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Boundedness of composition operators

associated with mixed homogeneities

on Lipschitz spaces

Yanchang Han and Yongsheng Han

This note is motivated by Phong and Stein’s work in [PS]. We in-
troduce a new class of Lipschitz spaces associated with mixed ho-
mogeneities and characterize these spaces via the Littlewood-Paley
theory. We prove that the composition of two Calderón-Zygmund
singular integral operators with different homogeneities is bounded
on these Lipschitz spaces. Our result answers a question arises in
the context of Lipschitz spaces due to the constructions in [MR].

1. Introduction and statement of results

This note is motivated by Phong and Stein’s work in [PS]. The purpose
of this note is to introduce a new class of Lipschitz spaces associated with
mixed homogeneities and characterize these spaces via the Littlewood-Paley
theory. We prove that the composition of two Calderón-Zygmund singular
integral operators with different homogeneities is bounded on these Lipschitz
spaces.

In order to explain the question we deal with let us recall the questions
of composition of operators with different homogeneities. More precisely, let
e(ξ) be a function on Rn homogeneous of degree 0 in the isotropic sense
and smooth away from the origin. Similarly, suppose that h(ξ) is a function
on Rn homogeneous of degree 0 in the non-isotropic sense related to the
heat equation, and also smooth away from the origin. Then it is well-known
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that the Fourier multipliers T1 defined by T̂1(f)(ξ) = e(ξ)f̂(ξ) and T2 given

by T̂2(f)(ξ) = h(ξ)f̂(ξ) are both bounded on Lp for 1 < p < ∞, and satisfy
various other regularity properties such as being of weak-type (1, 1). Rivieré
in [WW] asked the question: Is the composition T1 ◦ T2 still of weak-type
(1,1)? Phong and Stein in [PS] were the first to answer this question and
they gave the necessary and sufficient conditions for which T1 ◦ T2 is of weak-
type (1,1). The operators Phong and Stein studied are in fact compositions
with mixed type of homogeneities which arise naturally in the ∂̄-Neumann
problem. See [PS] for more details.

Indeed, there are other questions of this type that can be asked about
composition of operators associated with different homogeneities, which can-
not be answered by using the properties of these operators separately. We
mention that in [HLLRS] such a question was considered for the Hardy
spaces. It is well-known that any operator T1 is bounded on the classical
Lipschitz space, while T2 is bounded on the Lipschitz space associated the
non-isotropic homogeneity, which was introduced in [MR]. For more about
the Lipschitz spaces, see also [C], [HSV], [JTW], [K1, K2], [P], [S1] and [S2].

Based on the results proved in [MR], however, in general the composition
of T1 ◦ T2 is not bounded on the classical Lipschitz space and the Lipschitz
space associated the non-isotropic homogeneity either. In this note, we study
such a question of the boundedness of the composition of T1 ◦ T2 on the
Lipschitz spaces.

To describe more precisely questions and results studied in this note, we
begin with considering all functions and operators defined on Rn. We write
Rn = Rn−1 × R with x = (x′, xn) where x′ ∈ Rn−1 and xn ∈ R. We consider
two kinds of homogeneities

δ : (x′, xn) → (δx′, δxn), δ > 0

and

δ : (x′, xn) → (δx′, δ2xn), δ > 0.

The first are the classical isotropic dilations occurring in the classical
Calderón-Zygmund singular integrals, while the second are non-isotropic
and related to the heat equations (also Heisenberg groups).

For x = (x′, xn) ∈ Rn−1 × R we denote |x|e = (|x′|2 + |xn|2) 1

2 and |x|h =
(|x′|2+|xn|) 1

2 . We also use notations j∧k = min{j, k} and j∨k = max{j, k}.
The singular integrals considered in this note are defined by
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Definition 1.1. A locally integrable function K1 on Rn \ {0} is said to be
a Calderón-Zygmund kernel associated with the isotropic homogeneity if

∣∣∣∣ ∂α

∂xα
K1(x)

∣∣∣∣ ≤ A|x|−n−|α|e for all |α| ≥ 0,(1.1)
ˆ
r1<|x|e<r2

K1(x) dx = 0(1.2)

for all 0 < r1 < r2 < ∞.

We say that an operator T1 is a Calderón-Zygmund singular integral
operator associated with the isotropic homogeneity if T1(f)(x) = p.v.(K1 ∗
f)(x), where K1 satisfies conditions of (1.1) and (1.2).

Definition 1.2. Suppose K2 ∈ L1
loc(R

n \ {0}). K2 is said to be a Calderón-
Zygmund kernel associated with the non-isotropic homogeneity if

∣∣∣∣ ∂α

∂(x′)α
∂β

∂(xn)β
K2(x

′, xn)
∣∣∣∣ ≤ B|x|−n−1−|α|−2βh for all |α|, β ≥ 0,(1.3)

ˆ
r1<|x|h<r2

K2(x) dx = 0(1.4)

for all 0 < r1 < r2 < ∞.

We say that an operator T2 is a Calderón-Zygmund singular integral op-
erator associated with the non-isotropic homogeneity if T2(f)(x) = p.v.(K2 ∗
f)(x), where K2 satisfies the conditions in (1.3) and (1.4).

To study the boundedness of the composition of T1 ◦ T2 on the Lipschitz
spaces, we first introduce the following notations:

(Δuf)(x) = f(x− u)− f(x); (Δz
uf)(x) = f(x− u) + f(x+ u)− 2f(x),

and similar for Δv and Δz
v.

Now the Lipschitz space associated with different homogeneities is de-
fined by the following

Definition 1.3. A continuous function f(x) defined on Rn belongs to the
Lipschitz space Lipαcom with α = (α1, α2), α1, α2 > 0 if and only if
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(i) when 0 < α1, α2 < 1,

(1.5) ‖(ΔuΔv)f‖L∞(Rn) ≤ C|u|α1
e |v|α2

h ;

(ii) when α1 = 1, 0 < α2 < 1,

(1.6) ‖(Δz
uΔv)f‖L∞(Rn) ≤ C|u|e|v|α2

h ;

(iii) when 0 < α1 < 1, α2 = 1,

(1.7) ‖(ΔuΔ
z
v)f‖L∞(Rn) ≤ C|u|α1

e |v|h;

(iv) when α1 = α2 = 1,

(1.8) ‖(Δz
uΔ

z
v)f‖L∞(Rn) ≤ C|u|e|v|h;

for all u, v ∈ Rn and the constant C is independent of u and v.
When α = (α1, α2) with α1, α2 > 1, we write α1 = m1 + r1 and α2 =

m2 + r2 where m1,m2 are integers and 0 < r1, r2 ≤ 1.f ∈ Lipαcom means that
f is a Cm1+m2 function, modulo polynomials of degree not exceeding m1 +
m2, such that all partial derivatives ∂βf, |β| = m1 +m2, belong to Liprcom
with r = (r1, r2).

If f ∈ Lipαcom, ‖f‖Lipα
com

, the norm of f, is defined by the smallest con-
stant C in (1.5) to (1.8).

We remark that all affine functions belong to Lipαcom with zero norm.
When α1 = 1 or α2 = 1 or both α1 = α2 = 1, the Zygmund type conditions
are used. Moreover, the different homogeneities are involved in (1.5) to (1.8)
implicitly.

In order to obtain the boundedness of the composition of T1 ◦ T2 on
the Lipschitz space Lipαcom, we characterize Lipαcom via the Littlewood-Paley
theory. For this purpose, let ψ(1) be a radial function in S(Rn), that is,
ψ(1)(x) depends only on |x|e and satisfy

(1.9) supp ψ̂(1) ⊆
{
(ξ′, ξn) ∈ Rn−1 × R :

1

2
≤ |ξ|e ≤ 2

}
,

and

(1.10)
∑
j∈Z

|ψ̂(1)(2−jξ′, 2−jξn)|2 = 1 for all (ξ′, ξn) ∈ Rn−1 × R/{(0, 0)}.
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And let ψ(2)(x) be a function in S(Rn) depending only on |x|h and satisfy

supp ψ̂(2) ⊆
{
(ξ′, ξn) ∈ Rn−1 × R :

1

2
≤ |ξ|h ≤ 2

}
,(1.11) ∑

k∈Z
|ψ̂(2)(2−kξ′, 2−2kξn)|2 = 1 for all (ξ′, ξn) ∈ Rn−1 × R \ {(0, 0)}.(1.12)

Now set ψj,k = ψ
(1)
j ∗ ψ(2)

k where

ψ
(1)
j (x) = 2jnψ(1)(2jx′, 2jxn) and ψ

(2)
k (x) = 2k(n+1)ψ(2)(2kx′, 22kxn).

We have the following

Theorem 1.4. f ∈ Lipαcom with α = (α1, α2), α1, α2 > 0 if and only if f ∈
S ′/P(Rn), the tempered distributions modulo all polynomials, and

sup
j,k,x

2jα12kα2 |ψj,k ∗ f(x)| ≤ C < ∞.

Moreover,

‖f‖Lipα
com

∼ sup
j,k,x

2jα12kα2 |ψj,k ∗ f(x)|.

The main result of this note is

Theorem 1.5. The composition of T1 ◦ T2 is bounded on Lipαcom with α =
(α1, α2), α1, α2 > 0.

The proofs of Theorem 1.4 and 1.5 will be given in next two sections,
respectively. Following Stein’s inspiring suggestions, we will make some re-
marks in the last section to indicate the connection between Stein and Yung’s
work in [SY] and the present work.

2. Proof of Theorem 1.4

We first show that if f ∈ Lipαcom with α = (α1, α2), 0 < α1, α2 < 1, then f ∈
S ′/P(Rn). To see this, for each g(x) ∈ S∞(Rn)(= {g ∈ S :

´
g(x)xβdx = 0}

for all |β| ≥ 0), by a result in [HLLRS], we have

g(x) =
∑
j,k∈Z

ψj,k ∗ ψj,k ∗ g(x),

where the series converges in S∞(Rn).
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Therefore, for f ∈ Lipαcom with α = (α1, α2), 0 < α1, α2 < 1, it suffices
to show that

∑
j,k∈Z < f, ψj,k ∗ ψj,k ∗ g > is well defined for g ∈ S∞(Rn). To

this end, we estimate < ψj,k ∗ f, ψj,k ∗ g > as follows. Observe that ψj,k ∗
f(x) =

˜
ψ
(1)
j (u)ψ

(2)
k (v)f(x− u− v)dudv. Applying the cancellations con-

ditions on both ψ
(1)
j and ψ

(2)
k , we have

ψj,k ∗ f(x) =
¨

ψ
(1)
j (u)ψ

(2)
k (v)

× [f(x− u− v)− f(x− u)− f(x− v) + f(x)]dudv

=

¨
ψ
(1)
j (u)ψ

(2)
k (v)(ΔvΔuf)(x)dudv.

Using the size condition on both ψ
(1)
j and ψ

(2)
k together with the fact that

f ∈ Lipαcom yields

(2.1) |ψj,k ∗ f(x)| ≤ C2−jα12−kα2‖f‖Lipα
com

.

We now write ψj,k ∗ g(x) = ψ
(1)
j ∗ ψ(2)

k ∗ g(x). Observe that all functions ψ
(1)
j ,

ψ
(2)
k and g(x) are in S∞(Rn). Applying the standard almost orthogonal

estimate implies that for any positive integers L,M,

(2.2) |ψ(1)
j ∗ g(x)| � 2−|j|L

2(j∧0)n

(1 + 2j∧0|x|e)n+M
.

Again, applying the almost orthogonal estimate as in [HLLRS], we have

|ψj,k ∗ g(x)| = |ψ(1)
j ∗ ψ(2)

k ∗ g(x)|(2.3)

� 2−|j|L2−|k|L
2(j∧0∧k∧0)(n−1)

(1 + 2j∧0∧k∧0|x′|)n+M

× 2j∧0∧2(k∧0)

(1 + 2j∧0∧2(k∧0)|xn|)1+M
.

Therefore, choosing L = N > α1 + α2 + 1 gives

(2.4) | < ψj,k ∗ g(x), ψj,k ∗ f(x) > | ≤ C2−|j|(N−α1)2−|k|(N−α2)‖f‖Lipα
com

.

Thus we obtain the desired result, that is, 〈f, g〉 is well defined and hence
f ∈ S ′/P(Rn).
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The estimate given in (2.1), indeed, yields that

|ψj,k ∗ f(x)| � 2−jα12−kα2‖f‖Lipα
com

,

which implies that 2jα12kα2 |ψj,k ∗ f(x)| ≤ C‖f‖Lipα
com

for any j, k ∈ Z, x ∈
Rn.

When α = (α1, α2) with α1 = 1, 0 < α2 < 1, observing first that ψ
(1)
j is

a radial function and applying the cancellation conditions on ψ
(1)
j first and

then on ψ
(2)
k , we have

ψj,k ∗ f(x) = 1

2

¨
ψ
(1)
j (u)ψ

(2)
k (v)[f(x− u− v) + f(x+ u− v)]dudv

=
1

2

¨
ψ
(1)
j (u)ψ

(2)
k (v)

× {
[f(x− u− v) + f(x+ u− v)− 2f(x− v)]

− [f(x− u) + f(x+ u)− 2f(x)]
}
dudv

=
1

2

¨
ψ
(1)
j (u)ψ

(2)
k (v)(Δz

uΔvf)(x)dudv.

Applying the same proof gives the desired estimate for this case. All other
cases α = (α1, α2) where 0 < α1 < 1, α2 = 1 or α1 = α2 = 1 can be handled
similarly. For the case where α = (α1, α2) with α1, α2 > 1, set α1 = m1 +

r1, α2 = m2 + r2 with 0 < r1, r2 ≤ 1 and
̂̃
ψ
(1)
j (ξ) =

̂ψ
(1)
j (ξ)

(−2πiξ)m1
and

̂̃
ψ
(2)
k (ξ) =

̂ψ
(2)
k (ξ)

(−2πiξ)m2
then ψj,k ∗ f = ∂m1+m2ψ̃j,k ∗ f = (−1)m1+m2ψ̃j,k ∗ ∂m1+m2f, where

ψ̃j,k = ψ̃
(1)
j ∗ ψ̃(2)

k . Note that 2jm12km2ψ̃j,k satisfy the similar smoothness,
size and cancellation conditions as ψj,k. Thus, repeating the same proof
gives

|ψj,k ∗ f | = |2−jm12−km2(2jm12km2ψ̃j,k) ∗ ∂m1+m2f |
≤ C2−jm12−km22−jr12−kr2‖f‖Lipα

com
≤ C2−jα12−kα2‖f‖Lipα

com
.

Therefore, this case can be also handled similarly.
We now prove the converse implication of Theorem 1.4. Suppose that

f(x) ∈ S ′/P(Rn) and |ψj,k ∗ f(x)| ≤ C2−jα12−kα2 , where α1, α2 > 0.We first
show that f is a continuous function. To do this, as in [HLLRS], f(x) =∑

j,k∈Z ψj,k ∗ ψj,k ∗ f(x), where the series converges in S ′/P(Rn). Splitting∑
j,k∈Z by the sums over (i)j, k > 0; (ii)j ≤ 0, k > 0; (iii)j > 0, k ≤ 0; and

(iv)j, k ≤ 0, and writing f = f1 + f2 + f3 + f4 in S ′/P(Rn) for correspond-
ing j and k. Observe that |ψj,k ∗ ψj,k ∗ f(x)| ≤ C2−jα12−kα2 and hence the
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series for f1 is converges uniformly in x. This implies that f1 is a continuous
function on Rn. Applying the cancellation condition on g in the distribution
sense, we write

〈ψj,k ∗ ψj,k ∗ f, g〉
=

〈¨
ψ
(1)
j (v − u)[ψ

(2)
k (x− v)− T2N (ψ

(2)
k )(−v)]ψj,k ∗ f(u)dudv, g(x)

〉

where T2N (ψ
(2)
k )(−v) is the Taylor polynomial of ψ

(2)
k (x− v), as the function

of x at x = 0, with the degree 2N,N > α1 + α2 + 1. Then by the smoothness

condition on ψ
(2)
k and the size condition on ψ

(1)
j , we obtain that in the

distribution sense,

|ψj,k ∗ ψj,k ∗ f(x)| ≤ C2−jα12k(2N−α2)|x|2Nh

and thus for any given large R > 0 the series for f2 is converges uniformly
for |x|2Nh ≤ R. This means that f2 is a continuous function on any compact
subset in Rn. Similarly, write

〈ψj,k ∗ ψj,k ∗ f, g〉
=

〈¨
[ψ

(1)
j (x− u)− T2N (ψ

(1)
j (−u)]ψ

(2)
k (u− v)ψj,k ∗ f(v)dudv, g(x)

〉
,

then |ψj,k ∗ ψj,k ∗ f(x)| ≤ C2j(2N−α1)2−kα2 |x|2Ne and thus f3 is a continuous
function.

Taking the geometric means of these two estimates shows that f4 is a
continuous function.

Now we estimate ‖f‖Lipα
com

as follows. First, if α = (α1, α2) with 0 <
α1, α2 < 1, then

|(ΔvΔuf)(x)| = |f(x− u− v)− f(x− u)− f(x− v) + f(x)|

=

∣∣∣∣∣
∑
j,k∈Z

ˆ
Rn

[ψjk(x− u− v − ω)− ψjk(x− u− ω)

− ψjk(x− v − ω) + ψjk(x− ω)]ψj,k ∗ f(ω)dω
∣∣∣∣∣.

We choose n1 and n2 such that 2−n1 ≤ |u|e < 2−n1+1 and 2−n2 ≤ |v|h <
2−n2+1. Observe that
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A =

ˆ
Rn

[ψjk(x− u− v − ω)− ψjk(x− u− ω)

− ψjk(x− v − ω) + ψjk(x− ω)]ψj,k ∗ f(ω)dω
=

ˆ
Rn

ˆ
Rn

[ψ
(1)
j (x− u− z − ω)− ψ

(1)
j (x− z − ω)]

× [ψ
(2)
k (z − v)− ψ

(2)
k (z)]ψj,k ∗ f(ω)dzdω.

Now we split the above series by∑
j≥n1

∑
k≥n2

A+
∑
j<n1

∑
k≥n2

A+
∑
j≥n1

∑
k<n2

A+
∑
j<n1

∑
k<n2

A

:= A1 +A2 +A3 +A4.

To deal with the first series, applying the size conditions on both ψ
(1)
j

and ψ
(2)
k yields ∣∣∣A∣∣∣ � sup

j,k,ω
|ψj,k ∗ f(ω)| ≤ C2−jα12−kα2

and hance the first series A1 is dominated by∣∣∣A1

∣∣∣ ≤ C
∑
j≥n1

∑
k≥n2

2−jα12−kα2 ≤ C2−n1α12−n2α2 ≤ C|u|α1
e |v|α2

h .

To estimate the second series A2, applying the smoothness condition on

ψ
(1)
j and the size condition on ψ

(2)
k implies

|A| � (2j |u|e) sup
j,k,ω

|ψj,k ∗ f(ω)| � 2j(1−α1)2−kα2 |u|e.

This implies that the second series A2 is bounded by∣∣∣A2

∣∣∣ ≤ C
∑
j<n1

∑
k≥n2

2j(1−α1)2−kα2 |u|e � 2n1(1−α1)2−n2α2 |u|e

� |u|α1−1
e |v|α2

h |u|e � |u|α1
e |v|α2

h .

The estimate for third series A3 is similar to the estimate for A2. Finally,
to handle with the last series A4, applying the smoothness conditions on
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both ψ
(1)
j and ψ

(2)
k we obtain that |A| � (2j |u|e)(2k|v|h) sup

j,k,ω
|ψj,k ∗ f(ω)| �

2j(1−α)2k(1−α)|u|e|v|h. Hence this implies that A4 is dominated by

∣∣∣A4

∣∣∣ ≤ C
∑
j<n1

∑
k<n2

2j |u|e2k|v|h2−jα12−kα2

� 2n1(1−α1)2n2(1−α2)|u|e|v|h � |u|α1
e |v|α2

h .

When α = (α1, α2) with α1 = α2 = 1 observe that

(Δz
vΔ

z
uf)(x) = [f(x− u− v) + f(x+ u− v)− 2f(x− v)]

+ [f(x− u+ v) + f(x+ u+ v)− 2f(x+ v)]

− 2[f(x− u) + f(x+ u)− 2f(x)]

=
∑
j,k∈Z

ˆ
Rn

ˆ
Rn

[ψ
(1)
j (x− u− z − ω) + ψ

(1)
j (x+ u− z − ω)

− 2ψ
(1)
j (x− z − ω)]

× [ψ
(2)
k (z − v) + ψ

(2)
k (z + v)− 2ψ

(2)
k (z)]

× ψj,k ∗ f(ω)dzdω.

Repeating a similar calculation gives the desired result for this case. The
other two cases where α1 = 1, 0 < α2 < 1 and 0 < α1 < 1, α2 = 1 can be
handled similarly. Lastly, when 1 < α1 = m1 + r1, 1 < α2 = m2 + r2 with
0 < r1, r2 ≤ 1, note that

∂m1+m2f(x− u− v)− ∂m1+m2f(x− u)

− ∂m1+m2f(x− v) + ∂m1+m2f(x)

=
∑
j,k∈Z

ˆ
Rn

ˆ
Rn

ˆ
Rn

[∂m1ψ
(1)
j (x− u− z − ω)− ∂m1ψ

(1)
j (x− z − ω)]

× [∂m2ψ
(2)
k (z − v)− ∂m2ψ

(2)
k (z)]ψj,k ∗ f(ω)dzdω.

Again observe that the properties of ∂m1ψ
(1)
j and ∂m2ψ

(2)
k are similar to

2jm1ψ
(1)
j and 2km2ψ

(2)
k , respectively, and hence the estimate for this case is

the same as the proof for the case where α = (α1, α2) with 0 < α1, α2 ≤ 1.
We leave the details to the reader. The proof of Theorem 1.4 is concluded.
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3. Proof of Theorem 1.5

We first show that if f ∈ Lipαcom with α = (α1, α2), α1, α2 > 0, then there ex-
ists a sequence {fn} such that fn ∈ L2 ∩ Lipαcom and fn converges to f in the
distribution sense. Moreover, ‖fn‖Lipα

com
≤ C‖f‖Lipα

com
, where the constant

C is independent of fn and f. To do this, note that

f =
∑
j,k∈Z

ψj,k ∗ ψj,k ∗ f(x)

in the distribution sense. Set

fn =
∑

|j|,|k|≤n
ψj,k ∗ ψj,k ∗ f(x).

Obviously, fn ∈ L2 and converges to f in the distribution sense. To see that
fn ∈ Lipαcom, by Theorem 1.4,

‖fn‖Lipα
com

≤ C sup
j,k,x

2jα12kα2 |ψj,k ∗ fn(x)|.

Note that

ψj,k ∗ fn(x) = ψj,k ∗
∑

|j′|,|k′|≤n
ψj′,k′ ∗ ψj′,k′ ∗ f(x)

=
∑

|j′|,|k′|≤n
ψj,k ∗ ψj′,k′ ∗ ψj′,k′ ∗ f(x).

By an estimate given in [HLLRS], there exist two positive integers L,M >
α1 + α2 + 1, such that

|ψj,k ∗ ψj′,k′(x)| � 2−|j−j
′|L2−|k−k

′|L 2(j∧j′∧k∧k′)(n−1)

(1 + 2j∧j′∧k∧k′ |x′|)n+M

× 2j∧j′∧2(k∧k′)

(1 + 2j∧j′∧2(k∧k′)|xn|)1+M
.

Therefore, again by Theorem 1.4, it follows that

2jα12kα2 |ψj,k ∗ fn(x)| � sup
j′,k′,x

2j
′α12k

′α2 |ψj′,k′ ∗ f(x)| � ‖f‖Lipα
com

.

Now we claim that if f ∈ L2, then

(3.1) ‖T1 ◦ T2(f)‖Lipα
com

� ‖f‖Lipα
com

.
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Indeed, by Theorem 1.4,

‖T1 ◦ T2(f)‖Lipα
com

� sup
j,k,x

2jα12kα2 |ψj,k ∗ T1 ◦ T2(f)(x)|.

Observe that T2 ◦ T1 is bounded on L2 and hance

T1 ◦ T2f(x) =
∑

j′,k′∈Z
(T1 ◦ T2ψj′,k′) ∗ ψj′,k′ ∗ f(x).

Therefore,

ψj,k ∗ T1 ◦ T2f(x) =
∑

j′,k′∈Z
(ψj,k ∗ T1 ◦ T2ψj′,k′) ∗ ψj′,k′ ∗ f(x).

Applying again an estimate in [HLLRS],

|ψj,k ∗ T1 ◦ T2ψj′,k′(x)| � 2−|j−j
′|L2−|k−k

′|L 2(j∧j′∧k∧k′)(n−1)

(1 + 2j∧j′∧k∧k′ |x′|)n+M

× 2j∧j′∧2(k∧k′)

(1 + 2j∧j′∧2(k∧k′)|xn|)1+M
,

and repeating the same proof as above give

sup
j,k,x

2jα12kα2 |ψj,k ∗ T1 ◦ T2f(x)| � sup
j′,k′,x

2j
′α12k

′α2 |ψj′,k′ ∗ f(x)| � ‖f‖Lipα
com

.

We now extend T1 ◦ T2 to Lipαcom as follows. First, if f ∈ Lipαcom then
there exists a sequence {fn}n∈Z ∈ L2 ∩ Lipαcom such that fn converges to f
in the distribution sense and ‖fn‖Lipα

com
≤ C‖f‖Lipα

com
. It follows from the

claim in (3.1) that

‖T1 ◦ T2(fn)− T1 ◦ T2(fm)‖Lipα
com

≤ C‖fn − fm‖Lipα
com

and hence T1 ◦ T2(fn) converges in the distribution sense. We define

T1 ◦ T2(f) = lim
n→∞T1 ◦ T2(fn)
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in the distribution sense. We obtain, by Theorem 1.4,

‖T1 ◦ T2(f)‖Lipα
com

� sup
j,k,x

2jα12kα2 |ψj,k ∗ T1 ◦ T2(f)(x)|

� sup
j,k,x

2jα12kα2 | lim
n→∞ψj,k ∗ T1 ◦ T2(fn)(x)|

� lim inf
n→∞ sup

j,k,x
2jα12kα2 |ψj,k ∗ T1 ◦ T2(fn)(x)|

� lim inf
n→∞ ‖fn‖Lipα

com

� ‖f‖Lipα
com

.

The proof of Theorem 1.5 is concluded.

4. Some remarks

In this last section, we mention some antecedents of our results. As men-
tioned in the introduction, Phong and Stein were the first to study composi-
tions of singular integrals with different homogeneities. Such a question nat-
urally appeared in the study of the boundedness of Marcinkiewicz multipliers
on the Heisenberg group. Indeed, on the Heisenberg group Hn � Cn × R, the
simplest flag singular integral with the flag {0} ⊂ Cn ⊂ Hn can be regarded
as the composition of the classical singular integral on Hn = Cn × R and
the singular integral on R. Müller, Ricci and Stein in [MRS1] and [MRS2]
characterized such flag kernels on Hn and as applications, they proved the
Lp, 1 < p < ∞, boundedness of Marcinkiewicz multipliers on Hn. It has been
later refined by Nagel, Ricci and Stein in [NRS] that a certain class of
Fourier multiplier operators can be equivalently defined by classifying be-
tween the corresponding multipliers and flag kernels under the Fourier trans-
form. Nagel, Ricci, Stein and Wainger in [NRSW] further studied singular
integrals with flag kernels on homogeneous groups and an algebra of pseu-
dolocal operators.

More recently, to study the phenomena that arise when one combines
the standard pseudodifferential operators with those appeared in the study
of subelliptic estimates and on strongly pseudoconvex domains, Stein and
Yung in [SY] introduced a class of pseudodifferential operators of mixed
type adapted to distributions of k-planes. This class forms an algebra of
pseudoclocal operators and is geometrically invariant. Moreover, It consists
of a 2-parameter family Sm,n that contains the standard “isotropic” pseu-
dodifferential operators of order m and “non-isotropic” pseudodifferential



1400 Y.-C. Han and Y.-S. Han

operators of order n. See [SY] for many other main results. One of main re-
sults, namely Theorem 15 on page 1202 in [SY], that is the boundedness of
operators in this class on Lischitz space, is particularly connected to Theo-
rem 1.5 in this note. To see this, following [SY], let Λα, α > 0 be the ordinary
“isotropic” Lipschitz space on RN . For 0 < α < 1, f ∈ Γα, a “non-isotropc”
Lipschitz space, if and only if

|f(x)− f(y)| ≤ Cd(x, y)α

for all x, y ∈ RN . One defines

‖f‖Γα = ‖f‖L∞ + sup
x 	=y

|f(x)− f(y)|
d(x, y)α

.

Stein and Yung in [SY] proved

Theorem 4.1. Let a ∈ Sε,−2ε or S−ε,ε for some ε > 0. Then operators Ta

preserve Λα and Γα for all α > 0.

Note that S0 does not preserve Γα for α > 0, and S0
D does not preserve

Λα for α > 0. The proof of this theorem used the Littlewood-Paley decom-
position which was developed by Stein and Yung in [SY]. This new version
of the Littlewood-Paley decomposition is of interesting in their own right.
See [SY] for more details.

Observe that operators of type Sm,n with m = n = 0 include in a natu-
ral way the local compositions of two different kinds of Calderón-Zygmund
operators. Therefore, it is natural to ask if Theorem 1.5 in this note can ex-
tend to operators in S0,0. We would like to sketch indications of this possible
extension.

We first, following the present note, introduce following Lipschitz space
involved the mixed homogeneities.

For 0 < α1, α2 < 1, we say f ∈ Lip(α1,α2) if and only if

‖f‖Lip(α1,α2) := ‖f‖L∞ + sup
u	=0,x

|f(x− u)− f(x)|
|u|α1

+ sup
x 	=y

|f(x)− f(y)|
d(x, y)α2

+ sup
u 	=0,x 	=y

|f(x)− f(y)− f(x− u) + f(y − u)|
|u|α1d(x, y)α2

< ∞.

Suitable modifications can be made for the definition of Lip(α1,α2) when
either α1 ≥ 1 or α2 ≥ 1.

In regarding Theorem 4.1, one has
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Theorem 4.2. Let a∈S0,0. Then Ta preserve Lip(α1,α2) for 0<α1, α2<1.

To see the proof, one needs to use two versions of Littlewood-Paley de-
compositions, as Stein and Yung developed in [SY], one of which is adapted
to the standard “isotropic” dilations and another is the “non-isotropic” di-
lations. Then one needs to combine these two decompositions to establish
the Littlewood-Paley decomposition adapted to the mixed homogeneities as
in [SY]. See Lemma 11 and 12 in [SY] for details. One also needs to char-
acterize Lipschitz space Lip(α1,α2) via the Littlewood-Paley decomposition
adapted to the mixed homogeneities, as in Proposition 14, Lemma 16 and
17 in [SY]. We omit the details.

Finally, we remark that Theorem 1.5 holds for 0 < α1 < ε1 and 0 < α2 <
ε2 if ∣∣∣∣K1(x)−K1(x

′)
∣∣∣∣ ≤ A|x− x′|ε1e |x|−n−ε1e for |x− x′|e ≤ 1

2
|x|e

and∣∣∣∣K2(x)−K2(x
′)
∣∣∣∣ ≤ B|x− x′|ε2h |x|−n−1−ε2h for all |x− x′|h ≤ 1

2
|x|h.

Moreover, Theorem 1.5 still holds for non-convolution Calderón-Zygmund
operators with appropriate conditions. We leave the details of these proofs
to the reader.

Acknowledgments. We thank the referee for pointing typos and provid-
ing valuable suggestions. We would like to express our appreciation to Stein.
Indeed, all remarks in the last section follow from his inspiring suggestions.
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J. of functional analysis 21 (1976), 369–379.

[MRS1] D. Müller, F. Ricci, and E. M. Stein,Marcinkiewicz multipliers and
multi-parameter structure on Heisenberg(-type) groups I, Invent.
Math. 119 (1995), 119–233.

[MRS2] D. Müller, F. Ricci, and E. M. Stein,Marcinkiewicz multipliers and
multi-parameter structure on Heisenberg(-type) groups II, Math. Z.
221 (1996), 267–291.

[NRS] A. Nagel, F. Ricci, and E. M. Stein, Singular integrals with flag
kernels and analysis on quadratic CR manifolds, J. Func. Anal.
181 (2001), 29–118.

[NRSW] A. Nagel, F. Ricci, E. M. Stein, and S. Wainger, Singular integrals
with flag kernels on homogeneous groups I, Rev. Mat. Iberoam. 28
(2012), 29–118.

[P] J. Peetre, On the theory of Lp,λ spaces, Journal of Functional Anal-
ysis 4 (1969), no. 1, 71–87.

[PS] D. H. Phong and E. M. Stein, Some further classes of pseudo-
differential and singular integral operators arising in boundary
valve problems I: composition of operators, Amer. J. Math. 104
(1982), 141–172.

[S1] E. M. Stein, Singular integral and differentiability properties of
functions, Princeton Univ. Press, 30, (1970).

[S2] E. M. Stein, Singular integrals and estimates for the Cauchy-
Riemann equations, Bulletin of the American Mathematical So-
ciety, 79 (1973), no. 2, 440–445.



Boundedness of composition operators 1403

[SY] E. M. Stein and Po-Lam Yung, Pseudodifferential operators of
mixed type adapted to distributions k-planes, Math. Res. Lett. 20
(2013), 1183–1208.

[WW] S. Wainger and G. Weiss, Smoothness of harmonic and holomor-
phic functions, Proceedings of Symp. in Pure Math. 35 (1979),
63–67.

School of Mathematic Sciences

South China Normal University

Guangzhou, 510631, P.R. China

E-mail address: 20051017@m.scnu.edu.cn

Department of Mathematics, Auburn University

AL, 36849-5310, USA

E-mail address: hanyong@auburn.edu

Received June 6, 2015





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Same as "Press Quality" except that Compatibility is set to Acrobat 8.0 \(PDF 1.7\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


