\))pi (mod p).

AeX

The formal character (3°,cym - e(A))” " is the element associated to 9"
by the map ch : Ko(G) — Z[X]. We have therefore:

ch(91) = ch(9MP") (modp).
Let W denotes the Weyl group of the pair (G, T). The proposition now

follows using the isomorphism of commutative rings ch : Ko(G) — Z[X]"
(cf. [15] I1.5.8). O
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