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A Thom-Smale-Witten theorem on

manifolds with boundary

WEN Lu

Given a smooth compact manifold with boundary, we show that
the subcomplex of the deformed de Rham complex consisting of
eigenspaces of small eigenvalues of the Witten Laplacian is canoni-
cally isomorphic to the Thom-Smale complex constructed by Lau-
denbach in [23]. Our proof is based on Bismut-Lebeau’s analytic
localization techniques. We extend Bismut-Zhang’s approach [4] re-
lying on the deformed Hodge-de Rham operator to the boundary
case.
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Morse theory is a method to determine the topology of a finite or infinite
dimensional manifold (such as the space of paths or loops on a compact
manifold) from the critical points of one suitable function on the manifold.
The theory has many far-reaching applications ranging from existence of
exotic spheres to supersymmetry and Yang-Mills theory.
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In this paper we will study Morse theory on a manifold with boundary.
The main goal is to exhibit a canonical isomorphism between the Witten
instanton complex constrained to boundary conditions and the Thom-Smale
complex.

Recall that a Morse function on a manifold without boundary is a smooth
real function whose critical points are all non-degenerate. Let M be a smooth
n-dimensional closed manifold. Let f be a Morse function on M and choose
a Riemannian metric on M such that the gradient vector field V f satisfies
the Morse-Smale transversality conditions. This dynamical system gives rise
to a chain complex, called Thom-Smale complex, having the critical points
as generators and boundary map expressed in terms of the unstable and
stable manifolds (see [32], [27], [33], [13]). The Morse homology theorem [22,
29], [1, Th. 7.4] asserts that the Thom-Smale complex recovers the standard
homology of the underlying manifold.

In [33] Witten suggested that the Thom-Smale complex could be re-
covered from the Witten instanton complex, which is subcomplex of the
deformed de Rham complex, consisting of eigenspaces of small eigenvalues
of the Witten Laplacian D2 (cf. (55)). This fact was first established rigor-
ously by Helffer and Sjostrand [18, Prop. 3.3].

Later, Bismut and Zhang [3] generalized the results of Helffer and
Sjostrand for the Witten instanton complex with values in a flat vector bun-
dle. This is an important step in their proof and extension of the Cheeger-
Miiller theorem [10, 28] about the equality of the Reidemeister and Ray-
Singer metrics.

In [4, §6], Bismut and Zhang gave a new and simple proof of the isomor-
phism between the Witten instanton complex and the Thom-Smale complex
by means of resolvent estimates. We refer the readers to [34, Chap. 6] for a
comprehensive study of the Witten deformation following Bismut-Zhang’s
approach.

Let us go back to the general case of a compact (not necessarily ori-
entable) manifold M of dimension n with boundary M # (). In this paper,
a smooth function f: M — R is called a Morse function if the restrictions
of f to the interior and boundary of M are Morse functions in the usual
sense and if f has no critical point on M (cf. [9, 23]).

In order to have Hodge theory for the de Rham Laplacian, we will im-
pose boundary conditions: absolute boundary condition and relative bound-
ary condition (cf. [31, pp. 361-371]). Denote by H, (resp. H,) the subspace
of harmonic forms satisfying the absolute boundary condition (resp. the
relative boundary condition). Then the space H, (resp. H,) is isomorphic
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to the absolute cohomology group Hj,(M,R) (resp. the relative cohomol-
ogy group Hjp(M,0M;o(TM)) with coefficients twisted by the orientation
bundle o(T'M) of M).

In [9], Chang and Liu established the Morse inequalities corresponding
to the absolute and relative boundary conditions for orientable manifolds,
by using Witten deformation.

On the other hand, Laudenbach [23] recently constructed a Thom-Smale
complex whose homology is isomorphic to the (absolute or relative) homol-
ogy of M with integral coefficients. The construction uses a pseudo-gradient
Morse-Smale vector field suitably adapted to the boundary.

We will prove that the Witten instanton complex constrained to the
boundary conditions and the Thom-Smale complex constructed by Lauden-
bach in [23] are canonically isomorphic. This result is new for manifolds with
non-empty boundary, while its counterpart for closed manifolds appeared in
[3, 4, 18]. Our method consists of applying Bismut-Lebeau’s localization
techniques [5] along the lines of [34].

In order to state the results let us introduce some notations. Let f :
M — R be a Morse function on M as explained above, and let f|gas be its
restriction to the boundary. Let C7(f) (vesp. C?(f|aar) be the set consisting
of all critical points of f (resp. floas) with index j. Let v be the outward
normal vector field along dM. Denote by

CL(floar) = {p € C*(floar) : (W) (p) < O},
C(flanr) = {p € C7(floar) - (Wf)(p) > 0},

and

¢ =#CUf), pj=#C(flom), @ =#CL(flom)-
Set C(f) = o CY(f) and C_(floar) = LI\Z) C7 (flons)

In order to define the Witten instanton complex we have to state two
results about the spectrum of the Witten Laplacian. Let

(1) 0 < M(T) <M(T) < -

be the eigenvalues of the Witten Laplacian D2 with absolute boundary
condition acting on j-forms.

The next result is well-known, but we will give here a short proof based
on elementary spectral estimates.
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Theorem 1.1. There exists positive constants a1 and Ty such that for T >
T1, and y =0,1,...,n, we have

(2) XN(T) > aiT?, for £ > cj+pj+1,
here we take the convention p, = 0.

The estimate (2) was obtained by Chang and Liu (cf. [9, §3, Th.2]) by
localization and the min-max principle and given with more accuracy by Le
Peutrec (cf. [24, Th. 3.5]) by delicate constructions of quasimodes and the
WKB method.

The second result provides a refined estimate of the lower part of the
spectrum of the Witten Laplacian.

Theorem 1.2. There exist positive constants asg,as and T such that for
T>T5 and j =0,1,...,n,

(3) )\%(T) < age” T for £ < ¢j + pj.

The estimate (3) for j =0 was obtained by D. Le Peutrec via WKB
analysis (cf. [24, Th.1.0.3]), and is new to our knowledge for j > 0. Let us
note that Theorem 1.2 provides simply exponentially small upper-bounds
as in [18]. The recent developments about exponentially small eigenvalues
(see [7, 8, 16, 17, 24, 25]) are devoted to the accurate computations of
exponentially small eigenvalues in the spirit of [11, 15, 21].

From Theorems 1.1 and 1.2 follows that the Witten Laplacian D% acting
on j-forms has a spectral gap: the upper part of the spectrum grows with
speed T? and the lower part decays exponentially in T". Moreover, for a given
Cp > 0, there exists Ty > 0 such that for T' > Ty, the number of eigenvalues
in [0, Cp) equals ¢; + p; (see Proposition 4.1). Let Fg; denote the (¢; + pj)-
dimensional vector space generated by the eigenspaces associated to the
eigenvalues lying in [0, Cp). It is easy to see that (Fr}J 9, dr) forms a complex,
called Witten instanton complex. 7

Let (C*,0) denote the Thom-Smale complex constructed in [23] (cf.
(14)-(15)).

Let P be the natural morphism from the de Rham complex (Q°(M), d)
to the Thom-Smale complex (C*®,d), defined by integration on the closure
of the unstable manifolds (cf. §2):

@) Pelw= S b / 0 e forac QM)

pEC(fHUC-(florr) We(p)
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Set
(5) P (o) = Pyo(eTla), for o € Fg‘l )
The main result of this paper is as follows.

Theorem 1.3. The map Pso 1 : ( T.,dT) (C*,0) is an isomorphism of
complezes for T large enough. In partwular, the chain map P is a quasi-
isomorphism between the de Rham complex (2*(M), d) and the Thom-Smale
complex (C*,0).

Due to the de Rham isomorphism HJ,(M,R) = H*(M,R) between de
Rham cohomology and singular cohomology, we have thus an analytic proof
of the fact that the cohomology of the Thom-Smale complex (C*,d) is iso-
morphic to the singular cohomology of M. By a topological method, Lau-
denbach [23] obtained this result for Z-valued homology.

Let 3;(M) denote the j-th Betti number of the de Rham complex, i.e.,
Bj(M) = dim HéR(M R). As a by-product of the proof of Theorem 1.3, we
recover the following Morse inequalities for manifolds with boundary (cf. [9,

§4]).

Corollary 1.4. For any k=0,1,...,n, we have

Mw

(6) k Jﬁj CJ +pj),

<
I
o

J:0

with equality for k = n.

A topological proof of (6) appeared in [23]. Denote by 3;(M,0M) the
J-th Betti number of the relative de Rham complex with coefficients twisted
by the orientation bundle, i.e., 8;(M, M) = dim H),(M,dM;o(TM)). By

replacing the Morse function f by —f and applying the Poincaré duality
theorem, we recover from Corollary 1.4 the following result (cf. [9, §4]).

Corollary 1.5. For any k=0,1,...,n, we have

k k
(7) D (=DFIB(M,0M) <Y (1) (¢ + g51),
7=0

j=0

with equality for k = n.
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On the other hand, if we endow the Witten Laplacian D% with relative
boundary condition, we will obtain analogue results of Theorems 1.1, 1.2
and 1.3. Then we also derive the inequalities (7). See Remark 5.7.

This paper is organized as follows. In Section 2, we introduce the Thom-
Smale complex constructed by Laudenbach in [23]. Section 3 is devoted
to some calculations of the kernels of the Witten Laplacian on Euclidean
spaces. The results will be applied to the Witten Laplacian on manifolds
around the critical points in C(f) and C_(f|sar). In Section 4, we state a
crucial result (Proposition 4.1) concerning the lower part of the spectrum
of the Witten Laplacian for T large. We also prove Corollaries 1.4 and 1.5
there. In Section 5, we prove Proposition 4.1 and then finish the proof of
Theorem 1.3.

2. The Thom-Smale complex constructed by Laudenbach

In this section, we introduce the Thom-Smale complex constructed by Lau-
denbach in [23]. By [23, §2.1], there exists a vector field X on M satisfying
the following conditions.

(1) (X f)(+) < 0 except at critical points in C'(f) U C_(flonm);

(2) X points inwards along OM except in a neighborhood in OM of critical
points in C_(f|spr) where it is tangent to OM;

(3) if p € CI(f), then there exists a coordinate system (x,U,) such that on
U, we have

¥i iy o
(8) f@=fp) -5 =5+ 5+t

n

9 0
©) X=) wigy = 2 wigy
i=1 1 . . 1

1=7+1

(4) if p € C7(f|on), then there are coordinates z = (2/,2,) € R"! x Ry
on some neighborhood U, of p such that on U,

2
Ly

(10)  f@) =)~ T

2 2
xX T,
J?H—F"'—Fn?l—kl'n

o ‘u&w

+
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.9 "9
(11) X = szg - Z 217@%,
i—1 i 7

i=j+1

(5) X is Morse-Smale in the sense that the global unstable manifolds and
the local stable manifolds are mutually transverse. Denote by W"(p) (resp.
W} .(p)) the unstable manifold (resp. the local stable manifold) of p which
by definition, consists of all the flow lines of X that emanate from p (resp.

end at p). We denote by W4(p) the closure of W*(p) in M.
If p € CY(f), then we get from the condition (3) that locally,

(12) W“(p):{(xl,...,xj,O,...,O)}CR”.
Ifpe c’ (flaar), then the condition (4) implies that locally,

(13) W (p) = {(ml,...,xj,o,...,o)} c R xR,.

Then the results [22, Prop.2] about the structure of W¥(p) hold for p €
CI(f)UC”(flom), i-e., Wu(p) is a j-dimensional submanifold of M with
conical singularities and W4(p)\W*"(p) is stratified by unstable manifolds
of critical points of index strictly less than j. ‘

Ifg e CItY(f)UCT™ (flaar) and p € CI(f) U C? (f|anr), then it is a con-
sequence of the condition (5) that the intersection of W"(q) with W} (p)
consists of a finite set of integral curves of X. Choose an orientation on
W*(q) and W"(p), respectively. The orientation of W} (p) is uniquely de-
termined. Take v € W"(q) N W} (p). For = € , denote by B, the sets such
that (X,, B,) forms an positive basis of T, (W*(q)). Let A, denote a positive
basis of Ty, (W .(p)). Then (A, B;) forms a basis of T, M. Set ny(¢,p) =1
if (A, B;) denotes a positive orientation of T;, M. Otherwise take n(q,p) =
—1. Let n(g,p) be the sum of n.,(q,p) over all integral curves + from q to p.

For p € CI(f)UC? (floam), let [p] be the real line generated by p, and
let [p]* be the line dual to [p]. As in [23], set

(14) c= @ W

peCi (f)UCJ_ (floar)
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The boundary morphism 0 from C7 to C7*! is given by

(15) Alp]" = > n(q,p)ldl"

qeCIT(HHUCT M (flonr)

It is a consequence of [23, §2.2, Prop.] that (C*,d) is a chain complex.

For a > 0, denote by B (p,4a) the open ball in M centered at the
point p € M with the radius 4a. In the sequel, we always take for simplicity
U, = BM(p,4a) in the conditions (2), (3) and a € (0,1/4).

3. Some calculations on vector spaces
In this section, we calculate the kernels of the Witten Laplacian on vector

spaces. The results will be applied to the Witten Laplacian around the
critical points in C7(f) and C? (f|onr)-

3.1. The Witten Laplacian on R"

Let V be an n-dimensional real vector space endowed with an Euclidean
scalar product. Let V~, VT be two subspaces such that V =V~ @& V™ and

dim V'~ = j. Take ey, ..., e, as an orthonormal basis on V such that V™ is
spanned by e1,...,e;j. Let f be a smooth function on V' given by:

7 2 Z+ 2
(16) f(z)= o) - 2 2L

where Z~ = (Zy,...,2Z;),Z" = (Zj41,...,Zy,) and (Z~,Z%) denotes the
coordinate functions on V' corresponding to the decomposition V =V~ &
VT,

Let Z =3 | Zaeq be the radial vector field on V. There is a natural
Euclidean scalar product on AV*. Let dvy(Z) be the volume form on V.
Denote by L?(AV*) the set of the square integrable sections of AV* over V.
For wy,wy € L2(AV*), set

(17) <w1,w2>:/V<w1,w2>Av*de(Z).

Let C(V) be the Clifford algebra of V, i.e., the algebra generated over R
by e € V and the commutation relations e -e’ + ¢’ -e = —2(e,€’) for e, e’ €
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V. Let c(e), c(e) be the Clifford operators acting on AV* defined by
(18) cle) =e" N —ig, c(e) = e" N ie,

where e*A and i, are the standard notations for exterior and interior mul-
tiplication and e* denotes the dual of e by the Euclidean scalar product on
V. Then AV* is a Clifford module.

If X,Y €V, then

(19) AX)EY) +AY)E(X) = 2(X,Y),

Let d be the exterior differential derivative acting on the smooth sections of
AV*, and let § be the formal adjoint of d with respect to the Euclidean prod-
uct (17). Denote by v the gradient of f with respect to the given Euclidean
scalar product, then

J n
(20) W(Z) ==Y Zata+ Y. Zata.
a=1 a=j+1
Set,
21) dr=e¢Td- "' =d+T dfn, op=€"76-¢ 7T =§+T i,
DTﬂ} =dp + (ST =d+ 6+ T/C\(’U).

The Witten Laplacian on Euclidean space V' is by definition, the square of
Dr,. Let A be the standard Laplacian on V, i.e.,

22 A=— .
a=1
Let e!,...,e" be the dual basis associated to eq,...,e,. Then we have the

following result [33], [34, Prop.4.9].

Proposition 3.1. The kernel of D%U 1 of one dimension and is spanned
by

7|22

(23) B=e" 2 e A--ne.

Moreover, all nonzero eigenvalues of D%v are = 27T
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Proof. We recall the proof for the readers’ convenience.
For e € V', let V. denote the derivative along the vector e. It is easy to
calculate the square of Dr,,

(24) Di,=A+T%Z+T f: c(ea)(Ve,v)
a=1
j
=(A+ T2 =Tn)+ T [1 - clea)ilea)]

a=1

+T Z [1 + c(ea)E(ea)]

a=j+1
J n
= (A+T*ZP =Tn) +2T [ D e, e® A+ > € A,
a=1 a=j+1
The operator

(25) Lo =A+T?Z*—Tn

is the harmonic oscillator operator on V. By [26, Appendix E], we know

that Lp iZS positive elliptic operator with one dimensional kernel generated
\ .
by e~ Moreover, the nonzero eigenvalues of L are all greater than 27"

It is also easy to verify that the linear operator
J n
(26) D e e N Y e N,

a=1 a=j+1

is positive with one dimensional kernel generated by
(27) el A AE
The proof of Proposition 3.1 is complete. O

3.2. The Witten Laplacian on R

Let V4 be an (n — 1) dimensional real vector space endowed with an Eu-
clidean scalar product. Let V™, V;" be two subspaces such that V; =V~ @
Vl+ and dim V|~ = j. Let e1,...,e,—1 denote an orthonormal basis on V;
such that V|~ is spanned by eq,...,ej. Set Vo = Vi x Ry, where Ry = {x €
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R;x > 0}. Then V3 is the half space in V; x R. Denote by e,, the oriented
basis of R with unit length.

Let f be a smooth function on V4 given by:

) 12

(28) @ =50 - 2L 2T g,
where Z~ = (Z1,...,2;), ZY = (Zjs1,.. ., Zn-1),(Z,Z7) denotes the co-
ordinate functions on V; corresponding to the decomposition Vi = V™ @© Vfr
and Z, > 0 denotes the coordinate function on Ry. Set 2’ = (Z~,Z7).

Let L2(AVy) be the set of the square integrable sections of AVy. We
define an inner product (-,-) in L2(AVy) similarly to (17). Denote by || - ||
the norm on L2(AVy') induced by (,-). Let C(V3) be the Clifford algebra of
Va. We still denote by c(e), é(e) the Clifford operators on AV5* for e € Va.

The gradient vector field vy of f with respect to the given Euclidean
scalar product is now given as

(29) ZZ ea + Z Zaea + €n.

a=j+1
Set

dr=eTad. " =d+T dfn, op=e"P5. 7T =64+T1,,

(30) .

Dry, =dr+6r =d+ 6+ Tc(vy).
To calculate explicitly the kernel of D%M and, more generally, to study its
spectrum, we need to consider boundary conditions on AVY', i.e., to specify
the domain of a self-adjoint extension of D2, . We follow here [19, §2.1],
[20, §§1-2], [14, Chap. 1], [26, §3.5]. Denote by Q(V3) the space of smooth
sections of AV; on V3. Define the domain of the weak maximal extension of
dr by

(31) Dom(dr) = {w € LA(AVy) : drw € L2(AV2*)}7

where drw is calculated in the sense of distributions. Let us denote by
Qo (V2) the space of restrictions of smooth forms with compact support on
Vi x R. An easy adaptation of the proof of [19, Prop.2.1.1], by replacing
the operator d with dr, shows that Qo(V3) is dense in Dom(dr) in the
graph norm w — ([lw||* + ||dTw||2)1/2. This means that the weak maximal
extension (31) coincides with the minimal extension of dp, whose graph is
the closure of the graph of dp : Qo(V2) = Qo(V3).
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We denote by dj. the Hilbert space adjoint of dr. We wish to describe
the domain of dj.. Recall the Green’s formula [31, (10.17), Chap. 2] for v, w €
Qo(V2),

(32) <(5Tw,v> = <w,dTU> - / <i,,w,v>d5,

Vs

where 7, is the contraction with the outward-pointing unit normal to 9V =
V1. The boundary integral vanishes if 7,0 = 0 on Vi, which is called Neu-
mann or absolute boundary condition. It can be also expressed as follows.
Let €™ be the dual basis associated to e,. Every w € Q(V2) has a natural
decomposition into the normal and the tangential components along V7,

(33) W = Wtan + Wnorm,

where wian does not contain the factor e”. Then iyw = 0 if and only if
Wnorm = 0.

Using the density result above and Green’s formula (32), we obtain as
in [19, (2.1.9)-(2.1.10)] that

Dom(d}) N Q(Va) = {w € Q(Va) N L*(AV5") : Woorm = 0 on Vi },

34
(34) drw = é7w for w € Dom(dy) NQ(Va).

Following [14, 20, 26], we define then the Gaffney extension of D2 v by

Dom(D%vl) = {w € Dom(dy) N Dom(d7) :
(35) drw € Dom(dy) , dypw € Dom(dr)} ,
D%Ulw = dpdpw + dpdrw for w € Dom(DrAQp’vl) .
This is a self-adjoint operator, see [14, Prop.1.3.8], [26, Prop. 3.1.2]. The

smooth forms in the domain of D%M satisfy the following boundary condi-
tions

(36) Dom(D7,,,,) NQ(V2)
= {w € Q(Vo) N LA(AVy) - (;;}j;zr)m B O: 0 on Vl} .

norm

If we rewrite w € Q(V3) as
(37) w(Z', Zp) = w (2, Z,) + " Nwa(Z', Zy), Z' € Vi, Zy, € Ry,

where wq does not contain the factor e”, then we have
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Lemma 3.2. The boundary conditions
(38) Wnorm = 07 (dTw)norm =0on V;

are equivalent to

(39) g? (Z',0) + Twi(Z',0) = 0 and w(Z',0) = 0.
Proof. The proof is straightforward and is left to the readers. O

Let e!,...,e" ! be the dual basis of e1,...,e, 1. We denote by A’ (resp.
A) the standard Laplacian on Vi (resp. V), i.e

n—1 92 n H?
(40) A= — az:l a7z (resp. A=— 2 TZg)

Proposition 3.3. The kernel of D%ml, with the domain given as in (35),
is one dimensional and is spanned by

_Tig2_ ;
(41) Brp, = 21 ZTTZel A el
Moreover, all nonzero eigenvalues of D% v, are = 2T.

Proof. We adapt the proof from [34, Prop. 4.9]. We denote by V. the deriva-
tive along a vector e € Va. It is easy to calculate the square of Dr,,:

(42) D}, =A+T*(|ZP+1) + T clea)e(Ve,v1)

a=1

= (N +TZP = T(n—1)) + <_88222 >

+TZ 1 —c(eq)et ea +T Z 1+ c(eq)cl a)]

a=j+1

2
= (A + T2~ T(n—1)) + <_aaz2 )

+ 2T Zzee N+ Z e* Nie,

a=j+1

Since the three operators in parentheses on the right side of the third
equality in (42) commute with each other, we can calculate the kernel of
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D%UI via the method of separating variables. Note that ker(D%vl) C Q(Va)
by elliptic regularity, cf. [31, Prop. 9.7, Chap.5]. As in Proposition 3.1, the
kernel of the operator

(43) Ly =N+TZ)-T(n-1)

12
is one dimensional and generated by e~ = Besides, its nonzero eigenvalues
are all greater than 27'. It is easy to verify that the linear operator

7 n—1
(44) D e e N Y € N,
a=1 a=j+1

restricted to Dom(D%yvl) is positive and has one dimensional kernel gener-
ated by

(45) el A ne.
Therefore, the elements of the kernel of D%m take the form

_Tiz')?
2

46 Zn)e el A AE,
( g

where ¢g(Z,,) is a smooth function in Z,. Combining (39) and (42), we find
that the smooth function g(Z,) satisfies the following conditions:

(47) g 0)+Tg(0)=0, —g¢"(Z,)+T?q(Z,) =0.

Thus, g(Z,) = e~ 7%~ up to multiplicative constant. Set

0? 9
with domain given by
(49) Dom(Ry) = {h € C§°(Ry) : '(0) + Th(0) = 0}.

One verifies directly via integration by parts that Ry is positive on Dom(Ry),
so Ry has a self-adjoint positive extension (the Friedrichs extension) still de-
noted by Ryp. Denote by A\;(P) the first nonzero eigenvalues of a positive
operator P. By min-max principle [26, (C.3.3)] and the fact that Ry and (44)
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are positive operators, we deduce that
(50) A(D7,,,) = M(Ly) = 2T.
The proof of Proposition 3.3 is complete. O
4. The Witten instanton complex

Let ¢™™ be a metric on TM such that if p € CI(£) UC? (flons), in the
g

coordinates © = (z1,...,2,) in the conditions (3) and (4) of Section 2,
n
(51) g™ = z dz? on U,.
a=1

Let VM be the Levi-Civita connection associated to the metric g7, and
let dvyps be the density (or Riemannian volume form) on M, i.e., dvys is
a smooth section of the line bundle A™(T*M) ® o(TM) (cf. [2, p.29], [6,
p. 88]). Denote by Qf(M) the space of smooth differential i-forms on M. Set
QM) = @ Q(M). We denote by L2Q(M) the space of square integrable
sections of A(T*M) over M. For wy,ws € L?>Q(M), set

(52) (wy, wy) = /M (w1, wa)(z)dva(z).

We denote by || - || the norm on L2Q(M) induced by (52).
Let d be the exterior differential derivative on Q(M), and let § be the
formal adjoint of d with respect to the metric (52). Set

(53) dr =e Thad. e, 5p=etl5. 777,
The deformed de Rham operator Dr is given by

(54) Dy = dr + 7.

The Witten Laplacian on manifolds is defined by

(55) D2 = (dp + 67)* = dpéy + drdr.
Define the domain of the weak maximal extension of dr by

(56) Dom(dr) = {w € L*Q(M) : drw € L*Q(M)},
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where drw is calculated in the sense of distributions. We denote by d}
the Hilbert space adjoint of dp. The domain of the extension Dp = dp +
d. of the deformed de Rham operator is Dom(D7) = Dom(d7) N Dom(d.).
By the analogue of [19, Prop.2.1.1] the space Dom(d}.) N Q(M) is dense
in Dom(Dr) in the graph norm w — (|jwl|? + ||drw]||? + ||d5w||?)'/2. Every
smooth differential form w has a natural decomposition into the norm and
the tangent components along M,

(57) W = Wtan + Wnorm,

where wia, does not contain the factor v. Using the density result above
and Green’s formula (analogue of (32) for M), we obtain as in [19, (2.1.9)—
(2.1.10)] that

Dom(dp) N Q(M {w € QM) : wyorm = O} ,

58
(58) drw = dpw for w € Dom(d}) NQ(M).

By (58), we have
(59) Dom (D7) NQ(M) = {w € Q(M) : wyorm =0 on dM }.

We define the self-adjoint extension of D2 as in (35) by D% = drd} + didy.
Then

(60)  Dom(D7)N QM) = {w € QM) : (;;“"r)m - 0: ) on 8M} :

norm

Following the argument of [34, Prop. 5.5], one easily gets Morse inequal-
ities (6) granted the following Proposition holds.

Proposition 4.1. For any Cy > 0, there exists Ty > 0 such that when T >
To, the number of eigenvalues in [0, Cp) ofD ’Dom D2)nG (M) equals cj + p;.

We postpone the proof of Proposition 4.1 to Section 5.4. We prove now
Corollary 1.4 by using Proposition 4.1.

Proof of Corollary 1.4. Let FC0 denote the (c¢; + p;)-dimensional vector
space generated by the elgenspaces of DT|D0m( p2)ni (M) associated to the
eigenvalues lying in [0, Cp). Since dp D% = D2.dr, one verifies directly that
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dr(Ff9) C Fy°

To+1- Then we have the following complex:

(61) (FSo,dr) 0 — FSy — FS5 — - = FS2 — 0,

By Hodge Theorem in the finite dimensional case, the j-th cohomology group
of the above complex is isomorphic to Ker(D%‘Dom(D%)mQj(M)), which is
again by Hodge Theorem isomorphic to the j-th cohomology group of the
deformed de Rham complex (Q°(M),dr). It is a consequence of (53) that
the j-th cohomology group of the deformed de Rham complex (2°(M),
dr) is isomorphic to the j-th cohomology group of the de Rham complex
(Q°(M),d). Then the inequalities (6) follow from standard algebraic tech-
niques ([26, Lemma 3.2.12)). O

Remark 4.2. We can also obtain the inequalities (6) immediately by com-
bining Theorem 1.3 and [23, Th. A].

Proof of Corollary 1.5. By Poincaré duality theorem for non-orientable man-
ifolds,

(62) H3(M,R) ~ H"=*(M,0M;o(TM)).

Then the inequalities (7) follow immediately from the inequalities (6) and
the isomorphism (62). O

5. Proof of Proposition 4.1 and Theorem 1.3

The organization of the section is as follows. In Section 5.1, we obtain a basic
estimate for the deformed de Rham operator which allows to localize our
problem (i.e., study the eigenvectors with small eigenvalues of the Witten
Laplacian) to some neighborhood of critical points in C(f) and C_(f|snr)-
Section 5.2 is devoted to the local behavior of the Witten Laplacian around
critical points in C'(f) and C_(f|gar). In Section 5.3, we get a decomposition
of the deformed de Rham operator and establish estimates of its components.
We also prove Theorem 1.1 and Theorem 1.2 there. Section 5.4 is devoted
to the proofs of Proposition 4.1 and Theorem 1.3.
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5.1. Localization of the lower part of the spectrum of
the Witten Laplacian

Choose a small enough such that all BM (p, 4a)’s are disjoint for p € C(f) U
C_(floar), and each BM (p, 4a) lies in the interior of M for p € C(f). Denote
by U, the union of all BM (p, 4a)’s for p € C(f) UC_(flonr)-

Proposition 5.1. There exist constants aq > 0,15 > 0 such that for any
s € Dom(Dr) with supp(s) C M\U, and T > T3, we have

(63 |Drs] > o]

Proof. We adapt our proof from [24, pp.29-30]. Note that the Green’s for-
mula holds also on non-orientable manifolds, see [31, Chap.2, Th.2.1]. It is
a consequence of (55) and the Green’s formula that

(64) | Drs||® = (drs, drs) + (57s, d7s).

Let Vf denote the gradient field of f with respect to the metric g7 . Since
Snorm = 0, one verifies directly from the Green’s formula that

(65) <dTS, dTS> + <5T8, 5T8>
= (ds,ds) + (0s,0s) + T2<\Vf|2s, s)
L T(Qss) + T / (£ stans Stan ) dvons ('),

oM

where dvgys denotes the density on 0M induced by dvys, v outward normal
field and @ is an endomorphism of Q(M) given by

(66) Q=> clee(VIM(V).

1=1

Since V f is nowhere zero on M\U,, there exists a constant as > 0 such
that on M\U,,

(67) V£ > as.

If supp(s) NOM = (), then

(68) /8M {(vf)Stan, Stan )dvapr (z') = 0.
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Then (63) follows immediately from (64)—(68). Suppose now supp(s) N IM #
(. For € > 0, set

(69) W.={a' € OM : |vf|(2) < e}.

We choose ¢ small enough such that W, does not meet C_(f|sas) on the
boundary dM. We now discuss the following two cases.
Case I. supp(s) NOM C W.. By Snorm = 0, we get

(70) <(Vf)5tana 5tan>dU6M ($/)

oM

< 5/8M (s, s)dvonrr ().

Let 7> 0 be less then the injectivity radius of g”™. We use the inward
geodesic flow to identify a neighborhood of the boundary 0 M with the collar
OM x [0,7], and we identify M x {0} with the boundary 0M. Let ¢ be a
smooth compactly supported function on M such that for (2/,x,) € OM x
[07 7-] )

(71) (o' x,) =1 for v, < 7/2 and ¥(z',2,) =0 for z, =T

Then
(72) /BM <s,s>dv@M(x') = /BM <ws,ws>dvaM(x')

, 0
S /BM dvgpr(x') /[0,7} a—xn<ws,ws>dazn.

For x = (¢/,x,) € OM x [0, 7], there exists a positive smooth function x(z)
such that

(73) dop(z) = K(z)dvgps (2)dzy,.

By (71)—(73) and elliptic estimates, we know that there exists a constant
ag > 0 independent of s such that

(74) | Gsssyvonn(s') < as (;HDSW ; THSHZ) .
oM
BY Snorm — 0, we have

(75) |1Ds][* = [las|* + []os]|*
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Combining (70), (74) and (75), we obtain

(76) ‘T/aM ((Wf)stans Stan ) dvans ()

< age (|[ds] + [|3s]* + 7s|*)-

Then (63) follows from (64)—(67) and (76) for € small enough.

From now on we fix € > 0 as determined in case 1. To state the second
case, let us restrict our attention to 0M \@, the points on OM with |v f| >
g/2. For any zg € OM\W, 5, there exists V' an open neighborhood of g in
OM\W, 5 and r > 0 such that

Vil=|Vfl nV, =V x 0,7);
) VI =V iV [0,7)
|Vf‘ =—vf onV.

In fact, given a point zg € IM\W, 5, we introduce a coordinate system
x = (2/,x,) such that the boundary dM corresponds locally to x, = 0 and
the interior of M to Ty > 0. Denote by go = szzl gijdx;dx; the correspond-
ing metric and by (¢*) the inverse of the matrix (g;;). Locally the partial
differential equation involved in (77) reads:

(78) F(x,u(z), Vu(z)) = |Vul* = [V f]?
_ Zn:gijauai_ igijafﬁ_

ij=1 8952- 8CC]‘ i1 8xi 8xj
Introducing new variables as in [12, p.91]:
(79) z:u(:v), r= (rla-“arn) :Vu(x),

we verify directly that

OF ou
(80) %(as,z,r) = 2%.

From [12, §3.2.4, Th.2] and (80), we obtain the local existence of the solution
of the boundary-value problem (77).
Clearly,

(81) —(wf)(@') < |Vf|(2)), for any 2’ € OM\U,.
Choose 1 > 0 small enough so that

(82) —(wf)(z) < (1 —=n)|Vf|(a), forany ' € OM\U,.
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Case II. supp(s) C V, N (M\U,). From (77) and (82), we get

(83) T /a y ((vf)8tans Stan ) dvans ()
> T(]. — 7]) /aM <(V]E)Stana Stan>dv8M(I/)'

Since supp(s) C V. N (M\U,), we can apply the equality (65) to the local
solution f of the boundary-value problem (77) and find

(84) T <(Vf)5tan> 5tan>dU8M ($/)
oM

> ~(1 = 1) |(ds,ds) + (95, 05) + T*(|V f %5, 5) + 1T s*]

where C7 > 0 is independent of s. Combining (64)—(67) and (84), we ob-
tain (63).

To finish the proof of Proposition 5.1, we apply a partition of unity argu-
ment [5, §9]. Take V; = \7j x [0,¢5),7 =1,..., N, for some ¢; > 0 satisfying
that Vi, ..., Vy forms an open cover of OM \W/? and that the boundary-
value problem (77) is solvable in each V. Moreover, take two open sets
Vo, V41 satisfying

N
(85) We=VonNoM, Vi € M\OM, M=VouU | JV; UV
j=1

For j =0,1,...,N + 1, choose ¢; € C5°(V;) satistying

N+1

(86) > ¢?=1 on M.

J=0

For s € Dom(Dr) with supp(s) C M\U,, we have ¢js € Dom(Dr) and
supp(¢;s) C Vj for 5 =0,1,...,N + 1. By (64)-(68),

(87) | Dr(dn115)|| = CT||¢n1s]|-
The result of case I implies immediately

(88) | Dr(¢0s)|| = CT || ¢os||.
The result of case II gives

(89) ||DT(¢J’S)H > CTHgbjsH forj=1,...,N.
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Observe that
(90) ¢jDrs = Dr(¢js) +c(Vej)s for j=0,1,...,N +1.

By (86) and (90), we get

N+1 N+1

(91) HDTSHQZZ:%H%DTSIV ZHDT o9)|* = Clls|"

By (87)-(89) and (91), we obtain the estimate (63). The proof of Proposi-
tion 5.1 is complete. O

In view of Proposition 5.1, the eigenvectors with small eigenvalues of the
Witten Laplacian D% “concentrate” for T large around the critical points

in O(f) and C_(flanr)-

5.2. Local behavior of the Witten Laplacian around critical
points in C(f) and C_(f|anr)

If p € CY(f), then there exists a coordinate system (x, U,) such that for any
x € Up,

72 72 72 L 72
92 — o T
Over U,, set e}, = 8— for k =1,...,n. Then the dual basis e* = dxy, for all

k. From (16), (21), (54) and (9 ) we have

(93) Drly, = Drylu, -

Set
Za$2 szi_
Kr=2T Zzee N+ Z e N,

a=j+1

(94)

Then (24) and (93) imply that

(95) D2 =Ly +Kr
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holds throughout U,. Denote by L?Q(R™) the space of square integrable
differential forms on R". By Proposition 3.1, we have

Proposition 5.2. For any T > 0, the operator L1 + Kt acting on L>Q(R")
is an essentially self-adjoint positive operator. Its kernel is one dimensional
and is spanned by

(96) BT:e*aWel/\.../\ej_
Moreover, all nonzero eigenvalues of Lp + KCp are > 2T

If p € C7 (f|aar), then there exists a coordinate system (z, U,) such that
for any x € U,

2 2 2 2
_ B S SN i S|
(97) f(@) = 1) =5 5T 5+ 5

On U, set ej, = % for k = 1,...,n. Then the dual basis e* = dxy, for all k.
In view of (28), (30), (54) and (97), we have

(98) Drly, = Dry,lu, -
Set
n 82 n—1
ch = _Za S+ T a2 —T(n—1)+T7
a=1 @ a=1
(99) j -
K = 2T Zieaea/\—i— Z e* Nie,
a=1 a=j+1

Combining (42) and (98), we find that on U,
(100) D3 = Ll + Kfp.

Let Q(R") be the space of smooth differential sections on R, and let
L%(AR") be the set of the square integrable sections of AR" . Consider the
self-adjoint extension of (100) defined as in (31)—(35). Thus

(101) Dom (L7 + K7) N Q(RY)

Wnorm = 0

— {w € Q(R%) N L*(ARY) : (dzw) _qg om am}.

norm

By Proposition 3.3, we have
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Proposition 5.3. For any T > 0, the self-adjoint extension of Ll + K/,
given as in (31)-(35) is a positive operator. Its kernel is one dimensional
and is spanned by

(102) ¢r=e 2 PTonel AL p el

Moreover, all nonzero eigenvalues of L, + Kl are > 2T .

5.3. A decomposition of the deformed de Rham operator D
Forr € (0,2a), let 7, : R — [0, 1] be a family of smooth cut-off functions such

that ~,.(z) = 1if |#| < r/2 and that v,.(x) = 0 if |2| > r. For any p € C7(f),
set

(103) 1p(2) = Y2a(|])-

For q € C? (flanr), set

(104) oq(x) = y(|z]) with b? = 4a?/n,
and
(105) ng(x) = o4(a’,2}), = (2',20) €R" xRy,

Then 7, is a smooth cut-off function such that n,(z) =1 if |z| < b/2 and
that ng(z) = 0 if |x| > 2a. Moreover, we have

g

1
(106) Oz,

(2',0) = 0.

We can consider 7, (resp. 74) as a smooth function defined on M with values
in Ry, which vanishes on M\BM (p,2a) (resp. M\B(q,2a)).
For any p € CI(f) and q € C” (flan), set

Qp T = / nf,(x)e_Tmzdml A ANday,
(107) U N

a
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Clearly, there exists ¢ > 0 such that as T" — +oo0,

ap T = <E> : +0(e™ ),

(108) T .
agT = 1 (E>T + 0(e™T)
oI = o7 \T '
Set
PpT = () e_%|x|2dx1 A Nday,
e
(109) (’;)T |
PqT = il 675|Z'|27T2"d:c1 A Adxy.
7 V&, T
Clearly,
(110) ppr € Dom(DZ) N QI (M).

By (60), (106), (109) and Proposition 5.3, we obtain
(111) per € Dom(DF) N QI (M).

Let E% be the direct sum of the vector spaces generated by all p,r’s
and p,7’s with p € CJ(f) and q € C? (f|an). Set Ep = ;LZOEJT. Clearly,

n

(112) dim By =)~ (¢j +p;).
j=0

On Dom(Dr), there exists a natural L2-scalar product induced by (52). Take
EZ as the orthogonal complement of Er in Dom(Dr), then Dom (D7) has
an orthogonal splitting:

(113) Dom(Dy) = Er & Ef.

Let pq, pf denote the orthogonal projections from Dom(D7) onto Ep and
E%, respectively. Also we have another orthogonal splitting about Fp in
L2Q(M):

(114) L*Q(M) = Er @ Fr,

where Fr is the orthogonal complement of Ep in L2Q(M). Then Ef C Fr.
Denote by pa, p3 the orthogonal projections from L2Q(M) onto Er and Fr,
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respectively. Following Bismut-Lebeau [5, §9], we decompose the deformed
de Rham operator D according to the splittings (113) and (114):

D71 = p2Drp1, Dra = paDrpi,

(115)

D73 =py Drp1 Dra = py Drpt.
Then
(116) Dt = Dr1+ Dra+ Dr3z+ Drg.

Denote by H!(M) the first Sobolev space with respect to a (fixed) Sobolev
norm on 2(M). The analogues of the estimates [34, Prop. 5.6] still hold for
the operators Dy :

Proposition 5.4. (1) For any T > 0,
(117) Dt = 0;

(2) There exist positive constants by, by and Ty such that for any s € E% N
H'(M),s' € Er and any T > Ty, one has

7l

I

(118) _b2T|’s,‘

(3) There exists constant by > 0 and Ts > 0, such that for any s € E£ N
H' (M) and any T > Ts, one has

(119) |Dras|| = bsT]3]).

Proof. The proof is similar to [34, Prop. 5.6] except for the estimate of Dy 3.
We prove the estimate of Dy 3 directly. From (109), Proposition 5.2 and
Proposition 5.3, we have

co(Vnp) 2
120 D = ey N AN d
(120) T(Pp.T) me T ;
and

V T |2
(121) Dr(pgr) = (Vilg) - 21a' “Tondgy A A day.

AV Bq,T

Then (120) and (121) imply the second inequality in (118). The rest of the
proof is similar to [34, Prop. 5.6]. O
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Proof of Theorem 1.1 and Theorem 1.2. By the min-max principle [26,
(C.3.3)],

(122) M(T)= inf  sup (D7s,s).
FCDom(D%), seF

dim F=k ||s||=1

Take F = E%, then dim F' = ¢; + p;. It is a consequence of (117) and (118)
that for every s € F,

(123) [Drs||* = || Dras|” < ote> s
Then (3) follows immediately from (122) and (123). Suppose now that F

is a (cj + p; + 1)-dimensional subspace of Dom(D2%) N Q7 (M). Clearly F N
Ef #{0}. Let s € F'N Ef be a nonzero element. Then (118) yields

(124) || Drs|* = || Dros|” + [ Dras|* > || Dras|” > 0372 s|*
Relations (122) and (124) imply immediately (2). O

5.4. Proof of Proposition 4.1 and Theorem 1.3

Denote by Fg ° the finite dimensional vector space consisting of eigenspaces
of D%]Dom(D%) associated to the eigenvalues lying in [0,C)), i.e., Fg‘) =
D, FTCE Denote by Pg" the orthogonal projection operator from FE to
F;°. Since D% preserves the degree of Q°(M), the projection PTC‘J maps
(M) onto Fg %. Let Jr be the linear map from C7 to E]T by sending [p]*
to ppr for p e CI(f) UC? (flonr)- Set ep: CI — Fgg by ep = Pg"JT. In
view of Proposition 5.4, the following result ([34, Th.6.7]) still holds.

Lemma 5.5. There exists ¢ > 0 such that as T — oo, for any s € 7,
(125) (er — Jr)s = O(e*CT)Hs” uniformly on M.
In particular, er is an isomorphism when T is large enough.

Proof. The proof is similar to that of [34, Th.6.7]. O
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Proof of Proposition 4.1. From Lemma 5.5, there exists Tg > 0 such that
when T > Tg,

(126) dim FS° > dim Er.

We next carry on nearly word by word as in [34, pp. 86-88] to get

(127) dim F{% = ¢; + p;.

Then the proof of Proposition 4.1 is complete. (|

Proof of Theorem 1.5. Substituting (4) into (5), we get for a € Fgg,

(128) Poor(a) = 3 ol / oTf o

pECI(f)UC (flon) W (p)

Note that P, 7 is a chain homomorphism, i.e., P 7dr = 0Fs 7. Indeed,
the proof of [22, Prop. 6] (in the boundaryless case) goes through also for
Py defined in (5); we just apply the Stokes formula as in [22, Prop. 6]
also for the closure of unstable manifolds W(p) for p € C_(f|sar). Define
F € End(C) by sending [p]* to f(p) - [p]* for p € C’(f) and sending [¢]* to
(f(q) + 55 In2m)[q]* for g € C?(f|onr). Set N € End(C9) by taking [p]* to
j - [p]* for p € CY(f) and taking [q]* to (j — 3) - [¢]* for ¢ € CL(f|onr). From
(12), (13) and Proposition 5.4, we get the following analogue of [34, Th. 6.9]:
there exists ¢ > 0 such that as T" — oo,

T\ E-2
(129) P rer = eTf<T> T (14 0(e)).

In particular, Py 7 is an isomorphism when 7" is large enough. Since P 7 is
a chain homomorphism, it induces an isomorphism between the cohomology
groups of the two complexes. We finish the proof of Theorem 1.3. O

Remark 5.6. Given the Morse function f, the Morse-Smale complex (C*®, 0)
defined as in (14) and (15) depends on the vector field X. However, by [23,
§2.3, Prop.], the homology of (C*®,0) is independent of the choice of the
pseudo-gradient vector field. Therefore, the Witten complex (FTC‘;,dT) is
quasi-isomorphic to all Morse-Smale complex constructed by Laudenbach in
[23].
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Remark 5.7. For the relative boundary case, our strategy proceeds as
follows. We first find a vector field Y on M satlsfymg the conditions (1)—
(5) in Section 2 except that the sets C” (flonr), C—(floas) there should
be replaced by the sets C’J "(floar) and C’+(f\3M) respectively, and the
condition (4) should read as (4)" if p € C’J “Y(flonr), there are coordinates
r=(2',2,) € R"! x R} on some nelghborhood U of p such that on U,

2 2 2 2

xq i Tp_q
1 — s U 9o _
(130) fla)=fp) =5 S T ot T

and

(131) Y = szaxl sz + xp, (Z

n
=]

Then the corresponding Thom-Smale complex is derived by replacing the
sets C(floa) in (14), C7 ' (floar) in (15) by the sets C7 ' (flaar) and
C’_(flanm), respectively. On the other hand, we consider different boundary
conditions for D%, that is, a different self-adjoint extension. We start with
the weak maximal extension of dp,

(132) Dom(dr) = {w € L*Q(M) : dpw € L*Q(M)},

where drw is calculated in the sense of distributions. We denote by 67 the
Hilbert space adjoint of é7. The formal adjoint of dr is of course dr. Using
the Green’s formula and the density of Dom(ér) N (M) in Dom(ér) in
the graph norm (again an adaptation of the proof of [19, Prop.2.1.1], by
replacing the operator d with d7), we obtain

Dom(67) NQ(M) = {w € Q(M) : wian =0},

(133)
dpw = drw for w € Dom(d7) N QM) .

The domain of the extension Dr = 67 + o7 of deformed de Rham operator
dr + 7 is Dom(d7) N Dom(d7). By (133),

(134) Dom (D7) NQ(M) = {w € Q(M) : wian =0 on M }.

We define the Gaffney extension of D2 as in (35) by D2 = 6567 + 75
Then

Wian = 0
5T’LU) =0

tan

(135)  Dom(D%)NQ(M) = {w € QM) : ( on 8M} :



148 Wen Lu

The analogues of Theorems 1.1 and 1.2 are obtained simply by replacing the
number p; in the expressions (2) and (3) by the number g;_1. Then we obtain
the corresponding Witten instanton complex. Moreover, the chain morphism
between the Witten instanton complex and the Thom-Smale complex is
constructed as in (4) and (5) except that the set C_(f|gas) in (4) should be
replaced by the set Cy(f|aoar). This morphism is an isomorphism for 7" large
enough. As a by-product, we obtain the inequalities (7).
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