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Boundedness of composition operators
associated with mixed homogeneities
on Lipschitz spaces

YANCHANG HAN AND YONGSHENG HAN

This note is motivated by Phong and Stein’s work in [PS]. We in-
troduce a new class of Lipschitz spaces associated with mixed ho-
mogeneities and characterize these spaces via the Littlewood-Paley
theory. We prove that the composition of two Calderén-Zygmund
singular integral operators with different homogeneities is bounded
on these Lipschitz spaces. Our result answers a question arises in
the context of Lipschitz spaces due to the constructions in [MR].

1. Introduction and statement of results

This note is motivated by Phong and Stein’s work in [PS]. The purpose
of this note is to introduce a new class of Lipschitz spaces associated with
mixed homogeneities and characterize these spaces via the Littlewood-Paley
theory. We prove that the composition of two Calderén-Zygmund singular
integral operators with different homogeneities is bounded on these Lipschitz
spaces.

In order to explain the question we deal with let us recall the questions
of composition of operators with different homogeneities. More precisely, let
e(§) be a function on R™ homogeneous of degree 0 in the isotropic sense
and smooth away from the origin. Similarly, suppose that h(§) is a function
on R™ homogeneous of degree 0 in the non-isotropic sense related to the
heat equation, and also smooth away from the origin. Then it is well-known
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that the Fourier multipliers T} defined by T1(f)(§) = e(f)f(g ) and T3 given
by To(f) (&) = h(f)f(f) are both bounded on LP for 1 < p < oo, and satisfy
various other regularity properties such as being of weak-type (1, 1). Rivieré
in [WW] asked the question: Is the composition 77 o Tb still of weak-type
(1,1)? Phong and Stein in [PS] were the first to answer this question and
they gave the necessary and sufficient conditions for which T3 o T5 is of weak-
type (1,1). The operators Phong and Stein studied are in fact compositions
with mixed type of homogeneities which arise naturally in the 0-Neumann
problem. See [PS] for more details.

Indeed, there are other questions of this type that can be asked about
composition of operators associated with different homogeneities, which can-
not be answered by using the properties of these operators separately. We
mention that in [HLLRS] such a question was considered for the Hardy
spaces. It is well-known that any operator 77 is bounded on the classical
Lipschitz space, while 75 is bounded on the Lipschitz space associated the
non-isotropic homogeneity, which was introduced in [MR]. For more about
the Lipschitz spaces, see also [C], [HSV], [JTW], [K1, K2], [P], [S1] and [S2].

Based on the results proved in [MR], however, in general the composition
of T7 o Ty is not bounded on the classical Lipschitz space and the Lipschitz
space associated the non-isotropic homogeneity either. In this note, we study
such a question of the boundedness of the composition of 17 oTH on the
Lipschitz spaces.

To describe more precisely questions and results studied in this note, we
begin with considering all functions and operators defined on R™. We write
R" = R"! x R with = = (2, 7,,) where 2’ € R"~! and x,, € R. We consider
two kinds of homogeneities

§: (2, xn) — (027, 02,),8 >0

and
§: (2! an) — (02, 6%1,),0 > 0.

The first are the classical isotropic dilations occurring in the classical
Calderon-Zygmund singular integrals, while the second are non-isotropic
and related to the heat equations (also Heisenberg groups).

For z = (2, z,) € R"! x R we denote |z|. = (|2/|* + |z,|?)? and |z|, =
(|2/|2+|2n])2. We also use notations jAk = min{j, k} and jVk = max{j, k}.
The singular integrals considered in this note are defined by
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Definition 1.1. A locally integrable function 1y on R™\ {0} is said to be
a Calderén-Zygmund kernel associated with the isotropic homogeneity if

(1.1) ‘Kl (z)| < Alz|7n 1ol for all |a| > 0,

(1.2) / Ki(z) de =0
ri<|z|e<rs

for all 0 < r; < r9 < 0.

We say that an operator T3 is a Calderén-Zygmund singular integral
operator associated with the isotropic homogeneity if T1(f)(z) = p.v.(K1 *
f)(z), where Ky satisfies conditions of (1.1) and (1.2).

Definition 1.2. Suppose Ky € Lj, .(R"\ {0}). K5 is said to be a Calderén-
Zygmund kernel associated with the non-isotropic homogeneity if

o> 9P
O(a")* O(wn)”

(1.4) / Ka(x) dr =0
7’1<|£E|h<7“2

for all 0 < r1 < r9 < 0.

n—1—|a|—28

(1.3) K2($/a xn)

< Blz|, for all |af, 5 >0,

We say that an operator 75 is a Calderén-Zygmund singular integral op-
erator associated with the non-isotropic homogeneity if T>(f)(z) = p.v.(KCq *
f)(z), where ICy satisfies the conditions in (1.3) and (1.4).

To study the boundedness of the composition of T7 o T on the Lipschitz
spaces, we first introduce the following notations:

(Auf)(x) = f(z —u) = f(2); (Ag ) (@) = flz —u) + f(z +u) = 2f (),

and similar for A, and AZ.
Now the Lipschitz space associated with different homogeneities is de-
fined by the following

Definition 1.3. A continuous function f(z) defined on R™ belongs to the
Lipschitz space LipS.,, with a = (a1, a2), a1, e > 0 if and only if
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(i) when 0 < a1, a9 < 1,

(1.5) [(Auly) fll Lo (mry < Clulg [v]5?;
(ii) when a3 = 1,0 < ag < 1,

(1.6) (AL A) fll e mny < Clule|v]y?;
(iii) when 0 < a3 < 1,9 =1,

(1.7) I(AWAD) fll ey < Clulg™ [v]n;
(iv) when ap = ag =1,

(1.8) I(AZAD) f [y < Clulelvln;

for all u,v € R™ and the constant C' is independent of u and v.

When a = (g, az) with a1, ay > 1, we write a; =mj +r; and ay =
ma + ry where my, mg are integers and 0 < ry,ry < 1.f € Lip% . means that
fis a C"™ ™2 function, modulo polynomials of degree not exceeding m; +
mg, such that all partial derivatives 9°f,|3| = mi + ma, belong to LipL,,,
with r = (ry,72).

If f € Lipl,,, || fllzipe,, , the norm of f, is defined by the smallest con-
stant C'in (1.5) to (1.8).

We remark that all affine functions belong to Lip¢, , with zero norm.
When a; =1 or g = 1 or both a; = as = 1, the Zygmund type conditions
are used. Moreover, the different homogeneities are involved in (1.5) to (1.8)
implicitly.

In order to obtain the boundedness of the composition of 17 oT5 on
the Lipschitz space LipS,,,,, we characterize LipS . via the Littlewood-Paley
theory. For this purpose, let /() be a radial function in S (R™), that is,
¥ (z) depends only on |z|. and satisfy

< el < z},

(1.9) supp J(T) - {(ﬁl,ﬁn) eR"I xR: %

and

(110) 3 [(279¢,2796,)2 = 1 for all (¢/,6,) € R x R/{(0,0)}.

JET
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And let ¥ (z) be a function in S(R™) depending only on |z|; and satisfy

(L) sup 98 € {(€L6) € R xR g < <2
(1L12) YW@ 2P =1 for all (¢,6,) € R x R\{(0,0)}.
kEZ

Now set ¢ = wj(.l) * wl(f) where
wj(l)(:E) _ 23’7Lw(1)(2]‘l,/7 2]‘3:”) and w}(f) (1’) — 2k‘(n+1)¢(2) (le,/’ 22kl'n).
We have the following

Theorem 1.4. f € LipS,, with a = (a1, a2), a1, a2 > 0 if and only if f €
S'/P(R™), the tempered distributions modulo all polynomials, and

sup 2/012%2 |4y % f(z)| < C < 0.
j7k7x

Moreover,
1 £l zipg,,, ~ sup 2701282 (¢h; 1 % f ().

J? 7x
The main result of this note is

Theorem 1.5. The composition of Ty o Ty is bounded on Lipt.,, with o =
(041, 042), o1, vy > 0.

The proofs of Theorem 1.4 and 1.5 will be given in next two sections,
respectively. Following Stein’s inspiring suggestions, we will make some re-
marks in the last section to indicate the connection between Stein and Yung’s
work in [SY] and the present work.

2. Proof of Theorem 1.4

We first show that if f € LipS,,, with @ = (a1,02),0 < aj,a2 < 1, then f €
S'/P(R™). To see this, for each g(z) € Sw(R")(={g € S : [ g(x)zPdx = 0}
for all |5| > 0), by a result in [HLLRS], we have

glx) =Y ik xin* g(x),

J,k€Z

where the series converges in Soo(R™).
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Therefore, for f € Lip%,, with a = (a1,02),0 < a1, s < 1, it suffices
to show that > 7 < f, ¢k *1;x * g > is well defined for g € S (R™). To
this end, we estimate < 1) * f,1;1 * g > as follows. Observe that v, *

= @b](-l)(u)@b,(f) (v)f(x — u — v)dudv. Applying the cancellations con-
ditions on both ¢§1) and 1/11(3), we have

e //w(” e

[f(z —u—v) fl@ —u) = f(z —v) + f(z)]dudv
// Y (e (0) (A Auf) (@) dudv.

Using the size condition on both 11}](-1) and ¢,(€2) together with the fact that
f € Lipt,,, yields

(2.1) [k * ()] < C2774 278 | f|| e .

We now write ¢, * g(x) = 1/15.1) * wff) * g(x). Observe that all functions w§l),
1/1,22) and g(x) are in Soo(R™). Applying the standard almost orthogonal
estimate implies that for any positive integers L, M,

2(iN0)n
(1 + 2j/\0‘$|e)n+M'

1 L
(2.2) [yt # g(@)] S 27V
Again, applying the almost orthogonal estimate as in [HLLRS], we have

(2.3) (i % g(@)] = 65 % % g()]
j k n—
5 o lilLo KL 9(GNOAEAD)(n—1)

(1+ 2]'/\0/\k:/\0|x/|)n+M
93 NOA2(kAO)

"L 5 27A0N2A0) |, [YIFM
Therefore, choosing L = N > a3 + ag + 1 gives
(2.4) | < jp* gl@), b+ fa) > | < C27WINmeg=MN=eo)y gy o

Thus we obtain the desired result, that is, (f,g) is well defined and hence
feS/PR).
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The estimate given in (2.1), indeed, yields that

;g % ()] S 2790027k f]| e

which implies that 20912%2 ¢ o« f(z)| < C|| f||Lips,, for any j,k € Z,z €
R™.

When a = (a1, a2) with ag = 1,0 < ap < 1, observing first that w(l)
a radial functlon and applying the cancellation conditions on w D first and

then on wk , we have

i ¥ (@) = = // w“)(u)w(”(v)[ﬂx—u—v) + £z + u— v)]dudy

- //@g1

[f(x—u—v)—i—f(a:—i—u—v)—2f(ac—v)]
f[f(xfu)Jrf( u) —2f(x }dudv

_ //w“ WP (0) (A2 A f) () dudv.

Applying the same proof gives the desired estimate for this case. All other
cases a = (a, ag) where 0 < a1 < 1,a9 = 1 or a1 = ag = 1 can be handled
similarly. For the case where oo = (al,ag) with a1, > 1, set a; =m; +

20 (¢
71,000 = Mo + 19 With 0 < 71,79 <1 and W ({):% and wk (5)—

(@cﬂizé)) then w] & ¥ f aTn1+m21/) k * f ( )m1+M2w k * 8m1+m2f where

Yk = w * Q/Jk . Note that 23m12km21/1j,k satisfy the similar smoothness,
size and cancellation conditions as ;. Thus, repeating the same proof
gives

W;M x f| = yg—jm12—kzmz (2jm12km2{5j7k> % am1+m2f‘
< C27ImgmhmagmIng TR | fl e < C2770 27RO | | e

Therefore, this case can be also handled similarly.

We now prove the converse implication of Theorem 1.4. Suppose that
f(x) € &'/P(R™) and |1, 1, * f(z)| < C2774127k% where ay, as > 0. We first
show that f is a continuous function. To do this, as in [HLLRS], f(z) =
Zj,kez Yk * ik * f(x), where the series converges in S’/P(R™). Splitting
Zj,kez by the sums over (i)j,k > 0;(ii)j <0,k > 0; (i7i)j > 0,k < 0; and
(iv)j, k <0, and writing f = f1 + fo + f3 + f4 in 8’/P(R") for correspond-
ing j and k. Observe that [1h;x * 1, x * f(z)| < C277*127%%2 and hence the
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series for fi is converges uniformly in z. This implies that f; is a continuous
function on R™. Applying the cancellation condition on ¢ in the distribution
sense, we write

Vj ke * % k* f,9)
<// P 0 = w)l? (@ —v) = Tow () (o) f(u)dudv,g(x)>

where Ty N(zp,(f))( v) is the Taylor polynomial of w,(f) (z — v), as the function
of z at x = 0, with the degree 2N, N > a1 4+ a2 + 1. Then by the smoothness
condition on wk) and the size condition on 1/11(. ), we obtain that in the
distribution sense,

[k * Py * f(x)| < C2TI0 RN g FN

and thus for any given large R > 0 the series for f» is converges uniformly
for |z|2"V < R. This means that f is a continuous function on any compact
subset in R™. Similarly, write

(ke * % k* fi9)
< // — Ton (5 (—w)]ey? (u — )by * f(v)dudv,g(a;)> ,

then |1h; 1. % 1b; 1, * f(x)| < C2/CN=a1)g=kaz| 32N and thus f3 is a continuous
function.

Taking the geometric means of these two estimates shows that f; is a
continuous function.

Now we estimate || f| ripe —as follows. First, if a = (o, a2) with 0 <
ap, o < 1, then

[(AvAuf)(@)] = [f(z —u—v) = flx —u) = f(z —v) + f(z)|

We choose n1 and ng such that 2™ < |ul, < 27+ and 2772 < |v|, <
2-m2F1 Obgerve that
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AZ/ [Vn(r —u —v —w) — PYjp(r — u —w)
—j(z —v —w) + Yjp(r — W)Yk * fw)dw

— [ [P u-zmw) e

x [ (2 = v) = P ()i * f(w)dzdw.

Now we split the above series by

IIDIELDIDIEEDIDIELD B IE

j=ni k>ny Jj<ni k>ns j=ni k<ny j<ny k<ns
= Ay + Ay + Az + Ay

To deal with the first series, applying the size conditions on both 11)](-1)
and w,(f) yields

4] S sup o )| < C2 2t
.]7 7

and hance the first series Ay is dominated by
A <030 3 aimarher < comenyTes < Cluf ol
j=ny k>no
To estimate the second series As, applying the smoothness condition on

11)](-1) and the size condition on 1/),3 implies

Al S (2]ule) sup | % f(w)| S 27072742 ul,.
j7k7w

This implies that the second series Ay is bounded by
‘AQ‘ < C Z Z 2.7 1 061 2= kOCQ‘u| 2n1(1 a1 2—n20¢2‘u|

Jj<ny k>ns
S Juld ol fule S Tulet [vl5e.

The estimate for third series As is similar to the estimate for As. Finally,
to handle with the last series A4, applying the smoothness conditions on
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both @ZJJ(I) and 7/}1(3) we obtain that |A| < (27]ule)(2%[v]s) sup [v;k * f(w)] <
Jrk,w
27(1=)9k(1=a)|4| |v|),. Hence this implies that Ay is dominated by

‘A4‘ <C 3N Y2kl IR

j<ni k<ny
SJ 2“1(1_a1)2n2(1_a2)|U|e|v|h S ‘u|gl|v z2'

When a = (a1, o) with a; = ag = 1 observe that

(AJALf)(z) = [f(z —u—v) + fz +u—v) —2f(x —v)]
+[flx—u+v)+ flz+u+v)—2f(x+v)]
2[f(x —u) +f($+u)—2f( )]

Z/w/ _W)‘f'w](-l)(x—i-u—z_w)

A P

x [0 (2 = v) + 67 (2 + v) — 207 (2)]
X Y * f(w)dzdw.

Repeating a similar calculation gives the desired result for this case. The
other two cases where a; =1,0< as <1 and 0 < a1 < 1,0 =1 can be
handled similarly. Lastly, when 1 < a; =mj + 11,1 < ag = mo + r9 with
0 < 71,72 <1, note that

oMM f(p oy — ) — 9™ f (1 — u)
sz ) + 6’”1*’”21'( )

= /// o) 2 —w) =0V (a — 2 — w)]

J,kEZ
X [0m21,bk2 (z—v) — 6’"21,11,(5)(,z)]wj,;c * f(w)dzdw.

Agaln observe that the properties of amlw and 6m2w(2) are similar to

2”’“1# ) and kazd)( ), respectively, and hence the estimate for this case is
the same as the proof for the case where a = (a1, ag) with 0 < g, a9 < 1.
We leave the details to the reader. The proof of Theorem 1.4 is concluded.
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3. Proof of Theorem 1.5

We first show that if f € Lip%,, with o = (a1, a2), a1, e > 0, then there ex-
ists a sequence { f,} such that f, € L? N Lip%,, and f,, converges to f in the
distribution sense. Moreover, || fullLipe, < C||fl|Lipe,, , Where the constant

C is independent of f,, and f. To do this, note that

=" ik tbin* f(x)

3§ kEZ

in the distribution sense. Set

fo= D Wik ik f().

l7:[k|<n

Obviously, f, € L? and converges to f in the distribution sense. To see that
fn € Lip% ., by Theorem 1.4,

an”Lipgom < C SUP 2jal2ka2’¢j,k * fn(x”

WL

Note that

Vi (@) =i x D> Wy sty f(x)

71,1k | <n

= Z Vg * Vo g * Yy f(2).

FURLARSD
By an estimate given in [HLLRS], there exist two positive integers L, M >
a1 4+ as + 1, such that
9N NEAK") (n—1)

(1 + 9INI NENK'! |x/‘)n+M
9JNG' N2(kAK)

X (1 + 297 N2(BAK) [, [ 1M

W10 e ()] S 27199 1 Ih=KIL

Therefore, again by Theorem 1.4, it follows that

2012k |4 s f()| S Sup ai' gk oz £(@)] < i, -
J' ke

Now we claim that if f € L?, then

(3.1) 1T o To(F)llipe,,, < N fllLips,,,-
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Indeed, by Theorem 1.4,

||T1 o Tg(f) ”Lip?om ,S sup 2ja12ka2 W)j,k * T1 (e} Tg(f)(:li)‘

gk,

Observe that Th o T} is bounded on L? and hance

T1 o Tgf(l’) = Z (Tl o Tij’,k’) * wj’,k’ * f(l’)

J k' eL

Therefore,

YikxTroTof(w) = D (Wjk Tho Tathjr ) * o g f ().

J k€L
Applying again an estimate in [HLLRS],

2(3‘/\j’/\k/\k’)(n—1)
(1 + 2ING' NENK! u/’)n—i—M
9JNJ' N2(kAK')

X (1 + 207 N2(BAK) |z, [) 1M

|05 % Tt © Tothr o ()] S 2717 g Ik=HIL

and repeating the same proof as above give

sup 20927 o x Ty o To f (2)] S sup 27282 |y, s f(2)| S || fl| Lipe, -
Jokx §' k@ ”

We now extend 77 o Ty to Lipt,,, as follows. First, if f € Lipf),, then
there exists a sequence {f,,}nez € L? N Lip%,,, such that f, converges to f
in the distribution sense and || fu||Lipe, < C||fl|Lipe, . It follows from the
claim in (3.1) that

1T1 0 Ta(fn) — Th o To(fm)llLipe,,, < Cllfa — fmllLipe,,

and hence T} o Ty (f,,) converges in the distribution sense. We define

Ty oTo(f) = JLIgOTl o T5(fn)
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in the distribution sense. We obtain, by Theorem 1.4,

171 o To(f)llLipe,, S Slklp 2ja12ka2|7/)j,k x T o To(f)(z)]
J,R,T
< sup 2ja12ka2| lim ;. * Ty o To(fn) ()|
j,k,l‘ n—oo

< lim inf sup 2791 2k [V 1 T1 o To(fn) ()]

n—oo -
Jik,x

S Hminf || fu| ipe,,

S 1 llzipe,,..

The proof of Theorem 1.5 is concluded.

4. Some remarks

In this last section, we mention some antecedents of our results. As men-
tioned in the introduction, Phong and Stein were the first to study composi-
tions of singular integrals with different homogeneities. Such a question nat-
urally appeared in the study of the boundedness of Marcinkiewicz multipliers
on the Heisenberg group. Indeed, on the Heisenberg group H ~ C™ x R, the
simplest flag singular integral with the flag {0} C C™ C H" can be regarded
as the composition of the classical singular integral on H" = C"” x R and
the singular integral on R. Miiller, Ricci and Stein in [MRS1] and [MRS2]
characterized such flag kernels on H" and as applications, they proved the
LP.1 < p < oo, boundedness of Marcinkiewicz multipliers on H". It has been
later refined by Nagel, Ricci and Stein in [NRS] that a certain class of
Fourier multiplier operators can be equivalently defined by classifying be-
tween the corresponding multipliers and flag kernels under the Fourier trans-
form. Nagel, Ricci, Stein and Wainger in [NRSW] further studied singular
integrals with flag kernels on homogeneous groups and an algebra of pseu-
dolocal operators.

More recently, to study the phenomena that arise when one combines
the standard pseudodifferential operators with those appeared in the study
of subelliptic estimates and on strongly pseudoconvex domains, Stein and
Yung in [SY] introduced a class of pseudodifferential operators of mixed
type adapted to distributions of k-planes. This class forms an algebra of
pseudoclocal operators and is geometrically invariant. Moreover, It consists
of a 2-parameter family S™" that contains the standard “isotropic” pseu-
dodifferential operators of order m and “non-isotropic” pseudodifferential
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operators of order n. See [SY] for many other main results. One of main re-
sults, namely Theorem 15 on page 1202 in [SY], that is the boundedness of
operators in this class on Lischitz space, is particularly connected to Theo-
rem 1.5 in this note. To see this, following [SY], let A%, & > 0 be the ordinary
“isotropic” Lipschitz space on RY. For 0 < o < 1, f € I'®, a “non-isotropc”
Lipschitz space, if and only if

[f(z) = fy)| < Cd(z,y)*

for all 2,y € RY. One defines
[ fllpe = Il + sup
z#y

Stein and Yung in [SY] proved

Theorem 4.1. Let a € S472¢ or S~%¢ for some ¢ > 0. Then operators T,
preserve AY and I'“ for all o > 0.

Note that S° does not preserve I'* for o > 0, and S% does not preserve
A for o > 0. The proof of this theorem used the Littlewood-Paley decom-
position which was developed by Stein and Yung in [SY]. This new version
of the Littlewood-Paley decomposition is of interesting in their own right.
See [SY] for more details.

Observe that operators of type S™" with m = n = 0 include in a natu-
ral way the local compositions of two different kinds of Calderén-Zygmund
operators. Therefore, it is natural to ask if Theorem 1.5 in this note can ex-
tend to operators in S%°. We would like to sketch indications of this possible
extension.

We first, following the present note, introduce following Lipschitz space
involved the mixed homogeneities.

For 0 < o, a0 < 1, we say f € Lip(®>2) if and only if

_ [f(z—u) - f(=)| [f(z) = f(y)]
A 2
b M@0 T -0+ fy -l
u#0,x7#y ’u|a1d(x’y)a2

Suitable modifications can be made for the definition of Lip(®-®2) when
either a7 > 1 or ag > 1.
In regarding Theorem 4.1, one has
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Theorem 4.2. Let ac S°°. Then T, preserve Lip(®-22) for 0<ay, s <1.

To see the proof, one needs to use two versions of Littlewood-Paley de-
compositions, as Stein and Yung developed in [SY], one of which is adapted
to the standard “isotropic” dilations and another is the “non-isotropic” di-
lations. Then one needs to combine these two decompositions to establish
the Littlewood-Paley decomposition adapted to the mixed homogeneities as
in [SY]. See Lemma 11 and 12 in [SY] for details. One also needs to char-
acterize Lipschitz space Lip(®®2) via the Littlewood-Paley decomposition
adapted to the mixed homogeneities, as in Proposition 14, Lemma 16 and
17 in [SY]. We omit the details.

Finally, we remark that Theorem 1.5 holds for 0 < a1 < €1 and 0 < ag <
€9 if
e

Ks(o) - ()

1
< Alx — 2/ | z|7" for |z —2/|c < §\x|6

and
1
‘K2($) - ng(x')‘ < Blo — o/ []x], "1 for all |z — 2’|, < §|x|h

Moreover, Theorem 1.5 still holds for non-convolution Calderén-Zygmund
operators with appropriate conditions. We leave the details of these proofs
to the reader.

Acknowledgments. We thank the referee for pointing typos and provid-
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