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The quantum divided power algebra of a
finite-dimensional Nichols algebra
of diagonal type

NICOLAS ANDRUSKIEWITSCH, IVAN ANGIONO, FIORELA ROSSI BERTONE

Let By be a finite-dimensional Nichols algebra of diagonal type
corresponding to a matrix q. We consider the graded dual L4 of the
distinguished pre-Nichols algebra By from [A3] and the quantum
divided power algebra U, a suitable Drinfeld double of Eq#kZe.
We provide basis and presentations by generators and relations of
L, and Ug, and prove that they are noetherian and have finite
Gelfand-Kirillov dimension.

1. Introduction

We fix an algebraically closed field k of characteristic zero. Let g be a finite-
dimensional simple Lie algebra and ¢ € k a root of 1 (with some restrictions
depending on g). In the theory of quantum groups, there are several Hopf
algebras attached to g and ¢:

o The Frobenius-Lusztig kernel (or small quantum group) uy(g).

o The ¢-divided power algebra U, (g), see [L1, L2].

o The quantized enveloping algebra U,(g), see [DK, DKP, DP].

These Hopf algebras have the following features:

o They admit triangular decompositions, e. g. uy(g) ~u/ (g) @u(g) @u, (g).

¢ The O-part of this triangular decomposition is a Hopf subalgebra, actually
a group algebra.
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¢ The positive and negative parts are not Hopf subalgebras, but rather Hopf
algebras in braided tensor categories, braided Hopf algebras for short.

o There are morphisms u/(g) — U (g), U, (g) — u/ (g) of braided Hopf
algebras, and ditto for the full Hopf algebras.

o The full Hopf algebras can be reconstructed from the positive part by
standard procedures (bosonization, the Drinfeld double).

¢ The positive part u;(g) has very special properties— it is a Nichols algebra.

Indeed, u;; (g) is completely determined by the matrix q = (¢%%), where
(ai;) is the Cartan matrix of g and d; € {1,2,3} make (d;a;;) symmetric. In
other words, uf{(g) is the Nichols algebra of diagonal type associated to q.

The knowledge of the finite-dimensional Nichols algebras of diagonal
type is crucial in the classification program of finite-dimensional Hopf alge-
bras [AS]. Two remarkable results on these Nichols algebras are:

(a) The explicit classification [H2].
(b) The determination of their defining relations [A1, A2].

Let q € k%% with Nichols algebra By and assume that dim B, < oo.
There are several reasons to consider the analogues of the braided Hopf
algebras U (g) and U, (g), for By, motivated by the classification of Hopf
algebras with finite Gelfand-Kirillov dimension and by representation the-
ory. The analogue By of U, (g) was introduced in [A2] and studied in [A3]
under the name of distinguished pre-Nichols algebra. The definition of gq is
by discarding some of the relations in [A2]. The purpose of this paper is to
study the analogue £ of Z/{j (g); this is the graded dual of B, and although
it could be called the distinguished post-Nichols algebra of q, we prefer to
name it the Lusztig algebra as in [A+], where mentioned in passing.

The paper is organized as follows. Section 2 is devoted to preliminar-
ies and Section 3 to Nichols algebras of diagonal type and distinguished
pre-Nichols algebras. In Section 4 we discuss Lusztig algebras: we provide a
basis and a presentation by generators and relations, and prove that they
are noetherian and have finite Gelfand-Kirillov dimension. In Section 5 we
introduce the quantum divided power algebra U/, that is a suitable Drin-
feld double of £q#kZQ; we also provide a presentation by generators and
relations, and prove that it is noetherian and has finite Gelfand-Kirillov
dimension.
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Remark 1.1. The quantum divided power algebras were introduced and
studied in [GH, Hu]; they correspond to Nichols algebras of Cartan type
A1 X oo X Al.

2. Preliminaries and conventions
2.1. Conventions

If # € N, then we set Iy :={1,2,...,0}; or simply I if no confusion arises.
If I is a group, then T is its group of characters, that is, one-dimensional
representations.

Let S,, and B,, be the symmetric and braid groups in n letters, with
standard generators 7; = (i + 1), respectively oy, i € I,,_1. Let s: Sy — By
be the (Matsumoto) section of the projection 7 : By — Sy, w(0;) =7, @ €
I,—1, given by s(w) = 0;,04,...04,, whenever w = 7, 7;,...7;, € Sg has length j.

We consider the g-numbers in the polynomial ring Z[q], n € N, 0 <
1 <n,

(n)q = ]Z:;qj, (n)q = jl;[l(J)Q’ <z>q (=050

(2
We use the Heynemann-Sweedler notation for coalgebras and comodules;

the counit of a coalgebra is denoted by €, and the antipode of a Hopf algebra,
by S. All Hopf algebras in this paper have bijective antipode.

Let H be a Hopf algebra. A Yetter-Drinfeld module V over H is a H-
module and a H-comodule satisfying the compatibility condition

If ¢ € k, then (n),, (n);, (T.L)q are the respective evaluations at q.

d(h-v)= h(l)’U(_l)S(h(g)) ® h(g) “V(0)> he Hwvel.

Morphisms of Yetter-Drinfeld modules preserve the action and the coaction.
Thus Yetter Drinfeld modules over H form a braided tensor category gyD,
with braiding cy,w (v ® w) = v_1) - w @ v(g), V,W € BYD,veV,weW.
The full subcategory of finite-dimensional objects is rigid.

2.2. Braided vector spaces and Nichols algebras
A braided vector space is a pair (V,c) where V is a vector space and

c € Aut(V ® V) is a solution of the braid equation (¢ ® id)(id ®c)(c ® id) =
(id®c)(c®id)(id ®c).
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If V is a vector space, then we identify V* ® V* with a subspace of
(Ve V) by (f®g,v@w) = (f,w){g,v), for v,w eV, f,g € V*LIf (V,c)
is a finite-dimensional braided vector space, then (V*,¢t) is its dual braided
vector space, where ¢! : V*@V* = V*®@V* is

([ (fog),vow)=(fog, c(vew)).

We refer to [T] for the basic theory of braided Hopf algebras. If R =
D,,~o R" is a graded braided Hopf algebra with dim R" < oo for all n, then
its graded dual R = ,~,(R")* is again a graded braided Hopf algebra.
We use the variation of the Sweedler notation A(X) = X" @ X for the
coproducts in braided Hopf algebras.

The Nichols algebra of a braided vector space (V) ¢) is a graded braided
Hopf algebra B(V') = &,,>0B" (V') with very rigid properties. There are sev-
eral alternative definitions of Nichols algebras, see [AS]. We recall now two
of these definitions.

Let T(V) = @p>0T™ (V) be the tensor algebra of V; it has a braiding
¢ induced from V. Let T'(V)®T (V) = T(V) ® T(V) with the multiplication
(m®@m)(id®c®id) and let A : T(V) — T(V)RT' (V') be the unique algebra
map such that A(v) =v®1+1®wv, for allv € V. Then T'(V) is a (graded)
braided Hopf algebra with respect to A. Dually, consider the cotensor coal-
gebra T°(V') which is isomorphic to T'(V') as a vector space. It bears a multi-
plication making 7°(V') a braided Hopf algebra with an analogous property,
see e. g. [R, AG]. There exists only one morphism of braided Hopf algebras
© : T(V) — T¢(V) that it is the identity on V. The image of © is the Nichols
algebra B(V') of V.

Here is the second description of B(V'). Let & be the partially ordered
set of homogeneous Hopf ideals of T'(V') with trivial intersection with k @ V.
Then & has a maximal element J (V') and B(V) =T(V)/J(V) [AS].

2.3. Pre- and post-Nichols algebras

For several purposes, it is useful to consider braided Hopf algebras T'(V')/I,
for various I € &. These are called pre-Nichols algebras [M]. Indeed,
Pre(V) ={T(V)/I:I € S} is a poset with ordering given by the surjec-
tions; so that it is isomorphic to (&, C). The minimal element in Pre(V)
is T'(V), and the maximal is B(V'). Dually, the poset Post(V') consists of

'We prefer this identification instead of (f ® g,v ® w) = (f,v)(g,w) because it
gives the right extension to tensor categories.
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graded Hopf subalgebras S = €, 5™ of T°(V) such that S L' =V, ordered
by the inclusion. Now the minimal element is B(V) and the maximal is
T¢(V). We shall call them post-Nichols algebras.

Remark 2.1. The map @ : Pre(V) — Post(V*), &(R) = R?, is an anti-
isomorphism of posets.

Proof. If R =T(V)/I € Pre(V), then R? = I+: hence, ® is well-defined and
it reverses the order. Also ® is surjective, because for a given S € Post(V*),
I = S+ is a graded Hopf ideal of T(V) and S = (T(V))/I). O

3. Nichols algebras of diagonal type

A braided vector space (V, ¢) is of diagonal type if there exist a basis x1, ...,z
of V and a matrix q = (¢;;) € Mp(k*) such that c¢(z; ® xj) = ¢ijjz; ® x; for
alli,j € I =1y. Let H = kG be a group algebra, y; € G and gj € Z(G) such
that x;(gi) = gij, i,j € I. Then (V,¢) is realized in EYD by h - z; = xi(h)z;
and p(z;) =g, @ x; for all i €1, h € H. We will only consider the case
when H =kZ, g; = a; and Xj € Z9 is given by x;(as) = gij, i,j € I. Here
a1, ..., is the canonical basis of Z?.

Let V* € ﬁ%g)/D; it is also a braided vector space of diagonal type, with
matrix . Indeed, if y1, ...,y is the dual basis of x1, ..., zy, then

(" (yi @ yj), o @ i) = (Y @ Yj, c(@h @ 1)) = qri(Yi @ Yj, Tp @ )
= qniOjk0in = Qi (Yj @ Yi» T @ Tp).

Since T'(V') and By = B(V') are Hopf algebras in ﬁ%g YD, we may consider
the bosonizations T'(V)#kZ? and B,#kZ’. We refer to [AS, §1.5] for the
definition of the adjoint action of a Hopf algebra, respectively the braided
adjoint ad. action of a Hopf algebra in t%zyD. Then ad. z ® id = ad(z#1)
if x € T(V) or By, see [AS, (1-21)].

Now the matrix q gives rise to a Z-bilinear form = : Z% x Z% — k* by
E(ay,ap) = qji forall j kel If o, B € 70, we also set

—~

1) dop = E(o, B).

The algebra T(V) is Z%-graded. If 2,y € T(V) are homogeneous of degrees
a, B € 79 respectively, then their braided commutator is

(2) [z,y]. = xy — multiplication o ¢(x ® y) = 2y — qapyz.
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Note that ad.(x)(y) = [z, y]. whenever z is primitive. We say that z g-
commutes with a family (y;);e; of homogeneous elements if [z, y;]. = 0, for
all ¢ € I. Same considerations are valid in any braided graded Hopf algebra.

q )ijer with entries in Z U {—oo} by Czqi =2,

Define a matrix (¢}

(3) ¢y :=—min{n € No: (n+1)q,(1 - ¢;a;;¢5:) = 0}, i#

We assume from now on that dim By < co. Then c?j €Zfor alli,j €l [R,
Section 3.2] and we may define the reflections s{ € GL(Z%), by s{(a;) =
aj — c?jai, i,7 €. Let ¢ € I and let p;(V) be the braided vector space of
diagonal type with matrix p;(q), where

(4) pi(a)k = 2(s] (o)), s (ar)), g, kel

The proofs of statements (a) and (b) in the Introduction have as a crucial
ingredient the Weyl groupoid [H1] and the generalized root system [HY1];
the definitions involve the assignements q ~~ p;(q) described above. For our
purposes, we just need to recall that

+ S S ;
(5) Ay is the set of positive roots of Bj.

3.1. Drinfeld doubles

Let (V,¢) be our fixed braided vector space of diagonal type with matrix
q, realized in ﬁ%g)ﬂ) as above. In this Subsection, the hypothesis on the
dimension of the Nichols algebra is not needed. We describe here the Drinfeld
doubles of the bosonizations T'(V)#kZ?, B,#kZ’ with respect to suitable
bilinear forms. This construction goes back essentially to Drinfeld [Dr] and
was adapted to different settings in various papers; here we follow [H3].

Definition 3.1. The Drinfeld double U, of T(V)#kZ’ is the algebra gen-
erated by elements E;, F;, K;, Ki_l, L;, Li_l, 1 € I, with defining relations

XY =YX, X,Y e{K: LE il
KK '=LL7'=1, E;Fj — FjE; = §; ;(K; — L;).
KiEj = qi; E;j K, LiEj = q;;' E;Li,

KiFj = q;;' Fj K, LiFj = q;iF L.
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Then Uy is a 79-graded Hopf algebra, where the comultiplication and the
grading are given, for ¢ € I, by

AKHY = K @ K, AE)=E;®1+K; ® Ej,
ALY = L o L, AF)=F;®Li+1®F,.
deg(K;) = deg(L;) =0, deg(E;) = oy = — deg(F;).

Let U;]F (respectively, Uq_) be the subalgebra of U, generated by E;
respectively, F;), i € I. Let W = (V*, q%). 2 Moreover, U} and U_ are Hopf
q q q
algebras in 11:%: YD via the actions and coactions

KZ' . Ej = QijEj7 5(Ez) = Kz ® Ei;
L; - Fj = q; Fj, d(F;) = L; ® F;.

Thus, there are isomorphisms ¢ : T(V) — U/}, ¢~ : T(W) — U, of Hopf
algebras in ﬁ%ﬁy@ given by ¢ (z;) = E; and ¢~ (y;) = F;.
Let

ug = Ug/(™ (Tq) + 97 (J0));

this is the Drinfeld double of Bq#kZe. We denote by E;, F;, K;, L; the
elements of uq that are images of their homonymous in U,. Let u® (respec-
tively, u:;, uy ) be the subalgebra of ug generated by Kj, L;, (respectively,
by E;, by F;), i € I. Then u® ~ k7%

e there is a triangular decomposition g ~ uQIL u® Uy’

+ o~ ~ ~
o uy >~ Bg, uy =~ By

3.2. Lusztig isomorphisms and PBW bases

G. Lusztig defined automorphisms of the quantized enveloping algebra U, (g)
of a simple Lie algebra g, see [L2]. These automorphisms satisfy the relations
of the braid group covering the Weyl group of g; they are instrumental in the
construction of Poincaré-Birkhoff-Witt (PBW) bases of U,(g). These results
were extended to the Drinfeld double of a finite-dimensional Nichols algebra
of diagonal type in [H3], with the role of the Weyl group played here by
the Weyl groupoid Wy. The definition of the Lusztig isomorphisms in [H3]

2Here and in Section 5 below, g corresponds to V* when realized as Yetter-
Drinfeld module over the dual Hopf algebra.
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requires some hypotheses on the matrix q, that are always satisfied in the
finite-dimensional case. So, let (V,¢) and q as above; recall that we assume
that dim By < co. Fix ¢ € I. We first recall the definition of the isomorphisms
Ug — Uy, (q) [H3]. For i # j € T and n € No, define the elements of u,

EJ',TL = (adEZ)nE]a Fjj,n = (ad FZ)nFJ
Let E;, I';, K;, L; be the generators of u,(q). Set

q
—c;;—1

(6) a;(q) == (—cf})y, H (Gigii90 — 1), J#1.

5=0
Theorem 3.2. [HS3, 6.11] There are algebra isomorphisms Tj : g — U, (q)
uniquely determined, for h,j €1, j # 1, by

| _
T(Ky) =K, "K,, Ti(FE)=FL" TJ(E)=E; .,

]7_6”'

—cd —
Ti(Ln) =L; "Ly, TiE) = KB TF) = s By
VAN

Let w € W, be an element of maximal length and fix a reduced expres-

sion w = aflaz-z---am. If k € Iyy and h = (hy, ..., hy) € NY | set
(7) Br =87 -+ sip_, (),
(8) Eﬁk =1 - 'j—‘ik—l(Eik) € (u_q‘—)ﬁw
h _ phy hv h1
(9) EY = EﬁM Eﬂl\/f—l o E/B1 :

By [CH, Prop. 2.12], A% = {8;|1 <k < M}. Thus, we set
(10) Ng = Nj, = ordgps € NU{o0}, if 8=, € AL
Theorem 3.3. [HY?2, 4.5, 4.8, 4.9] The following set is a basis of u;r:
(EP he N}, 0< h < Ny, k €Tyl
3.3. Distinguished pre-Nichols algebra

We now recall the definition of the distinguished pre-Nichols algebra from
[A3]. Let q, V be as above. First, i € [ is a Cartan vertex of q if

3 . .
(11) i = a5 for all j # 1,
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recall (3). Then the set of Cartan roots of q is
Oq = {5 si, ... 51, (i) € Al i € Tis a Cartan vertex of p;, ... pi,pi,(a)}.

A set of defining relations of the Nichols algebra By, i. e. generators of
the ideal g, was given in [A2, Theorem 3.1]. We now consider the ideal
Ty C Jq of T(V) generated by all the relations in loc. cit., but

e we exclude the power root vectors Eév “, a € Oy,

e we add the quantum Serre relations (ad. Ei)lfc?a' E; for those i # j
J
such that qici” = ijqji = Gii-

Definition 3.4. [A3, 3.1] The distinguished pre-Nichols algebra of V' is
By =T(V)/Z,.

Let tty = Ug /(¢ (Zge) + T (Zy)); this is the Drinfeld double of B, #kz9.
It was shown in [A3] that there is a triangular decomposition 1, >~ u+ ou’®
uq as above, with 10 ~ u® ~ k7%,

If By is as in (7), k € I, then we set

L=
00 if B, € Og.

For simplicity, we introduce
(12) H={he N} :0<hy <Ny, forall kely}.
Theorem 3.5.

(a) [AS, 3.4] There exist algebra isomorphisms T, Plg = U, () nducing
the isomorphisms T; : g — U, (q)-

(b) [A3, 3.6] Let Egk, E" be the elements of U uq defined as in (8), (9) with
T; instead of T;. Then {E® |h € H} is a basis of ug.

As before, we have an isomorphism {bvz gq — ﬁ(‘; of Hopf algebras in
{:%Zy@, so we define

25, =0 H(EBg,), kel xP =4 Y(E"), hen

Note that Egk is a well-defined sequence of braided commutators in the
elements F;, ¢ € I; then 2, is the same sequence of braided commutators in
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K h hM har— 1. hi
the z;’s. Also, x* = TgiTg T and

B = {x"|h ¢ H}

is a basis of gq. The Hilbert series of a graded vector space V = @pen, V"
is Hy = > en, dim VP T™ € Z[[T]]. Tt follows from Theorem 3.5 (b) that

1— TNB deg 3

(13) GKdimB, = [9g], Hz = [] I_Tdegg Il —F
,Bkegq k DCI

4. Lusztig algebras

Let q = (gij) € Mp(k™), (V,c) the corresponding braided vector space of
diagonal type and (V*, q) the dual braided vector space. We still assume
that B, is finite-dimensional. As in [A+, 3.3.4], we define the Lusztig algebra
Ly of (V,c) as the graded dual of the distinguished pre-Nichols algebra gq
of (V*,q); thus, Bq € L. In this Section we establish some basic properties
of this algebra.

4.1. Presentation

In the rest of the section we consider the bilinear form (, ) : gq X gf; —k
carried from the identification V* @ V* ~ (V@ V)* in Section 2.2 which
satisfies for all z, 2’ € Bq, y,y € B*

(y,az’) = (yP, )M,y and (g, 2) = (y, 2Py, 2W).

If h € H, then define yy, € E;; by (yh,xj) = 0nj, j € H. Then yp, € £, and
{yn|h € H} is a basis of L.

Let (hy)ger,, denote the canonical basis of ZM. If k € Ij; and 8 = 8, €

Ai, then we denote the element y,p, by yén).

We recall some notation and results from [A3] and [AY]. For i € Iy, let

20 < hy < Nj}) C By,
vz |0 < hy < NjY) C By,
acgi\() < hj < N;}) C By,
~j}> ggq'
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We also denote by L and L' the analogous subspaces of Lg:

L= ({y{" -yl N;}) C Lg,

f‘i _ <{ygjl) . ..yﬁ};M)‘O < hj < Nj}> - [,q.

Proposition 4.1. e [AY, 4.2, 4.11] B® (respectively B?) is a right (respec-
tively left) coideal subalgebm of By.

o [A3, 4.1] If B € Og, then :C 7 q-commutes with every element ofB
o [A3, 4.9] If B; € Oy, then there exist X(ni,...,ni—1) € Bq such that

N, N, N
Alxg") =z @1+1@x,"
i—1dV, —1 1
-+ Z e fi ..’E;lNﬂl ®X(n1,...,ni_1).
’VZ;CGNO
Corollary 4.2. Biisa right coideal subalgebra of Eq.

Let Z: be the subalgebra of Eq generated by mgﬂ , BeDyg.

Theorem 4.3. [A3, 4.10, 4.13] ZJr is a braided normal Hopf subalgebra of

B Moreover ZJr = CO’TBq, where w denotes the canonical projection ofB
onto By.

Lemma 4.4. Let x, x1 and xo be elements in the PBW basis B of gq.
Write A(z) as a linear combination of {a @ bla,b € B}. Assume that x1 @
x9 has a non-zero coefficient in A(x) (in this combination) and xixo (the
concatenation of x1 and x2) is in B. Then © = x1x3.

Proof. Suppose that x = xlg = xgi with h; > 0. Let

m(z) = min{j € N: h; # 0},

7 h; h
_E § J hi t hj—t hy
j=1 t=1 45,8,

({th . l'gi € B[dj > is.t. hj #0}).

Observe that if z; ® vy appears in D(z), then x = z1z2. However, if
T ®T9 € Zueéi U ® Cm(“), then z1x9 ¢ B. Therefore the proof is completed
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by showing that
Alz) €D(x)+ > ueCm®
ueB?
We proceed by induction on 4. If i = 1, then x = x’él and wg, is prim-
itive, so A(azg ) =2 0<k<h (h) xgl ® :ngk = D(x} %). Let i > 1. Now we

98, [3

proceed by induction on h;. Set 2’ = xg'_l Z 1 . gl, so z = xg,2’. Notice
that
(14) Awg) € g, @1+ 1@zg + B ' 0",

Indeed the analogous statement for B, was proved in [AY, 4.3], but the same
argument, applies for B By the 1nduct1ve hypothesis and (14)

Afx) = Alzg,)Ax)

€ (2, ®1+1®@as +B’1®Cl( Zu@C’”(“)
ueB

Notice that (z5, ® 1 +1®z5,)D(2') € D(2) + ) cqu® Cm®) | since

h;—1
< hi —1
(2, @1+ 1®@xg,) ' oh @zt g L1 e
B B t Bi Bi L,
t=1 4p;8;
t hi—t hy
—$ﬁ7®$+z<t_1> $ﬂ1®$ﬁl xﬁ1
4B;8;
+ 2 t hi =1 t hi—t ha 1 /
Bisi\ T, @@p g T 1OTHT
t=1 qB:8;

and for h; > 1, 1 <t < h;, we have (};i__ll)qﬁiﬁi + qgiﬂi (hit_l)qﬁiﬁi = (}?)qwi.

Also, Bl ¢ Ei, Biis a subalgebra and Cizc Clfor all 2z € gq, by [A3,
3.15], so

(B'@ YD) c BBl e CiB c Bl o C.
As xgu € B for all u € B' and m(u) = m(xg,u), then
rg,u ® o) = g, U ® s and  w® a:,giém(“) cu®Ccm™w,

Finally, Bi~ly @ CiC™™ ¢ Big (i C Y5 V® C™@) for all ue B
From these considerations the proof of the inductive step follows directly. [
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Corollary 4.5. If € AL, then

r )
(15) yg) = (r'ﬁ , r < Ng = ord ggg;
4sp
(y(N/f))s
(16) yén): BS' yg")’ ﬁegq7nzsNﬁ+r’r<Nﬁ

Proof. Arguing inductively, we may suppose that yg_l =(r— 1)2 . Byg_l). If

r=xPe gq such that

(o x) = (i 2 W) (yg, 2®) £ 0,

then by Lemma 4.4, x = T Then

(i) = (5 @) D) yp, (25)) = (r = )i, (Mg = (1),

The second equation follows immediately since <y[(3N‘5 )y(T),x]ﬁVﬁ”) =1 O

The next lemma is crucial for the presentation of the algebra L by
generators and relations.

Lemma 4.6. Let: €1y, h; < Nﬁi and h = (hy,...,hy) € NM, then

(17) yn=y5" oy

Hence {yﬁ}fl) . 'ygLM)| 0<h; < Ng} is a basis of L.

Proof. The proof is by induction on ht(h) := 3, h;. If ht(h) =1 then
yh = yg for some 8 € Al and the claim follows by definition.
Let1<ip <---<i; < M,n, < N,Bik and ni :sN/gi1 + 17 # 0 where r <

(n1) (n5)

Ng, - Let y =y5 " ...y;"" € Lq. Since {yn | h € H} is a basis of Lg, we can

express y as the linear combination Y =D hen Chyn- Notice that cp # 0 if
and only if (y, z®) # 0.
If r #0, then we write y = g, v where 3/ = y(m_l) ...y@j) and
(T)q ‘1 ,311 sz

1
i1

4= s, p.,- Then (y,2") = 5-(ys, . (™)) (Y, (z")V)). By inductive hy-
pothesis and Lemma 4.4, ¢, # 0 if and only if h = (0,...,n1,...,n,0,...).
Moreover, the nonzero ¢y, is equal to 1 and the proof in this case is completed.
. (Ns

If r =0, n1 = sNg, , then we write y = Y,

follows. Hence {yfgfl) e ygLM)| 0<h;< Ng} is a basis of £, because so is

{yn : h € H} by definition. 0

B )y'. Arguing as above, (17)
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We seek for a presentation of L. Let us consider the algebra IL presented
by generators ygl), B € A%, n € N with relations

(18) y§™ =o, BeAl — 9O
m G) _ (P +J’> (h+4) BeAl,
19 = . , . ;
( ) Yg Yg < j qg,;yﬁ h,jeN
‘ a<peAl,
(20) [yfgh),ygf)]c = > kmm, 0<h<N,,
meM(a,8,h.j) 0 <j < Ng;
(No) (N1 L. o(NS) il (@) (D) a, 3,7 € Oq,
(21) [YQ ! ayoz ]C - K"yy'y + Z ' K:m ya mY5 9 a< '7 < 57
0<I<Njs,0<i<N,
meM(a,3,No—i,Ng—I1)
() ,(N.) i,0 (i) aegé”
(22) [yﬁ VYo e = Z KEm Yo'm, B e A+:
0<i<Na, 0<j<Ng.

meM(aaﬁvch*i’j)

Here we set

M(Oé,ﬁ,h,j) = {m = y(ﬁ}:’) o 'y(hk) S EB N f‘a : degm = degy(h) —|-degy(ﬁj)}7

Br @
S |
r = (sl alyal);
N, N,
iy = vy Iy ), degyt™) = degy(Y) + degy| .

Theorem 4.7. There is an algebra isomorphism Y : L. — Ly given by

T(y§)) =y, BeAl, n< N
Proof. We first prove that T is well-defined, i. e. that (18), ..., (22) are

satisfied by the elements ygl) € L4. Relation (18) is trivial since x]ﬁvﬁ =0 if
f ¢ Oq and (19) is clear from (15).

For the other relations, given o < 8 and h,j € N, we write yéh)y((xj ) =
> hen Chyn- Then

en = (y) yd,x") = ), (MO, (x)@)

is the coefficient of z, ® xg in the expression of A(x") as linear combination
of elements of the PBW basis in both sides of the tensor product.
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If j < N, and h < Npg, then yg),yé ) € By. If ¢y, # 0 then xP appears in

the expression of xéxg in elements of the PBW basis, see [Al, Section 3].

Hence, by [HY2, 4.8] x® € B® N B, and relation (20) is clear.
Let o, B € Oq, j = No and h = Ng. Suppose that there is

h=(hi,....,h)

such that cp 7& 0 and h; > N; for some i € [p;. As :Bg ' g-commutes with every
element of Bq, we have xP = cxg x| where b/ = (hy,...,h; — N;..., hy)

and c::(hMBM—i— +hz+1ﬁl+1,Nﬁz)ek Then A(xP)=cA(x N")A( h")

and hence x" = by Proposition 4.1. For the remaining j such that ¢; # 0

we have j; < N; for all 7 € ;. We write
vy @ay’ =61 @af) (@ " ®ay” ") (ah ® 1)

where £ = Z71((Ny — m)a, nB)="(ma, (Ng — n)B). Therefore, arguing as

in the proof of (20) for y(N” n)yéN m), we obtain that y; = y&m)my(ﬁn)

m € L? N L®. Here, either m = N,, n = Ngsoyj; =Z(Naa Nﬁﬁ) (ﬁN"),
or else m < N, n < Ng. Hence relation (21) follows up to consider the correct
degree for yp,.

For (22), ¢, # 0 implies x" € B, by the same argument above, since Z;r
is a braided Hopf subalgebra by Theorem 4.3.

Hence, T is a morphism of algebras. By the presentation of L we can
prove that {y(h1 (CLVM) hi < N;} is a basis of L. So, T maps a basis to a

basis by Lemma 4. 6 and then it is bijective. O

Example 4.8. Let § =3 < N, ¢ € k*, ordq = N. We consider a diagonal
braiding (of super type A) given by a matrix q = (gi;)i jer, such that

Q= qsg2=¢q, Q201 =¢ ', q2=g3=-1,  q3q =1

Let aji, = Z o;; then Aq+ ={ojp: 1 <5<k <3} DCT ={a1,a03, 013}
Jj<i<k

The Lusztig algebra L, is presented by generators yj(z), 1<j<k<3,neN

and relations:
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vy =u” = =0,

(n) (m) = (TL t m) yJ(Z"‘m)’ n,m S N7
n
ik
[y127 Ylle = [y13, yl]c = [y3,y1]c = [y13,y12]c = [y2,y12]c = [y23,y12}c =0,
(Y2, y13]e = (Y23, y13]e = U3, Y13le = (Y23, y2lc = [y3, Y23)c = 0,

]
Je =
2, y1]e = (1 — ¢ Hyaa, Y3, y12]e = (1 — @)y13,
o3, y1]e = (1 — ¢ Vs, Y3, y2le = (1 — q)yos,
[yéév), yﬂc (1—g Y(ggs)™™ y13y(N_1)>
[Y23, y1 }c (1— ¢ (gags)™~ 1y§ Dy,
(Y2, y1 Ne=1—q Ve Yy Vi,
12,9 = (w13, le e = [ys. 9\ = 0,
s yile = 935 yiole = [y, w33 le = [y2s. 3l = [ys, 913 Je = 0,
s yrzle = [y yiale = [y s vale = [ys, Sy Je = O,
i y™e = syl = 0,
[ygé\f)’ y§N)}c =(1- q_l)N(Q21Q31)NN2_1y%V)
N—-1

— B 2N—k—1 _ k k
+) (1 —qg H¥(gugn)t = y§ )yig)yéév )

k=1

Indeed, to compute yéév)y§N) in L4, we need to describe all h € H, cf.

(12), such that 2% ® 0} appears in A(x") with non-zero coefficient (also to
be determined), where (for some numeration of A;")

h_ h1 h2 h3 h4 h5 hG
X Ly Xo3Lo " X193L 9L -

One of these x! is a:é\éx]lv , with coefficient qna,,Nas+Nas- Let h be as needed.
We use the coproduct formulas in [A3, 5.1]. Clearly h; = 0. From A(x23)
the only contribution is (1 ® 293)"2. Then we deduce easily that hy = hs = 0,
and hg = ho = N — hy. In this case, set hy = k to simplify the notation, so

2N—k—1

(1® 223)N (21 ® 223)F (21 @ DV F = (goags)™ = 2f @ 2.

This gives the last relation, and the others are deduced analogously.

Corollary 4.9. The algebra Lq is finitely generated.
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Proof. By (19), it is generated by {yz: 8 € AL} U {y ra € Og}. O

Remark 4.10. Actually, the subalgebra Bq C L, is generated by its primi-

tive elements {y, : @ € 115} where I denotes the set of sunple roots aq, ...,

ay. Moreover, ygN ) ¢ k* [y (NB), y((x )] if and only if 2> ® xﬁ appears with

nonzero coefficient in A(z5 ™). Hence,

(Yo : € T} U{yN) - 0 € O, 2N+ € P(B,)}
generates L, as an algebra.
Proposition 4.11. L is a right coideal subalgebra of L.

Proof. From Theorem 4.7 we have that y( )y( ") i for i < 7, thus Liis a
subalgebra of £;. On the other hand, we know that

Wi e’y = (5@, 2) (5D, 2').

Therefore y; ® yn appears with nonzero coefficient in A(yf(gn)) if and only if

T3 appears with nonzero coefficient in the expression of P23 in the PBW
basis. The last condition implies that z® € B? and 23 € B?. Hence,

Zy W+ TP e TP,

Hence A(ygf 0 ygy)) = A(ygi))A(yﬁ(gqil) . ygw)) eLi®L, and the
proof is complete O

4.2. Noetherianity and Gelfand-Kirillov dimension

We argue as in the pre-Nichols case [A3, Section 3.4], cf. [DP]. Let us con-
sider the lexicographic order in N}, so that hy; < --- < hy, where (h;);er,,
denotes the canonical basis of ZM.

Lemma 4.12. Let L4(h) be the subspace of Ly generated by y;, with j < h.
Then Lq(h) is an NM -algebra filtration of Ly.

Proof. 1t is enough to prove that yny; € Lq(h +j) for all h,j € H. First we
consider the case when h = nhyg, j = mhy, k,1 € Ty, n,m € N. We claim that
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oy e L (nhk + mhy). This follows by definition when k < 1. Tf [ < k,

then [y/(;,f), Z/gl ] Zj<m yﬂ ) L+ by Theorem 4.7, thus
M
yg:)ygl”) € Lq(nhy + mhy) since Z ajh; < nhg +mhy.
J=l+1

The Lemma follows by reordering the factors of yyyj, for any h,j € Ng/f O
We now consider the corresponding graded algebra
gr Lg = Bpeny grP Ly, where gr? Lq=Lg(h)/ Z L4(j)
j<h
(n)

Lemma 4.13. The algebra gr L is presented by generators y,
n € N, and relations

,kE]IM,

Y;(CNk) =0, Bk ¢ Dq,

n)_(m) n+m n—+m)
W= (MR,
481 B

iy Me =0, 1<k,
Proof. Let G be the algebra presented by the generators and relations above

and 7 : G — gr L, given by y,(gn) — ygz). By Theorem 4.7, the relations above
hold in gr £4. By a direct computation, G has a basis

g0 < N

On the other hand, yn € Lq(h) — 35}, £4(j). Hence the projection of the
PBW basis of L, is a basis of gr £, and 7 is an isomorphism. O

Proposition 4.14. The algebra L is noetherian.

Proof. Let ZT be the subalgebra of gr £, generated by {yéNB ) B e Oq}.
Then Z7 is a quantum affine space and gr £, is a finitely generated free
Z*t-module. Hence gr L is noetherian and so is L. O

We compute either from Lemma 4.6 or else from Lemma 4.13 the Gelfand-
Kirillov dimension of L.

Proposition 4.15. GKdim £, = |O,].
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5. Quantum divided power algebras
5.1. Definition

Let q, (V. ¢) be as above with dim B, < co. Let W = V*, with matrix ¢,
footnote 2, and let {z(n) B € A1, n € N} be the generators of E Here we

consider W € st Z YD via the equivalence of categories between ¢ (kZ9 ) YD and

};%Zyz). Then we have a natural evaluation map such that (w @ w',v ® V') =

(w®v")(w' ® v). In this section we define the quantum divided power algebra
Uy of (V,c) and we establish some of its basic properties.

Let T and A be two copies of Z¢, generated by (K;)icr and (L;);e1 respec-
tively; so that (K;);er and (L)er are the generators of kI and kA, respec-
tively. Set Ka = Ki*. Kg" and Lo = L{* ... Ly’ for a = (a1,...,a9) € z°.
Then L, 6 yD E €x AyD with structure determmed by the formulae

KE oy = quyé"), plys”) = Kj @ y5";
o A i pz5") = Ly @ yf".

Therefore, we can consider the bosonizations Lq#kI" and Lq:#kA.

We define next the quantum double of L,#KkI' and L4:#kA following
[J, 3.2.2]. For this we need a Hopf pairing between them.

Lemma 5.1. There is a unique bilinear form (|) : T¢(V) x (T¢(W))*P —
k such that (1]1) =1,

(yilz) = d4j 1,7 €T,

(ylz2) = ( ! )(y )IZ’), y e T9(V), 2,2 € TY(W);
(y'lz) = ( ESIAES y,y € T(V), 2 € TY(W);

(yl2) = ly| # |2], y € TY(V), 2 € T*(W).

Proof. Let T" =3 s s(o) : (T°)"(W) — T™(W), where s : S;, — By, is the
Matsumoto section, see [AG, §3.2]. Let (, ) : T(V)® T'(W)°® — k be the
evaluation map. We define (1|1) =1,

(ylz) = (y, T"(2)), y € (T)"(V),z € (T°)"(W)
(ylz) =0, y € (T)(V), z € (T)™(W),n # m.

Note that T = T, ;(T* ® T’) with T;; = > s(c~!) where the sum
is over all (i,)-shuffles o. Then, for y € (T)"(V), z € (T°)" {(W), 2’ €
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(T)" (W),

(ylz2) = (5, T"('2)) = (y, Tin—i(T' @ T"7)(2'2))
= (y, Tini(T'() © T"7'(2))) = (), T (2) (v, T())
= (I ?1)

The other conditions are clear. O

This bilinear form restricts to L4 X (L£4:)°°P and then it can be extended
to a bilinear form between their bosonizations. Then we may define a skew-
Hopf pairing between L£q#KkI" and Lg:#kA, or equivalently:

Corollary 5.2. There is a unique Hopf pairing
(]): Lq#KD x (Lg:#KA)P = k

such that for allY,Y" € Lo#KT, Z,Z" € (Lq:#kA)P, y&n) € Ly, K, € k79,
24" € Lot and Ls € KZ°

(Y|22') = (Y| 2) (Y| Z'),  (YY'|2) = (Y|Z0) (Y| Z))
(Yal28) = ba,p: (yéNa)‘zﬁNﬂ)) = 0a,3
WILe) =0, (Kalzi™) =0, (KalLg) = das.

Moreover, this pairing satisfies the equation (yK|zL) = (y|z)(K|L).

Let U, be the Drinfeld double of Lq#kI" and (Lq:#kA)“°P with respect
to the Hopf pairing in Corollary 5.2. In other words:

Definition 5.3. Let U, be the unique Hopf algebra such that
1) Uy = (Lq#KD) ® (Lq:#kA) as vector spaces,
2) the maps Y — Y ® 1 and Z — 1 ® Z are Hopf algebra morphisms,
3) the product is given by

Yo2)Y'®Z)=(Y)S(Z21)YY) @ ZiyZ' (Y3 |Z(3))

for all Y)Y’ € Lq#KI and Z,Z" € (Lq#kA)P.
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By the construction of Uy, there is a triangular decomposition, via the
multiplication, Uy >~ U @ U ® U, where

Uy

- 0 0 0
~ Ly, Uy = Ly, U ~k(Z° x Z°).
We give a presentation of the algebra U, by generators and relations.
The tensor product signs in elements of U; will be omitted.

Proposition 5.4. The algebra Uy is generated by the elements ygn), z/gn),

Kgﬂ, L?;l for Be A1, neN; and relations (18), ..., (22) between the
(n) (n)

yg ' 's, similar relations for the Zg ’s plus the relations

(23) K/gKﬂ_1 = LEILﬁ =1, KﬁilLil _ LflKéd
(24) Koy = 5y Kay Loy = qggyé”)La7
(25)  Kaz() =q2"Ka Lozl = qhaziLa,
(26) 2y = (VIS (Ko K3 L) (y®]20) y@ K32@ L,

for all o, € AL, n,m e N. Here in (26) y = y(n) €Ly, 2= zgm) €Ly,
and denote K; = (y(i))(,l) and L; = (z(i))(,l) for the coactions of kI and
kA respectively.

Note that if y = ya,, 2 = 2o, With «a;, a; € I, then y, 2 are primitives
and relation (26) is zy — yz = 0;;(K; — L;).

5.2. Basic properties

Proceeding as in [DP, A3], we will prove that the algebra U, is noetherian.
Foreach h,jeH, K €T, L € A, set

di(ynK Lz) = > (hi + ji) ht(8;),

1€l
d(ynK Lz;) = <d1(thsz), his. . har, jl,...,jM> € N2M+1,

Consider the lexicographic order in NSM T Ifue NSM 1 then we set
Ug(u) = span of {ynKLz;:h,jeH, KT, L €A, dynKLz;) <u}.

Lemma 5.5. (Ug(u)),epzrr s an NZMHL_algebra filtration of Uy.



640 N. Andruskiewitsch, et al.

Proof. 1t is enough to prove that (ynK Lz;)(yn K'L'zj) € Uy(u + u’) for all
h,j,h',j €eHd, K,K' €T and L,L' € A where

d(ynKLz;) =u and d(ywK'L'zy) = 1.
First we claim that
(27) di (5™ — 5 25) < mht(a) + nht().
Indeed, since the coproduct in L (resp. Lg¢) is graded, we have that

di((y5™)?) < mht(a)
if (y&m))(l) # 1 (resp. dl((zén))@)) < nht(B) if (zén))(l) # 1). Hence, for K €
I'and L € A we have

di ()P KL(z5")?) < mht(a) +nht(B)

and by Proposition 5.4 the claim follows.
Since K, L g-commutes with all elements of £, and Ly for all K € I’
and L € A. We proceed as in Lemma 4.12 and we reduce the proof to the

(n)

product between Z5, and yg;n) Then

AV € Uy (m(55) + bt (5, 55,61
follows directly by (27). O

We consider the associated graded algebra grify = @ VeNgJ\/IJrlZ/{qv where
Ug” = Ug(V)/ I uey Ua(u).

Corollary 5.6. The algebra grldy is presented by generators y§.n), z(n),

J
Kjil, Lfl, j € Iar, n € N and relations

RS = SR, R,S e {K;" L7 :jely}
KyK7' = Loy =1 72 = 2yl

YIE;Nk) - 07 Bk ¢ qu Z]E;Nk) — 07 /Bk ¢ Dq7
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n)__(m n+m n+m n) _(m n+m n-+m
A0 = () e = (M) A,
48y, By 4py. By,

m m
[Y]E;n)ayl(m)]c - 07 l < k; [Z](gn)7zl(m)]c - 07 l < k?
Koayén) = ngyén)Kou Kaz(n) = Q;gzén)Kou
Loy} = qgﬁy(")La, Lo2$" = ¢80 L.

Proof. The proof of this statement is similar to the proof of Lemma 4.13 if
we check that y,(cn) zl(m) = zl(m)y,(fn) for all y,in) € Ly and zl(m) € Lg; but this

follows by (27). O
Proposition 5.7. The algebra Uy is noetherian and
GKdimU, = 2|04 + 26.

Proof. Let Z be the subalgebra of grif, generated by {ygvﬁ ), zéNB ). e Dy}
and {K;, L; : i € I}. Then Z is the localization of a quantum affine space and
grly is a free Z-module of rank [ [;o; ~N;. Therefore grlf, is noetherian and
so is Uy. Moreover, by [KL, Prop. 6.6],

GKdimU,; = GKdim grify; = GKdim Z = 2|O4| + 26.
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