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On the Rankin-Selberg integral of
Kohnen and Skoruppa

AARON POLLACK AND SHRENIK SHAH

The Rankin-Selberg integral of Kohnen and Skoruppa produces
the Spin L-function for holomorphic Siegel modular forms of genus
two. In this paper, we reinterpret and extend their integral to apply
to arbitrary cuspidal automorphic representations of PGSp,. We
show that the integral is related to a non-unique model and analyze
it using the approach of Piatetski-Shapiro and Rallis.
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1. Introduction

The Rankin-Selberg integral representation of Kohnen-Skoruppa [8] pro-
duces the Spin L-function for holomorphic Siegel modular cusp forms on
GSp,. Their integral makes use of a special Siegel modular form Pp(Z),
which is in the Saito-Kurokawa or Maass subspace. Here Z is the variable
in the Siegel upper half space of genus two, and D is a negative discrimi-
nant. The proof in [8] is classical, and involves global calculations with the
Fourier coefficients of Siegel modular forms. In particular, Kohnen and Sko-
ruppa make essential use of the Maass relations, which are identities satisfied
by the Fourier coefficients of Siegel modular forms that are Saito-Kurokawa
lifts.

The purpose of this paper is to reinterpret and extend the integral repre-
sentation in [8]. We define a class of automorphic functions Pj(g) on GSp,
depending on a nonzero square-free integer D (which is allowed to be pos-
itive) and auxiliary data «, generalizing the Pp(Z) of [8]. Denote by @ a
Klingen parabolic of GSp,, i.e. a maximal parabolic stabilizing a line in
the defining four-dimensional representation of GSp,. For a cusp form ¢ in
the space of an automorphic cuspidal representation m of GSp, with trivial
central character, we define

I(¢,s) = E(g,s,®)Pp(9)9(g) dg,

/Z(A) GSp4(Q)\ GSpy(A)

where E(g, s, ®) is a Klingen Eisenstein series. We also define a second inte-
gral J(¢,s) that may be thought of as a degenerate version of I(¢,s). The
definitions of E(g, s, ®) and J(¢, s) are given in Section 2.3 below. We unfold
these integrals and show that they are equal to the partial Spin L-function
L3(m, Spin, 5) times an integral Is(¢,s) or Js(¢,s) over some set of bad
places S.

It follows from a theorem of Li [10] that every cuspidal automorphic
representation on GSp, possesses a nonzero Fourier coefficent of maximal
rank for the Siegel parabolic. We combine this with calculations at ramified
finite places and the Archimedean place to show that one can always choose
D and the other data in the integral so that (¢, s) is nonvanishing. In the
special case of a representation attached to a holomorphic Siegel cusp form
of level one, we prove a more precise statement than this nonvanishing: for
a particular choice of data at the Archimedean place, (¢, s) is equal to the
completed L-function. This recovers the main result of Kohnen-Skoruppa

[8].
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The integral I(¢,s) unfolds to a non-unique model. In the majority of
the Rankin-Selberg literature, the unfolded integral involves a model of the
cuspidal representation 7 that is known to be unique, such as the Whittaker
or Bessel model. This uniqueness allows one to factorize the integral (for
suitable data) and check, place-by-place, that the local factor of the unfolded
integral is equal to the local Langlands L-function. However, there are a
handful of examples ([6], [13], [4], [7]) of Rankin-Selberg convolutions that
unfold to a model that is not unique, yet are still known to represent L-
functions. The integral in this paper is one more such example.

We are interested in I(¢,s) and J(¢,s) for several reasons. They have
the unusual ability to represent the Spin L-function for all cuspidal auto-
morphic representations (for suitable data), rather than either only generic
or only holomorphic ones. They are also members of the limited class of
Rankin-Selberg integrals that can potentially be reinterpreted in terms of
geometric objects on a Shimura variety, and so could prove useful in answer-
ing arithmetic questions. There are higher rank generalizations of both these
integrals to GSpg that again give the Spin L-function [14]. The integrals in
[14] should have connections to motivic questions.

We briefly describe the special functions Pp. Recall that there is an
isomorphism between PGSp, and a split special orthogonal group SO(Vs, q).
Here V5 is a certain 5-dimensional rational vector space and ¢ is a quadratic
form on V5. Let D be nonzero and square-free, and choose vp in V5(Q) such
that ¢(vp) = D. Let a =[], ay be a factorizable function in S(V5(A)), the
space of Schwartz functions on V5(A), equal to the characteristic function
of V5(Z,) almost everywhere. In order to make the calculations cleaner, we
assume that GSp, acts on V5 on the right. The special automorphic function
Pg s

P3(g) = 3 a(updg),

d€Stab(vp)(Q)\ GSp,(Q)

where Stab(vp) is the stabilizer of vp in GSpy,. (See Section 2.2 for more
details. When D =1 (mod 4), we will make slightly different choices to avoid
issues at the prime 2.) Actually, the condition that as, be Schwartz is too
restrictive; to treat holomorphic Siegel modular forms it will behoove us to
take o, decaying polynomially at infinity.

One important difference between this paper and [8] is in our definition
of the special function Pj. In [8], Pp is defined as the lift to the Maass
subspace of a certain Poincare series for Jacobi forms. The authors then use
Hecke operators on Jacobi forms and the special properties of the Fourier-
Jacobi expansion of elements in the Maass subspace as their key tools to
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relate I(¢, s) to the Spin L-function. However, it is not all that difficult to
check that the Pp of [8] may be expressed as a sum of the above type; hence
our definition of Pj. By expressing Pfj as a sum, we can use it to help unfold
the global integral. Thus our unfolding is different from that in [8], as is our
proof that the unfolded integral represents the Spin L-function.

When D is negative, the data o may be chosen so that Pg(g) corre-
sponds to a classical Siegel modular form PJ(Z), where - denotes complex

conjugation. In this case, Pj(Z) has an expression as a sum

1
Qu(Z)"

(L1) P3(Z) =
veV5(Z),q(v)=—|D|

Here Z is in the Siegel upper half-space, ), is a certain quadratic form on
the space of complex two-by-two symmetric matrices, and r» > 6 is an inte-
ger. (See Section 6.2.) Modular forms similar to (1.1) have been considered
previously by many authors in different contexts. Zagier [16] appears to have
first defined the analogous functions for modular forms (PGL2 ~ SOj3) and
Hilbert modular forms over a real quadratic field PGL* ~ SOy).

Finally, let us mention some other integrals for the Spm -function on
symplectic groups. There are integrals of Novodvorsky [11] and Piatetski-
Shapiro [12] (following Andrianov [1]) on GSp,, which unfold to the Whit-
taker and Bessel models, respectively. There are also integrals of Bump-
Ginzburg [5] on GSpg, GSpg and GSp;y, which unfold to the Whittaker
models on these groups. The integral in this paper draws upon similar tech-
niques to [14], in which we give a new Rankin-Selberg integral for the Spin
L-function on GSpg. Although the integral in [14] does not apply to holo-
morphic Siegel modular forms, it uses the same special function Pf on GSpy
used here, and also unfolds to a non-unique model.

The contents of the various sections are as follows. In Section 2, we define
the groups, the global Rankin-Selberg integrals, and the special functions
that we use. In Section 3, we unfold the integrals, discuss the general tech-
nique of Piatetski-Shapiro and Rallis to analyze non-unique models, and
state the main theorems. In Section 4 we give the unramified calculation,
and in Section 5 we control the behavior at ramified finite primes and the
Archimedean place. In Section 6 we choose data appropriate for Siegel mod-
ular forms and precisely calculate a corresponding Archimedean integral

0o (¢, s) in terms of I'-functions.
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2. Global constructions

In this section we define the global Rankin-Selberg integrals considered in
this paper.

2.1. Groups and embeddings

We define

and GSp, = {g € GLy4 |gJs'g = v(g)Js}, where v : GSp, — GLy is the simili-
tude and 1,, denotes the n x n identity matrix. The letter Z is used to denote
the diagonal center of GSp,. Denote by W, = Q* the defining 4-dimensional
representation of GSp, and by (-, -) the symplectic pairing. We let GSp, act
on Wy on the right. That is, we think of Wy as row vectors, and the action
of GSp, is the usual right action of matrices on row vectors. Denote the
ordered basis of Wy by {e1, e, f1, fo}, so that (e;, f;) = d; ;.
Let

L = Qlal/(«® - D)

be a quadratic etale Q-algebra, where D is square-free and nonzero. Let
GLy,;, denote the restriction of scalars Resé GLg, and denote by GL3 |,
the subgroup of GLgj with determinant in G, C ReséGm. (In particu-
lar, GL3 /(Q) is the set of invertible 2 x 2 matrices with entries in L and
determinant in Q*.) Suppose first that D # 1 (mod 4). One can define an
embedding GL5 ; — GSp, as follows. We consider the L-vector space L? and
write ¢; and cg for its two standard basis elements. There is an L-valued
symplectic form (-,-);, on L? given by

(uicr 4 uaca, vicr + vaca), = ugve — UgVy.

Suppose that a denotes the image of x in L = Q[z]/(2% — D), so that «
is a square root of D. We write - for the action of the nontrivial Galois
automorphism on L. Define a Q-valued symplectic form (-,-) on L? by
(u,v)" = trr q (a(u,v)r) /(2D). Consider the Q-basis

(2.1) e1 =c1, ex=acy, f1=—ac, fr=c
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of L2. Then (e;, ;) = &;;, and (e;,e;)" = (fi, f;)’ = 0. Hence the basis (2.1)
yields an identification

(2‘2) (L27 <'7 >I) = (W47 <‘7 >)
If g € GLyf, and u,v € L?, then

(ug,vg)r, = det(g){u,v)r.

Hence if g € GL3 1, then (ug,vg)" = det(g)(u,v)". Thus (2.2) yields the in-
clusion GL3 ; — GSpy.

Suppose that g = (u} «;) € GL3 1, where u; = ¢; + an; for €,n; in Q.
Then under the mapping GL;L — GSpy, the image of g is the matrix

e m|m e

Dm e | e2 Dmp
2.3
(23) Dns ez | es Dy
€3 N3 | N4 €4

If D=1 (mod 4) and one uses the minimal polynomial 2%+ z 4+ 2 of

% in place of 22 — D and adjusts the definition of the pairing to
(u,v)" = trp/q (2 + 1){u,v) 1) /D, the preceding discussion (with o the
image of z) leads in exactly the same way to the mapping of g = (! 42)

to

€1 m 2 €2 — 12
9.4 %771 €1 =11 | €2 —T2 —€+ 772%
(2.4) D—1 D=1
€3+ =113 €3 €4 T M
€3 13 N4 €4 — M4

We remark that the image of GLj ; has an alternative description as the
centralizer of the matrix (ED tep ) inside GSpy, where we take ep = ( D 1) if
D =2,3 (mod 4) and ep = (% _11> if D=1 (mod 4).

If D=1, sothat L = Q x Q, then GLj ; is isomorphic to the subgroup
of GLg x GLg consisting of the (g1, g2) with det(g1) = det(g2). For later use,
we record the following explicit realization of this identity. Set €} = e1 + ea,
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eh =ea, f{ = f1, and fi = fi — fo. Then if D = 1, the matrix in (2.4) sends

(2.5) el — ere] + eaf]
fl = esel +eaf]
e = (e1 —m)eh + (2 — €2) f3
fo = (13 — e3)es + (€1 — ma) f-

2.2. The special function PJ

We now define the special function P75 to be used in the integral represen-
tations. Recall that v denotes the similitude character. Define

vAw— (v,w)

/\%(W;;) = ker{/\2W4 1® I/}

and define a 5-dimensional representation V5 of GSp, as the diagonal action
on Vs = /\(2)(W4) ® vt As A*W, ® v~ 2 is the trivial representation of GSp,,
the exterior product

AV Vs = AWy v 2

defines the invariant quadratic form ¢ on V5. More precisely, we first define
('7 ) via

vAw = (v,w)e; Aea A f1 A\ fa,

where e; A ea A fi A fa is here considered as an element of A*W,; ® v=2. The
triviality of A*Wj; ® v~2 shows that (-,-) is invariant. We then define the
quadratic form g(v) = 3(v,v). If D # 1 (mod 4), we define an integral struc-
ture on V5 by choosing the integral basis

{e1 A fi—ea A fa,er Nea,er A fa,ea A fi, fi A fa}
and define
(2.6) vp = Dey A fo+ea A fi.

Then ¢(vp) = (vp,vp) = D, and one can check that the stabilizer of vp is
GL3 ;, in the embedding described by (2.3). If D =1 (mod 4), we replace



180 A. Pollack and S. Shah

e1 N\ fi —ea A fa by %(61 A fi — ez A f2) in the integral basis and set

D -1
4

1
eitNfot+-(es Nfi—eaNfa)+ea A fi

(2.7) Vp = 9

so that ¢(D) = %. Once again, the stabilizer is GLj ; in its embedding
from (2.4). To see that the chosen integral structure is GSp,(Z)-stable, we
observe that since e; A f1 + e A fa is fixed by the action of g (due to the
twisting by ! in the definition of V3), we have

%(61 ANfir—es N f2)g = *(61 A fi+ea A fo—2es A fg)g

=—(e1 A fiteaNfa) — (e2 A fa)g

e M

= 5(61/\f1—82/\f2)+€2/\f2— (e2 A fa)g,

which is in V5(Z).
Now take o = [, a to be factorizable in the Schwartz space S(V5(A)).
For all but finitely many finite primes p, we require that oy, is the charac-

teristic function of V5(Z,) (using the integral structure defined above). We
define

Pi(g) = > a(vpdy).
6€GL;,L(Q)\ GSp,(Q)
In Section 6.2 we will choose an ., that is very convenient for computing

with holomorphic Siegel modular forms, although this a., will not be a
Schwartz function.

2.3. The global integrals

We now define the two global Rankin-Selberg convolutions to be studied in
this paper. The integral representations use the Klingen Eisenstein series on
GSp,. We define the Klingen parabolic, denoted @, to be the stabilizer of
the line Qf2 via the right action. Alternatively, @ is the subgroup of GSp,
consisting of elements of the form

o O 2 O
O ¥k Xk ¥
Q¥ ¥ x

O ¥k Xk ¥

For such a g, v(g) = ad, f2g = dfs, and 3g(g) = |42,
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If & =[], ®, € S(W4(A)) is a factorizable Schwartz-Bruhat function,
define

(2.8) 12(g,5) = v(g)2 / By (tfog) 1] dt
GL1(Q.)

and

29 () 7 — 2s 4sd ¢ s S

29 =Wl | o el @ =T] s

Then f®(g,s) € Indg?})m) (65)), where d¢q is the modulus character of the

Klingen parabolic. The Eisenstein series is

E(g,s,®) = > (g9).
+EQ(Q)\ CSp,(Q)

Remark 2.1. If @, is the characteristic function of Wy(Z,) for p < co and
®oo(v) is the Gaussian e ™" then E(g,s, ®) is the normalized spherical
Eisenstein series. Indeed, denote by f9(g, s) the unique element of

g 0)
that satisfies fO(k,s) = 1 for all k € K,. Then for every v, with this choice
of ®,, f&(k,s)=(,(4s) for k € K,, where (r(s) = Tr(s) = n~%/2T'(s/2).
Hence by the Iwasawa decomposition, f*(g,s) = ¢,(4s)f%(g, s). Langlands’
theorem of the constant term and functional equation then imply, by an in-
tertwining operator calculation, that this E(g, s, ®) has finitely many poles
and satisfies the functional equation E(g,s,®) = E(g,1 — s, ®). For gen-
eral Schwartz-Bruhat functions @, one can obtain a bound on the poles of
E(g,s,®) and its functional equation by using Poisson summation. Since we
will not use these facts, we omit the proof.

Suppose 7 is a cuspidal automorphic representation on GSp, with trivial
central character and ¢ is a cusp form in the space of 7. We define our global
integrals as follows:

(2.10) (6s) = / (g, 5, ®)P2(9)6(g) dg
(A) GSp,(Q)\ GSp,(A)
and

@11)  J(b,s) = / E(g, s, )é(9) dg.
(A)GL; (Q)\GL;3 . (A)
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The integrals I(¢, s) and J(¢, s) depend on D and ®, but we omit this data
from the notation. The main theorems of this paper, spelled out in the next
section, relate both of these integrals to the partial Spin L-function on GSp,,
L3 (m,Spin, 25 — %)

The integrals I(¢, s) and J(¢, s) are very closely related. In the proof of
Proposition 3.2 below, after unfolding the sum defining Pf} in I(¢, s), we find
that the integral J(¢, s) appears as an inner integral of this partially unfolded
I(¢,s). Note also that J(¢, s) is similar to the integrals of Andrianov [1] and
Piatetski-Shapiro [12] for the Spin L-function on GSp,, both of which unfold
to the Bessel model. The main difference is that the integrals of [1] and [12]
use an Eisenstein series for the group GL; 1, as opposed to one for GSpy.
The benefit of studying both integrals is that the integral I(¢, s) provides a
more flexible construction than J(¢, s), while J(¢, s) makes the connection
to the geometry of the Shimura variety (and with this the potential to answer
motivic questions) more direct.

3. Main theorems

In this section we unfold the global integrals and state the main theorems of
the paper. The calculations proving these theorems are given in Sections 4,
5, and 6. As we mentioned above, the integral unfolds to a model that
is not unique. The general strategy for analyzing such integrals — which we
follow — was developed by Piatetski-Shapiro and Rallis [13], and is somewhat
well-known [4, 7]. For the convenience of the reader, we briefly review this
strategy.

3.1. Unfolding

Define the standard Siegel parabolic P on GSp, to be the stabilizer of the
isotropic subspace of Wy spanned by fi, fo. Denote by U its unipotent rad-
ical, and by M the Levi consisting of elements of GSp, whose lower left
and upper right two-by-two blocks are zero. We denote by N the unipotent
radical of the upper triangular Borel in GLj ;. Then, under the embedding
GL3 ;, — GSpy, N is contained in U. This can be seen immediately from the
matrices (2.3) and (2.4).

In fact, define a unitary character x : U(A) — C* as follows. As is usual,
pick once and for all an additive character 1) : Q\A — C*, with conductor
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equal to one at all finite places, and Y (x) = 2™ for x € R. If

1 U1l Ug2
w— 1| uiz  ug
1 Y
1
then set
() = (=Duyy + ug) D#1 (mod 4)
¢(%u11 +uig +uz) D=1 (mod4)

Note that y is trivial on N. With this definition of y, we define functions
¢, and o, on GSpy by the absolutely convergent integrals

(3.1) ¢x<g>::/Q“QﬂU(A)x1@0¢mug>du and
cwm=Amwm3wm@wm%

The second integral is factorizable since y = Hp Xp and « are, so we may
write ay =[], ayp, where

(32 ralon) = [ Xpw)ap(0p,5y) du.
N(Q\U(Qp)

Here p denotes either an infinite or finite place of Q.

Lemma 3.1. The integral for o in (3.1) is absolutely convergent.

Proof. Note that the function o : V5(A) — C defined by o/(v) = a(vg) is
still a Schwartz-Bruhat function. Set
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Then vpnay(z) = vp + zfo A f1 for all D. We obtain
(3.3) anlo) = [ x(wa(vpug) du
N(AN\U(A)
:/ P(z)d (vpnay(2)) dz
G.(A)
= / W(2)d (vp + zf2 A f1) dz.
G,.(A)

Since o is a Schwartz-Bruhat function, it is easily seen that the function
2+ o (vp + zfa A f1) is a Schwartz-Bruhat function on A. Hence the inte-
gral (3.3) is absolutely convergent. (|

Proposition 3.2. The global integrals I and J unfold as

(3.4) 1(.s) = / £(9, 8) by (9)ax (9) dg
U(A)Z(A)\ GSp,(A)
and
(3.5) J(6,s) = / 129, 5)ébx (9) dy.
N(A)Z(A)\GL; ,(A)

Proof. We first unfold I(¢, s). Assume for now that L is a field. Unfolding
P7, one obtains

(3.6) E(g,s,®)¢(g9)a(vpg) dg.

I(¢,s :/
(0 GL; . (Q)Z(A)\ GSp,(A)

Although it is not needed below, note that the integral J(¢,s) appears if
one performs an inner integration in (3.6) over the group GL3 ;(A), since
vp is stabilized by GL3 ; (A).

Next, we unfold the Eisenstein series. Set B'(Q) = Q(Q) N GL; (Q).
We claim that the double coset space Q(Q)\ GSp4(Q)/ GL3 1(Q) is a sin-
gleton, and thus

(3.7) E(g,s,®) = Z f‘p('yg,s).
vEB (Q)\ GL; . (Q)

Assuming this fact for the moment, one obtains

(3.8) I(¢,5) = a(vpg)f*(g,5)0(g) dg

/B’(Q)Z(A)\ GSp,(A)
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by inserting (3.7) into (3.6) and unfolding the sum over GL3 ; (Q). To check
the claim, note that the map Q(Q)g — Qf2g defines a bijection between
Q(Q)\ GSp4(Q) and lines in Wy. Moreover, GL3 ; acts transitively on the
lines in Wy since SLo 1, acts transitively on the nonzero elements of its two-
dimensional representation L?. Hence Q(Q)\ GSp4(Q)/ GL3 1(Q) is indeed
a singleton.

Using the notation (2.3) or (2.4), B’ consists of the elements of GSp,
with €3 =11 =13 =14 = 0. Now

(3.9) d(ng)dn =Y ¢y(19),

/N(Q)\N(A) v€GL1(Q)

where GL1(Q) denotes the matrices (>‘ 1), A € Q*. Integrating the right-
hand side of (3.8) over N(Q)\N(A), and then applying the Fourier expan-
sion (3.9) into (3.8), we obtain

/ 12(g,8)05(9)(vpg) dg.
N(A)Z(A)\ GSp,(A)

The proposition follows in this case.

Now suppose that D =1, so that L = Q x Q is split. Then GL;L acts
on the lines in Wy with three orbits, represented by Qfa2, Q(f]), and Q(f3).
(Recall the notation (2.5).) Indeed, consider the action of GL3 ; on Wy in
terms of the basis (2.5). The action described in (2.5) shows that Qff and
Q/f} represent the orbits of lines in span(e), f{) and span(e), f5) respec-
tively, while the fact that SL2(Q) acts transitively on Q?\ {0} shows that
Q(f1 — f5) = Qf2 represents an orbit containing all other lines in Wj. Fix
71,72 € GSpy(Q) satisfying foy1 = f1, faye = f5. We have just computed
that Q(Q)\ GSp4(Q)/ GL3 ;, = {1,71,72}. Denote by B; the subgroup of
GL3 ;, that stabilizes the line Qf;.

Using these double coset representatives to unfold (3.6), we obtain

I(¢’ S) = Ifz (¢a 5) + If{ (¢7 5) + Ifé(¢7 S),

where Iy,(¢,s) is the integral on the right-hand side of (3.8), and

Ip(¢,s) = a(vpg) f* (g, s)¢(g) dg.

/BQ(Q)Z(A)\ GSpy(A)

The unfolding of the integral Iy, (¢, s) proceeds as above. We check that
the integrals Iy/(¢, s) vanish by the cuspidality of ¢. Assume i = 1; the case
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i = 2 is identical. Using the ordered symplectic basis €, €}, f5, f1 of Wy, B}
is the subgroup of GSp, of matrices with the form

*x 0 0 =x
0 = x 0
(3.10) 0 = %= 0
0 0 0 =

Denote by Uy the one-dimensional unipotent subgroup

1 0 0 =«
01 00
0 0 10
0 0 0 1

of GSp,. Let U be the abelian group U/Up, where U is the unipotent sub-
group of GSp, consisting of the matrices

1 21 xo *

Al o1 0 o

ulr,e) =g g —x
o0 0 1

Finally, let B] C B] denote the matrices in GSp, that are of the form

a 0 0 =x
0 a x 0
0 0 d O
0 0 0 d

We integrate ¢ over Up(Q)\Up(A) and Fourier expand along U to obtain
the identity

(3.11) o, (9) = / P(ug) du = Z ¢(1,0,0)(79),
(@A (A) Y€B(Q)\B{(Q)

where

ba100)(9) = Y(w1) by, (u(z1,72)9) du.

- /U(Q)\U(A)
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Next, we perform an inner integration over Up(Q)\Uo(A) in Iy/(¢,s)
and apply the Fourier expansion (3.11) to obtain

(312) I(6.5) = / a(wpg) £ (19, 9)6100)(9) do.

B (Q)Uo(A)Z(A)\ GSp,(A)

Denote by Ny the one-dimensional unipotent subgroup of GSp, consisting
of the matrices

0
*
1

O O O
O O = O
— O O O

0

We perform an inner integration in (3.12) over the group No(Q)\No(A),
which shows that I/ (¢, s) vanishes by the cuspidality of ¢ along the unipo-
tent group

1 0 * =%
0 1 *x =x
0 0 1 0
00 0 1

Now we unfold J(¢,s). The unfolding proceeds identically to the un-
folding of I(¢,s) starting from the step (3.6). For example, assume L is a
field. The coset and stabilizer computations for Q(Q)\ GSp4(Q)/ GL3 1(Q)
above show that

(3.13) J(6,5) = / (9, )6(g) dg.
B'(Q)Z(A)\ GSp,(A)

We integrate over N(Q)\N(A) and use the Fourier expansion (3.9) to obtain

Jo.s) = [ £7(9.8)x () dg.
N(A)Z(AN\GL; (A)
If instead D = 1, we first use the coset computation

Q(Q)\ GSp4(Q)/ GL3 1(Q) = {1, 71,72}

above to obtain

J(qb? 8) = sz(qba 8) =+ Jf{ (¢7 3) + Jfé(¢7 8)7
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where Jf,(¢, s) is the integral on the right-hand side of (3.13), and

Tp(6,8) = £2(vig, s)6(g) dg.

/BQ(Q)Z(A)\ GL3 L (A)

The same manipulations used to check the vanishing of I/ (¢, s) show that
the integrals Jy; (¢, s) and Jy;(¢, s) vanish by the cuspidality of ¢. The un-
folding of Jy2(¢,s) is the same as when L is a field, so the proposition
follows. U

3.2. Non-unique models

The Fourier coefficient ¢, does not factorize for general cusp forms ¢, so
it does not follow from the unfolding calculation that the integrals I and
J have the structure of an Euler product. However, Piatetski-Shapiro and
Rallis in [13] introduced a technique that can sometimes factorize the global
integral in this situation.

Suppose (7, V') is an irreducible admissible representation of GSp4(Q,).
Define a (U, x)-functional to be a linear map ¢ : V' — C that satisfies

for all u € U(Q,) and v € V. If one replaced U in this definition by Up, the
unipotent radical of a Borel of GSp,, and x by a nondegenerate character of
Up, then one would get the definition of the Whittaker functional. However,
unlike the Whittaker functional, the space of (U, x)-functionals will usually
be infinite dimensional. Consequently, the Fourier coefficient ¢, will not
factorize. However, the following theorem allows one to recover the Euler
product nature of the global integral.

Theorem 3.3. Suppose that p is finite, m, is unramified, ®, is the charac-
teristic function of Wy(Zyp), and oy, is the characteristic function of Vs(Zy).
Let vy denote a nonzero spherical vector in the representation m,. Then for
all (U, x)-functionals ¢,

L(6s) 2 / 12 (g, )y (9)0(m(g)vo) dg
U(QP)Z(QP)\ GSP4(QP)

1
= {(vo)L <7Tp, Spin, 2s — 2>
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for Re(s) sufficiently large. Similarly,

Jp(l,s) 2 / 12 (g 8)t(x(g)vo) dg
N(Q,)Z(Qp)\GL; ,(Qy)

= {(vg)L <7Tp, Spin, 25 — ;)

for Re(s) sufficiently large.

We will prove this theorem in the next section. Note that when ¢(vg) = 0,
Theorem 3.3 says that the integrals I,(¢,s) and J,(¢,s) appearing in the
theorem are 0.

For a finite set of places €2, define

(3.14) Io(¢,s) & 189, 8)ay0(9)dy(9) dg,

/U(AQ)Z(AQ)\ GSp,(Ag)

where for a linear algebraic group H, we write H(Aq) = [[,cq H(Qu), and
where fq and o, q respectively denote the product of the factors of f® and
o, at the places in ). We now apply the argument of the Basic Lemma
of [13, pg. 117] to deduce the following corollary. Write H : m — C for the
functional ¢ — ¢, (1).

Corollary 3.4. Suppose that the cusp form ¢ corresponds to a factorizable
element under some choice of isomorphism ™ = ®,m,. Suppose that S is a
finite set of places of Q containing all the places excluded in the statement
of Theorem 3.3. That is, if p ¢ S, then p is finite, ®,, is the characteristic
function of Wi(Zy), oy is the characteristic function of Vs(Zp), and m, is
spherical. Then if ¢ is invariant under GSpy(Zy) for all p ¢ S, 1(¢,s) =
Is(¢,s)L(m, Spin, 2s — 3).

Proof. The argument we use is well-known: see [4, Theorem 1.2] or [7, pg.
157]. For the reader’s convenience, we sketch the proof.

Let Q denote a finite set of places of Q containing S. Then it is the
definition of the adelic integral on the right-hand side of (3.4) that

I(¢7 8) = hﬂ IQ(¢? 8)

QDS
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in the range of absolute convergence of the integral. Now,

(3.15)  Iougpy (@, s)

/ 12 101 (9:5) 0 00} (9)6x(9) dg
U(Aauip1)Z(Aauipy)\ GSpy(Aquipy)

_ / 29, 8)ayal9)
U(Aqo)Z(Aa)\ GSp,(Aq)

X ( / £ (gp. 8) 0 p(9p) D3 (9p9) dgp> dg
U(QP)Z(QP)\ GSP4(Qp)

since f® and o are factorizable.

Fix g in GSpy(Aq) and denote by V the space of the representation
mp. Since ¢ corresponds to a factorizable element of the space of 7 under
some choice of isomorphism 7 = ®,m, and is GSp,(Z,)-invariant, there is
a spherical vector vg of V. and a mp-equivariant map ¢, from V; into the
space of cusp forms on GSp,(A) that sends vy to ¢.

Consider the functional ¢ : V; — C given by ¢(v) = H(7w(g)t,(v)). Since
the elements in GSp,(Aq) and GSp,(Q,) commute, £ is a (U, x)-functional
on V. Furthermore, ¢, (gp9) = ¢(7(gp)vo). Hence by Theorem 3.3, the inner
integral in (3.15) is equal to L(m,, Spin, 2s — %)€(vo). But £(vg) = ¢y (g), so
Tougpy (@, 8) = (9, s)L(mp, Spin, 25 — %) Taking the limit over Q D S yields

I(¢a 5) = IS(¢7 S)LS <7T, Spina 2s — ;)

as desired. O

For a finite prime p, denote by H, the Hecke algebra of locally constant,
compactly supported functions on GSp,(Q). The integration over the bad
finite places in Ig may be controlled using the following proposition.

Proposition 3.5. For any v, in Vy,, there exists a Schwartz function ®,
on Wy(Qp), a Schwartz function oy, on V5(Qp), and an element B, in H,
such that for all (U, x)-functionals ¢,

/ £22(g, ) p(9) (T (9) (By * 1)) dg = £(uy).
U(QP)Z(QP)\ GSp4(QP)

The proposition is proved in Section 5. One also has the analogous state-
ment for the integral J. As in Corollary 3.4, one can use this proposition to
control Ig(¢,s).
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Corollary 3.6. Suppose the cusp form ¢ and the finite set of places S are
as in Corollary 3.4. Then there exists = Qpfp in Qpes\foc)Hp together
with ®, and oy, for all p € S\ {oo} such that Is(f * ¢, s) = Io(o, s).

Proof. Since ¢ corresponds to a factorizable element under some choice of
isomorphism 7 = ®,7,, for each p in S\ {oco} there exists a m,-equivariant
map from V into the space of cusp forms on GSpy(A) and an element v,
in V. such that v,(v,) = ¢. Let §,, ®,, and o, be functions that satisfy the
conclusion of Proposition 3.5 for this v,.

Suppose that 2 is a finite set of places contained in S and containing

00, and set B = HveQ\{oo} By. We will show o (Baugpy * @5 8) = Ia(Ba *
¢, s). Granted this equality, the corollary follows by descending induction
on €.

As in the proof of Corollary 3.4, one has

(3.16)

Tougpy (Baugpy * ¢, 8) = 189, 8)ay.0(g)

/U(Afz)Z(An)\ GSp,(Ae)
X (/ f;?p (9p» 5)ax7p(9p)(5ﬂu{p} * &)x(9p9) dgp) dg.
U(QP)Z(QP)\GSP4(QP)

Fix g € GSp,(Agq). Define a functional £ : V; — C by
l(v) = H(m(g)Ba * tp(v)).
Then ¢ is a (U, x)-functional on V. and

(5Qu{p} * 0)x(9pg) = €(mp(gp) Bp * vp).

Since f8,, ®,, and «,, satisfy the conclusion of Proposition 3.5, the inner
integral in (3.16) is £(v,) = (B * ¢)y(g). Hence

Taugpy (Baugpy * ¢, 5) = Ia(Ba * ¢, 5),

completing the proof. O

It follows immediately from Corollary 3.4 and Corollary 3.6 that the
data (®, ¢, ) for the integral may be chosen so that

I(¢/7 S) - IOO((ba S)LS <7T, Spin, 25 — ;) :
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We also verify in Section 5 that the integral J(¢,s) can be made non-
vanishing for any cuspidal automorphic representation. Namely, we prove
the following proposition.

Proposition 3.7. Suppose that ¢ = v ® vy is factorizable under some
choice of factorization ™= oo @ ¢ and that H(¢) # 0. Then there is a
smooth vector vl in the space of oo together with a Schwartz function @
in S(Wi(R)) such that if ¢’ = vl @ vy, then the Archimedean integral

(3.17) Jool(d,5) = / H(n(g)¢!) 2= (g, s)dg
N(R)Z(R)\GL; , (R)

1 not identically zero.

One can prove the analogous result for the integral I(¢, s).
3.3. Main theorems

We summarize the findings above in the first main theorem.

Theorem 3.8. Suppose w is an automorphic cuspidal representation of
PGSpy(A), and ¢ is a cusp form in the space of m. Then the data oy, ®,
and ¢' € Vi may be chosen so that

(¢, 5) = Ino (6, 5)L° (7‘(’, Spin, 25 — ;)

for a sufficiently large set of finite primes S. Similarly, the data may be
chosen so that

J(¢/7 S) = JOO(¢7 S)LS <7T7 Spil’l, 28 - ;)

for a sufficiently large set of finite primes S.

In Theorem 3.8, the Archimedean integral I (¢, s) is given by (3.14)
with Q = {oo}, and similarly for J. (¢, s). Observe that these integrals in-
volve the actual cusp form ¢ rather than an arbitrary (U, x)-functional £.

If ¢ comes from a level one holomorphic Siegel modular form, then m, is
spherical for all finite primes p. (See Section 6 for a precise statement.) Thus
we can select ®,, and «, for all finite primes p so that the set of bad places
S in Theorem 3.8 is empty. Furthermore, we can even choose s, and @, in
such a way that we can calculate I, (¢, s) explicitly in terms of I'-functions.
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Theorem 3.9. Suppose ¢ comes from a level one holomorphic Siegel mod-
ular form fy of weight' r > 6, as made precise in Section 6. Set T = ( -b 1)

if D#1 (mod 4) and T = ( j > if D=1 (mod 4). Denote by a(T) the
Fourier coefficient of fg4 correspondmg to the two-by-two symmetric matrix
T. Then as, Pow may be chosen so that

Ino (¢, 5) = a(T)m =2 (4m)~Zs+=21(25)0 (25 + 1 — 2).

Consequently, with this choice of data,
1
I(¢, s) = a(T)mn 25 (47)~sH7=2D0(26) (25 + 1 — 2) L (m Spin, 25 — 2) :
This theorem will be proved in Section 6.

4. Unramified calculation

In this section, we carry out a purely local non-Archimedean calculation to
prove Theorem 3.3. Thus p in this section always denotes a fixed finite place.
Both here as well as in Section 5, we will find it convenient to have a notation
for the characteristic functions of sets. If P is a condition on, say, the set
of four-by-four matrices, then char(P) denotes the characteristic function of
the set where P is satisfied. For instance, char(det(g) # 0) denotes the char-
acteristic function of GLy4 inside My. Since we will use char(g € My(Z,)) very
frequently, we write just char(g) for this characteristic function of My(Z,).
The exact domain of definition of the functions char(P) will always be clear
from the context.

The general strategy for proving results such as Theorem 3.3 goes back
to Piatetski-Shapiro and Rallis [13]. Define

(4.1) A*(g) = [v(g)I° char(g),
where s € C and g € GSp4(Qp). One starts with the explicit determination

of L(mp, Spin, s) in terms of Hecke operators, which is codified in the follow-
ing statement that relates this local L-function to A®.

'In the presence of our level one assumption, the condition r > 6 is redundant,
since the smallest weight of a level one holomorphic Siegel modular cusp form on
GSp, is 10.
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Proposition 4.1. Suppose Q,(g) is the Macdonald spherical function for
the unramified representation m,, normalized so that Q,(1) = 1. Then

—2s : 3
/ A%(9)Qp(9) dg = (1 — wx(p)p* **)L (Wp,Spln, 5 — 2) ,
GSp4(Qp)

where wy is the central character of mp.

This is a classical result of Shimura [15, Theorem 2] in the theory of the
rank two symplectic group. A proof can be found in [2, Proposition 3.53].
Since the statement and proof in [2] is in a semi-classical framework, we give
a self-contained argument in Appendix A as well as definitions of €2, and
the local Spin L-function.

Suppose now that ¢ is a (U, x)-functional as defined in Section 3.2. If vy
is a spherical vector for 7, it follows from Proposition 4.1 that

[ saaw) dg
GSP4(QP)

_ / A%(g) / 0(r(kg)vo) i dg
GSp,(Z,)\ GSp,(Qy) GSp,(Z,)

— 0(vp) / A*(9)2(g) dg
GSp,(Q»)

= L(vo)(1 — wa(p)p® *)L <7rp, Spin, s — 2) 7

where we have used the invariance of A under left GSp,(Z,)-multiplication
in the first equality and, in the second, the fact that

(4.2 )y lo) = | ., Lrlkgpo

To see the validity of (4.2), note that the right-hand side of this equation
defines a bi- K-invariant function on GSp,(Q,), whose value at g = 1 is £(vp).
Since the eigenvalues of this function under the action of the spherical Hecke
algebra of GSp,(Q,) agree with those of a nonzero spherical vector in the
space of 7, the equality follows. (When ¢(vy) = 0, this argument shows that
both sides of (4.2) are 0.)

Thus, to prove Iy(¢, s) = (vg)L(mp, Spin, 2s — %), it suffices to prove

43) sl (050 ) = [ s ds
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We will prove this by explicitly calculating both sides.

Recall the definition of a , from (3.2). We now calculate a, , when o, is
the characteristic function of V5(Z,). To succinctly express the result, we first
define functions Ag and A}, as follows. First, by the Iwasawa decomposition,
any m € GL2(Q,) can be transformed by right GLy(Z,)-multiplication to a
matrix of the form (™ 772 ). We then set

(04) Aymy< ! fmzmmumalmi, and (72 =D  (mod F)
0 otherwise
if D#1 (mod 4) and

(45)  Ap(m)

_ {1 if mag|miy, maa|2myg, and (22)2 — 2 = Dl (mod 2aL)

ma2
0 otherwise

if D=1 (mod 4). This definition is independent of the choice of my1,m12,

and mey. For a matrix
my
m =
my

in the Levi of the Siegel parabolic of GSp,, so that m;, m; are 2 x 2 matrices,
we define
<1)

Proposition 4.2. Suppose that oy, is the characteristic function of Vs(Zy).
Then if m is in the Levi of the Siegel parabolic, o p(m) = Ag(m).

det(my) 1/2

det(my)

det(my)
det(my)

(4.6) Ap(m) = char ( o (my).

Proof. Suppose

(4.7) m =

and

n24(z) =
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Then if D # 1 (mod 4), we have

vpnaa(z)m = (5_1(cd — Dab)(e1 N f1 —ea A fo) + (5_1(Da2 — C2>61 A fo
+ 6 1(d? = DV¥?)ex A f1 — ;fl A fa,
where
6 = ad — be.

Since o, p(m) is invariant under right GSp,(Z,)-multiplication, we may as-
sume b = 0. Then

Da? — 2

d
e1N fo+—ea A fi
ad a

an24(z)m = 2(61 A fl —ea A\ fQ) +
— ;fl /\f2.

Thus, under our assumption on «,,, for the integral

/ (=)o (vpnz(z)m) dz = angp(m)
Qp

.. 22 .
to be nonzero, it is necessary to have <,22—=< and < in Z,. If these
’ a’ ad a p

hold, by orthogonality of characters on the compact subgroup of Q, where
ap(vpnaa(z)m) is supported, the integral is nonzero exactly when |\ <1
and in this case equal to |A|. The conditions for the first three coefficients are

det(m.)

1/2
et (my) , the propo-

exactly the conditions defining Ay (my). Since |A| =

sition follows.
If D=1 (mod 4), we have

D—-1 1
an24(z)m = (5_1cd — Td_lab + 2> (61 Afi—ea A fQ)
D—-1
+61 <4a2 —ac — 02> e1 A fo
D—-1
+ o1t <d2 + db — 4b2> ea N f1— ;fl A fa.

When b = 0, this is

o
Q

2

2 N1 Dol e (e d
E—’_l 5(61/\f1—62/\f2)+ 61/\f2+562/\f1

- ;fl A fa.

Qe
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Reasoning as above and using the different integral structure on V5(Z,) in
this case yields the proposition. O

Recall the formula (2.8) for the section fz? (g, s) appearing in the defini-
tion of the Eisenstein series. Applying (2.8), we now compute

L(t,s) = / £2(9. 5, ®)ary (9)£(m(g)v0) dg
U(QP)Z(QP)\ GSP4(QP)

_ /M 551 (9)[(9) 2 B( fag)ay (9)(m(g)v0) dg

P

- / 571(9)|v(9)[?* Do(g) char(g)¢(m(g)o) dg.
M(Q,)

For the last equality, it follows easily from the definition in (4.6) that if
Ap(g) # 0, then ®(fag) # 0 if and only if char(g) # 0. For an element g of
CL4(Q,), we define val,(g) to be the unique integer such that g = p¥a»(9) gq
with g in My(Z,) \ pMs(Zp). Then

(4.8)
1t s) = 3 (bl *wa(p)*
k>0
x / 551(9) (9> Ao(g) char(val, (g) = 0)¢(x(g)vo) dg
M(Q,)
= (1—we(p)p™) ™"

x / 551(9)1(9)[>* Bolg) char(val,(g) = 0)¢(r(g)vo) dy.
M(Q,)

Shifting the s parameter, we deduce that

49 a-w i (£25)

- / 551 (9) v(9)*~ Bolg) char(val,(g) = 0)£(x(g)vo) dy.
M(Q,)

We now consider the right-hand side of (4.3), which is

/ A%(g)(m(g)v0) d.
GSp,(Qy)
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By the Iwasawa decomposition, we may rewrite this integral as

/ 55! (9)[v(9)]t(x(g)vo) { / X (u) char(ug) dU} dg.
M(Q,) U(Q,)

We study the conditions under which the inner integral can be nonvanishing.

Lemma 4.3. Define Ky = GSpy(Z,) N M(Qy), let g be in M(Qp), and
suppose that g is equivalent by right Kyr-multiplication to a matrix with
bottom right 2 x 2 block of the form <pa pbé>. Then

(4.10) /U(Q )X(u) char(ug) du

is 0 unless 6 =0, a >0, and b> = D (mod p®) or b> — b = % (mod p®)
in the respective cases that D #1 (mod 4) or D =1 (mod 4). When these
conditions hold, the integral is p=.

Proof. The set U, defined by U, = {u € U(Q,)| char(ug) # 0} forms a com-
pact abelian group. Hence by orthogonality of characters, the integral van-
ishes unless  is identically 1 on U,. If § > 0 then the matrix with upper
right block (8 p91 ), whose image is nontrivial under ;, is in Uy, so the inte-
gral vanishes. So we must have § = 0, and o > 0 is forced by the integrality

of ug. The matrix u € U(Q,) with upper right block (—i;i“ ;f::)

Ug. As x(u) is w(bQPZD) or ¢(b27l;ﬁ) if D#1 (mod4)or D=1 (mod 4)
respectively, we obtain the third condition. Finally, when all the conditions
are satisfied, suppose u has upper right block (! %:2). Then one sees that
for u to be in U, we must have ui; € p~*Zy, and then that uq2, uge are
determined modulo Z,. The third condition forces x to be trivial on Uy, so

the integral is the measure of U,, which is p*. U

is in

Although Lemma 4.3 treats g of a special form, the integral (4.10) is invariant
by right K j/-multiplication, so there is in fact no loss of generality. Note also
that when p is inert in L, the only 2 x 2 matrix satisfying the conditions
given in Lemma 4.3 is the identity.

We next need to understand the relationship of the model with the
various integrality conditions that appeared in (4.9).

Lemma 4.4. Suppose that g = (""" 1, ) € M(Qp), where my, my € Ma(Q)).

If £(m(g)vo) # 0, then |Semd| < 1.
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Proof. For u € U(Z,), we have

U(m(g)vo) = U(m(g)uve) = x(gug~")((g)vo)-
Thus if £(7(g)vo) # 0, we must have x(gug~') = 1 for all u € U(Z,). Define
X=(P))or ( i 2)iftD#1 (mod4)or D=1 (mod 4), respectively.
Then if u = (12 ) for n, € Ms(Zyp), we have

x(gug™") = Y(tr(mmumy ' X)) = p(tr(namy, ' Xmy)).

Hence £(7(g)vo) # 0 implies m, ' Xm; is half-integral. We will use this to
show that |det(mt | <1.

Assume that g is written in the form specified by (4.7). We may assume
without loss of generality that m; is upper-triangular, i.e. b = 0, since the

hypotheses and results are insensitive to right-multiplication by an element
of M(Zy). Then we define Y to be the matrix

-D LoD eg(e)? e
or [ — 4 — 2ta

1 c d

3 ta a

in the respective cases D Z 1 (mod 4) or D =1 (mod 4). We write x =
and y = < so that

2_ y2+y+% 1
(4.12) Y:(”x”y) or < 2+y>.
y z Tty x

Denote the set of half-integral 2 x 2 symmetric matrices by Symy(Z,)".
Above we showed that mb_let =AY € Symy(Z,)". Since ‘gzt(mt” = [)\?,
we need || < 1. Thus it suffices to check that Y ¢ pSym,(Z )V.

First assume D # 1 (mod 4). If yng and x € pZ,, then y> — D =0
(mod p?). Tt follows that if pJ(QD, y is a unit. Hence Y ¢ pSym,(Z,)".
If p|2D, the congruence y*> — D =0 (mod p?) has no solution since D is

square-free and D # 1 (mod 4). We again obtain Y’ gé pSme( p)Y.

Now assume D =1 (mod 4). As above, if ¥ o ,x € pZ,, we have
y? +y = D L (mod p?). In particular, y is p—lntegral. Thus if p =2, the
entry 3 +y of Y shows that Y ¢ pSymy(Z,)Y. If p > 2, we rearrange to
obtain (y+ 3)> =D (mod p?). Just as in the D # 1 (mod 4) case, if p|D
then this congruence has no solution since D is square free, and if pt D
then y + 1 is a p-adic unit. So Y ¢ pSymy(Z,)" in all cases, finishing the
proof. O

™

5

(4.11) Y =XA"tmy 1 Xmy = (

2 |0 2la)
2la 2o

ISHISH
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We can now prove the following.

Lemma 4.5. If g € M(Q,) and {(m(g)vy) # 0, then
/(Q )X(U) char(ug) du = [v(g)|~" Ao(g) char(val,(g) = 0)

Proof. Write g = (™" ,,, ), and assume without loss of generality that m;, =

(p " ; ) Then when both sides are non-zero, Lemma 4.3 shows that they

are equal. It remains to check that the vanishing conditions on the two
sides are the same. If the right-hand side is non-zero, my € My(Z,). Since
l(m(g)vo) # 0, Lemma 4.4 verifies that ]g: m’)| < 1. It follows from this
inequality and the condition val,(g) =0 that some entry of my is a p-
adic unit. The conditions defining Ag(g) then force 6 = 0 and either the
congruence b> = D (mod p®) or b? + b= 2 (mod p®). Conversely, these
conditions verify that m;, E M>(Z,) and prov1de a unital entry in my. Using
Lemma 4.4, we have |§Z§ me) | <1, so my is integral. It follows that val,(g) = 0

andAo( )750 O

We may now compute

[ sty
GSp,(Q»)

—/ 0p (9| (g)[*(m(g)vo) {/ x(u) char(ug) dU} dg
M(Q,) U(Q,)

-/ o, B @0 Bofg) chaval ) = 0)f(x(5) ) .

This last line is what we obtained in (4.9) for (1 — wx(p)p®~2*)L,(¢, 5%).
Thus

s —(1-w 2-2s g
/GSM(QP)A(g)f(ﬂ(g)vo)dg—(l =(P)p" ) (& 5 )

completing the unramified calculation for the integral I.
We now treat the integral J by reducing the unramified calculation to
the one completed above. We have already computed the right-hand side
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of (4.3). We thus need to compute

s—1 s—1
(e = 2 (0550 ) tator) do
N(Qp)Z(Qp)\GL; 1(Qy)

Substituting the definition (2.8), applying the Iwasawa decomposition, and
rearranging, we obtain

s—1 _ _
5(6557) = [ @l e o) do
T7(Qp)

Here T} and B} denote the torus and Borel of GL3 ;. The explicit description
of g in (2.3) or (2.4) shows that if ®(fog) =1, the bottom right block of
g is integral (and conversely). If ¢(m(g)vg) # 0, Lemma 4.4 ensures that
gg,:g:;;; | < 1and thus g € My(Z,). We may reduce to the case that val,(g) =
0 by the same process used in (4.8), which gives

T (é’ 8;1> = (1-wr(pp*>) "

x / 571 (9)|(g)|°~" char(valy(g) = 0)£(x(g)vo) dg.
T7:(Qp)

The unramified calculation now reduces to checking the following proposi-
tion.

Proposition 4.6. We have

(4.13) /M(Q 97 (9)0)"™ Boll) chax(sal ) = 0)(g)) ds

L

w19 = [ @l char(rae) = 0)(r(g)un) do

Proof. We claim that if h € GL2(Q,), then the matrix Y defined by ¥ =
h=1X (det(h)th~1) is half-integral if and only if Af(h) # 0, where X is the
matrix defined in Lemma 4.4. To check this, it suffices to assume that
h = (¢) is upper-triangular. Then Y was computed in (4.11), and an
inspection of the matrix on the right-hand side of (4.11) verifies the claim.

We next use the claim to verify that if the integrand in (4.14) is non-zero,
then so is the integrand in (4.13). This amounts to checking that if (" ,,, ) is
in T7(Qp), then Aj(my) # 0. Using the explicit form of the matrix my, spec-
ified in (2.3) or (2.4), one checks immediately that m;, X (det(m;) 'm, ) = X
is half-integral, which implies by the claim that Aj(myp) # 0.
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We claim that in fact there is a bijection, induced by the embedding
T; € M, from the elements of T (Qy)/T}(Z,) for which the integrand on
the right is nonzero to elements of M(Qp) /M ( p) for which the integrand
on the left is nonzero. We have just observed the existence of an injective
map and need only check the surjectivity. Maintain the notation of (4.7). By
Lemma 4.4, if g € M(Q,) satisfies £(m(g)vo) # 0 and val,(g) = 0, we have

32: m:) | < 1, so some entry of the lower right 2 x 2 block of g is a unit. As in

the proof of Lemma 4.5, Ag(g) # 0 forces g to be equivalent by right M (Z,)-
multiplication to an element of My(Z,) N M(Qp) with my = (*° ll’), where
b’ =D (mod p®) or b?> —b= % (mod p®) depending on D (mod 4) as
before. The coset in M(Q,)/M(Z,) is determined by «, b, and A. (Note that
changing b by a multiple of p®* does not change the coset.) Given choices
of a,b, and A meeting the aforementioned conditions, we will produce an
element of T} (Q,) equivalent to m by right M (Z,)-multiplication.

Assume that D # 1 (mod 4). We will choose an element mj € M>(Z,)
such that if one sets mj = Adet(m})!(m;)!, the matrix m’ = (m; m;> is
in T7(Qp) N mM (Z,). If p|D, the relation b*> = D (mod p®) forces a = 0 or
a =1 and (possibly after changing m within its coset) b = 0. Then mj =
(D 1) puts m’ in the same coset as m. If p = 2 and D is odd, the condition
D # 1 (mod 4) again forces & = 0 or & = 1. The case o = 0 is trivial, and if
a =1 we may assume b = 1. Setting mb (1 D) again puts m’ in the same

coset as m. Finally, we assume p t 2D. We define an element m/(y) € T7(Qp),

b+py D
1 b+p>y

and the upper left to be mj}(y) = Adet(m} (7))t (m}(v))~!. Then after apply-

. . _ )2 e
ing column operations, my transforms to (D (b+yp®) b+¥p . We have

where v € Zj,, by defining the lower right block to be mj(y) =

— (b+7p")? = D — b — ¥*p** + 2byp”
= (v = ¥°p™ + 2by)p°,

where 7/p® = D — b%. Since p{ 2D, 2b is a unit. Then for any 7/, one can
choose 7 so that +' 4 2by and thus ' — ?p® + 2by is a unit. Multiplying
the first column of (D —(btp)? b*Ypa ) by the inverse of this unit and then

subtracting 7 times the first column from the second yields (pa 11’) as needed.
Now assume that D =1 (mod 4). Examining (2.4), the matrix mj must

now be of the form (; ﬁ") Consider the matrix mj(y) € Ma(Z,) defined

for v € Z), by mj () = (bj?p b+:§: . ) . By applying column operations one
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1-D

can transform this into <(b+7pa)2*(b+7pa)+ n ’1’) We have

1-D 1-D
(b+9p™)? = (b+9p") + —— =" = b+ —— + (2b = 1) + %™
= (4 (2b = Dy +4°p" )",

where v'p® = b% — b+ %. If 2b—1 is a unit, then v may be chosen so
that 7/ + (2b — 1)y +~%p® is a unit and the argument proceeds as above.
If p|(2b — 1) (which means p # 2), the transformed relation 4b% — 4b + 1 =
(26— 1)2 = D (mod p®) forces either a = 0 or p|D and a = 1. The former

D—1
case is trivial, and in the latter case we claim that we may use (Il’ b )

Indeed, if we subtract b — 1 times the left column from the right, switch
2 1-D
b>—b+1=2 I;)
We have ord,,(b? — b+ 152) = ord,,(4b* — 4b+ 1 — D) = 1 since p?|(2b — 1)?
and p exactly divides D.

It remains to check that for each m € T} (Q,) for which the right-hand
side integrand is non-zero, the two integrands are identical when evaluated
det(m.) 1/2
det(my)
by direct calculation. O

columns, and multiply by the left column by —1, we obtain (

at m. In other words, we need d5'(m)

= 5;21 (m), which is clear

5. Ramified calculation

In this section we will prove Propositions 3.5 and 3.7. Let p be a place of
Q, either finite or infinite. Suppose that ¢ is a (U, x)-functional on V; and
®,, is a Schwartz function on Wy(Q,). (We use the notation Q- = R.) For
a smooth vector vy in V , consider the integral

6.1 b, s) = £y (g, 9)U(m(g)vr) dg.

/N(Qp)Z(Qp)\GLE,L(Qp)

We decompose the domain of the right-hand side integral in (5.1) as
follows. Let

T' = {t € GSp, |t = diag(y,y,1,1),y € Gy, } .



204 A. Pollack and S. Shah
We have

T v, ) = / 11(9)[°®, (f29)E(x(g)v1) dg
(Qu\GL; .(Qp)

(5.2) _ / (1) / B, (foxt)(r(at)or) da dt
T'(Qp) N(Qp)\SL2,L(QP)

(5.3) :/ |V(t)]232/ O, (fox)l(m(ta)vr) dz dt
T/(Qp) N(Qp)\ SL?,L(QP)

(5.4) :/ <I>p(f2:r)/ (1) 2¢(n(ta)vy) dt dex.
N(Qp)\SL2,.(Q;) 7(Qp)

Here, to go from (5.2) to (5.3), we applied the change of variables o ~ tzt !
and used fot = fo.

Before proving Propositions 3.5 and 3.7, we consider one more prepara-
tory fact. Let v be a smooth vector in V; , let n be a Schwartz function on
Q,, and set

1 0 0
u(z) = 1 (1) &
1
Suppose
(5.5) 111:/ n(z)m(u(z))vdz.
G.(Qy)

Then if ¢t = diag(y,y, 1,1),

Ix(tu(2)t™1) dz} £(tw)

{ )i(yz) dz}ﬁ( v)
Ay

(5.6)

Here, 7} is the Fourier transform of 7, defined to be the expression in braces
n (5.6).

The following lemma gives the analogue of Proposition 3.5 for the inte-
gral J. Recall that H, denotes the Hecke algebra of locally constant com-
pactly supported functions on GSp4(Q,).
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Proposition 5.1. Suppose p is a finite place. For any v in V; , there exists
a Schwartz function ®, on W4(Qp) and an element 3, of H, such that for
all (U, x) functionals ¢

o6,y % v, 5) = / £22(g, 5)0(m(g)(B, * v)) dg = £(v).
N(Q,)Z(Qp)\GL3 1 (Qy)

Proof. Denote by Ky = {14 + p" M4(Z,)} N GSp,(Q,) the congruence sub-
group of level pV of GSp,(Z,). The vector v is stabilized by some Ky,
N >> 0. We may choose 1 in C°(Q,) so that 7j(y) = char(y € 1+ p"Z,). In
fact, n(z) = ¥(—z)|p|" char(p" z € Z,) is the unique such .

The vector vy, defined as in (5.5), is stable by some congruence subgroup
Kn,. The stabilizer of the action fo — fag for g in SLg 1(Q,) is exactly
N(Qp), so we may select ®, such that the function x — ®,(faz) is the re-
striction to SLy 1,(Qp) of the characteristic function of N(Q,)Ky,. Choosing
such a ¢, and putting it into (5.3), we obtain

Jp(l,v1, )

= / |1/(t)|25_2/ char(z € N(Qp)Kn,)l(m(tz)vy) dz dt
/(Qp) N(Qp)\ SL?,L(QP)
_ / ()] 20(n (t)vr) dt
T(Qy)

=C ]y|25*2 char(y € 1+ pNZp)Z(W(ty)v) dy
GLI(QP)
= Cl(v)

for some positive constants C’ and C' that do not depend on ¢. Here t, =
diag(y,y,1,1). Choosing 3, so that 3, * v = C~tv; gives the proposition. [J

Proof of Proposition 3.5. Pick oy, so that ay(vpg) = char(g € GL3 | K) for
N sufficiently large. Then we are reduced to the case in Proposition 5.1. [J

The following lemma immediately implies Proposition 3.7.

Lemma 5.2. Suppose that v is a smooth vector in Vy_, € is a (U,x)-
functional on the space of such smooth wvectors, and £(v) # 0. Then there
exists a smooth vector v’ in Vi_ and a Schwartz function ®, so that the
integral Joo(£,v', 8) is not identically zero.



206 A. Pollack and S. Shah

Proof. Choose a Schwartz function 7 on R with 7 compactly supported near
y =1, and define v; as in (5.5). Set t, = diag(y, y,1,1). Then

/ ()22 (o) dt = / 2 2i(y) 0 (t,)0) dy
"(R)

GL:(R)

can be made nonzero for an appropriate 7 since ¢(v) # 0. With this choice
of vy, the inner integral in (5.4) is nonzero when x = 1. As in the proof
of Proposition 5.1, given any smooth function ® on SLg 7 (R) that is left
N(R)-invariant and compactly supported on N(R)\ SL2 ,(R), we can pick
® ., such that @ (foxr) = ®'(x). For Re(s) > 0, the integrand in (5.4) is con-
tinuous as a function of x € SLy 1,(R). Hence we can choose @, so that (5.4)
is nonzero. Setting v’ = v1 proves the lemma. O

6. Holomorphic Siegel modular forms

The purpose of this section is to prove Theorem 3.9. We choose the data aq
for P& and @, for E(g, s, f®) so that the Archimedean integral I, (¢, s) may
be computed explicitly when ¢ comes from a level one holomorphic Siegel
modular form. We will see that for such a ¢ and with our choice of data, the
Archimedean integral is equal to 7~ 2%(47)~(25t7=2)(25)T'(25 4+ 7 — 2) up to
a constant. The discriminant D is negative throughout this section, so L =
Q(v/D) is an imaginary quadratic field. We use the notation u(X) = (* {(2 )
for a symmetric 2 x 2 matrix X in this section. The paper [9] of Kudla was
very helpful for us in making the correct choice of a.

6.1. Preliminaries

Denote by Ho the upper half space of symmetric 2 x 2 complex matrices
with positive definite imaginary part. We write GSp} (R) for the elements
of GSp4(R) with positive similitude. Then GSp; (R) acts transitively on H
via the formula

( é g >Z:(AZ+B)(Cz+D)1,

We set i = /—1 and, abusing notation, also denote by ¢ the 2 x 2 matrix
ilg € Hy. Denote by K the subgroup of Sp,(R) that stabilizes i. Then

KOO_{< - i):AJrz’BeU(Q)}.
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For v € GSpy(R), v = (A B) and z € Ha, we write j(v,z) = det(Cz + D).
In this section, we assume our cusp form ¢ satisfies the following two con-
ditions.

1) We have ¢(gkrkoo) = j(koo, i) "¢(g) for all ks € T[], GSpy(Zp) and
ks € K.

2) The function fy : Ha — C defined by

fqﬁ(QOO(i)) = V(goo0)” "7 (goos 1) D(goo)
for all g, € GSpj (R) is a classical holomorphic Siegel modular form.

Assumption (1) implies that the function fy is well-defined. Assumption (2)
ensures that fy is a holomorphic function on Hs. It is then a consequence
of assumption (1) that it is a classical Siegel modular form of level one and
weight r. For a general discussion about the relationship between Siegel
modular forms and automorphic representations, see [3, §4].

Since fy4 is a level one Siegel modular form, it has a Fourier expansion
of the form

fo2) = 3 a(§)mi ),
S>0

Here the sum is taken over 2 x 2 symmetric matrices S that are half-integral
and positive definite, and the Fourier coefficients a(S) are in C. Set

(P,) D#1 (mod4)
(6.1) I= (liD%) D=1 (mod4)

The matrix T is associated to y in the sense that x(u(X)) = ¢ (tr(TX)). It
follows from assumptions (1) and (2) that for g € GSp] (R),

(6.2) by (gso) = a(T)v(g) (g, 1) T e2mi x(T9(@),

Indeed, suppose u(X) = u(Xoo)u(Xy), and u(Xy) € GSp4(Z). Then apply-
ing the two assumptions,

(6.3)  v(9) (g, 0) d(u(X)g) =D XX g(g)e2m r(Sed),
5>0

The natural inclusion

Up(Z)\Up(R)Up(Z) — Up(Q)\Up(A)
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is a bijection. Applying (6.3), one obtains

64)  1(9) " H(0.1) by (gm0) = / (e (T X))

Up(Z)\Ur(R)Up(Z)

% (Z e?ﬂ'itr(SXoo)a(S)ezm“‘(Sy~i)> dx

S>0
_ a(T)e27m' tr(Tg-i) )

If goo € GSpy(R) has v(gss) < 0, then our assumptions imply ¢y (goo) =
0. To see this identity, first set g/, = (7' )__ goo, s0 that v(g/,) > 0. Then

by (go0) = / X (X)) (X ) goo) dX
Ur(Q)\Ur(A)

/ )
Ur(Q\UP(A)

(
< (1) u(X) (71)) goo) X
X H(u(=X))¢(u(X)gho) dX

X)) u(x)

/[‘]P(Q)\UP(A)

/ G L (er(~T X)) (u(X)gle ) dX,
Up(Q)\Ur(A)

where we have used that ¢ is invariant on the right by GSp4(Z). The van-
ishing of the quantity on the last line follows as in the computation (6.4)
since fg(Z) has no negative definite Fourier coeflicients.

We define the Koo-invariant inner product {-,-}4 on Wy(R) to be the
unique inner product for which ey, es, f1, f2 is an orthonormal basis. Denote
by {, }5 the inner product on A2W4(R) D V5(R) induced by {-,-}4. That is,
if uy,ug, vy, vy are in Wy(R), then we set

{u1 A ug,v1 Avats = {ur, v fa{ug, vats — {ur, va}ta{ug, vi}a

and extend {-,-}5 by linearity. Since {-,-}5 is induced by {-,-}4, {-,-}5 is
also Koo-invariant. Finally, denote by || - || the norms on W4(R) and V5(R)
associated to these inner products. That is, |[v||*> = {v,v}4 or {v,v}5. One
has

|ater + azea + b fi + bafo|® = a? + a3 + b2 + b3
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and

|Aes A ey + Bier A fo+ Ba(er A fi —ea A fo) + Bsfi Aea + Cf1 A fal?
= A%+ B} +2B2 + B2 4+ C*.

6.2. Definition of and results on Pf
We now define ao. Let 7 > 6 be an integer. Define a vector
(6.5) w=—(e1 —if1) A (e2 —ifa) € V5(C).

Then for g € GSp,(R) we define

—T

(6.6) aoo(g) = (w,vpg)

Recall that vp is defined by (2.6) or (2.7) depending on D (mod 4) and that
(+,-) is the GSpy-invariant linear form on V5 defined in Section 2.1. We will
see shortly that the hypothesis g(v) = (v,v) <0 implies (w,v) # 0, and
hence a is well-defined.

We have assumed that a = [], «, is factorizable. Define ay =[], . o
to be the finite part so that a = ay ® as. With this definition of a., one
obtains

Pp(g) = > ay(vpygs) (W, vpYges)
vEGL; L (Q)\ GSp,(Q)

Note that s is not a Schwartz function on Vi(R), but we will shortly
see that the condition r > 6 implies that P75 is absolutely convergent and
defines a function of moderate growth. The following lemma summarizes the
properties of w that we need.

Lemma 6.1. The element w= —(e; —if1) A (ea —if2) € V5(C) has the
following properties.
1) wkoo = j(koo, ) ‘1w for all ks € K.

2) For v € V5(R), |(w,v)]* = ||v||* — (v,v), and hence (w,v) is not zero
when q(v) < 0.

3) Suppose that g € GSp; (R) and v € V5(R). Then j(g,7)"'v(g)(w,vg),
as a function of g, is right-invariant under Z(R)K, so it descends
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to a function of Ho. If

(6.7) v=Ae; Nes + Biei A fo + B2<61 A fi—ea A fg)
+ BsfiNea+ Cf1 A fa,

and Z = g(i), then

(6.8) j(g.1) " w(g)(w, vg) = — Adet(Z) + tr (( _Bfl _Bég )z) —c

Proof. The first item is a simple calculation. For the second, assume v is

written in the form (6.7). Then one computes
(w,v) = (C — A) +i(By — B3) and (v,v) =2B3 — 2B, B3 +2AC,
from which the desired equality follows.

For the third item, we observe using the first part that v(g)j(g, 1) ‘wg™
is a right Z(R)K-invariant function and thus descends to Hsy. Hence to

compute it, we may assume g is in the Siegel parabolic, i.e. has the lower

left 2 x 2 block equal to zero. We will compare the expressions ¢(i) = Z and
v(9)7(g,1) " twg™! to obtain the formula

(6.9) v(9)j(g,%) twg ™t = —det(Z)fi A fo + z11f1 A e
+ z12(e1 A f1 —ea A fa) + za2e1 A fo —e1 A ea.

The third item follows immediately from this equality. To prove (6.9), we
first write a general element of the Siegel parabolic in the form g = nm,
where these matrices are defined by

a b

(1 X Ay c d
(M) (ML)
— b a

for X = (11 512). Let 6 = det (¢ %). Then g(i) = X +4Y = Z, where
)\< a2+ b ac+bd )

Y:g ac+bd 2+ d?
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We also have v(g) = v(m) = A and
o d —c
j(g,z)—det<_b a >_5a

s0 j(g,1) " 'w(g) = A
We need to calculate

1 1

v(9)7(g,1) twg™! = dwomIn"

in terms of a, b, ¢, d, X, §, and A. Recalling from Section 2.2 that V5 = /\(2]W4 ®

v, we calculate the action of m~! on w € Vs as

wm ™t = —((e1 = ifi) A ez = ife)m™) - v(m ™),

where m~! acts on e; and f; by right multiplication. In the following, we
will substantially simplify the calculation by writing W for the coefficient
of fi A fa since it can be identified using the other coefficients at the end.
Expanding the right hand side, we have

wm ™t = — (A) " (dey — bea) — 6 (afi + cf2)) A (M) (—cer + aes)

— 67 (bf1 + dfz))v(m)

= — (6A) " ((dey — beg) A (—ceq + aes)
—iXafy + cfz) A (—cer + aez) —iX(der — bea) A (bf1 + dfs)
+ WA f2)

= — (0N (6(er Aeg) — i + d¥er A fo
—iXac+bd)(e1 A fi — ea A fa) +iX(a® + ) (e2 A f1)
+ WA fa)

=— ((5)\)_1(5(61 A eg) —idyazer A fa —idyia(er A fr —ea A fa)
+idy1(e2 A f1) + WL A fa2),

where in the third equality we cancel many terms with opposite signs. We
now calculate
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1 1

Awm™n~
= — (e1 Neg —iyazer A fa —iy1a(er A f1 —ea A fa) +iyriea A f1
+WfHAf) -nt
= —(e1 — 711 f1 — m12f2) A (e2 — z12f1 — 22 f2)
+iym(er — z11fi — zi2f2) A fo +iy12((e1r — z11 fi — z12f2) A f1
— (e2 — w12 f1 — w22f2) A fo) +iyinfi A (e2 — z12f1 — 222 f2)
+ WA f2

=W A A fa+zi1fi Nea+ zia(er A fi —ea A fa) + zose1 A fa — e1 A ey,

where the last step involves many cancellations.

To determine W, we observe that (w,w) = 0 and thus v(g)j(g, i) twg™
is also isotropic for the pairing (-, ). Using the coefficients of the other terms
in the expression for v(g)j(g,i) ‘wg™!, we obtain —2W + 223, — 2211299 =
0, or W = —det Z. The third item now follows. O

1

Using Lemma 6.1.(2), we can check that the sum defining Pg} converges
absolutely and defines a function of moderate growth. First note that there
is a Schwartz-Bruhat function oy on V5(Ay) that satisfies

e |af(v)] < af(v) and

° o/f is a constant times the characteristic function of an open compact
subset of V5(Ay).

Suppose that g = gfgoo. Consider the set A’(gs) consisting of those elements
v of V5(Q) that satisfy o;(vgy) # 0. Then A’(gy) is a lattice in V5(R). Hence

1
(lvgool * + D)

(6.10) PB)l < D

veEN (gy)

The right-hand side of (6.10) converges for » > 6, and this expression also
shows that Pf(grgeo) is a function of moderate growth.

Suppose that ay =[], @, is the characteristic function of V5(2) and
Pp(Z) denotes the associated Siegel modular form. (We drop the a from
the notation to emphasize that we have made a particular special choice of
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a.) Then in classical notation we have

1
Pp(Z)= ) ;
veVs(Z) @u(2)
q(v)=—|D|

with @, defined as follows. When v is written in the form given in (6.7)
above (in terms of A, By, Bg, B3, and (), then we set

Qu(Z) = —Adet(Z) + tr << —B52’1 _B;g > Z> ¢

which is the right-hand side of (6.8). The function Pp(Z) is the analogue on
GSp, of the modular and Hilbert modular forms defined by Zagier in [16].

The following lemma is the key to the calculation of I (¢, s) below. It
is the Archimedean analogue of Proposition 4.2.

Lemma 6.2. Assume that g € GSp; (R) N M(R) and define Y = g(i) =
Im(g(i)). Recall that as is defined in (6.6) and the function o  is defined
in terms of aeo in (3.2). Also recall the 2 x 2 symmetric matriz T defined
in (6.1). We have

(6.11) ayoo(9) = v(9)"5(g, )" (=2mi)" o= 2mtx(TY)

Proof. By definition,

ay (9) = e 2mitr(TX) (w,vpu(X)g) " dX.

R /N(R)\U<R>

We have

v(g)"i(g,0)" / 2R TX) (4 (X )g) T dX
N(R)\U(R)

/ e_ZMtr(TX)(’LU, vDu(X)g)_”y(u(X)g)_Tj(u(X)g’ i)T dX
NR)N\U(R)

since v(u(X)) = 1 and j(u(X)g,?) = j(g,7). By the third part of Lemma 6.1,

(w, vpu(X)g) ™ v(u(X)g)"j(u(X)g,i)" = tr(T(u(X)g) (1))~
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We define z = tr(T(u(X)g)(i)) and define x and y by z =  + iy, noting that
y > 0. Then we have

](g,lz / eizﬂ-itr(TX)(w,’UDU(X)g)iT dx
v(9)" JN®\U®R)
_ / o 2mix 1. dr = 6—27rtr(TY) 2Tz =T 4,
R (‘T + Zy)T Im(z)=y

_ -2mx(TY) (—2mi)"
(r—1)1"

The last equality is standard and comes from computing the residue of the
integrand around 0. The lemma follows. U

6.3. The Eisenstein series and the calculation of I

For w € W4(R), we define @, (w) = e~ 71*II*. Then for g € GSpy(R),

2g.5) = (o) / Do (tf2g) ] d.

GLi(R)

Then f2 is right invariant under Z(R)K, hence descends to a function on
Hs for g in GSp; (R). In fact, if g € GSp, (R) and g(i) = X +iY, then

(6.12) Faalgy8) = 72T (28) [ynn| [ det (V)|

where y;; denotes the entry of Y in position (3, j).
We now have all the ingredients necessary to compute the Archimedean
integral

Im(¢’ 5) = fg;(g’ S)O‘OO(g)d)X(g) dg.

/Z(R)N(R)\ GSp,(R)

We will compute it up to a nonzero constant. Integrating over N(R)\U(R)
this becomes

/ 551 (1) £2(m, 8) g o0 () by () dim.
Z(R)\M(R)

As all the terms in the integrand are right invariant under K, and since
oy (m) =0 if v(m) < 0, we may rewrite this as an integral over the purely
imaginary part of the upper half space. We first use the formulas (6.2),



The integral of Kohnen and Skoruppa 215

(6.12), and (6.11) to obtain

(2mi)"
(r—1)!

« / 55 (m)| det(Y) /11 [
Z(R)\M*(R)

a(T) 25T (2s)

2r
o4 tr(TY) dm.

v(m)
j(m, i)
Set dY = dyj1dyi2dy22. Then we can replace dp(m)dm with dY and use

the relations dp(m) = |det(Y)|*/2 and |v(m)[*"|j(m,i)|~2" = |det(Y)|" to
transform I (¢, s) into, up to a nonzero constant,

G(T)W_QSF(QS)/ | det(Y) /a1 |21 3y e v (M) gy
Y

where is the integration is over the set of two-by-two real symmetric positive-
definite matrices. Following Kohnen-Skoruppa [8, pg. 548], we make the
variable change t = det(Y")/y11 = y22 — y%Q/yu. We obtain

dt
a(T)m~*T(2s) / g2etr=2emAm(ttyia /v HPWN) gy dyyp—
t>0,y11>0,y12€R ¢
or
a(T)W—%F(QS) / £25+7=2  —Am(t+yls /y1+tyia+[Dlyi) dy11dy12@
t>0,511>0,512€R t

if D# 1 (mod 4) or D =1 (mod 4), respectively. Up to a nonzero constant
(depending on |D|), this is

a(T)m =25 (47) =7 =20 (26)0 (25 + r — 2).
This completes the proof of Theorem 3.9.
Appendix A. The local Spin L-function

In this appendix we recall the definition of the local Spin L-function and
prove Proposition 4.1. Since we work primarily with a Borel subgroup of
GSp,, we reorder the symplectic basis so that we may choose the Borel to
be upper-triangular. Namely, we use the ordered basis (e, €2, f2, f1), where
as usual the pairing is defined by (e;, f;) = d;5. The subgroup B of upper-
triangular matrices in GSp, is a Borel. Denote by 7" and N the diagonal
torus and unipotent radical of B, respectively.
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Suppose that « is an unramified character of 7. Also denote by « the
extension of this character to B. Let m be the unramified irreducible sub-
quotient of Indg?g‘(Q”)(ég 204), where 6p denotes the modulus character of
B. We define four elements of T(Qp) of similitude p by

ta :diag(pvpv]-v]-)? tp :diag(pv]-vpv]-)’
tc =diag(l,p,1,p), and tp = diag(l,1,p,p).

The local Spin L-function of « is defined by

(A1) L(r, Spin, s) = (1 — a(ta)[p*) ™" (1 = a(tp)|p|*) ™
x (L= alte)lpl”) ™ (1= altp)lpl) "

Since the Weyl group of GSp, permutes {t4,tp,tc,tp}, the right-hand side
of (A.1) is Weyl-invariant. It follows that L(w, Spin, s) depends only on m
rather than o. )

Denote by ¢, the unique spherical vector in Indg?gt()cz”)(ééa) that sat-
isfies the normalization ¢, (1) = 1. The Macdonald spherical function €2, is

defined by
(A.2) %@ = [ dalkg)d.
GSP4(ZP)

Proof of Proposition 4.1. Recall the function A®(g) = |v(g)|® char(g). Since
A% is invariant on the left by GSpy(Z,),

(A3) /G o, PN (@) g = /G RN

Applying the Iwasawa decomposition to the left-hand side of (A.3), one
obtains

(A.4) / bal9)A(g) dg = / 5% (o) IO O] di
GSp,(Qp) 7(Q,)

where
Ip(t) :/ char(nt) dn.
N(Qy)

We will compute I5(t) explicitly.
We first compute a simple function related to Ig. Let P, U, and M
denote the Siegel parabolic, its unipotent radical, and its Levi, respectively.
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Form = ("™ ,,,) € M(Qp), we define
Ip(m) = / char(um) du.
U(Qy)

We write u(X) for the matrix (2 {(2) for X € M>(Qp). If X = (31! 722, the

T21 T22

condition u(X) € U(Qp) is equivalent to z1; = x92. We define a function
Ay s Ma(Qp) — Rxo by Ai((¢ 7)) = sup{lal, [bl, |c], |d]}.

Lemma A.1. Suppose m = (" ,,,) € My(Zy). Then
Ip(m) = \det(mg)lflAl(mg)*l.

Proof. Since m € My(Z,), Ip(m) is the measure of the set H(msz) defined
by

H(mg) ={X € M2(Qp) : w(X) € U(Qp) and Xmy € My(Zp)}.

It is clear that H(mok') = H(mg) if k' € GL2(Zp). If k € GL2(Z,) and “k
denotes interchanging the top left and bottom right entries, then the map
X — ?kXk defines a measure-preserving bijection H(kmsg) — H(mz). Sup-

pose my = k (pa pb> k' with k, k" in GLy(Z,) and a > b > 0 integers. It fol-
lows that Ip(mg) = Ip <(pa pb>)' The set

(") = (g, "
p p 4, *

has measure p®*2°, so we have Ip(m) = p?t2* = | det(m)|~!p. Since A;(m)
is a bi-GLy(Z,)-invariant function on Ms(Q,), A1(ms) = p~°. The lemma
follows. O

a+2b

The integrals I'p and Ip are related by

(A.5) In(t) = / Ip(nt) dn.
U(Q)\N(Q,)

Suppose
t= diag()\tl, Ao, 1, tg) € M4(Zp) N T(Qp).
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Identifying U(Q,)\N(Qp) with G4(Q,) in the right-hand-side of (A.5) and
applying Lemma A.1, we obtain

(A.6)
Ip(t) = / \tltg\_l sup{|t1], [t2], ’.’Etg’}_l char(|zXta| < 1)

a P

x char(|xte| < 1) dx

= |t1t§|‘1/ sup{[t1], [z, [y[} ™" char(|]Ay| < 1) char(|y| < 1)dy

a P

= 5B(t)1/2\1/(t)!3/2/ sup{ta, [ta, |yl} " char(|Ay| < 1)

a p

x char(|y| < 1)dy.

For the second equality, we use the change of variables xty = y. We have
used 0p5(t) = |A|®|t1/t2| and v(t) = A1ty for the third equality.
If € Q and |u| <1, then

(A.7) / sup{|l, [y}~ char(ly| < 1)dy = 1+ ord,(u)(1 — [p])

Q,

= ordy(pp) — |p| ordp(p).

For t € T, denote by val,(t) the largest integer such that p~ ()t € My(Z,).
To evaluate (A.6), we consider the cases [A\| > 1 and |A| < 1. If [A\| < 1, then
by applying (A.7) to (A.6) one obtains

Ip(t) = 65(t)"?|u(t)| 7>/ (valy(pt) — |p| valy(1)) .

If [A] > 1, then

(A.8) Ip(t) = 5B(t)1/2\u(t)\_3/2
x / sup{|t1], [t2], [y|} " char([Ay| < 1) dy
G.(Qp
(Ag) — 5B(t)1/2‘y(t)|73/2

X / sup{|At1], |Mal, |2|} 7! char(|z| < 1) dz

a P

= 35(0)"?|v(t)| 7/ (val,(pt) — |p| val,(t))
using the variable change z = Ay to go from (A.8) to (A.9). Hence

(A.10) Ip(t) = dp(t) ()| 7>/ (valy(pt) — [p| valy(t))
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in both cases.
Inserting (A.10) into (A.4), we obtain

(A.11) / $a(9)A°(9) dg
GSp,(Qp)
- / a(t) char(t) (val,(pt) — [p| val,(t)) [v(t)]*~*/* dt.
T(Q,)
Let w,, denote the central character of . Then
(A.12) / a(t) char(t) val, (t)|v(t)|*~3/% dt
T(Q,)
— / a(pt) char(pt) Valp(pt)|y(pt)|3*3/2 di
T(Qy)
=wa(p) |p|2s—3/ a(t) char(pt) Valp(pt)|y(t)’8_3/2 dt
T(Qy)
=wa(p)lp|* /T(Q )a(t) char(t) val, (pt) v (t)|*=3/2 dt.

In the last line we have used char(pt) val,(pt) = char(t) val,(pt), which holds
because val,(pt) =0 when pt € My(Z,) and t ¢ My(Z,). Inserting (A.12)
into (A.11), we obtain

/ 6a(9)A%(g) dg
GSP4(Q1>)

— (1= wa®IpP?) [ alt)chart) valy (ot ()~ .
T(Qp)

Lemma A.2. Suppose t € T(Qp) N My(Zyp). If val,(t) = k, then up to the
action of T(Z,), t can be written as a product of ta,tp,tc and tp in k+1
ways.

Proof. The set of elements of T(Q,) N My(Z,)/T(Z,) with val,(t) =k is
given by

{diag(p"*,p"2,p"*, p"*) : u1 + ug = ug + uz, min{uy, uz, uz, us} = k}.

For such an element, we are asked to find the number of 4-tuples of nonneg-
ative integers («, [3,7,9) so that

(A.13) 15ttty = diag(p™, p', p*s, p™).



220 A. Pollack and S. Shah

Set u, = u; — k. There is a unique solution (¢, ',7,¢’) to the equation

’ /

504015 = diag(pts, pha, pts, p's)

since some u, = 0, which determines two of o/, 8,7/, and ¢’, and the other
two are determined by two of the remaining values of u,. We now prove by
induction on k that the solutions are

(A.14) (Latp)®(tpto) 1S 11515 = diag(p™, p"2, pte, p™),

where z,y > 0 and = 4+ y = k. Assume the case val,(t) = k is known, and
consider the case val, = k + 1. Then for each tuple (a,/,7,0), we must
have either both o> 1 and 6 > 1 or both 5> 1 and v > 1. Dividing by
tatp or tpte in these respective cases, we find by our inductive hypothesis
that every solution must be the product of either ta4tp or tptc with the
left-hand side of (A.14). The k + 1 unique tuples obtainable in this way are
the ones enumerated in (A.14). O

Applying Lemma A.2, one obtains
/ a(t) char(t) val, (pt) v (t)|*~3/% dt
7(Q,)

= [ Do atta)lpl" = ) | D alts)lp/e?

k>0 k>0
< [ Satte)p e | | S attp)lpe
k>0 k>0
The proposition follows. O
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