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BLM realization for Frobenius—Lusztig
Kernels of type A

QIANG Fu

The infinitesimal quantum gl,, was realized in [1, §6]. We will realize
Frobenius—Lusztig kernels of type A in this paper.

1. Introduction

In 1990, Ringel discovered the Hall algebra realization [21] of the positive
part of the quantum enveloping algebras of finite type. Almost at the same
time, the entire quantum gl, was realized by A. A. Beilinson, G. Lusztig
and R. MacPherson in [1]. They first used g-Schur algebras to construct a
Q(v)-algebra Kg(n), and then proved that the quantum enveloping algebra
of gl,, over Q(v) can be realized as a subalgebra of Kg(n).

Let Ug(n) be the the quantum enveloping algebra of gl,, over K with
standard generators Ei(m), Fi(m), K iﬂ and [Kz;o], where £ is a commutative
ring containing a primitive Ith root ¢ of 1. Let p = chark. For h > 1, let
i (n)p, be the K-subalgebra of Ug(n) generated by‘Eén”, Ff”ﬂ,<33#1,[P%;o]
for1<i<n—1,1<j<nand 0<m,t<Ip" ! wherel =10 if ' is odd,
and [ = 1"/2 otherwise. Then we have uz(n); C ug(n)2 C -+ C Ug(n). In the
case where I is an odd number, let ug(n), = ¢ (n)p /(KL —1,..., KL —1).
The algebra ug(n); is called the infinitesimal quantum gl,, and the algebra
ug(n)p is called Frobenius-Lusztig kernels of Ug(n) (cf. [7]). The algebra
ut(n); was realized in [1, §6]. In this paper, we will realize the algebra
ug(n), for all h > 1. More precisely, we will first construct the kK-algebra
H'(n)p, in §4. Then we will prove in 5.5 that ug(n), = #”(n)y in the case
where I’ is odd, and that g (n), = #'(n);, in the case where !’ is even and
K is a field.

Let S¢(n, ) be the g-Schur algebra over K. A certain subalgebra, denoted
by u¢(n, 7)n, of S¢(n,r) was constructed in [12, §4]. It is proved in [13] that
ug(n, 7)1 is isomorphic to the little g-Schur algebra introduced in [11, 14].
We will prove in 6.1 that the algebra ug(n,r)s is a homomorphic image of

g (n)n-
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Infinitesimal ¢-Schur algebras are certain important subalgebras of ¢-
Schur algebras (cf. [2, 3, 6]). For h > 1 let s¢(n), be the K-subalgebra of
U (n) generated by the algebra ug (n);, and [K;;O] (1<j<n,teN). Wewil
prove in 6.4 that the infinitesimal ¢g-Schur algebra s (n, r)p is @ homomorphic
image of s¢(n)p.

Throughout this paper, let Z = Z[v,v~!] where v is an indeterminate
and let Q@ = Q(v) be the fraction field of Z. For i € Z let [i] = “="+. For
integers N, t with ¢ > 0, let

N _ NIV =1 [N =41
]

1]

where [t]' = [1][2] - [t]. For p € Z" and X\ € N" let [{] = [’)ﬂ [’;n] For
ApeZ write A< pe N <y forl <i<in. Wesay that A < pif A< p
and A # .

Let £ be a commutative ring containing a primitive I'th root & of 1 with
I > 1. Let | > 1 be defined by

B {z' if I is odd,

/2 ifl" is even.

Let p be the characteristic of k. We will regard £ as a Z-module by special-
izing v to €. When v is specialized to e, [ﬂ specialize to the element [;]6

n K.
2. The BLM construction of quantum gl,,

Following [17] we define the quantum enveloping algebra Ug(n) of gl,, to be
the Q(v)-algebra with generators

E, F; (1<i<n-1), K;, K;' (1<j<n)

and relations
(a) KZK] = KjKia KZKl_l = 1;
( ) KZ'E]‘ = Usi*j_6i>-7+1EjKZ‘;
(C) KZFJ = Uéi=j+1_5i*-7FjKi;
(d) EZ'E]‘ = EjEZ', FZ‘FL: F]Fz when |Z —]‘ > 1;
(6) EZFJ — FJEl = (SZ'J%IS{I, where f(/z = KiKijrll;
(f) E?Ej — (v+v Y)E,E;E; + E;E? = 0 when |i — j| = 1;
(9) F?F; — (v+ v Y)F,FF, + F;F? = 0 when |i — j| = 1.
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Following [19], let Uz(n) be the Z-subalgebra of Ug(n) generated by all
(m)  p(m)  p-+1 K0
E7V,F77, K- and [ ; ], where for m,t € N,

7

N T ] T

Let O(n) be the set of all n x n matrices over N. Let ©%(n) be the set
of all A € ©(n) whose diagonal entries are zero. Let ©(n) (resp. ©~ (n))
be the subset of ©(n) consisting of those matrices (a; ;) with a; ; = 0 for all
i>j (resp. i <j). For A€ ©%(n), write A= AT + A~ with AT € ©T(n)
and A~ € ©(n). For A € ©F(n) let

AT — H Egaij)’ A7) = H Fs(ai,j)

i<s<j j<s<i
1<i,j<n 1<i,j<n

m m t vS -1
pm _ B ey ET |:K1,0:| H K

where the ordering of the products is the same as in [1, 3.9]. According to
[19, 4.5] and [20, 7.8] we have the following result.

Proposition 2.1. The set

oo )

1<i<n

A e ©%(n), 5, e N, §; € {0,1}, w}

forms a Z-basis of Uz(n).

Using the stabilization property of the multiplication of g-Schur algebras,
an important algebra Kz (n) over Z (without 1), with basis {[A] | A € ©(n)}
was constructed in [1, 4.5], where O(n) = {(a;j) € Mp(Z) | a;j > 0 V1 < i #
j < n}. It should be noted that the algebra Kz(n) is isomorphic to the
Lusztig integral form of the modified quantum gl,, (cf. [10, 6.3]).

For A € ©(n) let ro(A) = (X1¢jcn @155+ 2u1<j<n n,j) and co(A) =
(X icicn @ils-++s D 1<icn @in). Note that if A Be€ O(n) is such that
co(B) # ro(A) then [B]-[A] =0 in Kz(n). For 1 <14,j < n let E;; be the
n X n matrix whose 4, j entry is 1 and all other entries are zero. For r € N let
A(n,r) ={N e N"| 32 i, Ai = 1} From [1, 4.6(c)] we see that the algebra
Kz(n) is generated by the elements [mE; ;11 + diag(\)], [mE;t1,; + diag(N)]
forme N, 1 <i<n—1and A\ € Z". Furthermore the following multiplica-
tion formulas in Kz (n) is given in [1, 4.6(a),(b)].

Proposition 2.2. Assume that 1 <i<n—1, m N and A € O(n).
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(1) If B € ©(n) is such that co(B) = ro(A) and B — mkE; i1 is a diagonal
matrix, then

Bl-[4= Y SN ] {GMHUHA+ N7 (B, - BALL)|

tEA(n,m) 1<ugn 1<ugn
Vu#it+l,ty gai_'_l’u

where B(t, A) =3 i, (Aij — Qit1,5)tu + Dy tulw
(2) If C € O(n) is such that co(C) = ro(A) and C — mE;11,; is a diagonal

matriz, then

[C]-[A] = Z v(t,A) H [“ZHUH HA— Z tu(BEfy — B |

teA(n,m) 1<u<n 1<u<n
Vui,ty <ag

where y(t, A) = >, (@it1,j — @ij)tu + D<o tutw

Following [1, 5.1], let Ko(n) be the vector space of all formal Q(v)-
linear combinations ) AeB(n) BalA] satistying the following property: for
any x € Z",

{A4€0(n) | Ba#0, ro(4) =x}
€O(n) | Ba#0, co(Ad) =x}

(2.2.1) the sets are finite.

The product of two elements ZAGC:)(n) BalA], ZBEé(n) vp|B] in Ko(n) is
defined to be 4 p Bavp[A] - [B] where [A] - [B] is the product in Kz(n).

Then Ko(n) becomes an associative algebra over Q(v).
For A € ©%(n), § € Z" and A € N" let

AN = 7 v 1] [A+ diag(u)] € Ko(n):

WEZL™

0) =Y v"[A+diag(u)] € Ko(n),
HEL™

where 146 =3 ;¢ Hibi-
The next result is proved in [1, 5.5,5.7].
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Theorem 2.3. There is an injective algebra homomorphism ¢ : Ug(n) —
Ko(n) satisfying

E;— E;i41(0), K{'K3* - Ki" 5 0(j), F; = Ei11,(0).

Furthermore the set {A(j) | A€ ©F(n), j€Z"} forms a Q(v)-basis for
p(Ug(n)).

We shall identify Ug(n) with ¢(Ug(n)). According to [16, 4.2,4.3,4.4],
we have the following result.

Proposition 2.4. The algebra Uz(n) is generated as a Z-module by the
elements A(5,)\) for A € ©F(n), § € Z" and X\ € N". Furthermore, each of
the following set forms a Z-basis for Uz(n) :

(1) {A(0)0(6,\) | A € ©%(n), 6, € N*, §; € {0,1},Vi};

(2) {A(5,\) | A € ©%(n), 6, € N*, §; € {0,1},Vi}.

We end this section by recalling an important triangular relation in

Kz(n). For A= (as) € ©O(n) let

0ij(A) = Dz @st 1<
i = e |
»J ZS?i;tgj gt if ¢ > j.

Following [1], for A, B € O(n), define B < A if and only if 0i;(B) < 04(A)
for all i # j. Put B < Aif B < A and 0, ;(B) < 0;,(A) for some i # j.

According to [1, 5.5(c)], for A € ©F(n) and A € Z" the following trian-
gular relation holds in Kz(n):

(2.4.1) EW) [diag(\)]FA) = [A + diag(A — o (A)] + f

where o(A) = (01(A),...,0n(A)) with 0;(A) = >_._,(a;; +a;;) and f is a
finite Z-linear combination of [B] with B € ©(n) such that B < A.

3. The algebra ui(n),

Let Ug(n) = Uz(n) @z k. We shall denote the images of EZ-(m), Fi(m), A(5,N),
etc. in Ug(n) by the same letters. For h > 1 let uz(n); be the £K-subalgebra of
Ut (n) generated by the elements Ei(m), Fi(m), K;—Ll, [K-;;O] forl<i<n—1,
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1<j<nand0<m,t<Iph 1 Iflis an odd number, we let
(30]‘) uk(n)h = ﬁﬁ(n)h/<Ki —-1... KiL - 1>

The algebra ug(n), is called Frobenius-Lusztig kernels of Ug(n). We will
construct several K-bases for ugz(n); in 3.7.

We need some preparation before proving 3.7. The following result is
due to [18, 3.2] (see also [15, 4.1]).

Lemma 3.1. Let m=mg+1Imq, 0 <mg<Il—1, mi € N. Then

m — El(tllftlmgftml) mo ml
t], to |\ t

for 0 <t <m, wheret =ty + Ity with 0 <tg <l —1 andt; € N.

Lemma 3.2. The following identity hold in K : (m+§’H) =("7) formeZ
and 0 < s < ph1.

Proof. We consider the polynomial ring £ [z, y]. Since the characteristic of K
is p we see that

ph_l - h—1_ h—1 h—1 h—1
Z |2ty T =(x+y) =2l 4y
0j<ph J

It follows that (p hjfl) =0 for 0 < j < p"~!. This implies that

()= 2 C00)- ()

formeZ and 0 < s < ph~ L. O

We now generalize 3.2 to the quantum case.

Lemma 3.3. Assume(0 < a < lph_1 and b € Z. Then we have [beLhil]

] =Gl

.=
h—1 .
g—alp [Z]a. In particular, we have [
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Proof. We write a = ag + a1l and b = by + b1l with 0 < ag,bg <[, a1 € N
and by € Z. If b € N, then by 3.1 and 3.2 we conclude that

[b-i-lph_l} _ ol (arl—arbo—arbil-aohy) [bo} <bl +ph_1>
a € ap | . a1

_ o—alp" arl—arbo—arbil—aob)) [bo} <b1>
ao ). \a1

_ €7alph_1 |:b:| )
a 3

Furthermore if b+ Ip"~' < 0, then —b+a — 1 — Ip"~!1 > 0 and hence

[b—f—lph_l] (1) [—b+a— 1-— lph_l]
€ g

a a

_ (_1)a€alph_1 |:b+a ].:| :gialph,—l |:b:| '
€ €

a a

Now we assume —Ip"~! < b < 0. According to 3.1 we have

h—1
(3.3.1) [b +1p } = g—alp" ™" Jlarl—arbo—aby) [bo} (bl ) .
3 3

a ap ai

If ap—bp—1=>=0 then [2‘;]6 = (—1)% [aojﬁffl]a =0 and hence, by 3.1
and (3.3.1), we have

[b] _ 1y [z@l —b1)+(a0—b0—1)]

a a
_ (_1)a€l(a1lfa1(aofbgfl)fa(alfbl)) ap—bo—1 ar — b
agn c al
=0

_ galph—l b + lph_l
a -
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Now we assume —lph_1 <b<Oandag—byg—1<0. Thena; —b1—1=0
and 0 <[+ ag— by — 1 < [. According to 3.1 we have

o] =,

— (—1)® llag—by —1)+ (I +ap—by—1)
a €
— (—1)tel o (a0—bo=1)=a(a1 b, ~1)) [l +ao —bo - 1} <@1 — b - 1>
ag c ai
— (1)l gl=ar(a—bo=D)—a(ar—bi~1) [bO - l] <b1>.
a e aq

Since 0 < ag < I and [m + ). = e~![m]. we see that [b‘;;l] = gl [2(;]6 This
implies that

(3.3.2) m :(—1)“1”%5l<ao—a1<ao—bo—1>—a(a1—b1—1>>[50} <b1>.
£ £

a ag aj

Furthermore since €% =1 and (a2l — a1) — (a1l + a1) = —2a; + lag(ag — 1)
is even, we see that

l(arl—a1bo—ab
5( ! 1o 1) l(72ab172a1b072a0+2a0a1)€l(aflfa1)

gllao—ai(ao—bo—1)—a(a1—b1—1)) -

_ 6l(afl—al) _ 6l(all—&—al) _ (71)a1(l—|—1).

Thus by (3.3.1) and (3.3.2) we conclude that [ng}HL =o' [b]g. The

a

proof is completed. O

Corollary 3.4. Assume 0<a,b<Ip" ' and a+b>1p"~'. Then [a+b]€:0.

a

Proof. According to 3.3 we have [“:b] = galp"™ [“er_alph_l]a. Since 0 <

a+b—Ip"! < a, we see that [a+b_alph7 ] = 0. The assertion follows. [

£

Let 0} (n);, be the k-subalgebra of g (n); generated by K;El, [Kfo] for
1gjénand0<t<lph_1.Forh}llet

b ={AeN"[0< A <Ip"!, Vil

Lemma 3.5. The set M = {[],;c,, K7 [50] |6 €N, 6; € {0,1}, A €
N};h,l} forms a k-basis for ﬁ%(n)h.
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Proof. Let Vi = Spankimo. From 2.1, we see that the set 9 is linearly
independent. Thus it is enough to prove that ﬁ%(n)h = V1. Let V5 be the
k-submodule of W) (n);, spanned by the elements []; <, K [K/\O] (0ez",
AeN" 0\ < Iph~t, for all i). According to [19, 2.3(g8)], for 0 < ¢,#' <
Ip"~1 we have

vt K;;0 K;;0 t+t K;;0
t t t t+t
B Z J t(t’ . t"—]—l K KZ,O KZ,O
j . =g t |

o<yt

Note that by 3.4 we have [ttt/] [Z-t(')] =0for0<t,t/ <lphtwitht+t >
Ip"~1. Thus, by induction on ¢’ we see that [ o ] [Kz;o] e Vyfor 0 < t,t' <
Iph—1. Tt follows that uK( n)p = Va. Furthermore, by the proof of [19, 2.14],

for m >0 and 0 < ¢t < [p"~! we have

K2 [KUO] (et — et gt [Ki;o] be2gm [Ki;o} ’

t ! t+1 t
Kifmfl [ ltﬂ ] - _ —t(st—i-l 7€—t—1)Kme |:t:1] +6_2tK;m+1 { ;7 ] )

If t + 1 = Iph~', then

K;;0 K;;0
tet+1  _—t—1 m+1 (2] ottt i1 —-m (2] —-0.
e'(e € VK] [t N J e (e € VK [t N J 0

Thus by induction on m > 0 we see that K;=™ [KZ;O] eViforo<t<Iipht

This implies that V; = V5. The assertion follows. [l

We are now ready to prove 3.7. Let ©F(n), = {4 € 0% (n) |0 < as; <
Iph—1t, Vs # t}.

Lemma 3.6. The algebra ug(n);, is generated as a k-module by the ele-
ments A(S,\) for A€ ©F(n),, § € Z™ and \ € Njpn-1-

Proof. Let Vj, be the K-submodule of Ug(n) spanned by A(d,\) for A €
OF(n)p, 6 € Z™ and X € Njn-1. According to [16, 3.5(1)] for A € 0% (n),
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0<m<lph L1<i<n—1, 5€Z”and)\€Nlph 1, we have
(mE;i+1)(0)A(S,A)

= Z j ¢k (A + Z tu R Z tuEi—l—l,u) (5 + a§767k7 A+ Bjt',c,k)'

teA(n,m), 0<j<A; uFi uFi+1
tu gaprl,u, Vu;ﬁz—i—l
0<k< i1
0<c<min{t;,j}

where a}sck (ZDU tu+)\i_j_c)ei+()‘i+1_k_2i+1>u tu)ei“’ Bjtw,k -
(ti +5 —c—Xi)ei + (b — Ait1)eiy1 withe; = (0,...,0,1,0,...,0) € N" and

: = &I, .
Jek H[ te Jo =gl Lt lolelo i — k],

with g;,k:Zj>u,j;£i ai,jtu_2j>u JjAi+1 @it 1,5lu +Z u/ #ii+1, u<u’ tuly —ti0i+
ti10ii1+25ti—ktipr. 16 A+ i tuBiu—>" sy tuBit1u € ©F(n)), then

iy + Ty 2 Iph~1 for some u % 4. From 3.4 we see that [a“tH ]6 =0 and

hence ft k= = 0. Furthermore, if )\+5]Ck gN »_. then ()\+ﬁ ) =t;+
j—c> lph L From 3.4 we see that [t ﬂl C] = 0 and hence f}ic,k = 0. Thus
we conclude that

(3.6.1) (MmE;i+1)(0)Vy, C Vi,

for 0 <m < Ip"~' and 1 <i < n — 1. Similarly, using [16, 3.4,3.5(2)] we see
that

(3.6.2) (mEiy1:)(0)Vy C Vo and  O(y, pn)Vi C V4

for0<m<lph 1, 1<i<n—1, vy EeZ"and pu € N;;;H- Combining (3.6.1)
with (3.6.2) implies that

(3.6.3) ﬁ,@(ﬂ)h Q HK(n)th g Vh.

On the other hand, from [16, 3.4] we see that for A € ©%(n), § € Z"
and A € N}!

lph 1y
(3.6.4)  A(0)0(5,\) = e-E+Y) A(5 \)
n Z ECO(A)-((H‘/\—j) |:CO§A):| A(5 -3 A= -])

JEN™, 0<j<A
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This implies that
(3.6.5) Vi =span {A(0)0(5,\) | A € OF(n)y, 6 € Z", A€ N}, }.

Furthermore, combining (2.4.1) with 2.4 shows that for A € ©%(n),, € Z"
and \ € N?ph,l,

EWFA) T K [K“O] = EAIFMAT0(5, ) = A0)0(6,\) + f

)\.
1<i<n v

where f is a K-linear combination of B(0)0(y, ) with B € ©F(n), B < A,
v €Z"™ and p € N™. From (3.6.3) and (3.6.5) we see that f must be a K-
linear combination of B(0)0(y,u) with B € ©F(n),, B < A, v € Z™ and

W e Nl’;h,l. Thus we conclude that

(366) Vh = span {E(A+)F(A_) H KZ&_ |:K270:| ‘

. Ai
1<i<n

Ae @i(n)h, oeZ e N;;h—l} - ﬁk(n)h.

The assertion follows. ]

Proposition 3.7. Each of the following set forms a k-basis for ug(n)y, :

(1) M = {EA) [Ticien K [NO]FAT) | A€ O (n)y, 6€NT, 6;€40,1},

Vi, A€ Npua ks

(2) B:={A0,\) | A€ ©F(n)y, 6 €N", §; € {0,1}, Vi, A e N, )5

(3) B :={A(0)0(5,\) | A € ©F(n)y, 6 € N, &; € {0,1}, Vi, A e N, }.
Proof. According to 2.1 and 2.4, it is enough to prove that u; (n), = spang I
= span ‘B = span; B'. From 3.5, 3.6, (3.6.5) and (3.6.6) we see that i (n), =
span M = spang B'. For A € ©F(n)),, § € Z" and X € Nj,n-1 we have

A6, N) = MM — e THAG — e, A+ e;) + 2N A6 — 264, \)
= NN MY A e, A+ e) + e PNA(S + 264, ))

Note that if A\, +1=1Ip' ' then el(eMt! —c M DHAG —e;, N\ +e;) =

—e7 (Nt — = A=1) A(§ + €5, A + €;) = 0. This together with 3.6 shows
that ug(n); = span, B. O
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4. The algebra #’(n),

We will construct the algebra .#”(n);, in this section. We will prove in 5.5
the algebra J#”/(n);, is the realization of ug(n).

Let K¢(n) = Kz(n) ®z k, where K is regarded as a Z-module by spe-
cializing v to €. For A € ©(n) let

[Ale = [A] @ 1 € Kg(n).

Let ©(n);, be the set of all A = (a; ;) € O(n) such that aij < Ip"~1 for all
i # j. We will denote by £ (n); the K-submodule of K¢ (n) spanned by the
clements [A]. with A € O(n),.

To construct the algebra #”(n); we need the following lemma (cf. [1,
6.2] and [14, 5.1]).

Lemma 4.1. (1) JZ(n), is a subalgebra of K¢(n). It is generated by
[mEm-_H -+ dlag(A)]g and [mEi-l—l,i + dlag()\)]g for 0 <m < lph_l, 1 <1<
n—1and A € Z". N

(2) Let D be any diagonal matriz in ©(n). The map 1p : H (n), —
JH (n)p, given by [Al. — [A+U'p"~1D]. is an algebra homomorphism.

Proof. Let A = (ast) € O(n), and 0 < m < Ip"~1. Assume that B = (bsy) €
©(n)y is such that B —mE; ;41 is a diagonal matrix such that co(B) =
ro(A). By 2.2 we have

[Ble - [A]e = Z A4

tEA(n,m)
VuFitl ity <a; 1y

< L[ [ 2 i B

1<ugn 1<ugn €

where [(t,A) =3 .0, (ai; — aiy15)tu + Do\ tutw. Assume that A+
YowtuBiw — Eig1u) € é(n)h for some t; then a;, +t, > Ip"~! for some
u # 1. Since 0 < a; 4, ty, < Ip"~1, by 3.4, we conclude that [ai';jtu]s =0and
hence [B]. - [A]z € 2 (n)}. Similarly, we have [C]. - [A]: € 2 (n), where C
is such that C' — m£E; 1 is a diagonal matrix such that co(C') = ro(A). Now
using [1, 4.6(c)], (1) can be proved in a way similar to the proof of [1, 6.2].

By 2.2 and 3.3 we conclude that 7p([A']:[A]:) = Tp([A]e)Tp([4]e) for
any A’ of the form B,C as above. Since J# (n), is generated by elements
like [B]e, [C]: above, we conclude that 7p is an algebra homomorphism. [
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Let ©(n)), be the set of all n x n matrices A = (a; ;) witha; ; € N, a;; <
lph Lfor all i # j and ai; € Z/U'p h=17 for all i. We have an obvious map pr :
O(n), — ©'(n)y, defined by reducing the diagonal entries modulo 'p" 7.

Let J#'(n), be the free K-module with basis {[A]. | A € ©'(n)y}. We
shall define an algebra structure on #”(n); as follows. If the column sums
of A are not equal to the row sums of A" (as integers modulo I’ p"~1), then the
product [A]. - [A]c for A, A" € ©'(n);, is zero. Assume now that the column
sums of A are equal to the row sums of A’ (as integers modulo I’ ph~1). We can
then represent A, A’ by elements A A e ©(n)p, such that the column sums
of A are equal to the row sums of A’ (as integers). According to 4.1(1), we can

write [A]: - [A/]5 =2 drer Par [A”). (product in #(n);,) where I = (A" €
O(n)p | ro(A”) =ro(A), co(A") = co(A")} (a finite set) and pi. € k. Then
the product [A] - [A']; is defined to be " 7,.; 07, [pr(A”)].. From 4.1(2)
we see that the product is well defined and J#”(n); becomes an associative
algebra over K.

In the case where I’ is odd, the algebra J#”’(n); is the algebra .#” con-
structed in [1, 6.3]. Furthermore, it was remarked at the end of [1] that ¢
is “essentially” the algebra defined in [19, §5] for type A. We will prove in 5.5
that #”(n)y, is isomorphic to the algebra ug(n); in the case where I is odd.

Mimicking the construction of I/C\Q(n), we define lek(n) to be the K-
module of all formal K-linear combinations »_ AcB(n) P AlA]e satisfying
the property (2.2.1). The product of two elements ZAe@ BalAls,

ZBGé(n) vB[B]- in ’6&( ) is defined to be ZA,B BavelAle - [Ble Where [Al: -

[Ble is the product in K¢ (n). Then lek(n) becomes an associative algebra
over K.

We end this section by interpreting #”(n);, as a K-subalgebra of Iek(n)
For h > 1let Zyyn = Z/U'p""1Z and let ~: Z" — (Zypn—1)™ be the map de-
fined by (41,2, - -+ J4n) = (J1,J2, - - -+ jn). For A € ©F(n);, and i € (Zypn—1)"
let

(4.1.1) [A+ diag(m)]n = > [A + diag(v)]-.

veLm
n=u

Let W (n); be the k-submodule of I%K(n) spanned by the set {[A+
diag(A\)]5 | A € ©F(n)p, A € (Zyp—1)"}. From 4.1 we see that We(n)y, is a
k-subalgebra of I/C\&(n) Furthermore, it is easy to prove that there is an
algebra isomorphism

(4.1.2) Wk(n)h — %'(n)h
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defined by sending [A], to [A]. for A € ©'(n)y.

5. Realization of ui(n)

For A € ©%(n), 6 € Z" and X € N" let

AN =Y & ] [A+diag(w)e € K(n).

Let V¢ (n) be the k-submodule of Iek(n) spanned by the elements A(J, \). for
A€ ©O%(n), s €Z" and A € N*. For h > 1 let V¢(n);, be the £-submodule
of I/C\K(n) spanned by the elements A(5, ). for A € ©F(n)y,, § € Z" and \ €
Njpn-i. We will prove in 5.5 that ug(n)n, = Ve(n), = #"(n);, in the case
where I’ is odd, and that ¢ (n)y, = Ve(n)n, = #’(n)y in the case where I is
even and/ﬁ is a field. R

Let Kz(n) be the Z-submodule of Kg(n) consisting of the elements
ZAEC:)(n) BalA] with 54 € Z. Then Kz(n) is a Z-subalgebra of g(n). There
is a natural algebra homomorphism

0 : Iag(n) Rz k — Iek(n)

defined by sending (3_ 4.5, Ba[A]) @1 t0 3 45, (Ba - 1)[Ale, where 1 is
the identity element in K.

Recall the injective algebra homomorphism ¢ : Ug(n) — I/C\Q(n) defined
in 2.3. From 2.4 we see that o(Uz(n)) C Kz(n). Thus, by restriction, we
get a map ¢ : Uz(n) — Kz(n). It induces an algebra homomorphism Vg
Ug(n) — Kz(n) ®z k. The map 6, composed with ¢ gives an algebra ho-
momorphism

(5.0.1) € =00 : Ue(n) — Ke(n).

By definition we have £(A(5,A)) = A(6,\). for A € ©F(n), 6 € Z" and
A € N™. This together with 2.4 and 3.6 implies that

(5.0.2) §(Ug(n)) = Ve(n) and £(ue(n)n) = Ve(n)n.
In particular, V¢(n) and V¢ (n), are all K-subalgebras of EK(n)

We will now construct several bases for V¢ (n);, and V¢ (n) in 5.1 and 5.3.
These results will be used to prove 5.5. According to 3.3 we see that [;]8 =
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[u+l’§”*15]a for A € Nﬁ)h,l and v, € Z". This implies that

_ Oufl 2 . —
(5.0.3) A(5,\). G(ZZ | e [ AL [A + diag()]n
H 1ph—1)"

for A€ ©F(n),, § €Z" and A € Nj -1, where [A+ diag(f)]n is defined
in (4.1.1). For A\, p € N we write A < p if and only if A\; < p; for 1 <7 < n.
If A< pand \; < p; for some 1 < i < n then we write A < pu.

Lemma 5.1. Assume l' is odd. Then V¢(n), = We(n)p and the set Nj, :=
{A(0, N\ | A€ ©F(n)y, A € Nju-1} forms a K-basis for Vi(n)y. Further-
more, if p >0, then the set N := {A(0,\) | A € ©F(n), A € N} forms a
K-basis for Ve (n).

Proof. From (5.0.3) we see that for A € ©F(n), and \ € N1,

AN = [A+diagWIn+ Y. [)] [A+ding(@)]s.
uEN;’phfl,)Ky

This, together with the fact that the set {[A + diag(\)]n | A € ©F(n)y, A €
(Zypn-1)"} forms a K-basis for W (n)y, shows that the set AV}, forms a K-basis
for W (n)p. It follows that We(n)n C Ve (n)p. Furthermore from (5.0.3) we
see that Ve(n)r, € We(n)p. Thus Vi (n), = We(n),. Now we assume p =
chark > 0. Since V¢ (n) = U1 Ve(n)n, N = U} 51 Ni and the set Aj, forms
a K-basis for V¢ (n)p, we conclude that the set N forms a K-basis for Vi (n).

O

Lemma 5.2. Form > 1, let X;, = ((=1)%9); ez, , where I, = {6 € N™ |
0; € {0,1} forl <i < m}. If we order the set I, lexicographically, then
det(X,,) = (=2)2""'™ for all m.

Proof. Since Z,,, = {(0,0) | § € Z—1} U{(1,0) | § € Z,,—1} we see that

Xm—1  Xpma
Xm = " T .
" <Xm1 - m1>

This, together with the fact that det(X;) = —2, implies that

— Xm-1 Xm—1 _ (92"t 2 _ (_9\2™7im
det(Xm)—det< 0 —2Xm_1> =(=2)7  det(Xp-1)" = (-2)

as required. [l
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Corollary 5.3. Assumel' is even and K is a field. Then V¢(n), = We(n)p,
and the set By, := {A(6,\). | A € ©F(n)y, A € Njn-1, 6 €N", 6; € {0, 1}, Vi}
forms a K-basis for V¢ (n)y. Furthermore, if p > 0, then the set B := {A(J, \) |
A€ ©F(n), \,d € N, §; € {0,1}, Vi} forms a k-basis for Vi(n).

Proof. Note that there is a bijective map from {(d,A) | 6 € N”, ¢; € {0, 1},
AENp. 1} to (Zyp-1)" defined by sending (4,A) to A+ Iph~td. Thus
by (5.0.3) and 3.3 we conclude that for A € ©F(n);, A € Njn-1 and 6 € N”

h—1 +1 h—1 . —
A6, M) = Z £0-(atip" 1) [Oé i ﬁ] [A + diag(a + pP—18)],
BENT, B,€{0,1}, Vi £
alNR, o
= Z gy (8:B-F) [(/ﬂ [A + diag(or + Iph=153)].

BEN™, B;€{0,1}, Vi

n
e,

Since I’ is even and (I',p) = 1 we see that p is an odd prime. This, together
with the fact that e/ = —1, implies that e = (=1)?""" = —1. Thus for
Ace @i(n)h, A E NZ,;H and § € N we have

(531) ABN = Y (=10 m [A+diag(a + PP 18)],

BeENT, g, €{0,1}, Vi

n
O‘GNZP}L—l

=Y SOVt diag(ht B

BeN™, 8,€{0,1},Vi

by ey m [A + diag(a+1ph—1B)].
£

BEN™, B;€{0,1}, Vi
n
QENlph*1 s A<

From 5.2 we see that for )\ € N};h,l,

det(é_é.)\(_l)ﬂ.((if)\))(iﬂezn E)ZSEI" )\.5(_2)271/—1”

= (—
_ (—g)zéeln /\.5<El o 1)2"*171
# 0,

where Z,, = {6 e N* | §; € {0,1} for 1 <i < n}. It follows that the martix
(92 (=1)%-0=N); 57 is invertible since £ is a field. Thus by (5.3.1) we
conclude that the set By, forms a K-basis for Wi (n);, and V¢(n), = We(n)p.
Now we assume p = chark > 0. Then B = Uh>1 B;,. Since the set B}, is linear
independent for all h, we conclude that the set B is linear independent.
Consequently, the set B forms a K-basis for V¢ (n). O
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We are now ready to prove the main result of this paper.

Theorem 5.4. (1) Ifl' is odd, then ker(¢) = (K! — 1|1 < i < n) and hence
Ue(n) /(K] =111 <i<n) = Vg(n).

(2) If U is even and Kk is a field with p = chark > 0, then & is injective
and hence Ug(n) = Vi (n).

Proof. The assertion (1) can be proved in a way similar to the proof of [16,

4.6]. The assertion (2) follows from 2.4, 5.3 and (5.0.2). O
Theorem 5.5. (1) Ifl’ is odd, then ug(n), = Ve(n), = #'(n ) for h >
(2) If U is even and K is a field, then ug(n)n, = Ve(n)n = A7 (n)y, for

h>1.

Proof. 1f either I’ is odd or both I’ is even and £ is a field, then by (4.1.2), 5.1
and 5.3, we deduce that Ve (n), = 27 (n),. If I is odd, then EKI-1)=0
and hence the map ¢ : Ug(n) — K¢ (n) induces an algebra homomorphism

€: Ue(n) /(K] = 1] 1< i <n) = Ke(n).

One can prove that the set {E(A") H1<1<n KN [K):’O] | Acoetn),
A € Nju-. } forms a K-basis of ug (n) in a way similar to the proof of [19, 6.5].
Thus we may regard ug(n)y, as a K-subalgebra of Ug(n)/(K! — 1|1 < < n).
From (5.0.2) we see that £(ug(n)n) = Ve(n)n. Thus the restriction of £ to
ug(n)p, yields a surjective algebra homomorphism

& ug(n)n — Ve(n)n-

This, together with 5.4(1), implies that ug(n), = V¢(n)y. Now we assume I/
is even and K is a field. Since (¢ (n)n) = Ve (n)p by (5.0.2), the restriction
of € to ug(n), yields a surjective algebra homomorphism

& g (n)n — Ve(n)n-

From 3.7 and 5.3 we see that &' is injective. Consequently, ¢ (n)y = Vi (n)p.
|

6. The infinitesimal g-Schur algebras and little g-Schur
algebras

be the algebra over Z introduced in [1, 1.2]. It has a Z-

Let Sz(n,r)
|| A € O(n,r)} defined in [1], where O(n,r) = {A € O(n) | 0(A) :=

basis {[A4
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> 1<ij<n Gi,j = r}. It is proved in [8, A.1] that the algebra Sz(n,r) is isomor-
phic to the g-Schur algebra introduced in [4, 5]. Let S¢(n,r) = Sz(n,r) ®z
k. For A € O(n,r) let

[Al: =[A]®1 € S¢(n,r).
Recall that A(n,r) = {A € N" | 37, A =1} Let A(n, 1)y = {\e
(Zppr—1)™ | X € A(n,7)}. For A€ ©F(n), and X € (Zppn-1)" we define the

element [A + diag(\), r]n € Sk(n,r) as follows:

[A+diagX), 7] = Y [A+diag(u)l-

HEA(n,r—o(A))
=X

Note that [A + diag()), 7], =0 if either o(A) >7r or A & A(n,r — o (A))ppn-1-
Let ug(n,r), be the k-submodule of S¢(n,r) spanned by the set {[A +
diag(A), 7] | A € ©F(n)p, A € (Zypr—1)"}. According to [12, 4.8], Ug(n,7)y
is a K-subalgebra of Sg(n,r). Note that the algebra ug(n,r); is the little
g-Schur algebra introduced in [11, 14]. We will prove in 6.1 that the algebra
U (n,r)p is a homomorphic image of ug(n).

Let So(n,r) = Sz(n,r) ®z Q(v). For A € ©%(n), § € Z" let

A8, 1) = > v"[A+ diag(p)] € So(n, 7).
HEA(n,r—o(A))

According to [1], there is an algebra epimorphism
Gr 2 Ug(n) — So(n,r)

satisfying (.(Ei) = Ei41(0,7), G(K{' K-+ Ki") =0(j,r) and ¢.(F;) =
Eit1,:(0,7),for1 <i<n—1andje Z". Itis proved in [9] that (,(Uz(n)) =
Sz(n,r). By restriction, the map ¢, : Ug(n) — Sg(n,r) induces a surjec-
tive algebra homomorphism ¢, : Uz(n) — Sz(n,r). The map ¢ : Uz(n) —
Sz(n,r) induces an algebra homomorphism

Gk =G ®id : Ug(n) — Sg(n,r).

Proposition 6.1. If either " is odd or both I is even and Kk is a field then
Gre (@ (n)n) = e (n, 7).
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Proof. According to [10, 6.7], there is a surjective algebra homomorphism

¢r:Kz(n) = Sz(n,r)
such that
[A] if AeO(n,r);

0 otherwise.

The map CT induces a surjective algebra homomorphism
Cr,k : ,Ck(n) - SK(’I?,, T)

defined by sending ZAE(:)(”) BalAle to 3 sco(mr) BalAle. It is easy to see
that

(6.1.1) Crk :ZMOE

where ¢ is given in (5.0.1). This together with (5.0.2) implies that ¢y ¢ (g (n)n)
= {IT,K(Vk(n)h). Clearly, for A € ©*(n);, and A € (Zypn—1)", we have Cr,&([[A +

diag(A\)]n) = [A + diag(A), r]. Combining these facts with 5.1 and 5.3 gives
the result. N

Let s¢(n,r), be the the infinitesimal g-Schur algebra introduced in [2,
3]. The algebra s¢(n,r); is a certain K-subalgebra of the g-Schur algebra
Se(n,r). According to [2, 5.3.1], we have the following result.

Lemma 6.2. The set {[A]l. | A € ©(n,r)y} forms a K-basis of s¢(n,r)p.

For h > 1 let s¢(n), be the k-subalgebra of Ug(n) generated by the
elements El-(m), Fi(m), K;El, [K%';O] for1<i<n—1,1<j<n,teN and
0 <m < Ip"~!. We will prove in 6.4 that the algebra s¢(n,r); is a homo-
morphic image of s¢(n)p.

Lemma 6.3. Fach of the following set forms a k-basis for s¢(n)p :

(1) {EY) i K [P FAD | A € ©F(n)y, 6 € N7, 6; € {0,1},
Vi, A € N"};

(2) {A(5,\) | A€ ©F(n)p, 6, A € N*, §; € {0,1}, Vi}.
Proof. The assertion can be proved in a way similar to the proof of 3.7. [J

Proposition 6.4. We have (¢ (s¢(n)n) = sg(n,7)n.
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Proof. From 6.1.1 we see that

Gk (AW, N) = G (A(B,0)2) = A(6 A, 7).

for all A, 4, \, where A(0,\,r): = ZueA(n,r—a(A)) ghd B\L]E [A + diag(p)] €
Si¢(n,r). Thus by 6.2 and 6.4 we conclude that

Cri(se(n)n) = span {A(6, A, 1) | A € @i(n)h, 0, e N" 9, €{0,1}, Vi}
- Sk(n)r)/r

On the other hand, for A € ©F(n);, and u € A(n,r — o(A)) we have [A +

diag(p)]=A(0, i1, 7) € Grg (8¢ (n)n). This implies that s¢(n, 7)n C (e (se(n)n)-
The assertion follows. ]
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