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A Thom-Smale-Witten theorem on

manifolds with boundary

Wen Lu

Given a smooth compact manifold with boundary, we show that
the subcomplex of the deformed de Rham complex consisting of
eigenspaces of small eigenvalues of the Witten Laplacian is canoni-
cally isomorphic to the Thom-Smale complex constructed by Lau-
denbach in [23]. Our proof is based on Bismut-Lebeau’s analytic
localization techniques. We extend Bismut-Zhang’s approach [4] re-
lying on the deformed Hodge-de Rham operator to the boundary
case.
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1. Introduction

Morse theory is a method to determine the topology of a finite or infinite
dimensional manifold (such as the space of paths or loops on a compact
manifold) from the critical points of one suitable function on the manifold.
The theory has many far-reaching applications ranging from existence of
exotic spheres to supersymmetry and Yang-Mills theory.
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In this paper we will study Morse theory on a manifold with boundary.
The main goal is to exhibit a canonical isomorphism between the Witten
instanton complex constrained to boundary conditions and the Thom-Smale
complex.

Recall that a Morse function on a manifold without boundary is a smooth
real function whose critical points are all non-degenerate. LetM be a smooth
n-dimensional closed manifold. Let f be a Morse function on M and choose
a Riemannian metric on M such that the gradient vector field ∇f satisfies
the Morse-Smale transversality conditions. This dynamical system gives rise
to a chain complex, called Thom-Smale complex, having the critical points
as generators and boundary map expressed in terms of the unstable and
stable manifolds (see [32], [27], [33], [13]). The Morse homology theorem [22,
29], [1, Th. 7.4] asserts that the Thom-Smale complex recovers the standard
homology of the underlying manifold.

In [33] Witten suggested that the Thom-Smale complex could be re-
covered from the Witten instanton complex, which is subcomplex of the
deformed de Rham complex, consisting of eigenspaces of small eigenvalues
of the Witten Laplacian D2

T (cf. (55)). This fact was first established rigor-
ously by Helffer and Sjöstrand [18, Prop. 3.3].

Later, Bismut and Zhang [3] generalized the results of Helffer and
Sjöstrand for the Witten instanton complex with values in a flat vector bun-
dle. This is an important step in their proof and extension of the Cheeger-
Müller theorem [10, 28] about the equality of the Reidemeister and Ray-
Singer metrics.

In [4, §6], Bismut and Zhang gave a new and simple proof of the isomor-
phism between the Witten instanton complex and the Thom-Smale complex
by means of resolvent estimates. We refer the readers to [34, Chap. 6] for a
comprehensive study of the Witten deformation following Bismut-Zhang’s
approach.

Let us go back to the general case of a compact (not necessarily ori-
entable) manifold M of dimension n with boundary ∂M �= ∅. In this paper,
a smooth function f : M → R is called a Morse function if the restrictions
of f to the interior and boundary of M are Morse functions in the usual
sense and if f has no critical point on ∂M (cf. [9, 23]).

In order to have Hodge theory for the de Rham Laplacian, we will im-
pose boundary conditions: absolute boundary condition and relative bound-
ary condition (cf. [31, pp. 361–371]). Denote by Ha (resp. Hr) the subspace
of harmonic forms satisfying the absolute boundary condition (resp. the
relative boundary condition). Then the space Ha (resp. Hr) is isomorphic
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to the absolute cohomology group H•
dR(M,R) (resp. the relative cohomol-

ogy group H•
dR(M,∂M ; o(TM)) with coefficients twisted by the orientation

bundle o(TM) of M).
In [9], Chang and Liu established the Morse inequalities corresponding

to the absolute and relative boundary conditions for orientable manifolds,
by using Witten deformation.

On the other hand, Laudenbach [23] recently constructed a Thom-Smale
complex whose homology is isomorphic to the (absolute or relative) homol-
ogy of M with integral coefficients. The construction uses a pseudo-gradient
Morse-Smale vector field suitably adapted to the boundary.

We will prove that the Witten instanton complex constrained to the
boundary conditions and the Thom-Smale complex constructed by Lauden-
bach in [23] are canonically isomorphic. This result is new for manifolds with
non-empty boundary, while its counterpart for closed manifolds appeared in
[3, 4, 18]. Our method consists of applying Bismut-Lebeau’s localization
techniques [5] along the lines of [34].

In order to state the results let us introduce some notations. Let f :
M → R be a Morse function on M as explained above, and let f |∂M be its
restriction to the boundary. Let Cj(f) (resp. Cj(f |∂M ) be the set consisting
of all critical points of f (resp. f |∂M ) with index j. Let ν be the outward
normal vector field along ∂M . Denote by

Cj
−(f |∂M ) = {p ∈ Cj(f |∂M ) : (νf)(p) < 0} ,

Cj
+(f |∂M ) = {p ∈ Cj(f |∂M ) : (νf)(p) > 0} ,

and

cj = #Cj(f) , pj = #Cj
−(f |∂M ) , qj = #Cj

+(f |∂M ) .

Set C(f) =
⊔n

j=0C
j(f) and C−(f |∂M ) =

⊔n−1
j=0 C

j
−(f |∂M ).

In order to define the Witten instanton complex we have to state two
results about the spectrum of the Witten Laplacian. Let

0 � λj
1(T ) � λj

2(T ) � · · ·(1)

be the eigenvalues of the Witten Laplacian D2
T with absolute boundary

condition acting on j-forms.
The next result is well-known, but we will give here a short proof based

on elementary spectral estimates.
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Theorem 1.1. There exists positive constants a1 and T1 such that for T >
T1, and j = 0, 1, . . . , n, we have

λj
�(T ) � a1T

2, for � � cj + pj + 1,(2)

here we take the convention pn = 0.

The estimate (2) was obtained by Chang and Liu (cf. [9, §3, Th. 2]) by
localization and the min-max principle and given with more accuracy by Le
Peutrec (cf. [24, Th. 3.5]) by delicate constructions of quasimodes and the
WKB method.

The second result provides a refined estimate of the lower part of the
spectrum of the Witten Laplacian.

Theorem 1.2. There exist positive constants a2, a3 and T2 such that for
T � T2 and j = 0, 1, . . . , n,

λj
�(T ) � a2e

−a3T , for � � cj + pj .(3)

The estimate (3) for j = 0 was obtained by D. Le Peutrec via WKB
analysis (cf. [24, Th. 1.0.3]), and is new to our knowledge for j > 0. Let us
note that Theorem 1.2 provides simply exponentially small upper-bounds
as in [18]. The recent developments about exponentially small eigenvalues
(see [7, 8, 16, 17, 24, 25]) are devoted to the accurate computations of
exponentially small eigenvalues in the spirit of [11, 15, 21].

From Theorems 1.1 and 1.2 follows that the Witten Laplacian D2
T acting

on j-forms has a spectral gap: the upper part of the spectrum grows with
speed T 2 and the lower part decays exponentially in T . Moreover, for a given
C0 > 0, there exists T0 > 0 such that for T � T0, the number of eigenvalues
in [0, C0) equals cj + pj (see Proposition 4.1). Let FC0

T,j denote the (cj + pj)-
dimensional vector space generated by the eigenspaces associated to the
eigenvalues lying in [0, C0). It is easy to see that (FC0

T,•, dT ) forms a complex,
called Witten instanton complex.

Let (C•, ∂) denote the Thom-Smale complex constructed in [23] (cf.
(14)–(15)).

Let P∞ be the natural morphism from the de Rham complex (Ω•(M), d)
to the Thom-Smale complex (C•, ∂), defined by integration on the closure
of the unstable manifolds (cf. §2):

P∞(α) =
∑

p∈C(f)∪C−(f |∂M )

[p]∗
∫

Wu(p)

α ∈ C•, for α ∈ Ω•(M) .(4)
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Set

P∞,T (α) = P∞(eTfα), for α ∈ FC0

T,• .(5)

The main result of this paper is as follows.

Theorem 1.3. The map P∞,T : (FC0

T,•, dT ) → (C•, ∂) is an isomorphism of
complexes for T large enough. In particular, the chain map P∞ is a quasi-
isomorphism between the de Rham complex (Ω•(M), d) and the Thom-Smale
complex (C•, ∂).

Due to the de Rham isomorphism H•
dR(M,R) ∼= H•(M,R) between de

Rham cohomology and singular cohomology, we have thus an analytic proof
of the fact that the cohomology of the Thom-Smale complex (C•, ∂) is iso-
morphic to the singular cohomology of M . By a topological method, Lau-
denbach [23] obtained this result for Z-valued homology.

Let βj(M) denote the j-th Betti number of the de Rham complex, i.e.,

βj(M) = dimHj
dR(M,R). As a by-product of the proof of Theorem 1.3, we

recover the following Morse inequalities for manifolds with boundary (cf. [9,
§4]).

Corollary 1.4. For any k = 0, 1, . . . , n, we have

k∑
j=0

(−1)k−jβj(M) �
k∑

j=0

(−1)k−j(cj + pj),(6)

with equality for k = n.

A topological proof of (6) appeared in [23]. Denote by βj(M,∂M) the
j-th Betti number of the relative de Rham complex with coefficients twisted
by the orientation bundle, i.e., βj(M,∂M) = dimHj

dR(M,∂M ; o(TM)). By
replacing the Morse function f by −f and applying the Poincaré duality
theorem, we recover from Corollary 1.4 the following result (cf. [9, §4]).

Corollary 1.5. For any k = 0, 1, . . . , n, we have

k∑
j=0

(−1)k−jβj(M,∂M) �
k∑

j=0

(−1)k−j(cj + qj−1),(7)

with equality for k = n.
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On the other hand, if we endow the Witten Laplacian D2
T with relative

boundary condition, we will obtain analogue results of Theorems 1.1, 1.2
and 1.3. Then we also derive the inequalities (7). See Remark 5.7.

This paper is organized as follows. In Section 2, we introduce the Thom-
Smale complex constructed by Laudenbach in [23]. Section 3 is devoted
to some calculations of the kernels of the Witten Laplacian on Euclidean
spaces. The results will be applied to the Witten Laplacian on manifolds
around the critical points in C(f) and C−(f |∂M ). In Section 4, we state a
crucial result (Proposition 4.1) concerning the lower part of the spectrum
of the Witten Laplacian for T large. We also prove Corollaries 1.4 and 1.5
there. In Section 5, we prove Proposition 4.1 and then finish the proof of
Theorem 1.3.

2. The Thom-Smale complex constructed by Laudenbach

In this section, we introduce the Thom-Smale complex constructed by Lau-
denbach in [23]. By [23, §2.1], there exists a vector field X on M satisfying
the following conditions.
(1) (Xf)(·) < 0 except at critical points in C(f) ∪ C−(f |∂M );
(2) X points inwards along ∂M except in a neighborhood in ∂M of critical
points in C−(f |∂M ) where it is tangent to ∂M ;
(3) if p ∈ Cj(f), then there exists a coordinate system (x, Up) such that on
Up we have

f(x) = f(p)− x21
2

− · · · − x2j
2

+
x2j+1

2
+ · · ·+ x2n

2
,(8)

and

X =

j∑
i=1

xi
∂

∂xi
−

n∑
i=j+1

xi
∂

∂xi
;(9)

(4) if p ∈ Cj
−(f |∂M ), then there are coordinates x = (x′, xn) ∈ R

n−1 × R+

on some neighborhood Up of p such that on Up,

f(x) = f(p)− x21
2

− · · · − x2j
2

+
x2j+1

2
+ · · ·+ x2n−1

2
+ xn(10)
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and

X =

j∑
i=1

xi
∂

∂xi
−

n∑
i=j+1

xi
∂

∂xi
;(11)

(5) X is Morse-Smale in the sense that the global unstable manifolds and
the local stable manifolds are mutually transverse. Denote by W u(p) (resp.
W s

loc(p)) the unstable manifold (resp. the local stable manifold) of p which
by definition, consists of all the flow lines of X that emanate from p (resp.
end at p). We denote by W u(p) the closure of W u(p) in M .

If p ∈ Cj(f), then we get from the condition (3) that locally,

W u(p) =
{
(x1, . . . , xj , 0, . . . , 0)

}
⊂ R

n.(12)

If p ∈ Cj
−(f |∂M ), then the condition (4) implies that locally,

W u(p) =
{
(x1, . . . , xj , 0, . . . , 0)

}
⊂ R

n−1 × R+.(13)

Then the results [22, Prop. 2] about the structure of W u(p) hold for p ∈
Cj(f) ∪ Cj

−(f |∂M ), i.e., W u(p) is a j-dimensional submanifold of M with

conical singularities and W u(p)\W u(p) is stratified by unstable manifolds
of critical points of index strictly less than j.

If q ∈ Cj+1(f) ∪ Cj+1
− (f |∂M ) and p ∈ Cj(f) ∪ Cj

−(f |∂M ), then it is a con-
sequence of the condition (5) that the intersection of W u(q) with W s

loc(p)
consists of a finite set of integral curves of X. Choose an orientation on
W u(q) and W u(p), respectively. The orientation of W s

loc(p) is uniquely de-
termined. Take γ ∈ W u(q) ∩W s

loc(p). For x ∈ γ, denote by Bx the sets such
that (Xx, Bx) forms an positive basis of Tx

(
W u(q)

)
. Let Ax denote a positive

basis of Tx

(
W s

loc(p)
)
. Then (Ax, Bx) forms a basis of TxM . Set nγ(q, p) = 1

if (Ax, Bx) denotes a positive orientation of TxM . Otherwise take nγ(q, p) =
−1. Let n(q, p) be the sum of nγ(q, p) over all integral curves γ from q to p.

For p ∈ Cj(f) ∪ Cj
−(f |∂M ), let [p] be the real line generated by p, and

let [p]∗ be the line dual to [p]. As in [23], set

Cj =
⊕

p∈Cj(f)∪Cj
−(f |∂M )

[p]∗.(14)
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The boundary morphism ∂ from Cj to Cj+1 is given by

∂[p]∗ =
∑

q∈Cj+1(f)∪Cj+1
− (f |∂M )

n(q, p)[q]∗.(15)

It is a consequence of [23, §2.2, Prop. ] that (C•, ∂) is a chain complex.
For a > 0, denote by BM (p, 4a) the open ball in M centered at the

point p ∈ M with the radius 4a. In the sequel, we always take for simplicity
Up = BM (p, 4a) in the conditions (2), (3) and a ∈ (0, 1/4).

3. Some calculations on vector spaces

In this section, we calculate the kernels of the Witten Laplacian on vector
spaces. The results will be applied to the Witten Laplacian around the
critical points in Cj(f) and Cj

−(f |∂M ).

3.1. The Witten Laplacian on R
n

Let V be an n-dimensional real vector space endowed with an Euclidean
scalar product. Let V −, V + be two subspaces such that V = V − ⊕ V + and
dim V − = j. Take e1, . . . , en as an orthonormal basis on V such that V − is
spanned by e1, . . . , ej . Let f be a smooth function on V given by:

f(Z) = f(0)− |Z−|2
2

+
|Z+|2
2

,(16)

where Z− = (Z1, . . . , Zj), Z
+ = (Zj+1, . . . , Zn) and (Z−, Z+) denotes the

coordinate functions on V corresponding to the decomposition V = V − ⊕
V +.

Let Z =
∑n

α=1 Zαeα be the radial vector field on V . There is a natural
Euclidean scalar product on ΛV ∗. Let dvV (Z) be the volume form on V .
Denote by L2(ΛV ∗) the set of the square integrable sections of ΛV ∗ over V .
For w1, w2 ∈ L2(ΛV ∗), set

〈
w1, w2

〉
=

∫
V
〈w1, w2〉ΛV ∗dvV (Z).(17)

Let C(V ) be the Clifford algebra of V , i.e., the algebra generated over R
by e ∈ V and the commutation relations e · e′ + e′ · e = −2〈e, e′〉 for e, e′ ∈
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V . Let c(e), ĉ(e) be the Clifford operators acting on ΛV ∗ defined by

c(e) = e∗ ∧ −ie, ĉ(e) = e∗ ∧+ie,(18)

where e∗∧ and ie are the standard notations for exterior and interior mul-
tiplication and e∗ denotes the dual of e by the Euclidean scalar product on
V . Then ΛV ∗ is a Clifford module.

If X,Y ∈ V , then

c(X)c(Y ) + c(Y )c(X) = −2〈X,Y 〉,
ĉ(X)ĉ(Y ) + ĉ(Y )ĉ(X) = 2〈X,Y 〉,(19)

c(X)ĉ(Y ) + ĉ(Y )c(X) = 0.

Let d be the exterior differential derivative acting on the smooth sections of
ΛV ∗, and let δ be the formal adjoint of d with respect to the Euclidean prod-
uct (17). Denote by v the gradient of f with respect to the given Euclidean
scalar product, then

v(Z) = −
j∑

α=1

Zαeα +

n∑
α=j+1

Zαeα.(20)

Set

dT = e−Tfd · eTf = d+ T df∧, δT = eTfδ · e−Tf = δ + T iv,

DT,v = dT + δT = d+ δ + T ĉ(v).
(21)

The Witten Laplacian on Euclidean space V is by definition, the square of
DT,v. Let Δ be the standard Laplacian on V , i.e.,

Δ = −
n∑

α=1

∂2

∂Z2
α

.(22)

Let e1, . . . , en be the dual basis associated to e1, . . . , en. Then we have the
following result [33], [34, Prop. 4.9].

Proposition 3.1. The kernel of D2
T,v is of one dimension and is spanned

by

β = e−
T |Z|2

2 e1 ∧ · · · ∧ ej .(23)

Moreover, all nonzero eigenvalues of D2
T,v are � 2T .



128 Wen Lu

Proof. We recall the proof for the readers’ convenience.
For e ∈ V , let ∇e denote the derivative along the vector e. It is easy to

calculate the square of DT,v,

D2
T,v = Δ+ T 2|Z|2 + T

n∑
α=1

c(eα)ĉ(∇eαv)(24)

= (Δ + T 2|Z|2 − Tn) + T

j∑
α=1

[
1− c(eα)ĉ(eα)

]

+ T

n∑
α=j+1

[
1 + c(eα)ĉ(eα)

]

= (Δ+ T 2|Z|2 − Tn) + 2T

⎛
⎝ j∑

α=1

ieαe
α ∧+

n∑
α=j+1

eα ∧ ieα

⎞
⎠ .

The operator

LT = Δ+ T 2|Z|2 − Tn(25)

is the harmonic oscillator operator on V . By [26, Appendix E], we know
that LT is positive elliptic operator with one dimensional kernel generated

by e−
T |Z|2

2 . Moreover, the nonzero eigenvalues of LT are all greater than 2T .
It is also easy to verify that the linear operator

j∑
α=1

ieαe
α ∧+

n∑
α=j+1

eα ∧ ieα(26)

is positive with one dimensional kernel generated by

e1 ∧ · · · ∧ ej .(27)

The proof of Proposition 3.1 is complete. �

3.2. The Witten Laplacian on R
n
+

Let V1 be an (n− 1) dimensional real vector space endowed with an Eu-
clidean scalar product. Let V −1 , V +

1 be two subspaces such that V1 = V −1 ⊕
V +
1 and dim V −1 = j. Let e1, . . . , en−1 denote an orthonormal basis on V1

such that V −1 is spanned by e1, . . . , ej . Set V2 = V1 × R+, where R+ = {x ∈



A Thom-Smale-Witten theorem 129

R;x � 0}. Then V2 is the half space in V1 × R. Denote by en the oriented
basis of R+ with unit length.

Let f be a smooth function on V2 given by:

f(Z) = f(0)− |Z−|2
2

+
|Z+|2
2

+ Zn,(28)

where Z− = (Z1, . . . , Zj), Z
+ = (Zj+1, . . . , Zn−1), (Z−, Z+) denotes the co-

ordinate functions on V1 corresponding to the decomposition V1 = V −1 ⊕ V +
1

and Zn � 0 denotes the coordinate function on R+. Set Z
′ = (Z−, Z+).

Let L2(ΛV ∗2 ) be the set of the square integrable sections of ΛV ∗2 . We
define an inner product 〈·, ·〉 in L2(ΛV ∗2 ) similarly to (17). Denote by ‖ · ‖
the norm on L2(ΛV ∗2 ) induced by 〈·, ·〉. Let C(V2) be the Clifford algebra of
V2. We still denote by c(e), ĉ(e) the Clifford operators on ΛV ∗2 for e ∈ V2.

The gradient vector field v1 of f with respect to the given Euclidean
scalar product is now given as

v1(Z) = −
j∑

α=1

Zαeα +

n−1∑
α=j+1

Zαeα + en.(29)

Set

dT = e−Tfd · eTf = d+ T df∧, δT = eTfδ · e−Tf = δ + T iv1
,

DT,v1
= dT + δT = d+ δ + T ĉ(v1).

(30)

To calculate explicitly the kernel of D2
T,v1

and, more generally, to study its
spectrum, we need to consider boundary conditions on ΛV ∗2 , i.e., to specify
the domain of a self-adjoint extension of D2

T,v1
. We follow here [19, § 2.1],

[20, §§ 1-2], [14, Chap. 1], [26, § 3.5]. Denote by Ω(V2) the space of smooth
sections of ΛV ∗2 on V2. Define the domain of the weak maximal extension of
dT by

(31) Dom(dT ) =
{
w ∈ L2(ΛV ∗2 ) : dTw ∈ L2(ΛV ∗2 )

}
,

where dTw is calculated in the sense of distributions. Let us denote by
Ω0(V2) the space of restrictions of smooth forms with compact support on
V1 × R. An easy adaptation of the proof of [19, Prop. 2.1.1], by replacing
the operator ∂ with dT , shows that Ω0(V2) is dense in Dom(dT ) in the

graph norm w → (‖w‖2 + ‖dTw‖2
)1/2

. This means that the weak maximal
extension (31) coincides with the minimal extension of dT , whose graph is
the closure of the graph of dT : Ω0(V2) → Ω0(V2).
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We denote by d∗T the Hilbert space adjoint of dT . We wish to describe
the domain of d∗T . Recall the Green’s formula [31, (10.17), Chap. 2] for v, w ∈
Ω0(V2),

(32)
〈
δTw, v

〉
=
〈
w, dT v

〉− ∫
∂V2

〈
iνw, v

〉
dS ,

where iν is the contraction with the outward-pointing unit normal to ∂V2 =
V1. The boundary integral vanishes if iνw = 0 on V1, which is called Neu-
mann or absolute boundary condition. It can be also expressed as follows.
Let en be the dual basis associated to en. Every w ∈ Ω(V2) has a natural
decomposition into the normal and the tangential components along V1,

(33) w = wtan + wnorm,

where wtan does not contain the factor en. Then iνw = 0 if and only if
wnorm = 0.

Using the density result above and Green’s formula (32), we obtain as
in [19, (2.1.9)-(2.1.10)] that

Dom(d∗T ) ∩ Ω(V2) =
{
w ∈ Ω(V2) ∩ L2(ΛV ∗2 ) : wnorm = 0 on V1

}
,

d∗Tw = δTw for w ∈ Dom(d∗T ) ∩ Ω(V2) .
(34)

Following [14, 20, 26], we define then the Gaffney extension of D2
T,v1

by

Dom(D2
T,v1

) =
{
w ∈ Dom(dT ) ∩Dom(d∗T ) :
dTw ∈ Dom(d∗T ) , d

∗
Tw ∈ Dom(dT )

}
,

D2
T,v1

w = dTd
∗
Tw + d∗TdTw for w ∈ Dom(D2

T,v1
) .

(35)

This is a self-adjoint operator, see [14, Prop. 1.3.8], [26, Prop. 3.1.2]. The
smooth forms in the domain of D2

T,v1
satisfy the following boundary condi-

tions

Dom(D2
T,v1

) ∩ Ω(V2)(36)

=

{
w ∈ Ω(V2) ∩ L2(ΛV ∗2 ) :

wnorm = 0(
dTw
)
norm

= 0
on V1

}
.

If we rewrite w ∈ Ω(V2) as

w(Z ′, Zn) = w1(Z
′, Zn) + en ∧ w2(Z

′, Zn), Z ′ ∈ V1, Zn ∈ R+,(37)

where w1 does not contain the factor en, then we have
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Lemma 3.2. The boundary conditions

wnorm = 0, (dTw)norm = 0 on V1(38)

are equivalent to

∂w1

∂Zn
(Z ′, 0) + Tw1(Z

′, 0) = 0 and w2(Z
′, 0) = 0.(39)

Proof. The proof is straightforward and is left to the readers. �
Let e1, . . . , en−1 be the dual basis of e1, . . . , en−1. We denote by Δ′ (resp.
Δ) the standard Laplacian on V1 (resp. V2), i.e.,

Δ′ = −
n−1∑
α=1

∂2

∂Z2
α

(
resp. Δ = −

n∑
α=1

∂2

∂Z2
α

)
.(40)

Proposition 3.3. The kernel of D2
T,v1

, with the domain given as in (35),
is one dimensional and is spanned by

βT,v1
= e−

T

2
|Z′|2−TZne1 ∧ · · · ∧ ej .(41)

Moreover, all nonzero eigenvalues of D2
T,v1

are � 2T .

Proof. We adapt the proof from [34, Prop. 4.9]. We denote by ∇e the deriva-
tive along a vector e ∈ V2. It is easy to calculate the square of DT,v1

:

D2
T,v1

= Δ+ T 2
(|Z ′|2 + 1

)
+ T

n∑
α=1

c(eα)ĉ
(∇eαv1

)
(42)

=
(
Δ′ + T 2|Z ′|2 − T (n− 1)

)
+

(
− ∂2

∂Z2
n

+ T 2

)

+ T

j∑
α=1

[
1− c(eα)ĉ(eα)

]
+ T

n−1∑
α=j+1

[
1 + c(eα)ĉ(eα)

]

=
(
Δ′ + T 2|Z ′|2 − T (n− 1)

)
+

(
− ∂2

∂Z2
n

+ T 2

)

+ 2T

⎛
⎝ j∑

α=1

ieαe
α ∧+

n−1∑
α=j+1

eα ∧ ieα

⎞
⎠ .

Since the three operators in parentheses on the right side of the third
equality in (42) commute with each other, we can calculate the kernel of
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D2
T,v1

via the method of separating variables. Note that ker(D2
T,v1

) ⊂ Ω(V2)
by elliptic regularity, cf. [31, Prop. 9.7, Chap. 5]. As in Proposition 3.1, the
kernel of the operator

L′T = Δ′ + T 2|Z ′|2 − T (n− 1)(43)

is one dimensional and generated by e−
T |Z′|2

2 . Besides, its nonzero eigenvalues
are all greater than 2T . It is easy to verify that the linear operator

j∑
α=1

ieαe
α ∧+

n−1∑
α=j+1

eα ∧ ieα(44)

restricted to Dom(D2
T,v1

) is positive and has one dimensional kernel gener-
ated by

e1 ∧ · · · ∧ ej .(45)

Therefore, the elements of the kernel of D2
T,v1

take the form

g(Zn)e
−T |Z′|2

2 e1 ∧ · · · ∧ ej ,(46)

where g(Zn) is a smooth function in Zn. Combining (39) and (42), we find
that the smooth function g(Zn) satisfies the following conditions:

g′(0) + Tg(0) = 0, −g′′(Zn) + T 2g(Zn) = 0.(47)

Thus, g(Zn) = e−TZn up to multiplicative constant. Set

RT = − ∂2

∂Z2
n

+ T 2(48)

with domain given by

Dom(RT ) =
{
h ∈ C∞0 (R+) : h

′(0) + Th(0) = 0
}
.(49)

One verifies directly via integration by parts thatRT is positive on Dom(RT ),
so RT has a self-adjoint positive extension (the Friedrichs extension) still de-
noted by RT . Denote by λ1(P ) the first nonzero eigenvalues of a positive
operator P . By min-max principle [26, (C.3.3)] and the fact that RT and (44)
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are positive operators, we deduce that

λ1(D
2
T,v1

) � λ1(L′T ) = 2T.(50)

The proof of Proposition 3.3 is complete. �

4. The Witten instanton complex

Let gTM be a metric on TM such that if p ∈ Cj(f) ∪ Cj
−(f |∂M ), in the

coordinates x = (x1, . . . , xn) in the conditions (3) and (4) of Section 2,

gTM =

n∑
α=1

dx2α on Up.(51)

Let ∇TM be the Levi-Civita connection associated to the metric gTM , and
let dvM be the density (or Riemannian volume form) on M , i.e., dvM is
a smooth section of the line bundle Λn(T ∗M)⊗ o(TM) (cf. [2, p. 29], [6,
p. 88]). Denote by Ωi(M) the space of smooth differential i-forms on M . Set
Ω(M) = ⊕n

i=0Ω
i(M). We denote by L2Ω(M) the space of square integrable

sections of Λ(T ∗M) over M . For w1, w2 ∈ L2Ω(M), set

〈
w1, w2

〉
=

∫
M

〈
w1, w2

〉
(x)dvM (x).(52)

We denote by ‖ · ‖ the norm on L2Ω(M) induced by (52).
Let d be the exterior differential derivative on Ω(M), and let δ be the

formal adjoint of d with respect to the metric (52). Set

dT = e−Tfd · eTf , δT = eTfδ · e−Tf .(53)

The deformed de Rham operator DT is given by

DT = dT + δT .(54)

The Witten Laplacian on manifolds is defined by

D2
T = (dT + δT )

2 = dT δT + δTdT .(55)

Define the domain of the weak maximal extension of dT by

(56) Dom(dT ) =
{
w ∈ L2Ω(M) : dTw ∈ L2Ω(M)

}
,
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where dTw is calculated in the sense of distributions. We denote by d∗T
the Hilbert space adjoint of dT . The domain of the extension DT = dT +
d∗T of the deformed de Rham operator is Dom(DT ) = Dom(dT ) ∩Dom(d∗T ).
By the analogue of [19, Prop. 2.1.1] the space Dom(d∗T ) ∩ Ω(M) is dense
in Dom(DT ) in the graph norm w → (‖w‖2 + ‖dTw‖2 + ‖d∗Tw‖2)1/2. Every
smooth differential form w has a natural decomposition into the norm and
the tangent components along ∂M ,

w = wtan + wnorm,(57)

where wtan does not contain the factor ν. Using the density result above
and Green’s formula (analogue of (32) for M), we obtain as in [19, (2.1.9)–
(2.1.10)] that

Dom(d∗T ) ∩ Ω(M) =
{
w ∈ Ω(M) : wnorm = 0

}
,

d∗Tw = δTw for w ∈ Dom(d∗T ) ∩ Ω(M) .
(58)

By (58), we have

Dom(DT ) ∩ Ω(M) =
{
w ∈ Ω(M) : wnorm = 0 on ∂M

}
.(59)

We define the self-adjoint extension of D2
T as in (35) by D2

T = dTd
∗
T + d∗TdT .

Then

Dom(D2
T ) ∩ Ω(M) =

{
w ∈ Ω(M) :

wnorm = 0(
dTw
)
norm

= 0
on ∂M

}
.(60)

Following the argument of [34, Prop. 5.5], one easily gets Morse inequal-
ities (6) granted the following Proposition holds.

Proposition 4.1. For any C0 > 0, there exists T0 > 0 such that when T �
T0, the number of eigenvalues in [0, C0) of D

2
T

∣∣
Dom(D2

T )∩Ωj(M)
equals cj + pj.

We postpone the proof of Proposition 4.1 to Section 5.4. We prove now
Corollary 1.4 by using Proposition 4.1.

Proof of Corollary 1.4. Let FC0

T,j denote the (cj + pj)-dimensional vector

space generated by the eigenspaces of D2
T |Dom(D2

T )∩Ωj(M) associated to the
eigenvalues lying in [0, C0). Since dTD

2
T = D2

TdT , one verifies directly that
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dT (F
C0

T,j) ⊂ FC0

T,j+1. Then we have the following complex:

(FC0

T,•, dT ) : 0 −→ FC0

T,0 −→ FC0

T,1 −→ · · · → FC0

T,n −→ 0.(61)

By Hodge Theorem in the finite dimensional case, the j-th cohomology group
of the above complex is isomorphic to Ker

(
D2

T |Dom(D2
T )∩Ωj(M)

)
, which is

again by Hodge Theorem isomorphic to the j-th cohomology group of the
deformed de Rham complex (Ω•(M), dT ). It is a consequence of (53) that
the j-th cohomology group of the deformed de Rham complex (Ω•(M),
dT ) is isomorphic to the j-th cohomology group of the de Rham complex
(Ω•(M), d). Then the inequalities (6) follow from standard algebraic tech-
niques ([26, Lemma 3.2.12]). �

Remark 4.2. We can also obtain the inequalities (6) immediately by com-
bining Theorem 1.3 and [23, Th.A].

Proof of Corollary 1.5. By Poincaré duality theorem for non-orientable man-
ifolds,

H•
dR(M,R) � Hn−•

dR (M,∂M ; o(TM)).(62)

Then the inequalities (7) follow immediately from the inequalities (6) and
the isomorphism (62). �

5. Proof of Proposition 4.1 and Theorem 1.3

The organization of the section is as follows. In Section 5.1, we obtain a basic
estimate for the deformed de Rham operator which allows to localize our
problem (i.e., study the eigenvectors with small eigenvalues of the Witten
Laplacian) to some neighborhood of critical points in C(f) and C−(f |∂M ).
Section 5.2 is devoted to the local behavior of the Witten Laplacian around
critical points in C(f) and C−(f |∂M ). In Section 5.3, we get a decomposition
of the deformed de Rham operator and establish estimates of its components.
We also prove Theorem 1.1 and Theorem 1.2 there. Section 5.4 is devoted
to the proofs of Proposition 4.1 and Theorem 1.3.
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5.1. Localization of the lower part of the spectrum of
the Witten Laplacian

Choose a small enough such that all BM (p, 4a)’s are disjoint for p ∈ C(f) ∪
C−(f |∂M ), and each BM (p, 4a) lies in the interior of M for p ∈ C(f). Denote
by Ua the union of all BM (p, 4a)’s for p ∈ C(f) ∪ C−(f |∂M ).

Proposition 5.1. There exist constants a4 > 0, T3 > 0 such that for any
s ∈ Dom(DT ) with supp(s) ⊂ M\Ua and T � T3, we have∥∥DT s

∥∥ � a4T
∥∥s∥∥.(63)

Proof. We adapt our proof from [24, pp. 29–30]. Note that the Green’s for-
mula holds also on non-orientable manifolds, see [31, Chap. 2, Th. 2.1]. It is
a consequence of (55) and the Green’s formula that∥∥DT s

∥∥2 = 〈dT s, dT s〉+ 〈δT s, δT s〉.(64)

Let ∇f denote the gradient field of f with respect to the metric gTM . Since
snorm = 0, one verifies directly from the Green’s formula that〈

dT s, dT s
〉
+
〈
δT s, δT s

〉
(65)

=
〈
ds, ds

〉
+
〈
δs, δs

〉
+ T 2
〈|∇f |2s, s〉

+ T
〈
Qs, s
〉
+ T

∫
∂M

〈
(νf)stan, stan

〉
dv∂M (x′),

where dv∂M denotes the density on ∂M induced by dvM , ν outward normal
field and Q is an endomorphism of Ω(M) given by

Q =

n∑
i=1

c(ei)ĉ
(∇TM

ei (∇f)
)
.(66)

Since ∇f is nowhere zero on M\Ua, there exists a constant a5 > 0 such
that on M\Ua, ∣∣∇f

∣∣2 � a5.(67)

If supp(s) ∩ ∂M = ∅, then∫
∂M

〈
(νf)stan, stan

〉
dv∂M (x′) = 0.(68)
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Then (63) follows immediately from (64)–(68). Suppose now supp(s) ∩ ∂M �=
∅. For ε > 0, set

Wε =
{
x′ ∈ ∂M : |νf |(x′) < ε

}
.(69)

We choose ε small enough such that Wε does not meet C−(f |∂M ) on the
boundary ∂M . We now discuss the following two cases.

Case I. supp(s) ∩ ∂M ⊂ Wε. By snorm = 0, we get∣∣∣∣
∫
∂M

〈
(νf)stan, stan

〉
dv∂M (x′)

∣∣∣∣ � ε

∫
∂M

〈
s, s
〉
dv∂M (x′).(70)

Let τ > 0 be less then the injectivity radius of gTM . We use the inward
geodesic flow to identify a neighborhood of the boundary ∂M with the collar
∂M × [0, τ ], and we identify ∂M × {0} with the boundary ∂M . Let ψ be a
smooth compactly supported function on M such that for (x′, xn) ∈ ∂M ×
[0, τ ],

ψ(x′, xn) = 1 for xn � τ/2 and ψ(x′, xn) = 0 for xn = τ.(71)

Then ∫
∂M

〈
s, s
〉
dv∂M (x′) =

∫
∂M

〈
ψs, ψs

〉
dv∂M (x′)(72)

= −
∫
∂M

dv∂M (x′)
∫
[0,τ ]

∂

∂xn

〈
ψs, ψs

〉
dxn.

For x = (x′, xn) ∈ ∂M × [0, τ ], there exists a positive smooth function κ(x)
such that

dvM (x) = κ(x)dv∂M (x′)dxn.(73)

By (71)–(73) and elliptic estimates, we know that there exists a constant
a6 > 0 independent of s such that∫

∂M

〈
s, s
〉
dv∂M (x′) � a6

(
1

T

∥∥Ds
∥∥2 + T

∥∥s∥∥2) .(74)

By snorm = 0, we have

∥∥Ds
∥∥2 = ∥∥ds∥∥2 + ∥∥δs∥∥2.(75)
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Combining (70), (74) and (75), we obtain∣∣∣∣T
∫
∂M

〈
(νf)stan, stan

〉
dv∂M (x′)

∣∣∣∣ � a6ε
(∥∥ds∥∥2 + ∥∥δs∥∥2 + T 2

∥∥s∥∥2).(76)

Then (63) follows from (64)–(67) and (76) for ε small enough.
From now on we fix ε > 0 as determined in case I. To state the second

case, let us restrict our attention to ∂M\Wε/2, the points on ∂M with |νf | �
ε/2. For any x0 ∈ ∂M\Wε/2, there exists Ṽ an open neighborhood of x0 in

∂M\Wε/2 and r > 0 such that∣∣∇f̃
∣∣ = ∣∣∇f

∣∣ in Vr = Ṽ × [0, r);∣∣∇f̃
∣∣ = −νf̃ on Ṽ .

(77)

In fact, given a point x0 ∈ ∂M\Wε/2, we introduce a coordinate system
x = (x′, xn) such that the boundary ∂M corresponds locally to xn = 0 and
the interior ofM to xn > 0. Denote by g0 =

∑n
i,j=1 gijdxidxj the correspond-

ing metric and by (gij) the inverse of the matrix (gij). Locally the partial
differential equation involved in (77) reads:

F (x, u(x),∇u(x)) :=
∣∣∇u
∣∣2 − ∣∣∇f

∣∣2(78)

=

n∑
i,j=1

gij
∂u

∂xi

∂u

∂xj
−

n∑
i,j=1

gij
∂f

∂xi

∂f

∂xj
.

Introducing new variables as in [12, p. 91]:

z = u(x), r = (r1, . . . , rn) = ∇u(x),(79)

we verify directly that

∂F

∂rn
(x, z, r) = 2

∂u

∂xn
.(80)

From [12, § 3.2.4, Th.2] and (80), we obtain the local existence of the solution
of the boundary-value problem (77).

Clearly,

−(νf)(x′) < |∇f |(x′), for any x′ ∈ ∂M\Ua.(81)

Choose η > 0 small enough so that

−(νf)(x′) < (1− η)|∇f |(x′), for any x′ ∈ ∂M\Ua.(82)
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Case II. supp(s) ⊂ Vr ∩ (M\Ua). From (77) and (82), we get

T

∫
∂M

〈
(νf)stan, stan

〉
dv∂M (x′)(83)

� T (1− η)

∫
∂M

〈
(νf̃)stan, stan

〉
dv∂M (x′).

Since supp(s) ⊂ Vr ∩ (M\Ua), we can apply the equality (65) to the local
solution f̃ of the boundary-value problem (77) and find

T

∫
∂M

〈
(νf)stan, stan

〉
dv∂M (x′)(84)

� −(1− η)
[〈
ds, ds

〉
+
〈
δs, δs

〉
+ T 2
〈|∇f |2s, s〉+ C1T

∥∥s∥∥2],
where C1 > 0 is independent of s. Combining (64)–(67) and (84), we ob-
tain (63).

To finish the proof of Proposition 5.1, we apply a partition of unity argu-
ment [5, § 9]. Take Vj = Ṽj × [0, ςj), j = 1, . . . , N , for some ςj > 0 satisfying
that Ṽ1, . . . , ṼN forms an open cover of ∂M\Wε/2 and that the boundary-
value problem (77) is solvable in each Vj . Moreover, take two open sets
V0, VN+1 satisfying

Wε = V0 ∩ ∂M, V N+1 ⊂ M\∂M, M = V0 ∪
N⋃
j=1

Vj ∪ VN+1.(85)

For j = 0, 1, . . . , N + 1, choose φj ∈ C∞0 (Vj) satisfying

N+1∑
j=0

φ2
j = 1 on M.(86)

For s ∈ Dom(DT ) with supp(s) ⊂ M\Ua, we have φjs ∈ Dom(DT ) and
supp(φjs) ⊂ Vj for j = 0, 1, . . . , N + 1. By (64)–(68),∥∥DT (φN+1s)

∥∥ � CT
∥∥φN+1s

∥∥.(87)

The result of case I implies immediately∥∥DT (φ0s)
∥∥ � CT

∥∥φ0s
∥∥.(88)

The result of case II gives∥∥DT (φjs)
∥∥ � CT

∥∥φjs
∥∥ for j = 1, . . . , N.(89)
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Observe that

φjDT s = DT (φjs) + c(∇φj)s for j = 0, 1, . . . , N + 1.(90)

By (86) and (90), we get

∥∥DT s
∥∥2 = N+1∑

j=0

∥∥φjDT s
∥∥2 � 1

2

N+1∑
j=0

∥∥DT (φjs)
∥∥2 − C

∥∥s∥∥2.(91)

By (87)–(89) and (91), we obtain the estimate (63). The proof of Proposi-
tion 5.1 is complete. �
In view of Proposition 5.1, the eigenvectors with small eigenvalues of the
Witten Laplacian D2

T “concentrate” for T large around the critical points
in C(f) and C−(f |∂M ).

5.2. Local behavior of the Witten Laplacian around critical
points in C(f) and C−(f |∂M)

If p ∈ Cj(f), then there exists a coordinate system (x, Up) such that for any
x ∈ Up,

f(x) = f(p)− x21
2

− · · · − x2j
2

+
x2j+1

2
+ · · ·+ x2n

2
.(92)

Over Up, set ek = ∂
∂xk

for k = 1, . . . , n. Then the dual basis ek = dxk for all
k. From (16), (21), (54) and (92), we have

DT |Up
= DT,v|Up

.(93)

Set

LT = −
n∑

α=1

∂2

∂x2α
+ T

n∑
α=1

x2α − Tn,

KT = 2T

⎛
⎝ j∑

α=1

ieαe
α ∧+

n∑
α=j+1

eα ∧ ieα

⎞
⎠ .

(94)

Then (24) and (93) imply that

D2
T = LT +KT(95)
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holds throughout Up. Denote by L2Ω(Rn) the space of square integrable
differential forms on R

n. By Proposition 3.1, we have

Proposition 5.2. For any T > 0, the operator LT +KT acting on L2Ω(Rn)
is an essentially self-adjoint positive operator. Its kernel is one dimensional
and is spanned by

βT = e−
T

2
|x|2e1 ∧ · · · ∧ ej .(96)

Moreover, all nonzero eigenvalues of LT +KT are � 2T .

If p ∈ Cj
−(f |∂M ), then there exists a coordinate system (x, Up) such that

for any x ∈ Up,

f(x) = f(p)− x21
2

− · · · − x2j
2

+
x2j+1

2
+ · · · x

2
n−1
2

+ xn.(97)

On Up, set ek = ∂
∂xk

for k = 1, . . . , n. Then the dual basis ek = dxk for all k.
In view of (28), (30), (54) and (97), we have

DT |Up
= DT,v1

|Up
.(98)

Set

L′T = −
n∑

α=1

∂2

∂x2α
+ T

n−1∑
α=1

x2α − T (n− 1) + T 2,

K′T = 2T

⎛
⎝ j∑

α=1

ieαe
α ∧+

n−1∑
α=j+1

eα ∧ ieα

⎞
⎠ .

(99)

Combining (42) and (98), we find that on Up,

D2
T = L′T +K′T .(100)

Let Ω(Rn
+) be the space of smooth differential sections on R

n
+, and let

L2(ΛRn
+) be the set of the square integrable sections of ΛRn

+. Consider the
self-adjoint extension of (100) defined as in (31)–(35). Thus

Dom
(L′T +K′T

) ∩ Ω(Rn
+)(101)

=

{
w ∈ Ω(Rn

+) ∩ L2(ΛRn
+) :

wnorm = 0(
dTw
)
norm

= 0
on ∂Rn

+

}
.

By Proposition 3.3, we have
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Proposition 5.3. For any T > 0, the self-adjoint extension of L′T +K′T ,
given as in (31)-(35) is a positive operator. Its kernel is one dimensional
and is spanned by

ξT = e−
T

2
|x′|2−Txne1 ∧ · · · ∧ ej .(102)

Moreover, all nonzero eigenvalues of L′T +K′T are � 2T .

5.3. A decomposition of the deformed de Rham operator DT

For r ∈ (0, 2a), let γr : R → [0, 1] be a family of smooth cut-off functions such
that γr(x) = 1 if |x| � r/2 and that γr(x) = 0 if |x| � r. For any p ∈ Cj(f),
set

ηp(x) = γ2a(|x|).(103)

For q ∈ Cj
−(f |∂M ), set

σq(x) = γb(|x|) with b2 = 4a2/n,(104)

and

ηq(x) = σq(x
′, x2n), x = (x′, xn) ∈ R

n × R+.(105)

Then ηq is a smooth cut-off function such that ηq(x) = 1 if |x| � b/2 and
that ηq(x) = 0 if |x| � 2a. Moreover, we have

∂ηq
∂xn

(x′, 0) = 0.(106)

We can consider ηp (resp. ηq) as a smooth function defined on M with values
in R+, which vanishes on M\BM (p, 2a) (resp. M\BM (q, 2a)).

For any p ∈ Cj(f) and q ∈ Cj
−(f |∂M ), set

αp,T =

∫
Up

η2p(x)e
−T |x|2dx1 ∧ · · · ∧ dxn,

αq,T =

∫
Uq

η2q (x)e
−T |x′|2−2Txndx1 ∧ · · · ∧ dxn.

(107)
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Clearly, there exists c > 0 such that as T → +∞,

αp,T =
(π
T

)n

2

+O(e−cT ),

αq,T =
1

2T

(π
T

)n−1

2

+O(e−cT ).
(108)

Set

ρp,T =
ηp(x)√
αp,T

e−
T

2
|x|2dx1 ∧ · · · ∧ dxj ,

ρq,T =
ηq(x)√
αq,T

e−
T

2
|x′|2−Txndx1 ∧ · · · ∧ dxj .

(109)

Clearly,

ρp,T ∈ Dom(D2
T ) ∩ Ωj(M).(110)

By (60), (106), (109) and Proposition 5.3, we obtain

ρq,T ∈ Dom(D2
T ) ∩ Ωj(M).(111)

Let Ej
T be the direct sum of the vector spaces generated by all ρp,T ’s

and ρq,T ’s with p ∈ Cj(f) and q ∈ Cj
−(f |∂M ). Set ET = ⊕n

j=0E
j
T . Clearly,

dimET =

n∑
j=0

(
cj + pj

)
.(112)

On Dom(DT ), there exists a natural L
2-scalar product induced by (52). Take

E⊥T as the orthogonal complement of ET in Dom(DT ), then Dom(DT ) has
an orthogonal splitting:

Dom(DT ) = ET ⊕ E⊥T .(113)

Let p1, p
⊥
1 denote the orthogonal projections from Dom(DT ) onto ET and

E⊥T , respectively. Also we have another orthogonal splitting about ET in
L2Ω(M):

L2Ω(M) = ET ⊕ FT ,(114)

where FT is the orthogonal complement of ET in L2Ω(M). Then E⊥T ⊂ FT .
Denote by p2, p

⊥
2 the orthogonal projections from L2Ω(M) onto ET and FT ,
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respectively. Following Bismut-Lebeau [5, §9], we decompose the deformed
de Rham operator DT according to the splittings (113) and (114):

DT,1 = p2DT p1, DT,2 = p2DT p
⊥
1 ,

DT,3 = p⊥2 DT p1 DT,4 = p⊥2 DT p
⊥
1 .

(115)

Then

DT = DT,1 +DT,2 +DT,3 +DT,4.(116)

Denote by H1(M) the first Sobolev space with respect to a (fixed) Sobolev
norm on Ω(M). The analogues of the estimates [34, Prop. 5.6] still hold for
the operators DT,j :

Proposition 5.4. (1) For any T > 0,

DT,1 = 0;(117)

(2) There exist positive constants b1, b2 and T4 such that for any s ∈ E⊥T ∩
H1(M), s′ ∈ ET and any T � T4, one has∥∥DT,2s

∥∥ � b1e
−b2T∥∥s∥∥,∥∥DT,3s

′∥∥ � b1e
−b2T∥∥s′∥∥.(118)

(3) There exists constant b3 > 0 and T5 > 0, such that for any s ∈ E⊥T ∩
H1(M) and any T � T5, one has∥∥DT,4s

∥∥ � b3T
∥∥s∥∥.(119)

Proof. The proof is similar to [34, Prop. 5.6] except for the estimate of DT,3.
We prove the estimate of DT,3 directly. From (109), Proposition 5.2 and
Proposition 5.3, we have

DT (ρp,T ) =
c(∇ηp)√
αp,T

e−
T

2
|x|2dx1 ∧ · · · ∧ dxj(120)

and

DT (ρq,T ) =
c(∇ηq)√

βq,T
e−

T

2
|x′|2−Txndx1 ∧ · · · ∧ dxj .(121)

Then (120) and (121) imply the second inequality in (118). The rest of the
proof is similar to [34, Prop. 5.6]. �
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Proof of Theorem 1.1 and Theorem 1.2. By the min-max principle [26,
(C.3.3)],

λk(T ) = inf
F⊂Dom(D2

T
),

dimF=k

sup
s∈F,

‖s‖=1

〈
D2

T s, s
〉
.(122)

Take F = Ej
T , then dimF = cj + pj . It is a consequence of (117) and (118)

that for every s ∈ F ,

∥∥DT s
∥∥2 = ∥∥DT,3s

∥∥2 � b21e
−2b2T∥∥s∥∥2.(123)

Then (3) follows immediately from (122) and (123). Suppose now that F
is a (cj + pj + 1)-dimensional subspace of Dom(D2

T ) ∩ Ωj(M). Clearly F ∩
E⊥T �= {0}. Let s ∈ F ∩ E⊥T be a nonzero element. Then (118) yields

∥∥DT s
∥∥2 = ∥∥DT,2s

∥∥2 + ∥∥DT,4s
∥∥2 � ∥∥DT,4s

∥∥2 � b23T
2
∥∥s∥∥2.(124)

Relations (122) and (124) imply immediately (2). �

5.4. Proof of Proposition 4.1 and Theorem 1.3

Denote by FC0

T the finite dimensional vector space consisting of eigenspaces

of D2
T |Dom(D2

T )
associated to the eigenvalues lying in [0, C0), i.e., FC0

T =⊕n
j=0 F

C0

T,j . Denote by PC0

T the orthogonal projection operator from E to

FC0

T . Since D2
T preserves the degree of Ω•(M), the projection PC0

T maps

Ωj(M) onto FC0

T,j . Let JT be the linear map from Cj to Ej
T by sending [p]∗

to ρp,T for p ∈ Cj(f) ∪ Cj
−(f |∂M ). Set eT : Cj → FC0

T,j by eT = PC0

T JT . In
view of Proposition 5.4, the following result ([34, Th. 6.7]) still holds.

Lemma 5.5. There exists c > 0 such that as T → ∞, for any s ∈ Cj,

(
eT − JT )s = O(e−cT )

∥∥s∥∥ uniformly on M.(125)

In particular, eT is an isomorphism when T is large enough.

Proof. The proof is similar to that of [34, Th. 6.7]. �



146 Wen Lu

Proof of Proposition 4.1. From Lemma 5.5, there exists T6 > 0 such that
when T � T6,

dimFC0

T � dimET .(126)

We next carry on nearly word by word as in [34, pp. 86–88] to get

dimFC0

T,j = cj + pj .(127)

Then the proof of Proposition 4.1 is complete. �

Proof of Theorem 1.3. Substituting (4) into (5), we get for α ∈ FC0

T,j ,

P∞,T (α) =
∑

p∈Cj(f)∪Cj
−(f |∂M )

[p]∗
∫

Wu(p)

eTfα.(128)

Note that P∞,T is a chain homomorphism, i.e., P∞,TdT = ∂P∞,T . Indeed,
the proof of [22, Prop. 6] (in the boundaryless case) goes through also for
P∞,T defined in (5); we just apply the Stokes formula as in [22, Prop. 6]
also for the closure of unstable manifolds W u(p) for p ∈ C−(f |∂M ). Define
F ∈ End(Cj) by sending [p]∗ to f(p) · [p]∗ for p ∈ Cj(f) and sending [q]∗ to(
f(q) + 1

2T ln 2π
)
[q]∗ for q ∈ Cj

−(f |∂M ). Set N ∈ End(Cj) by taking [p]∗ to

j · [p]∗ for p ∈ Cj(f) and taking [q]∗ to (j − 1
2) · [q]∗ for q ∈ Cj

−(f |∂M ). From
(12), (13) and Proposition 5.4, we get the following analogue of [34, Th. 6.9]:
there exists c > 0 such that as T → ∞,

P∞,T eT = eTF
(π
T

)N
2
−n

4
(
1 +O(e−cT )

)
.(129)

In particular, P∞,T is an isomorphism when T is large enough. Since P∞,T is
a chain homomorphism, it induces an isomorphism between the cohomology
groups of the two complexes. We finish the proof of Theorem 1.3. �

Remark 5.6. Given the Morse function f , the Morse-Smale complex (C•, ∂)
defined as in (14) and (15) depends on the vector field X. However, by [23,
§2.3, Prop.], the homology of (C•, ∂) is independent of the choice of the
pseudo-gradient vector field. Therefore, the Witten complex (FC0

T,•, dT ) is
quasi-isomorphic to all Morse-Smale complex constructed by Laudenbach in
[23].
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Remark 5.7. For the relative boundary case, our strategy proceeds as
follows. We first find a vector field Y on M satisfying the conditions (1)–
(5) in Section 2 except that the sets Cj

−(f |∂M ), C−(f |∂M ) there should

be replaced by the sets Cj−1
+ (f |∂M ) and C+(f |∂M ), respectively, and the

condition (4) should read as (4)′ if p ∈ Cj−1
+ (f |∂M ), there are coordinates

x = (x′, xn) ∈ R
n−1 × R+ on some neighborhood Up of p such that on Up,

f(x) = f(p)− x21
2

− · · · − x2j−1
2

+
x2j
2

+ · · ·+ x2n−1
2

− xn(130)

and

Y =

j−1∑
i=1

xi
∂

∂xi
−

n−1∑
i=j

xi
∂

∂xi
+ xn

∂

∂xn
.(131)

Then the corresponding Thom-Smale complex is derived by replacing the
sets Cj

−(f |∂M ) in (14), Cj+1
− (f |∂M ) in (15) by the sets Cj−1

+ (f |∂M ) and

Cj
+(f |∂M ), respectively. On the other hand, we consider different boundary

conditions for D2
T , that is, a different self-adjoint extension. We start with

the weak maximal extension of δT ,

(132) Dom(δT ) =
{
w ∈ L2Ω(M) : δTw ∈ L2Ω(M)

}
,

where δTw is calculated in the sense of distributions. We denote by δ∗T the
Hilbert space adjoint of δT . The formal adjoint of δT is of course dT . Using
the Green’s formula and the density of Dom(δT ) ∩ Ω(M) in Dom(δT ) in
the graph norm (again an adaptation of the proof of [19, Prop. 2.1.1], by
replacing the operator ∂ with δT ), we obtain

Dom(δ∗T ) ∩ Ω(M) =
{
w ∈ Ω(M) : wtan = 0

}
,

δ∗Tw = dTw for w ∈ Dom(δ∗T ) ∩ Ω(M) .
(133)

The domain of the extension DT = δ∗T + δT of deformed de Rham operator
dT + δT is Dom(δ∗T ) ∩Dom(δT ). By (133),

Dom(DT ) ∩ Ω(M) =
{
w ∈ Ω(M) : wtan = 0 on ∂M

}
.(134)

We define the Gaffney extension of D2
T as in (35) by D2

T = δ∗T δT + δT δ
∗
T .

Then

Dom(D2
T ) ∩ Ω(M) =

{
w ∈ Ω(M) :

wtan = 0(
δTw
)
tan

= 0
on ∂M

}
.(135)
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The analogues of Theorems 1.1 and 1.2 are obtained simply by replacing the
number pj in the expressions (2) and (3) by the number qj−1. Then we obtain
the corresponding Witten instanton complex. Moreover, the chain morphism
between the Witten instanton complex and the Thom-Smale complex is
constructed as in (4) and (5) except that the set C−(f |∂M ) in (4) should be
replaced by the set C+(f |∂M ). This morphism is an isomorphism for T large
enough. As a by-product, we obtain the inequalities (7).
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Henri Poincaré 14 (2013), 567–610.

[26] X. Ma and G. Marinescu, Holomorphic Morse Inequalities and Bergman
Kernels, Progress in Mathematics, vol. 254, Birkhäuser, Basel, 2007.

[27] J. Milnor, Lectures on the h-cobordism Theorem, notes by L. Sieben-
mann and J. Sondow, Princeton Mathematical Notes, Princeton Univ.
Press, Princeton, NJ, 1965.

[28] W. Müller, Analytic torsion and R-torsion for Riemannian manifolds,
Adv. in Math. 28 (1978), 233–305.

[29] M. Schwarz, Morse Homology, Progress in Mathematics, vol. 111,
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