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BLM realization for Frobenius–Lusztig

Kernels of type A

Qiang Fu

The infinitesimal quantum gln was realized in [1, §6]. We will realize
Frobenius–Lusztig kernels of type A in this paper.

1. Introduction

In 1990, Ringel discovered the Hall algebra realization [21] of the positive
part of the quantum enveloping algebras of finite type. Almost at the same
time, the entire quantum gln was realized by A. A. Beilinson, G. Lusztig
and R. MacPherson in [1]. They first used q-Schur algebras to construct a
Q(v)-algebra K̂Q(n), and then proved that the quantum enveloping algebra
of gln over Q(v) can be realized as a subalgebra of K̂Q(n).

Let Uk (n) be the the quantum enveloping algebra of gln over k with

standard generators E
(m)
i , F

(m)
i , K±1

i and
[
Ki;0
t

]
, where k is a commutative

ring containing a primitive l′th root ε of 1. Let p = chark . For h � 1, let

ũk (n)h be the k -subalgebra of Uk (n) generated by E
(m)
i , F

(m)
i , K±1

j ,
[
Kj ;0
t

]
for 1 � i � n− 1, 1 � j � n and 0 � m, t < lph−1, where l = l′ if l′ is odd,
and l = l′/2 otherwise. Then we have ũk (n)1 ⊆ ũk (n)2 ⊆ · · · ⊆ Uk (n). In the
case where l′ is an odd number, let uk (n)h = ũk (n)h/〈K l

1 − 1, . . . ,K l
n − 1〉.

The algebra uk (n)1 is called the infinitesimal quantum gln and the algebra
uk (n)h is called Frobenius–Lusztig kernels of Uk (n) (cf. [7]). The algebra
uk (n)1 was realized in [1, §6]. In this paper, we will realize the algebra
uk (n)h for all h � 1. More precisely, we will first construct the k -algebra
K ′(n)h in §4. Then we will prove in 5.5 that uk (n)h ∼= K ′(n)h in the case
where l′ is odd, and that ũk (n)h ∼= K ′(n)h in the case where l′ is even and
k is a field.

Let Sk (n, r) be the q-Schur algebra over k . A certain subalgebra, denoted
by ũk (n, r)h, of Sk (n, r) was constructed in [12, §4]. It is proved in [13] that
ũk (n, r)1 is isomorphic to the little q-Schur algebra introduced in [11, 14].
We will prove in 6.1 that the algebra ũk (n, r)h is a homomorphic image of
ũk (n)h.
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Infinitesimal q-Schur algebras are certain important subalgebras of q-
Schur algebras (cf. [2, 3, 6]). For h � 1 let sk (n)h be the k -subalgebra of
Uk (n) generated by the algebra ũk (n)h and

[
Kj ;0
t

]
(1 � j � n, t ∈ N). We will

prove in 6.4 that the infinitesimal q-Schur algebra sk (n, r)h is a homomorphic
image of sk (n)h.

Throughout this paper, let Z = Z[v, v−1] where v is an indeterminate
and let Q = Q(v) be the fraction field of Z. For i ∈ Z let [i] = vi−v−i

v−v−1 . For
integers N, t with t � 0, let[

N

t

]
=

[N ][N − 1] · · · [N − t+ 1]

[t]!
∈ Z

where [t]! = [1][2] · · · [t]. For μ ∈ Zn and λ ∈ Nn let
[
μ
λ

]
=

[
μ1

λ1

] · · · [μn

λn

]
. For

λ, μ ∈ Zn, write λ � μ⇔ λi � μi for 1 � i � n. We say that λ < μ if λ � μ
and λ �= μ.

Let k be a commutative ring containing a primitive l′th root ε of 1 with
l′ � 1. Let l � 1 be defined by

l =

{
l′ if l′ is odd,
l′/2 if l′ is even.

Let p be the characteristic of k . We will regard k as a Z-module by special-
izing v to ε. When v is specialized to ε,

[
c
t

]
specialize to the element

[
c
t

]
ε

in k .

2. The BLM construction of quantum gln

Following [17] we define the quantum enveloping algebra UQ(n) of gln to be
the Q(v)-algebra with generators

Ei, Fi (1 � i � n− 1), Kj , K−1
j (1 � j � n)

and relations
(a) KiKj = KjKi, KiK

−1
i = 1;

(b) KiEj = vδi,j−δi,j+1EjKi;
(c) KiFj = vδi,j+1−δi,jFjKi;
(d) EiEj = EjEi, FiFj = FjFi when |i− j| > 1;

(e) EiFj − FjEi = δi,j
K̃i−K̃−1

i

v−v−1 , where K̃i = KiK
−1
i+1;

(f) E2
i Ej − (v + v−1)EiEjEi + EjE

2
i = 0 when |i− j| = 1;

(g) F 2
i Fj − (v + v−1)FiFjFi + FjF

2
i = 0 when |i− j| = 1.
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Following [19], let UZ(n) be the Z-subalgebra of UQ(n) generated by all

E
(m)
i , F

(m)
i , K±1

i and
[
Ki;0
t

]
, where for m, t ∈ N,

E
(m)
i =

Em
i

[m]!
, F

(m)
i =

Fm
i

[m]!
, and

[
Ki; 0

t

]
=

t∏
s=1

Kiv
−s+1 −K−1

i vs−1

vs − v−s
.

Let Θ(n) be the set of all n× n matrices over N. Let Θ±(n) be the set
of all A ∈ Θ(n) whose diagonal entries are zero. Let Θ+(n) (resp. Θ−(n))
be the subset of Θ(n) consisting of those matrices (ai,j) with ai,j = 0 for all
i � j (resp. i � j). For A ∈ Θ±(n), write A = A+ +A− with A+ ∈ Θ+(n)
and A− ∈ Θ−(n). For A ∈ Θ±(n) let

E(A+) =
∏

i�s<j

1�i,j�n

E(aij)
s , F (A−) =

∏
j�s<i

1�i,j�n

F (ai,j)
s

where the ordering of the products is the same as in [1, 3.9]. According to
[19, 4.5] and [20, 7.8] we have the following result.

Proposition 2.1. The set{
E(A+)

∏
1�i�n

Kδi
i

[
Ki; 0

λi

]
F (A−)

∣∣∣∣∣ A ∈ Θ±(n), δ, λ ∈ Nn, δi ∈ {0, 1}, ∀i
}

forms a Z-basis of UZ(n).

Using the stabilization property of the multiplication of q-Schur algebras,
an important algebra KZ(n) over Z (without 1), with basis {[A] | A ∈ Θ̃(n)}
was constructed in [1, 4.5], where Θ̃(n) = {(aij) ∈Mn(Z) | aij � 0 ∀1 � i �=
j � n}. It should be noted that the algebra KZ(n) is isomorphic to the
Lusztig integral form of the modified quantum gln (cf. [10, 6.3]).

For A ∈ Θ̃(n) let ro(A) = (
∑

1�j�n a1,j , . . . ,
∑

1�j�n an,j) and co(A) =

(
∑

1�i�n ai,1, . . . ,
∑

1�i�n ai,n). Note that if A,B ∈ Θ̃(n) is such that
co(B) �= ro(A) then [B] · [A] = 0 in KZ(n). For 1 � i, j � n let Ei,j be the
n× n matrix whose i, j entry is 1 and all other entries are zero. For r ∈ N let
Λ(n, r) = {λ ∈ Nn |∑1�i�n λi = r}. From [1, 4.6(c)] we see that the algebra
KZ(n) is generated by the elements [mEi,i+1 + diag(λ)], [mEi+1,i + diag(λ)]
for m ∈ N, 1 � i � n− 1 and λ ∈ Zn. Furthermore the following multiplica-
tion formulas in KZ(n) is given in [1, 4.6(a),(b)].

Proposition 2.2. Assume that 1 � i � n− 1, m ∈ N and A ∈ Θ̃(n).
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(1) If B ∈ Θ̃(n) is such that co(B) = ro(A) and B −mEi,i+1 is a diagonal
matrix, then

[B] · [A] =
∑

t∈Λ(n,m)

∀u�=i+1,tu�ai+1,u

vβ(t,A)
∏

1�u�n

[
ai,u + tu

tu

][
A+

∑
1�u�n

tu(E
�
i,u − E�

i+1,u)

]
,

where β(t, A) =
∑

j>u(ai,j − ai+1,j)tu +
∑

u<u′ tutu′.

(2) If C ∈ Θ̃(n) is such that co(C) = ro(A) and C −mEi+1,i is a diagonal
matrix, then

[C] · [A] =
∑

t∈Λ(n,m)

∀u �=i,tu�ai,u

vγ(t,A)
∏

1�u�n

[
ai+1,u + tu

tu

][
A−

∑
1�u�n

tu(E
�
i,u − E�

i+1,u)

]
,

where γ(t, A) =
∑

j<u(ai+1,j − ai,j)tu +
∑

u<u′ tutu′.

Following [1, 5.1], let K̂Q(n) be the vector space of all formal Q(v)-
linear combinations

∑
A∈Θ̃(n) βA[A] satisfying the following property: for

any x ∈ Zn,

(2.2.1) the sets
{A ∈ Θ̃(n) | βA �= 0, ro(A) = x}
{A ∈ Θ̃(n) | βA �= 0, co(A) = x} are finite.

The product of two elements
∑

A∈Θ̃(n) βA[A],
∑

B∈Θ̃(n) γB[B] in K̂Q(n) is

defined to be
∑

A,B βAγB[A] · [B] where [A] · [B] is the product in KZ(n).
Then K̂Q(n) becomes an associative algebra over Q(v).

For A ∈ Θ±(n), δ ∈ Zn and λ ∈ Nn let

A(δ, λ) =
∑
μ∈Zn

vμ�δ
[μ
λ

]
[A+ diag(μ)] ∈ K̂Q(n);

A(δ) =
∑
μ∈Zn

vμ�δ[A+ diag(μ)] ∈ K̂Q(n),

where μ � δ =
∑

1�i�n μiδi.
The next result is proved in [1, 5.5,5.7].
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Theorem 2.3. There is an injective algebra homomorphism ϕ : UQ(n)→
K̂Q(n) satisfying

Ei �→ Ei,i+1(0), Kj1
1 Kj2

2 · · ·Kjn
n �→ 0(j), Fi �→ Ei+1,i(0).

Furthermore the set {A(j) | A ∈ Θ±(n), j ∈ Zn} forms a Q(v)-basis for
ϕ(UQ(n)).

We shall identify UQ(n) with ϕ(UQ(n)). According to [16, 4.2,4.3,4.4],
we have the following result.

Proposition 2.4. The algebra UZ(n) is generated as a Z-module by the
elements A(δ, λ) for A ∈ Θ±(n), δ ∈ Zn and λ ∈ Nn. Furthermore, each of
the following set forms a Z-basis for UZ(n) :

(1) {A(0)0(δ, λ) | A ∈ Θ±(n), δ, λ ∈ Nn, δi ∈ {0, 1}, ∀i};
(2) {A(δ, λ) | A ∈ Θ±(n), δ, λ ∈ Nn, δi ∈ {0, 1}, ∀i}.

We end this section by recalling an important triangular relation in
KZ(n). For A = (as,t) ∈ Θ̃(n) let

σi,j(A) =

{∑
s�i;t�j as,t if i < j∑
s�i;t�j as,t if i > j.

Following [1], for A,B ∈ Θ̃(n), define B � A if and only if σi,j(B) � σi,j(A)
for all i �= j. Put B ≺ A if B � A and σi,j(B) < σi,j(A) for some i �= j.

According to [1, 5.5(c)], for A ∈ Θ±(n) and λ ∈ Zn the following trian-
gular relation holds in KZ(n):

(2.4.1) E(A+)[diag(λ)]F (A−) = [A+ diag(λ− σ(A))] + f

where σ(A) = (σ1(A), . . . , σn(A)) with σi(A) =
∑

j<i(ai,j + aj,i) and f is a

finite Z-linear combination of [B] with B ∈ Θ̃(n) such that B ≺ A.

3. The algebra ũk (n)h

Let Uk (n) = UZ(n)⊗Z k . We shall denote the images of E
(m)
i , F

(m)
i , A(δ, λ),

etc. in Uk (n) by the same letters. For h � 1 let ũk (n)h be the k -subalgebra of

Uk (n) generated by the elements E
(m)
i , F

(m)
i , K±1

j ,
[
Kj ;0
t

]
for 1 � i � n− 1,
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1 � j � n and 0 � m, t < lph−1. If l′ is an odd number, we let

(3.0.1) uk (n)h = ũk (n)h/〈K l
1 − 1, . . . ,K l

n − 1〉.

The algebra uk (n)h is called Frobenius–Lusztig kernels of Uk (n). We will
construct several k -bases for ũk (n)h in 3.7.

We need some preparation before proving 3.7. The following result is
due to [18, 3.2] (see also [15, 4.1]).

Lemma 3.1. Let m = m0 + lm1, 0 � m0 � l − 1, m1 ∈ N. Then[
m

t

]
ε

= εl(t1l−t1m0−tm1)

[
m0

t0

]
ε

(
m1

t1

)
for 0 � t � m, where t = t0 + lt1 with 0 � t0 � l − 1 and t1 ∈ N.

Lemma 3.2. The following identity hold in k :
(
m+ph−1

s

)
=

(
m
s

)
for m ∈ Z

and 0 � s < ph−1.

Proof. We consider the polynomial ring k [x, y]. Since the characteristic of k
is p we see that

∑
0�j�ph−1

(
ph−1

j

)
xjyp

h−1−j = (x+ y)p
h−1

= xp
h−1

+ yp
h−1

.

It follows that
(
ph−1

j

)
= 0 for 0 < j < ph−1. This implies that

(
m+ ph−1

s

)
=

∑
0�j�s

(
ph−1

j

)(
m

s− j

)
=

(
m

s

)

for m ∈ Z and 0 � s < ph−1. �

We now generalize 3.2 to the quantum case.

Lemma 3.3. Assume 0 � a < lph−1 and b ∈ Z. Then we have
[
b+lph−1

a

]
ε
=

ε−alph−1[ b
a

]
ε
. In particular, we have

[
b+l′ph−1

a

]
ε
=

[
b
a

]
ε
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Proof. We write a = a0 + a1l and b = b0 + b1l with 0 � a0, b0 < l, a1 ∈ N

and b1 ∈ Z. If b ∈ N, then by 3.1 and 3.2 we conclude that

[
b+ lph−1

a

]
ε

= ε−alp
h−1

εl(a1l−a1b0−a1b1l−a0b1)

[
b0
a0

]
ε

(
b1 + ph−1

a1

)
= ε−alp

h−1

εl(a1l−a1b0−a1b1l−a0b1)

[
b0
a0

]
ε

(
b1
a1

)
= ε−alp

h−1

[
b

a

]
ε

.

Furthermore if b+ lph−1 < 0, then −b+ a− 1− lph−1 � 0 and hence

[
b+ lph−1

a

]
ε

= (−1)a
[−b+ a− 1− lph−1

a

]
ε

= (−1)aεalph−1

[−b+ a− 1

a

]
ε

= ε−alp
h−1

[
b

a

]
ε

.

Now we assume −lph−1 � b < 0. According to 3.1 we have

(3.3.1)

[
b+ lph−1

a

]
ε

= ε−alp
h−1

εl(a1l−a1b0−ab1)
[
b0
a0

]
ε

(
b1
a1

)
.

If a0 − b0 − 1 � 0 then
[
b0
a0

]
ε
= (−1)a0

[
a0−b0−1

a0

]
ε
= 0 and hence, by 3.1

and (3.3.1), we have

[
b

a

]
ε

= (−1)a
[
l(a1 − b1) + (a0 − b0 − 1)

a

]
ε

= (−1)aεl(a1l−a1(a0−b0−1)−a(a1−b1))
[
a0 − b0 − 1

a0

]
ε

(
a1 − b1

a1

)
= 0

= εalp
h−1

[
b+ lph−1

a

]
ε

.
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Now we assume −lph−1 � b < 0 and a0 − b0 − 1 < 0. Then a1 − b1 − 1 � 0
and 0 � l + a0 − b0 − 1 < l. According to 3.1 we have[

b

a

]
ε

= (−1)a
[−b+ a− 1

a

]
ε

= (−1)a
[
l(a1 − b1 − 1) + (l + a0 − b0 − 1)

a

]
ε

= (−1)aεl(−a1(a0−b0−1)−a(a1−b1−1))
[
l + a0 − b0 − 1

a0

]
ε

(
a1 − b1 − 1

a1

)
= (−1)a1l+a1εl(−a1(a0−b0−1)−a(a1−b1−1))

[
b0 − l

a0

]
ε

(
b1
a1

)
.

Since 0 � a0 < l and [m+ l]ε = ε−l[m]ε we see that
[
b0−l
a0

]
= εa0l

[
b0
a0

]
ε
. This

implies that

(3.3.2)

[
b

a

]
ε

= (−1)a1l+a1εl(a0−a1(a0−b0−1)−a(a1−b1−1))
[
b0
a0

]
ε

(
b1
a1

)
.

Furthermore since ε2l = 1 and (a21l − a1)− (a1l + a1) = −2a1 + la1(a1 − 1)
is even, we see that

εl(a1l−a1b0−ab1)

εl(a0−a1(a0−b0−1)−a(a1−b1−1)) = εl(−2ab1−2a1b0−2a0+2a0a1)εl(a
2
1l−a1)

= εl(a
2
1l−a1) = εl(a1l+a1) = (−1)a1(l+1).

Thus by (3.3.1) and (3.3.2) we conclude that
[
b+lph−1

a

]
ε
= ε−alph−1[ b

a

]
ε
. The

proof is completed. �

Corollary 3.4. Assume 0�a, b<lph−1 and a+b� lph−1. Then
[
a+b
a

]
ε
=0.

Proof. According to 3.3 we have
[
a+b
a

]
ε
= ε−alph−1[a+b−lph−1

a

]
ε
. Since 0 �

a+ b− lph−1 < a, we see that
[
a+b−lph−1

a

]
ε
= 0. The assertion follows. �

Let ũ0k (n)h be the k -subalgebra of ũk (n)h generated by K±1
j ,

[
Kj ;0
t

]
for

1 � j � n and 0 � t < lph−1. For h � 1 let

Nn
lph−1 = {λ ∈ Nn | 0 � λi < lph−1, ∀i}.

Lemma 3.5. The set M0 =
{∏

1�i�nK
δi
i

[
Ki;0
λi

] | δ ∈ Nn, δi ∈ {0, 1}, λ ∈
Nn
lph−1

}
forms a k -basis for ũ0k (n)h.



BLM realization for Frobenius–Lusztig Kernels 1337

Proof. Let V1 = spank M
0. From 2.1, we see that the set M0 is linearly

independent. Thus it is enough to prove that ũ0k (n)h = V1. Let V2 be the

k -submodule of ũ0k (n)h spanned by the elements
∏

1�i�nK
δi
i

[
Ki;0
λi

]
(δ ∈ Zn,

λ ∈ Nn, 0 � λi < lph−1, for all i). According to [19, 2.3(g8)], for 0 � t, t′ <
lph−1 we have

εt
′t

[
Ki; 0

t′

] [
Ki; 0

t

]
=

[
t+ t′

t

]
ε

[
Ki; 0

t+ t′

]
−

∑
0<j�t′

(−1)jεt(t′−j)
[
t+ j − 1

j

]
ε

Kj
i

[
Ki; 0

t′ − j

] [
Ki; 0

t

]
.

Note that by 3.4 we have
[
t+t′

t

]
ε

[
Ki;0
t+t′

]
= 0 for 0 � t, t′ < lph−1 with t+ t′ �

lph−1. Thus, by induction on t′ we see that
[
Ki;0
t′

][
Ki;0
t

] ∈ V2 for 0 � t, t′ <
lph−1. It follows that ũ0k (n)h = V2. Furthermore, by the proof of [19, 2.14],

for m � 0 and 0 � t < lph−1 we have

Km+2
i

[
Ki; 0

t

]
= εt(εt+1 − ε−t−1)Km+1

i

[
Ki; 0

t+ 1

]
+ ε2tKm

i

[
Ki; 0

t

]
,

K−m−1
i

[
Ki; 0

t

]
= −ε−t(εt+1 − ε−t−1)K−m

i

[
Ki; 0

t+ 1

]
+ ε−2tK−m+1

i

[
Ki; 0

t

]
.

If t+ 1 = lph−1, then

εt(εt+1 − ε−t−1)Km+1
i

[
Ki; 0

t+ 1

]
= −ε−t(εt+1 − ε−t−1)K−m

i

[
Ki; 0

t+ 1

]
= 0.

Thus by induction on m � 0 we see that K±m
i

[
Ki;0
t

] ∈ V1 for 0 � t < lph−1.
This implies that V1 = V2. The assertion follows. �

We are now ready to prove 3.7. Let Θ±(n)h = {A ∈ Θ±(n) | 0 � as,t <
lph−1, ∀s �= t}.

Lemma 3.6. The algebra ũk (n)h is generated as a k -module by the ele-
ments A(δ, λ) for A ∈ Θ±(n)h, δ ∈ Zn and λ ∈ Nn

lph−1.

Proof. Let Vh be the k -submodule of Uk (n) spanned by A(δ, λ) for A ∈
Θ±(n)h, δ ∈ Zn and λ ∈ Nn

lph−1 . According to [16, 3.5(1)] for A ∈ Θ±(n)h,
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0 � m < lph−1, 1 � i � n− 1, δ ∈ Zn and λ ∈ Nn
lph−1 , we have

(mEi,i+1)(0)A(δ, λ)

=
∑

t∈Λ(n,m), 0�j�λi

tu�ai+1,u, ∀u �=i+1
0�k�λi+1

0�c�min{ti,j}

f t
j,c,k

(
A+

∑
u �=i

tuEi,u −
∑

u �=i+1

tuEi+1,u

)
(δ + αt

j,c,k, λ+ βt
j,c,k).

where αt
j,c,k =

(∑
i>u tu+λi−j−c

)
ei+

(
λi+1−k−∑

i+1>u tu
)
ei+1, βt

j,c,k =
(ti + j − c− λi)ei + (k − λi+1)ei+1 with ei = (0, . . . , 0, 1

i
, 0, . . . , 0) ∈ Nn, and

f t
j,c,k = εg

t
j,k

∏
u �=i

[
ai,u + tu

tu

]
ε

[ −ti
λi − j

]
ε

[
ti + j − c

ti

]
ε

[
ti
c

]
ε

[
ti+1

λi+1 − k

]
ε

with gtj,k=
∑

j>u, j �=i ai,jtu−
∑

j>u, j �=i+1 ai+1,jtu+
∑

u′ �=i,i+1, u<u′ tutu′−tiδi+

ti+1δi+1+2jti−kti+1. If A+
∑

u �=i tuEi,u−
∑

u �=i+1 tuEi+1,u �∈ Θ±(n)h then

ai,u + tu � lph−1 for some u �= i. From 3.4 we see that
[
ai,u+tu

tu

]
ε
= 0 and

hence f t
j,c,k = 0. Furthermore, if λ+ βt

j,c,k �∈ Nn
lph−1 then (λ+ βt

j,c,k)i = ti +

j − c � lph−1. From 3.4 we see that
[
ti+j−c

ti

]
ε
= 0 and hence f t

j,c,k = 0. Thus
we conclude that

(3.6.1) (mEi,i+1)(0)Vh ⊆ Vh,

for 0 � m < lph−1 and 1 � i � n− 1. Similarly, using [16, 3.4,3.5(2)] we see
that

(3.6.2) (mEi+1,i)(0)Vh ⊆ Vh and 0(γ, μ)Vh ⊆ Vh

for 0 � m < lph−1, 1 � i � n− 1, γ ∈ Zn and μ ∈ Nn
lph−1 . Combining (3.6.1)

with (3.6.2) implies that

(3.6.3) ũk (n)h ⊆ ũk (n)hVh ⊆ Vh.

On the other hand, from [16, 3.4] we see that for A ∈ Θ±(n)h, δ ∈ Zn

and λ ∈ Nn
lph−1 ,

A(0)0(δ, λ) = εco(A)�(δ+λ)A(δ, λ)(3.6.4)

+
∑

j∈Nn,0<j�λ

εco(A)�(δ+λ−j)
[
co(A)

j

]
A(δ − j, λ− j).
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This implies that

(3.6.5) Vh = spank {A(0)0(δ, λ) | A ∈ Θ±(n)h, δ ∈ Zn, λ ∈ Nn
lph−1}.

Furthermore, combining (2.4.1) with 2.4 shows that for A ∈ Θ±(n)h, δ ∈ Zn

and λ ∈ Nn
lph−1 ,

E(A+)F (A−)
∏

1�i�n

Kδi
i

[
Ki; 0

λi

]
= E(A+)F (A−)0(δ, λ) = A(0)0(δ, λ) + f

where f is a k -linear combination of B(0)0(γ, μ) with B ∈ Θ±(n), B ≺ A,
γ ∈ Zn and μ ∈ Nn. From (3.6.3) and (3.6.5) we see that f must be a k -
linear combination of B(0)0(γ, μ) with B ∈ Θ±(n)h, B ≺ A, γ ∈ Zn and
μ ∈ Nn

lph−1 . Thus we conclude that

Vh = spank

{
E(A+)F (A−)

∏
1�i�n

Kδi
i

[
Ki; 0

λi

] ∣∣∣∣∣(3.6.6)

A ∈ Θ±(n)h, δ ∈ Zn, λ ∈ Nn
lph−1

}
⊆ ũk (n)h.

The assertion follows. �

Proposition 3.7. Each of the following set forms a k -basis for ũk (n)h :

(1) M := {E(A+)
∏

1�i�nK
δi
i

[
Ki;0
λi

]
F (A−) | A∈Θ±(n)h, δ∈Nn, δi∈{0, 1},

∀i, λ ∈ Nn
lph−1};

(2) B := {A(δ, λ) | A ∈ Θ±(n)h, δ ∈ Nn, δi ∈ {0, 1}, ∀i, λ ∈ Nn
lph−1};

(3) B′ := {A(0)0(δ, λ) | A ∈ Θ±(n)h, δ ∈ Nn, δi ∈ {0, 1}, ∀i, λ ∈ Nn
lph−1}.

Proof. According to 2.1 and 2.4, it is enough to prove that ũk (n)h = spank M
= spank B = spank B

′. From 3.5, 3.6, (3.6.5) and (3.6.6) we see that ũk (n)h =
spank M = spank B

′. For A ∈ Θ±(n)h, δ ∈ Zn and λ ∈ Nn
lph−1 we have

A(δ, λ) = ελi(ελi+1 − ε−λi−1)A(δ − ei, λ+ ei) + ε2λiA(δ − 2ei, λ)

= −ε−λi(ελi+1 − ε−λi−1)A(δ + ei, λ+ ei) + ε−2λiA(δ + 2ei, λ)

Note that if λi + 1 = lph−1 then ελi(ελi+1 − ε−λi−1)A(δ − ei, λ+ ei) =
−ε−λi(ελi+1 − ε−λi−1)A(δ + ei, λ+ ei) = 0. This together with 3.6 shows
that ũk (n)h = spank B. �
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4. The algebra K ′(n)h

We will construct the algebra K ′(n)h in this section. We will prove in 5.5
the algebra K ′(n)h is the realization of ũk (n)h.

Let Kk (n) = KZ(n)⊗Z k , where k is regarded as a Z-module by spe-

cializing v to ε. For A ∈ Θ̃(n) let

[A]ε = [A]⊗ 1 ∈ Kk (n).

Let Θ̃(n)h be the set of all A = (ai,j) ∈ Θ̃(n) such that ai,j < lph−1 for all
i �= j. We will denote by K (n)h the k -submodule of Kk (n) spanned by the

elements [A]ε with A ∈ Θ̃(n)h.
To construct the algebra K ′(n)h we need the following lemma (cf. [1,

6.2] and [14, 5.1]).

Lemma 4.1. (1) K (n)h is a subalgebra of Kk (n). It is generated by
[mEi,i+1 + diag(λ)]ε and [mEi+1,i + diag(λ)]ε for 0 � m < lph−1, 1 � i �
n− 1 and λ ∈ Zn.

(2) Let D be any diagonal matrix in Θ̃(n). The map τD : K (n)h →
K (n)h given by [A]ε → [A+ l′ph−1D]ε is an algebra homomorphism.

Proof. Let A = (as,t) ∈ Θ̃(n)h and 0 � m < lph−1. Assume that B = (bs,t) ∈
Θ̃(n)h is such that B −mEi,i+1 is a diagonal matrix such that co(B) =
ro(A). By 2.2 we have

[B]ε · [A]ε =
∑

t∈Λ(n,m)

∀u�=i+1,tu�ai+1,u

εβ(t,A)

×
∏

1�u�n

[
ai,u + tu

tu

]
ε

[
A+

∑
1�u�n

tu(Ei,u − Ei+1,u)

]
ε

where β(t, A) =
∑

j>u(ai,j − ai+1,j)tu +
∑

u<u′ tutu′ . Assume that A+∑
u tu(Ei,u − Ei+1,u) �∈ Θ̃(n)h for some t; then ai,u + tu � lph−1 for some

u �= i. Since 0 � ai,u, tu < lph−1, by 3.4, we conclude that
[
ai,u+tu

tu

]
ε
= 0 and

hence [B]ε · [A]ε ∈ K (n)h. Similarly, we have [C]ε · [A]ε ∈ K (n)h, where C
is such that C −mEi+1,i is a diagonal matrix such that co(C) = ro(A). Now
using [1, 4.6(c)], (1) can be proved in a way similar to the proof of [1, 6.2].

By 2.2 and 3.3 we conclude that τD([A
′]ε[A]ε) = τD([A

′]ε)τD([A]ε) for
any A′ of the form B,C as above. Since K (n)h is generated by elements
like [B]ε, [C]ε above, we conclude that τD is an algebra homomorphism. �
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Let Θ̃′(n)h be the set of all n× nmatrices A = (ai,j) with ai,j ∈ N, ai,j <
lph−1 for all i �= j and ai,i ∈ Z/l′ph−1Z for all i. We have an obvious map pr :

Θ̃(n)h → Θ̃′(n)h defined by reducing the diagonal entries modulo l′ph−1Z.
Let K ′(n)h be the free k -module with basis {[A]ε | A ∈ Θ̃′(n)h}. We

shall define an algebra structure on K ′(n)h as follows. If the column sums
of A are not equal to the row sums of A′ (as integers modulo l′ph−1), then the
product [A]ε · [A′]ε for A,A′ ∈ Θ̃′(n)h is zero. Assume now that the column
sums of A are equal to the row sums of A′ (as integers modulo l′ph−1). We can
then represent A, A′ by elements Ã, Ã′ ∈ Θ̃(n)h such that the column sums
of Ã are equal to the row sums of Ã′ (as integers). According to 4.1(1), we can
write [Ã]ε · [Ã′]ε =

∑
Ã′′∈I ρÃ′′ [Ã

′′]ε (product in K (n)h) where I = {Ã′′ ∈
Θ̃(n)h | ro(Ã′′) = ro(Ã), co(Ã′′) = co(Ã′)} (a finite set) and ρÃ′′ ∈ k . Then
the product [A]ε · [A′]ε is defined to be

∑
Ã′′∈I ρÃ′′ [pr(Ã

′′)]ε. From 4.1(2)
we see that the product is well defined and K ′(n)h becomes an associative
algebra over k .

In the case where l′ is odd, the algebra K ′(n)1 is the algebra K ′ con-
structed in [1, 6.3]. Furthermore, it was remarked at the end of [1] that K ′

is “essentially” the algebra defined in [19, §5] for type A. We will prove in 5.5
that K ′(n)h is isomorphic to the algebra uk (n)h in the case where l′ is odd.

Mimicking the construction of K̂Q(n), we define K̂k (n) to be the k -
module of all formal k -linear combinations

∑
A∈Θ̃(n) βA[A]ε satisfying

the property (2.2.1). The product of two elements
∑

A∈Θ̃(n) βA[A]ε,∑
B∈Θ̃(n) γB[B]ε in K̂k (n) is defined to be

∑
A,B βAγB[A]ε · [B]ε where [A]ε ·

[B]ε is the product in Kk (n). Then K̂k (n) becomes an associative algebra
over k .

We end this section by interpreting K ′(n)h as a k -subalgebra of K̂k (n).
For h � 1 let Zl′ph−1 = Z/l′ph−1Z and let ¯ : Zn → (Zl′ph−1)n be the map de-

fined by (j1, j2, . . . , jn) = (j1, j2, . . . , jn). For A ∈ Θ±(n)h and μ̄ ∈ (Zl′ph−1)n

let

(4.1.1) [[A+ diag(μ̄)]]h =
∑
ν∈Zn
μ̄=ν̄

[A+ diag(ν)]ε.

Let Wk (n)h be the k -submodule of K̂k (n) spanned by the set {[[A+
diag(λ̄)]]h | A ∈ Θ±(n)h, λ̄ ∈ (Zl′ph−1)n}. From 4.1 we see that Wk (n)h is a

k -subalgebra of K̂k (n). Furthermore, it is easy to prove that there is an
algebra isomorphism

(4.1.2) Wk (n)h
∼→ K ′(n)h
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defined by sending [[A]]h to [A]ε for A ∈ Θ̃′(n)h.

5. Realization of uk (n)h

For A ∈ Θ±(n), δ ∈ Zn and λ ∈ Nn let

A(δ, λ)ε =
∑
μ∈Zn

εμ�δ
[μ
λ

]
ε
[A+ diag(μ)]ε ∈ K̂k (n).

Let Vk (n) be the k -submodule of K̂k (n) spanned by the elements A(δ, λ)ε for
A ∈ Θ±(n), δ ∈ Zn and λ ∈ Nn. For h � 1 let Vk (n)h be the k -submodule

of K̂k (n) spanned by the elements A(δ, λ)ε for A ∈ Θ±(n)h, δ ∈ Zn and λ ∈
Nn
lph−1 . We will prove in 5.5 that uk (n)h ∼= Vk (n)h ∼= K ′(n)h in the case

where l′ is odd, and that ũk (n)h ∼= Vk (n)h ∼= K ′(n)h in the case where l′ is
even and k is a field.

Let K̂Z(n) be the Z-submodule of K̂Q(n) consisting of the elements∑
A∈Θ̃(n) βA[A] with βA ∈ Z. Then K̂Z(n) is a Z-subalgebra of K̂Q(n). There

is a natural algebra homomorphism

θ : K̂Z(n)⊗Z k → K̂k (n)

defined by sending (
∑

A∈Θ̃(n) βA[A])⊗ 1 to
∑

A∈Θ̃(n)(βA · 1)[A]ε, where 1 is

the identity element in k .
Recall the injective algebra homomorphism ϕ : UQ(n)→ K̂Q(n) defined

in 2.3. From 2.4 we see that ϕ(UZ(n)) ⊆ K̂Z(n). Thus, by restriction, we
get a map ϕ : UZ(n)→ K̂Z(n). It induces an algebra homomorphism ϕk :

Uk (n)→ K̂Z(n)⊗Z k . The map θ, composed with ϕk gives an algebra ho-
momorphism

(5.0.1) ξ := θ ◦ ϕk : Uk (n)→ K̂k (n).

By definition we have ξ(A(δ, λ)) = A(δ, λ)ε for A ∈ Θ±(n), δ ∈ Zn and
λ ∈ Nn. This together with 2.4 and 3.6 implies that

(5.0.2) ξ(Uk (n)) = Vk (n) and ξ(ũk (n)h) = Vk (n)h.

In particular, Vk (n) and Vk (n)h are all k -subalgebras of K̂k (n).
We will now construct several bases for Vk (n)h and Vk (n) in 5.1 and 5.3.

These results will be used to prove 5.5. According to 3.3 we see that
[
ν
λ

]
ε
=
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[
ν+l′ph−1δ

λ

]
ε
for λ ∈ Nn

lph−1 and ν, δ ∈ Zn. This implies that

(5.0.3) A(δ, λ)ε =
∑

μ̄∈(Zl′ph−1 )n

εδ�μ
[μ
λ

]
ε
[[A+ diag(μ̄)]]h

for A ∈ Θ±(n)h, δ ∈ Zn and λ ∈ Nn
lph−1 , where [[A+ diag(μ̄)]]h is defined

in (4.1.1). For λ, μ ∈ Nn, we write λ � μ if and only if λi � μi for 1 � i � n.
If λ � μ and λi < μi for some 1 � i � n then we write λ < μ.

Lemma 5.1. Assume l′ is odd. Then Vk (n)h =Wk (n)h and the set Nh :=
{A(0, λ)ε | A ∈ Θ±(n)h, λ ∈ Nn

lph−1} forms a k -basis for Vk (n)h. Further-

more, if p > 0, then the set N := {A(0, λ) | A ∈ Θ±(n), λ ∈ Nn} forms a
k -basis for Vk (n).

Proof. From (5.0.3) we see that for A ∈ Θ±(n)h and λ ∈ Nn
lph−1 ,

A(0, λ)ε = [[A+ diag(λ̄)]]h +
∑

μ∈Nn

lph−1 , λ<μ

[μ
λ

]
ε
[[A+ diag(μ̄)]]h.

This, together with the fact that the set {[[A+ diag(λ̄)]]h | A ∈ Θ±(n)h, λ̄ ∈
(Zlph−1)n} forms a k -basis forWk (n)h, shows that the set Nh forms a k -basis
for Wk (n)h. It follows that Wk (n)h ⊆ Vk (n)h. Furthermore from (5.0.3) we
see that Vk (n)h ⊆ Wk (n)h. Thus Vk (n)h =Wk (n)h. Now we assume p =
chark > 0. Since Vk (n) =

⋃
h�1 Vk (n)h, N =

⋃
h�1Nh and the set Nh forms

a k -basis for Vk (n)h, we conclude that the set N forms a k -basis for Vk (n).
�

Lemma 5.2. For m � 1, let Xm = ((−1)δ�β)δ,β∈Im, where Im = {δ ∈ Nm |
δi ∈ {0, 1} for 1 � i � m}. If we order the set Im lexicographically, then
det(Xm) = (−2)2m−1m for all m.

Proof. Since Im = {(0, δ) | δ ∈ Im−1} ∪ {(1, δ) | δ ∈ Im−1} we see that

Xm =

(
Xm−1 Xm−1
Xm−1 −Xm−1

)
.

This, together with the fact that det(X1) = −2, implies that

det(Xm) = det

(
Xm−1 Xm−1

0 −2Xm−1

)
= (−2)2m−1

det(Xm−1)2 = (−2)2m−1m

as required. �
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Corollary 5.3. Assume l′ is even and k is a field. Then Vk (n)h =Wk (n)h
and the set Bh := {A(δ, λ)ε | A ∈ Θ±(n)h, λ ∈ Nn

lph−1 , δ ∈ Nn, δi ∈ {0, 1}, ∀i}
forms a k -basis for Vk (n)h. Furthermore, if p > 0, then the set B := {A(δ, λ) |
A ∈ Θ±(n), λ, δ ∈ Nn, δi ∈ {0, 1}, ∀i} forms a k -basis for Vk (n).

Proof. Note that there is a bijective map from {(δ, λ) | δ ∈ Nn, δi ∈ {0, 1},
λ ∈ Nn

lph−1} to (Zl′ph−1)n defined by sending (δ, λ) to λ+ lph−1δ. Thus

by (5.0.3) and 3.3 we conclude that for A ∈ Θ±(n)h, λ ∈ Nn
lph−1 and δ ∈ Nn

A(δ, λ)ε =
∑

β∈Nn, βi∈{0,1}, ∀i
α∈Nn

lph−1

εδ�(α+lph−1β)

[
α+ lph−1β

λ

]
ε

[[A+ diag(α+ lph−1β)]]h

=
∑

β∈Nn, βi∈{0,1}, ∀i
α∈Nn

lph−1

εδ�αεlp
h−1(δ�β−β�λ)

[α
λ

]
ε
[[A+ diag(α+ lph−1β)]]h.

Since l′ is even and (l′, p) = 1 we see that p is an odd prime. This, together
with the fact that εl = −1, implies that εlp

h−1

= (−1)ph−1

= −1. Thus for
A ∈ Θ±(n)h, λ ∈ Nn

lph−1 and δ ∈ Nn we have

A(δ, λ)ε =
∑

β∈Nn, βi∈{0,1}, ∀i
α∈Nn

lph−1

εδ�α(−1)β�(δ−λ)
[α
λ

]
ε
[[A+diag(α+ lph−1β)]]h(5.3.1)

=
∑

β∈Nn, βi∈{0,1}, ∀i
εδ�λ(−1)β�(δ−λ)[[A+diag(λ+ lph−1β)]]h

+
∑

β∈Nn, βi∈{0,1}, ∀i
α∈Nn

lph−1
, λ<α

εδ�α(−1)β�(δ−λ)
[α
λ

]
ε
[[A+ diag(α+lph−1β)]]h.

From 5.2 we see that for λ ∈ Nn
lph−1 ,

det(εδ�λ(−1)β�(δ−λ))δ,β∈In = (−ε)
∑

δ∈In λ�δ(−2)2n−1n

= (−ε)
∑

δ∈In λ�δ(εl − 1)2
n−1n

�= 0,

where In = {δ ∈ Nn | δi ∈ {0, 1} for 1 � i � n}. It follows that the martix
(εδ�λ(−1)β�(δ−λ))δ,β∈In is invertible since k is a field. Thus by (5.3.1) we
conclude that the set Bh forms a k -basis for Wk (n)h and Vk (n)h =Wk (n)h.
Now we assume p = chark > 0. Then B =

⋃
h�1 Bh. Since the set Bh is linear

independent for all h, we conclude that the set B is linear independent.
Consequently, the set B forms a k -basis for Vk (n). �
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We are now ready to prove the main result of this paper.

Theorem 5.4. (1) If l′ is odd, then ker(ξ) = 〈K l
i − 1 | 1 � i � n〉 and hence

Uk (n)/〈K l
i − 1 | 1 � i � n〉 ∼= Vk (n).

(2) If l′ is even and k is a field with p = chark > 0, then ξ is injective
and hence Uk (n) ∼= Vk (n).

Proof. The assertion (1) can be proved in a way similar to the proof of [16,
4.6]. The assertion (2) follows from 2.4, 5.3 and (5.0.2). �

Theorem 5.5. (1) If l′ is odd, then uk (n)h ∼= Vk (n)h ∼= K ′(n)h for h � 1.
(2) If l′ is even and k is a field, then ũk (n)h ∼= Vk (n)h ∼= K ′(n)h for

h � 1.

Proof. If either l′ is odd or both l′ is even and k is a field, then by (4.1.2), 5.1
and 5.3, we deduce that Vk (n)h ∼= K ′(n)h. If l′ is odd, then ξ(K l

i − 1) = 0

and hence the map ξ : Uk (n)→ K̂k (n) induces an algebra homomorphism

ξ̄ : Uk (n)/〈K l
i − 1 | 1 � i � n〉 → K̂k (n).

One can prove that the set {E(A+)
∏

1�i�nK
−λi

i

[
Ki;0
λi

]
F (A−) | A ∈ Θ±(n)h,

λ ∈ Nn
lph−1} forms a k -basis of uk (n)h in a way similar to the proof of [19, 6.5].

Thus we may regard uk (n)h as a k -subalgebra of Uk (n)/〈K l
i − 1 | 1 � i � n〉.

From (5.0.2) we see that ξ̄(uk (n)h) = Vk (n)h. Thus the restriction of ξ̄ to
uk (n)h yields a surjective algebra homomorphism

ξ̄′ : uk (n)h � Vk (n)h.

This, together with 5.4(1), implies that uk (n)h ∼= Vk (n)h. Now we assume l′

is even and k is a field. Since ξ(ũk (n)h) = Vk (n)h by (5.0.2), the restriction
of ξ to ũk (n)h yields a surjective algebra homomorphism

ξ′ : ũk (n)h � Vk (n)h.

From 3.7 and 5.3 we see that ξ′ is injective. Consequently, ũk (n)h ∼= Vk (n)h.
�

6. The infinitesimal q-Schur algebras and little q-Schur
algebras

Let SZ(n, r) be the algebra over Z introduced in [1, 1.2]. It has a Z-
basis {[A] | A ∈ Θ(n, r)} defined in [1], where Θ(n, r) = {A ∈ Θ(n) | σ(A) :=
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∑
1�i,j�n ai,j = r}. It is proved in [8, A.1] that the algebra SZ(n, r) is isomor-

phic to the q-Schur algebra introduced in [4, 5]. Let Sk (n, r) = SZ(n, r)⊗Z
k . For A ∈ Θ(n, r) let

[A]ε = [A]⊗ 1 ∈ Sk (n, r).

Recall that Λ(n, r) = {λ ∈ Nn |∑1�i�n λi = r}. Let Λ(n, r)l′ph−1 = {λ̄ ∈
(Zl′ph−1)n | λ ∈ Λ(n, r)}. For A ∈ Θ±(n)h and λ ∈ (Zl′ph−1)n we define the
element [[A+ diag(λ), r]]h ∈ Sk (n, r) as follows:

[[A+ diag(λ), r]]h =
∑

μ∈Λ(n,r−σ(A))

μ=λ

[A+ diag(μ)]ε

Note that [[A+ diag(λ), r]]h=0 if either σ(A)>r or λ �∈ Λ(n, r − σ(A))l′ph−1 .
Let ũk (n, r)h be the k -submodule of Sk (n, r) spanned by the set {[[A+
diag(λ), r]]h | A ∈ Θ±(n)h, λ ∈ (Zl′ph−1)n}. According to [12, 4.8], ũk (n, r)h
is a k -subalgebra of Sk (n, r). Note that the algebra ũk (n, r)1 is the little
q-Schur algebra introduced in [11, 14]. We will prove in 6.1 that the algebra
ũk (n, r)h is a homomorphic image of ũk (n)h.

Let SQ(n, r) = SZ(n, r)⊗Z Q(v). For A ∈ Θ±(n), δ ∈ Zn let

A(δ, r) =
∑

μ∈Λ(n,r−σ(A))

vμ�δ[A+ diag(μ)] ∈ SQ(n, r).

According to [1], there is an algebra epimorphism

ζr : UQ(n) � SQ(n, r)

satisfying ζr(Ei) = Ei,i+1(0, r), ζr(K
j1
1 Kj2

2 · · ·Kjn
n ) = 0(j, r) and ζr(Fi) =

Ei+1,i(0, r), for 1 � i � n− 1 and j ∈ Zn. It is proved in [9] that ζr(UZ(n)) =
SZ(n, r). By restriction, the map ζr : UQ(n)→ SQ(n, r) induces a surjec-
tive algebra homomorphism ζr : UZ(n)→ SZ(n, r). The map ζr : UZ(n)→
SZ(n, r) induces an algebra homomorphism

ζr,k := ζr ⊗ id : Uk (n)→ Sk (n, r).

Proposition 6.1. If either l′ is odd or both l′ is even and k is a field then
ζr,k (ũk (n)h) = ũk (n, r)h.
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Proof. According to [10, 6.7], there is a surjective algebra homomorphism

ζ̇r : KZ(n)→ SZ(n, r)

such that

ζ̇r([A]) =

{
[A] if A ∈ Θ(n, r);

0 otherwise.

The map ζ̇r induces a surjective algebra homomorphism

̂̇ζr,k : K̂k (n)→ Sk (n, r)

defined by sending
∑

A∈Θ̃(n) βA[A]ε to
∑

A∈Θ(n,r) βA[A]ε. It is easy to see
that

(6.1.1) ζr,k = ̂̇ζr,k ◦ ξ
where ξ is given in (5.0.1). This together with (5.0.2) implies that ζr,k (ũk (n)h)

= ̂̇ζr,k (Vk (n)h). Clearly, forA ∈ Θ±(n)h and λ̄ ∈ (Zl′ph−1)n, we have ̂̇ζr,k ([[A+
diag(λ̄)]]h) = [[A+ diag(λ̄), r]]h. Combining these facts with 5.1 and 5.3 gives
the result. �

Let sk (n, r)h be the the infinitesimal q-Schur algebra introduced in [2,
3]. The algebra sk (n, r)h is a certain k -subalgebra of the q-Schur algebra
Sk (n, r). According to [2, 5.3.1], we have the following result.

Lemma 6.2. The set {[A]ε | A ∈ Θ(n, r)h} forms a k -basis of sk (n, r)h.

For h � 1 let sk (n)h be the k -subalgebra of Uk (n) generated by the

elements E
(m)
i , F

(m)
i , K±1

j ,
[
Kj ;0
t

]
for 1 � i � n− 1, 1 � j � n, t ∈ N and

0 � m < lph−1. We will prove in 6.4 that the algebra sk (n, r)h is a homo-
morphic image of sk (n)h.

Lemma 6.3. Each of the following set forms a k -basis for sk (n)h :

(1) {E(A+)
∏

1�i�nK
δi
i

[
Ki;0
λi

]
F (A−) | A ∈ Θ±(n)h, δ ∈ Nn, δi ∈ {0, 1},

∀i, λ ∈ Nn};
(2) {A(δ, λ) | A ∈ Θ±(n)h, δ, λ ∈ Nn, δi ∈ {0, 1}, ∀i}.

Proof. The assertion can be proved in a way similar to the proof of 3.7. �

Proposition 6.4. We have ζr,k (sk (n)h) = sk (n, r)h.
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Proof. From 6.1.1 we see that

ζr,k (A(δ, λ)) =
̂̇ζr,k (A(δ, λ)ε) = A(δ, λ, r)ε

for all A, δ, λ, where A(δ, λ, r)ε =
∑

μ∈Λ(n,r−σ(A)) ε
μ�δ [μ

λ

]
ε
[A+ diag(μ)]ε ∈

Sk (n, r). Thus by 6.2 and 6.4 we conclude that

ζr,k (sk (n)h) = spank {A(δ, λ, r)ε | A ∈ Θ±(n)h, δ, λ ∈ Nn, δi ∈ {0, 1}, ∀i}
⊆ sk (n, r)h.

On the other hand, for A ∈ Θ±(n)h and μ ∈ Λ(n, r − σ(A)) we have [A+
diag(μ)]=A(0, μ, r)∈ζr,k (sk (n)h). This implies that sk (n, r)h⊆ ζr,k (sk (n)h).
The assertion follows. �
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