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Bi-Lipschitz embedding of the generalized
Grushin plane into Euclidean spaces

MATTHEW ROMNEY AND VYRON VELLIS

We show that, for all @ > 0, the generalized Grushin plane G, is
bi-Lipschitz homeomorphic to a 2-dimensional quasiplane in the
Euclidean space RL*1+2 where |cr] is the integer part of a. The
target dimension is sharp. This generalizes a recent result of Wu
[22].

1. Introduction

The classical Grushin plane G is defined as the space R? equipped with the
sub-Riemannian (Carnot-Carathéodory) metric dg generated by the vector
fields

X1 = 8951 and XQ = l‘laxz.

This means more precisely that the distance between points p,q € G is

1 /
dg(p,q) = igf/o \/m’l(t)Q + iiggzdt,

where the infimum is taken over all paths v = (z1(t), z2(¢)): [0,1] — G, with
~v(0) = p and y(1) = ¢, that are absolutely continuous in the Euclidean met-
ric. The Grushin plane is one of the simplest examples of a sub-Riemannian
manifold, as well as a basic example of the almost Riemannian manifolds
studied by Agrachev, Boscain, Charlot, Ghezzi, and Sigalotti [2], [3]. For
additional background on the Grushin plane and sub-Riemannian spaces in
general, see Bellaiche [6].

Recently, Seo [18] proved a general characterization of spaces admitting a
bi-Lipschitz embedding into some Euclidean space R", from which it follows
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that G admits such an embedding. In contrast, the Heisenberg group can
not be embedded bi-Lipschitz in any Euclidean space [17]. While Seo’s result
does not give the optimal target dimension, Wu [22] constructed an explicit
bi-Lipschitz embedding of G into R3, where the dimension 3 is the smallest
possible.

In the present article, Wu’s result is extended to the generalized Grushin
plane G,, a > 0, studied first by Franchi and Lanconelli [11]. Similarly to
dg, the metric dg,_ is generated by the vector fields

X1 = 6$1 and X2 = ’.1‘1|Oé8x2.

For integer values of a, |x1|* can be replaced by z{ and the space G,
is a sub-Riemannian manifold of step a4 1. For noninteger values of «,
this space is technically not sub-Riemannian, but this distinction does not
matter for the purposes of this paper. Meyerson [15] and Ackermann [1] have
shown that G, is quasisymmetric to the Euclidean space R? for any a > 0.
Moreover, it can be deduced by Seo’s theorem [18, Theorem 4.4] that G,
is bi-Lipschitz embeddable into some Euclidean space when a > 0, though
without identifying the smallest target dimension.

In this paper, we construct for each a > 0 a bi-Lipschitz embedding of
Gq into RLH2 where | is the greatest integer that is less or equal to a.
A point of interest in both Wu’s and our construction is that the image of
G, is a quasiplane in Rle/+2,

Theorem 1.1. For all integers N > 0 and n > 1, there exists L > 1 de-
pending only on N,n such that for any o € [N, N + "T_l], there exists an

L-bi-Lipschitz homeomorphism of G, onto a 2-dimensional quasiplane P,
in RN+2,

A k-dimensional quasiplane P in R™, with k < n, is the image of a k-
dimensional hyperplane in R™ under a quasiconformal self-map of R". Com-
plete characterizations of these spaces in terms of their geometric structure
exist only for n = 2, k = 1 by Ahlfors [4]. While such intrinsic characteriza-
tions have been elusive for n > 3, several intriguing examples of quasiplanes
and quasispheres have been constructed [8, 10, 13, 14, 16, 21, 22].

A couple of remarks are in order. The target dimension N + 2 = |« + 2
in Theorem 1.1 is minimal. Indeed, by (5.1), the singular line {z1 = 0} of
G is bi-Lipschitz homeomorphic to the “snowflaked” space (R, |- |}/(1+®)
which, by a well-known theorem of Assouad [5, Proposition 4.12], embeds bi-
Lipschitz into RL**2 with the target dimension |« + 2 being the smallest



Bi-Lipschitz embedding of the generalized Grushin plane 1179

possible when « > 0. It is noteworthy that, for a > 0, G, embeds in the
same Fuclidean space that its singular line embeds in.

The same result of Assouad also justifies the dependence of the con-
stant L on n. For if there was a uniform L such that G, was L-bi-Lipschitz
embeddable in RN*2 for all a € [N, N + 1), then by a simple Arzela-Ascoli
limiting argument (see Lemma 5.4), it would follow that G4, thus the
singular line in Gy41, is also embeddable in RN*2 which is false.

The following corollary is an immediate consequence of Theorem 1.1.

Corollary 1.2. Ifa € [0,1) then G, is bi-Lipschitz homeomorphic to R?.

Therefore, G, is bi-Lipschitz homeomorphic to Gg whenever «, 5 € [0, 1).
In contrast, if a > 1 then G, has Hausdorff dimension « + 1, and is bi-
Lipschitz homeomorphic to Gg only when a = . Combined with the
Beurling-Ahlfors quasiconformal extension [7], Corollary 1.2 yields the fol-
lowing result.

Corollary 1.3. Ifa € [0,1), then any bi-Lipschitz embedding of the singu-

lar line of G4 into R? extends to a bi-Lipschitz homeomorphism of G, onto
R?.

An alternative proof of Corollary 1.2 along with new results on questions
of quasisymmetric parametrizability and bi-Lipschitz embeddability of high-
dimensional Grushin spaces can be found in a recent paper of Wu [23].

1.1. Outline of the proof of Theorem 1.1.

The proof of Theorem 1.1 comprises two parts. In Section 5.1 we show
Theorem 1.1 for rationals o > 0 and in Section 5.2 we use an Arzela-Ascoli
limiting argument to prove Theorem 1.1 for all real values o > 0. The proof
of Corollary 1.3 is also given in Section 5.

Much of the proof of Theorem 1.1 for rational o > 0 follows the method
of Wu in [22]. The crux of the proof is the construction, for each rational
o € [N, N + 1] of a quasisymmetric mapping Fy, : RN "2 — RV*2 such
that in each ball B(z, 1 dist(z, {0} x R)), F, is the product of dist(z, {0} x
R)—ﬁ and a A-bi-Lipschitz mapping with A depending only on N, n. Such a
mapping is lia—snowflakz’ng on {0} x R € RV*L x R (i.e. |Fo(z) — Fo(y)| ~
|z — y|1+ﬁ for all z,y € {0} x R) and maps the 2-dimensional plane R X
{0} x R onto a quasiplane P,. Composed with a quasisymmetric homeo-
morphism of G, onto R?, we obtain a bi-Lipschitz homeomorphism f, of
G, into P,.
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The quasisymmetric mappings F, are constructed in Section 4 by iterat-
ing a finite number of bi-Lipschitz mappings © which are defined in Section 3
as in [22]. However, a straightforward generalization of Wu’s method, with-
out additional care, would give no control on the local bi-Lipschitz constant
A (thus on the bi-Lipschitz constant of f,), and the proof of Theorem 1.1
for irrational values of v would not be possible. To overcome this issue, we
construct in Section 3 two sets of bi-Lipschitz mappings ©,, corresponding
toz=0and z =N + ”771, and then periodically alternate between these
when constructing the quasisymmetric mapping F,.

Our inability to define Fj, for irrational o > 0 is the reason for consid-
ering the irrational case separately; see Remark 4.6.

2. Preliminaries

A homeomorphism f: D — D’ between two domains in R" is called K-
quasiconformal if it is orientation-preserving, belongs to VVli’Cn (D), and sat-
isfies the distortion inequality

|IDf(x)|" < KJy(x) a.e. x€D,

where Df is the formal differential matrix and J; is the Jacobian.

An embedding f of a metric space (X, dx) into a metric space (Y, dy) is
said to be n-quasisymmetric if there exists a homeomorphism 7: [0, c0) —
[0,00) such that for all z,a,b € X and ¢t > 0 with dx(z,a) < tdx(z,b),

dy (f(x), f(a)) < n(t)dy (f(z), f(b)).

A quasisymmetric mapping between two domains in R" is quasiconfor-
mal. On the other hand, a quasiconformal mapping defined on a domain D C
R"™ is quasisymmetric on each compact set £ C D. In R" the two notions
coincide: if f : R™ — R" is K-quasiconformal then it is n-quasisymmetric for
some 7 depending only on K, n. For a systematic treatment of quasiconfor-
mal mappings see [19].

A mapping f: X — Y between metric spaces is L-bi-Lipschitz if there
exists a constant L > 1 such that L™ dx (z,y) < dy (f(z), f(y)) < Ldx(z,y)
for all x,y € X.

In the following, we write v < v (resp. w ~ v) when the ratio u/v is
bounded above (resp. bounded above and below) by positive constants.
These constants may vary, but are described in each occurrence.
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3. Basic geometric constructions

This section extends the construction by Wu [22] to higher-dimensional tar-
gets; the notational conventions follow those of Wu as much as possible. Our
goal is to build certain annular tubes and bi-Lipschitz maps between these
tubes which are used in Section 4 to define quasiconformal homeomorphisms
of RN*2. These constructions are based on examples of Bonk and Heinonen
[9] and Assouad [5].

3.1. Definitions and notation

An N-cube C is the product Ay X --- x Ay of bounded closed intervals
A; C R of equal length. A j-face of C is a product A} x --- x Ay where, for
J indices, Al = A; and for the other N — j indices A is an endpoint of A;.
The 0-faces of a cube C are its vertices.

For an N-cube C and integer 0 < k < N, we define a k-flag of C to
be a sequence {Cj}fzo where C7 is a j-face of C and C7=1 C 7 for all 1 <
j < k. Observe that for N-cubes C and C and (N — 2)-flags {C7} and {C7},
there exists a unique orientation-preserving similarity 1 : RY — RV such
that ¥(C) = C and ¢(C7) = C7 foreach 0 < j < N — 2.

For a point z = (x1,...,zy) € RY and a number r > 0, define the cube

CN(x,r)=[x1—r/2,x14+7/2] X - X [gy —7/2, 25 4+ 17/2]
and denote € = C¥(0,1) where 0 here denotes the origin in RY.

Slightly abusing the notation, we define for two numbers 0 < r < R < 00
the cubic annulus

AN (r, R) = (REN)\ (reV) = [-R/2, R/2]N\ (=r/2,r/2)".
Here and for the rest, for X ¢ RY and ¢ > 0, we write cX = {cz: z € X}.

Finally, for a polygonal arc £ C RY and some € > 0, define the cubic
thickening of £

TN, €) = UCN(x, €)

where the union is taken over all « € ¢ such that their distances from the
endpoints of ¢ are at least €/2.
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For the rest of Section 3 we fix integers N > 0, n > 1 and set
n—1 n(N+2)
p:pNjn:N—l-i and M:MNJLZQ .
n

The dependence of quantities and sets on N, n is omitted whenever possible.

3.2. Blocks
Let I ¢ €V+1 x [0, 1] be the straight-line path from (0,...,0) to (0,...,0,1)
and L ¢ ¢V x [0, 1] be the straight-line path from (0, ..., 0) to (0,...,0, %)

concatenated with the straight-line path from (0,...,0, %) to (%, 0,...,0, %)
We define three types of blocks that are used throughout the paper:

1) the I-block QI = TN+2 (_[7 %) p— (M]\ZQQ:N-FI) % [0’ 1],
2) the L-block Q = TN*2 (L, %)

(M =2 N M—1 1 M =2 N
(e o (] 5

3) the reqular block Q = ¢N+1 x [0, 1].

On each of these blocks, the entrance, exit and side are defined as follows.
1) The entrance of Qr is en(Qr) = Qr N {zn42 = 0},
2) the ezit of Qg is ex(Qr) = QrN{xnt2 =1},
3) the side of Q1 is s(Qr) = 9Qr \ (en(Qr) Uex(Qr)).
Analogous definitions can be made for 7 and Q with the difference that
the exit of Qr, is ex(Qr) = Qr N{x1 = %} These definitions are applied to
images of the respective objects under similarity maps. For a similarity map
h and ¢ € {h(I),h(L)}, we write Q, in place of h(Qr) or h(Qr). We call Qg

the block associated with the segment ¢; note that )y naturally inherits a
direction from £.

3.3. Cores

From each block Q;, Q1 and Q we remove a core from its interior, which
we describe in this section.

In Section 6 we construct a simple polygonal path J; = J;(N,n) C Qr
from (0,...,0,0) to (0,...,0,1) consisting of M'*P many I- and L-segments
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01, ..., lyn+s of length 1/M labelled according to their order in J; with the
following properties.

1) The segments {1, £y, and £(ppip41)/2 ave I-segments.

2) Forall1 <m < M'P Q, NQy,,, is the exit of @y, and the entrance
of Qp, ., - 1 <1,m < M"™ and |m —1| > 1, then Q,, N Qy, = 0.

3) en(Qr,) = Qr, NOQr Cen(Qr) and  ex(Qy,,,.,) = Qe,,.,, NOQr C
ex(Qq). For 2<m < MYP —1,Q, NoQ; =0.

4) Jr is symmetric with respect to the plane zn o = %

5) Jr is unknotted in @y, in the sense that there every bi-Lipschitz home-
omorphism 0 : (0Q7, Jr) — (0Q,I) extends to a bi-Lipschitz homeo-
morphism © : Q7 — Q.

Similarly, in Section 6 we construct a simple polygonal path J, = Jp(N,n) C
(1 satisfying the same properties, except that £p71+»11)/2 is an L-segment
and Jy, is symmetric with respect to the plane x1 + xn42 = %

. 1+p
Given J; = U%zl £ as above, define the core

M1+p
M —2
(@) = | Qe =TV (JI, e )
m=1

We similarly define the core k,(Qr). The entrance, the exit and the side of
kp(Qr) and k,(Qr) are canonically defined. A second set of cores ko(Qr),
ko(Qr) in Qr,Qr, respectively, is defined as follows. Write I = U%zl b
with £, = {0} x [m — 1,m] C R¥*! x [ and set

M
RO(QI) _ U ng _ TN+2 (I, M — 2) '

M2
m=1
Similarly write L = U%Zl ¢/ where ¢! is an L-segment if m = 2 and an

ir

I-segment otherwise; and each £;, has length 1/M. Set ko(Qr) =Up—y Qv =
TN +2 ( L M-—2 )
» MZ )
To simplify the notation, in what follows we write @), instead of Q.
Two types of cores are similarly defined for the regular block Q. For each

z € {0,p} let

k. (Q) = (M~ 172¢NT1) x [0, 1]
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which is composed of M*? consecutive blocks

Qn =M1 (€N+1 x[m—=1,m]), m= 1,..., M=

3.4. Flag-edges

We introduce in this section flag-edges and flag-paths, which generalize the
edges and edge paths used by Wu [22, Section 2.3] to blocks of arbitrary
dimensions. These play an important bookkeeping role later when defining
bi-Lipschitz maps between annular tubes.

For the rest fix an (N —1)-flag Fp = {Cj}év:_ll of €N+l We call the
collection of faces ex, = {(242C7) x [0,1] ;V:_Ol a flag-edge on Q7.

Before defining flag-edges on @, we first define faces on the side s(Qr)
inductively. If C* = (z1,...,2n41), 7j € {£221}, is a O-face of en(Qy,) then
define the L-type path

P(CY) = <{(w1,...,$N+1)} x [0,;—371])

([l { (rnnmn )Y,

Suppose that for every j-face C? of en(Qr), the set P(C’) has been defined.
Let C7*1 be a (j + 1)-face of en(Qr) and let C7, . .. 7C2(]+1) be the j-faces of
C7+L. Then define P(C/*1) to be the union of all line segments with endpoints
on Ufg“) P(CZ) that lie entirely on s(Qr). We call P(C7t1) a (j + 2)-face
on 8QL

Let now F = {C’ };y:*Ol be an (N — 1)-flag of €¥+1. We call the collection
er = {P(MF20Y) ;V:_Ol a flag-edge on Qr..

We now define flag-paths along the cores k,(Qr), k,(Qr) for each value
z € {0,p}. We start with the Q, case. Rescaling an (N — 1)-flag F of ¢V 1
we obtain an (IV — 1)-flag 71 on the entrance of the first block Q1 of x.(Qr).
For a j-face C] € F; define P(C]) C s(Q) as above and note that P(CJ)
defines uniquely a j-face Cj on the entrance of the block (2. Continuing
inductively we obtain j-faces Cj, on en(Qm) and (] + 1)-faces P(C},) on
s(Qm). Define the flag-path wr = {UM T p(c, )} . For each block Q,
inrk.(Qr),me{l,..., M2}, we call wr N Qm the marked flag-edge of Qm
derived from the data (QrL,er).

A corresponding flag-path wg, is defined similarly for x.(Qr). For this
we use the flag Fy instead of an arbitrary (N — 1)-flag F of ¢V +1,
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In addition, let e = {C’ x [0,1] : C; € Fo} be a flag-edge of Q and w =
{(M~172C7) x [0,1] : C; € Fo} be a flag-path along k,(Q). As before we omit
the dependency on z in the notation for w.

3.5. Annular tubes

For each z € {0, p}, define the annular tubes

7(Qr) = Qr \ k2(Q1), 72(Qr) = Qr \ k2(Qr) and t.(Q) = Q \ k.(Q).

For Q € {Q1,QL}, we define the entrance and ezit of each 7.(Q) as en(Q) N
7.(Q) and ex(Q) N 7:(Q), respectively. These are isometric to the cubic an-
nulus A = 222 AN+L(L 1), The remaining part of 07.(Q;) is composed of
the side s(Qr) of block @ and the side s(k,(Qr)) of the core k,(Qr). The
boundary of 7,(Q1) can be similarly partitioned.

Define similarly the entrance and exit of t,(Q). These are isometric to
the cubic annulus A, = AN*1(M =172 1). Note that A, depends on z while
A does not.

If o is a similarity mapping of @; onto some block o(Q;), we denote
by k.(0(Qr)) the image o(k,(Qr)) with z € {0,p}. The sets k.(c(Qr)),
k. (0(Q)), 7.(c0(Qr)), T2(c(Qr)) and t.(c(Q)) are defined similarly when o
is a similarity mapping.

3.6. Bi-Lipschitz maps between annular tubes

For each z € {0,p}, each Q € {Qr,Q1}, and every (N — 1)-flag F of ¢N+1,
we define in this section bi-Lipschitz homeomorphisms ©7 : (t.(Q),e,w) —
(12(Q), er,wr) where F = Fo if Q = Q7.

The construction of these maps is performed in 4 steps. In Step 1 we de-
fine the mappings on s(Q), in Step 2 we define them on s(k,(Q)) and in Step 3
we define them on the entrance and exit of t,(Q). Combining the first three
steps we obtain bi-Lipschitz mappings 67 : (0t,,e,w) — (07.(Q), er, wr).
Finally, in Lemma 3.1 we extend the mappings on the whole t,(Q).

For each (N — 1)-flag F of €¥+! let 1) be the unique rotation on RV +2
that maps €V onto itself and F onto Fp.

Step 1. Define 07°: (s(Q),e) — (s(Qp),ex,) by 07o(x,t) = (%x,t),
where x € 9¢N*! and ¢ € [0,1]. To define #7 onto (s(Qr),er) first observe
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that s(Qr) is the union of L-type 1-fibers

L, = <{MA22(I1,...,$NH)} X {0,1/2— M]\;2$1]>

g ([MA; 2;5171/2] x {(o,...,0,1/2) + MJ\; 2($2,...,1‘N+1a—l’1)}>

where z = (z1,...,7x41) € OCNFL Similarly, s(Q) is the union of 1-fibers
I, = {z} x [0,1] where z € 9¢V*1. Define 67 on s(Q) by mapping each I, to
Ly, (2) by arc-length parametrization. Note that for this step, the mappings
07 do not actually depend on z.

Step 2. We extend each 67 to the inner side s(k.(Q)) of dt.(Q). Given
a block Q,, of k.(Q) let ¢! be the similarity map in R¥*2? that maps
(Q,e) onto (Qu,wN Qyy). Similarly, given a block @y, in the core x.(Q),
let (@) be the marked flag-edge wr N @, derived from (Q,er) and let
o' (Q(Qm), er(q,.)) = (@m,e(Qm)) be a similarity map for some unique
Q(Qm) €1{Qr,Q,} and (N — 1) flag F(Q,,) of ¢VN*!. (The dependence of
o™ on F is omitted to simplify the notation.) Define now 87 on the inner side
s(k.(Q)) by taking 67 |s(Qu,) = o™ o o7 (@) 5 (¢ ~tforalll <m < M1+=,
Since the union of marked flag-edges of the @), is the flag-path wzr, the map
07 is defined consistently on the intersection of consecutive blocks and thus
is well-defined.

Step 3. For each (N — 1)-flag F of €N*1 let ¢7 : A, — A with

o7 (at) =

M -2 M-—1
i (=t 0+ 1) vste)

where t € [M~17% 1] and z € 9N 1. Define 67 on the entrance and exit of
t.(Q) by ¢7 modulo an isometry chosen in such a way that the mappings
07 : (0t.(Q),e,w) — (07.(Q), eF, wr) are homeomorphisms. Then 67 are in
fact bi-Lipschitz.

The final step in the construction of the mappings ©7 is given in the
next lemma.

Lemma 3.1. FEvery bi-Lipschitz map 0; extends to a bi-Lipschitz map
07 : (t:(Q),e,w) = (1.(Q), ex, wr).

We verify the lemma first for z = 0. If Q = Q7 then define ©7° : to(Q) —
70(Qr) with ©7°(2t,t') = (¢ 7, (xt),t'). If Q = Qy, then note that 1o(Q7) is
the union of 1-fibers I, and 79(Qp) is the union of 1-fibers L, where I, L,
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are as in Step 1 and o € 22 AN+FL(M 1 1). Let 07 : 70(Qr) — 70(QL) be
the bi-Lipschitz mapping that maps each I, to Lw;l(m) by arc-length param-
etrization. Set @0]E =0ro @{“.

The proof of Lemma 3.1 when z = p relies on the structure of the paths
Jr, Jr, and is deferred until Section 6.3.

4. Quasisymmetric snowflaking homeomorphisms in RN +2

The key part of the proof of Theorem 1.1 for a rational a € [N, N + "771]
is the construction of a quasisymmetric mapping F,: RVT2 — RV*2 that
maps Whitney squares of a 2-dimensional plane of RN*?2 into sets which are
bi-Lipschitz homeomorphic to the Whitney squares of G.

Proposition 4.1. For all integers N > 0 and n > 1, there exists A > 1 de-
pending only on N,n satisfying the following. For each rational o € [N, N +
=11 “there exists an n-quasisymmetric map Fy : RNT2 — RNT2 with ) de-
pending only on N,n such that,

(4.1) |x,‘ﬁFa’B(az,%\x’\) is A\-bi-Lipschitz
for all z = (z',2") € RN x R with |2'| # 0.
The mapping F, is 1j%()t—snowﬂaking on {0} x R c RN+ x R,

Corollary 4.2. Let F,,: RNt2 — RN*2 be the mapping of Proposition 4.1.
Then, there exists N > 1 depending only on N,n such that

)7z =yl & < [Fa(2) = Fay)| < No —y| ™=
forallz = (2/,2"),y = (v, y") € RN x R with |2" — y| > £ max{|2'|, |y/|}.

Proof. Let & = (w,2") and § = (w, y") where w € RN satisfies |w| = 3|z —
y|. Note that |z —y| ~ |& — x| ~ |& — ¢|. By (4.1) we have that |F,(Z) —
Fy(9)| ~ |w|” 7+« |z — y| and applying the fact that F, is quasisymmetric
twice (to the points z,y,2Z and to the points Z,z,9), |Fu(z) — Fu(y)| ~
|Fa(2) = Fo(g)| = |z —y[ = O

The rest of this section is devoted to the proof of Proposition 4.1. As
mentioned in Section 1.1, the construction in [22] can be used to deduce
Proposition 4.1 for all rational o € [N, N + 1) but with no control on A and
n. For this reason, while in [22] the mapping F,, for a = 1, is obtained by
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iterating one family of bi-Lipschitz mappings ©7, here F, is obtained by
a periodic iteration of 2 families of bi-Lipschitz mappings ©7 (for the two
values z € {0, N + =11} in the alternating fashion of Section 4.1.

For the rest we fix integers N > 0, n > 1 and a rational number « €
[N,pnn] where, as before, py, = N + ”T_l In Section 4.2 we define the
map F, on the block Q and in Section 4.3 we extend it in all RN+2,

4.1. A preliminary arrangement
[0 _ a
Suppose that v T ath
a periodic sequence (21),>1 that takes only the two values 0,py,, and |21 +
-+ 2z, — ka| < pyp for all k> 1.

for some a,b € N. Using the next lemma we create

Lemma 4.3. Suppose that y < z < x are such that (a + b)z = azx + by for
some nonnegative integers a,b. Then, there exists a finite sequence (zk)%%

which has a terms x and b terms y such that, for allk =1,...,a+b,
(4.2) |21 4+ 4+ 2, —kz| <z —y.

Proof. We may assume that a,b # 0; otherwise the claim is immediate.
Define zp inductively as follows. Set z; = x. Suppose that the terms

Z1,..., 2, have been defined; if 21 + --- + 2z, > kz, set 241 =y and if z; +
coozk < kz, set zpy1 = .

Suppose that for some ko < a + b, the sequence {z1,..., 2k, } contains
exactly b terms y. Then, 2y + -+ + 2z, — koz = (a+ b — ko)(z — ) < 0 and
thus, 2zk,41 = . Similarly, 2z =« for all k=ko+1,...,a+b and (zk)i”b
has exactly b terms y and a terms x. The same arguments apply if, for some
ko < a + b, the sequence {z1, ..., 2k, } contains exactly a terms x.

To show (4.2) we apply induction on k. If k=1 then |z; — 2| = |z —
z| < x —y. Suppose that (4.2) is true for some k < a + b. Without loss of
generality, assume that z; +--- + 2z — kz > 0. Then, 241 = y and

y—z<y—z<z+ -+ —(k+)z<(z—y)+{y—2 <z—y.

g

By Lemma 4.3, there exists a sequence (zk)‘lwb having a terms py , and
b terms 0 such that, for each kK =1,...,a 4+ b,

|2:1—|-"'+Zk—k04|§pN7n.

Extend zj to all k € N with 2, = 2z, if kK =k’ mod (a + ).
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4.2. A quasiconformal map on Q

We define a quasiconformal mapping f: (Q,e) — (Qr,er,), iterating the
mappings ©7 as in [22, Section 2.6].
Set Ko = t(Q) and for £ > 1,

K_jp = (MF=a7 2N+ [0, 1].

Moreover, define T_j = K_j \ K_;x_1 with k£ > 0. Then

Q=({0} x [0,1)u | T

k>0

Set also Ko = Qr, K_1 = k., (Qr),and Ty = Ko\ K_1 = 72, (Q). Let f|Tg =
©7° : Ty — Tj noticing that T = t., (Q).

For every [ € [1, M'T#], let ¢; be the marked flag-edge on @; derived
from (Qr, ex,), and let o : (Q(1), ery) — (Qi, &) be the similarity mapping
defined in Section 3.6 where Q(I) € {Qr,Qr} and F(I) is a (N — 1)-flag of
¢NF1 The similarity ail induces naturally a core k.,(Q;), consequently a
tube 7,,(Q;) = Q1 \ k,(Qq) to each block @ in K_.

Set K_5 = Ul Kz, (Ql) and T 1 = K_4 \K_2 = Ul Tzz(Ql)- Since T_; =
\U; ti, the mapping f[T_; : T_; — T_; is defined by gluing together homeo-
morphisms

flu=0l 00IWo ()™ ity = 7., (Q)

where ¢! : (Q,e) = (Q;,wN Q) is the similarity defined in Section 3.6.

The union W_; of marked flag-edges ¢; is a flag-path along x.,(Qr)
going from {(M=2C7) x {0} : €7 € Fo} to {(Mz2C7) x {1} : 7 € Fo}, and
the restrictions of f|t; to the entrance and to the exit of t; are identical
modulo isometries for all /. Hence, we conclude that the gluing, therefore
the homeomorphism f|T_;, is well-defined. We now have the extension f :
ToUT_1 > ToUT_4.

For the next step, the index [ in the previous step is replaced by ;.

Fix l; € {1,..., M!™}. Associated to each of the M'*# blocks @, 1,
(1 <ly < M) in the core k), = K.,(Q1,), the process of defining f|t;,
has uniquely defined a core ky, 1, = K2,(Q1, 1,), & tube 7,1, = 72, (Q1, 1,), a
marked flag-edge €;, 1,, a block Q(l1,12) € {Qr,Qs}, an (N — 1)-flag F (I, l2)
of €N*1 and a similarity mapping

o2 QU la), ey 1)) — (Quutas Elua)-
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Similarly, we define for each ly = 1,..., M'T% a similarity mapping

¢l (Qre) = (QuiwN Q)

The union W_5 of these M?*#1 %% marked flag-edges is a flag-path along
K_o from {(2=2¢7) x {0} : €7 € Fo} to {(M72C7) x {1} : C7 € Fo}, and the
union K_3 of the cores of these M?T*1 722 new blocks is a topological (N +
2)-cube. Set T_9 = K_9\ K_3. We now extend f: ToUT_1UT_9 = TpU
T_1 UT_5 by gluing together the homeomorphisms

flti g, = o2z 0 0L o (¢l )M, 1, = 71y,

Continuing this process inductively in a self-similar manner, we obtain
a homeomorphism f: Q\ ({0} x [0,1]) = Q1 \ 7, where ~ is the snowflake
open curve v = (pe; K_j.

Lemma 4.4. There exists C > 1 depending only on N,n such that M~ f
is C-bi-Lipschitz on each of the MF+#1+ -+ tybes in T_,.

Proof. The scaling factor of each ¢ éll’,','_',’,lz’jc is M—k—z1—"=2 and the scaling fac-

tor of each o;l’, ’,lzkk is MJ\Z ZMk, Moreover, only a finite number of different
bi-Lipschitz mappings ©7 have been used in the definition of f. Therefore,
by Lemma 4.3, M % f is C-bi-Lipschitz on each of the M*+# T2 tyubes
in T_y, for some constant C' > 1 depending on M, py ,, and the bi-Lipschitz

constants of the maps @ @;fN ; thus C' depends only on N, n. O

Hence, the mapping f: Q\ ({0} x [0,1]) — Q; \ 7 is K-quasiconformal
for some K depending only on N, n. By a theorem of Vaiséaléd for removable
singularities [19, Theorem 35.1], f can be extended to a K-quasiconformal
mapping from Q onto Q7.

Remark 4.5. Note the following self-similar property on I-blocks: if
Q1,,...1.., is an I-block of K_,_; then

l a l yreta
(4.3) Fltty oo, = ololere o flto (Clotery ™ e, L,

In particular, the periodicity of {z;} with period a + b implies the peri-
odicity of f (up to similarities) to tubes t;, . ;, and t;, when Qy, .1,
Q... lisasy are I-blocks.

Finally, note that the snowflake curve v = J7—; K_ is the image of the
line segment {0} x [0, 1] under f.

7lk+a+b
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4.3. Quasiconformal extension to RV+2

We now extend the mapping f: Q — @7 to a quasiconformal homeomor-
phism of RN*2 by backward iteration.

Fix an I-block @y, .., in some core xy,, .., of Qr with [; # 1, M T%.
Such a block ex1sts by the first property of the path Jy in Section 3.3.

Let ¢ = Czl, ,Z";fb be the similarity in RY¥*? that maps (Q,e) t
Qi sy s WNQyy,tayy), and o = Ulzll””";jfb be the similarity in RV 2 that
maps (Qr,er,) to (Q,,... 1., WFr, NQy,....1..,) as in Section 4.2. Note that ¢
has a scaling factor M~ (@t0)(1+®) anq 5 has a scaling factor %M_(‘”b).

Because [; # 1, M™% the space RV*2 is the union of an increasing
sequence of I-blocks and regular blocks

RM2=Joter=J "

k>0 k>0

Ifl;=1foralli=1,...,a+bor l;=M"7* forall i=1,...,a+b then
these unions would be proper subsets of RV*2.
Define homeomorphisms F®*) : (7+Q — o_kQI, k>0, by

(4.4) F®) = g7k fock,

The self similar property (4.3) implies that fo(|Q = oo f. Therefore,
F®IQ=0"%0fo(*|Q=fforallk >0, and F N1¢*Q = F® for all &/ >

k > 0. Thus, the mapping F,, = limj_,oo F*) : RV+2 5 RN42 5 well- defined.
Moreover, since all mappings F®) are K-quasiconformal, F, is K-
quasiconformal and therefore, F}, is n-quasisymmetric for some 7 depending
only on N, n.

Remark 4.6. The backward iteration depends on the fact that « is ratio-
nal. In fact, for any real number a € [N, pn 5], the arguments of Lemma 4.3
can be used to find a sequence (zj)r>o having terms in {0, pn,} such that
|21 + -+ 2z, — ka| < pn,, for all k> 0. Therefore, a quasiconformal map
f:Q — Qr can be constructed as in Section 4.2. However, if « is irrational
the sequence (z) is not periodic and the backward iteration cannot be used
to extend this map in all RNV+2,

We show now that the quasisymmetric mapping F, satisfies (4.1).

Proof of Proposition 4.1. By the self similar property (4.4) and the scaling
factors of (,o, it is enough to show (4.1) only for x = (2/,2") € Q with
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|2/| # 0. Suppose that z € #,..;,. Then, B(z,$|2|) intersects at most m
annulus tubes #;,..;,, for some m depending only on M, thus on IN,n. Since
|2/| o M—F=2= =2 o M ket e deduce (4.1) by Lemma 4.4. O

5. Proof of Theorem 1.1

In this section we give the proof of Theorem 1.1. Using Proposition 4.1,
we first show in Section 5.1 the theorem when o > 0 is a rational number
and then, in Section 5.2, we prove the theorem for all real numbers a > 0
applying an Arzela-Ascoli limiting argument.

Assuming Theorem 1.1, the proof of Corollary 1.3 is as follows.

Proof of Corollary 1.3. Suppose that « € [0,1) and g is a bi-Lipschitz em-
bedding of the singular line I' = {z; = 0} C G, into R?. We show that ¢
extends to a bi-Lipschitz embedding of G, onto R2.

Let f: G, — R? be the bi-Lipschitz mapping of Theorem 1.1. Then, g(T")
and f(I') are quasilines in R? and g o f~! is a bi-Lipschitz homeomorphism
between these quasilines. Consider an n-quasisymmetric mapping h : R —
f(I'). By the Beurling-Ahlfors quasiconformal extension [7], there exists a
K-quasiconformal extension F : R? — R? of h, with K depending only on n
that satisfies

diam F'(I) ~ |DF(z)| diam I

for every arc I C R x {0} and every point z € R? for which dist(x, ) ~
|I|. Here the ratio constants depend only on 7. Similarly, there exists a
quasiconformal mapping G : R? — R? extending g o f~! o h satisfying the
properties of F.

We claim that G o F~! o f is bi-Lipschitz extension of g. Indeed, for any
point x € R? we have |DF(z)|/|DG(z)| ~ diam F(I)/diam G(I) for some
suitable I C R x {0}. Since go f~! is bi-Lipschitz, the last ratio is compa-
rable to 1. Therefore, |DF(z)| ~ |DG(x)| and G o F~! is bi-Lipschitz. [0

5.1. Proof of Theorem 1.1 when « is rational

We first recall two basic properties of the generalized Grushin metric.
The dilation property states that for any o > 0 and any § > 0,

dg, ((6x1,0" x2), (dy1, 6" %y2)) = ddg,, (w1, x2), (Y1, y2))-

This can be found in [6] for the case a = 1, but it applies equally to the case
of arbitrary « > 0.
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Given = = (21,22),y = (y1,y2) € G, we define the Grushin quasidis-
tance
. 1 |T2— Y2
o) = Lo =]+ i { o — iz, 1222l
It is well-known that the quasidistance d,(x,y) is comparable to dg_(z,y);
see e.g. [11, Theorem 2.6]. In fact, the following result holds true.

Lemma 5.1. For each m > 0 there exists C(m) > 1 such that for all o €
[0,m] and all z,y € G,

C(m)ilda(x7y) < dGa ($,y) < C<m)d06(x7y)

The proof of Lemma 5.1 is identical to that of Lemma 2 in [1]. The next
lemma is a simple application of the Mean Value Theorem and its proof is
left to the reader.

Lemma 5.2. For all m >0 there exists ¢(m) > 1 such that for all o €
[0,m] and z,y € R with |x| > |y|,

c(m) ™ 2|z — y| < Jalz|® = ylyl®| < c(m)]2]*]a — y].

For each number a € [N, N + 2-1] define Hy, : Go — Rx {0} x RCRN+2
to be the mapping

Ha($17m2) = (331‘1'1|aa 07 R 70>$2)‘

It is known that H, is an n’-quasisymmetric mapping with n’ depending
only on N, n; see e.g. [1, Theorem 2].

We are now ready to prove Theorem 1.1 for rational & > 0. The argument
in this case is analogous to those of [22, Theorem 1.1] and [23, Theorem 5.1].

Proposition 5.3. For all integers N > 0 and n > 1, there exists L > 1 de-
pending only on N,n such that, for each rational o € [N, N + %], there

exists an L-bi-Lipschitz homeomorphism of G, onto a 2-dimensional quasi-
plane P, C RN*2,

Proof. Fix a rational o € [N, N 4+ 2=1] and let A and F, : RN+ — RV +2
be the constant and n-quasisymmetric map, respectively, of Proposition 4.1
with A and 7 depending only on IV, n. The composition F,, o H, is a home-
omorphism from G, onto the quasiplane P, = F,(R x {0} x R). We show
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that F,, o H, is L-bi-Lipschitz with L depending only on A, the quasisymmet-
ric data n,n’ of Fy, H,, respectively, the constant C' (N + "T_l) of Lemma 5.1
and the constant ¢(N + “-1) of Lemma 5.2; thus L depends only on N, n.
The comparison constants below depend at most on N, n.

Let x = (21, x2), y = (y1,y2) be points in G, and assume that |z1]| > |y1].
The proof splits into four cases.

Case I |x1] >0, |21 — 1| < |71|/4, and |zo — ya| < |o1|T%/2. Then,
|z1| >~ |y1| and the Grushin distance satisfies dg, (z,y) ~ |21 —y1|+
|z1|~%|x2 —ya|. Moreover, by Lemma 5.2, |Hy(x)—Hy(y)|~|z1|%|z1 — 11|+
|z2 — yal-

If Hyo(y) € B(Ho(z), 3|z1]'T®) then Proposition 4.1 yields |F, o Hq(2) —
Foo Ho(y)| = |z1 — 1| + |21[ 22 — 92| = dg., (2, ).

Otherwise, |Hy(z) — Ho(y)| = |21/'T%. Let z € G, such that |H,(x) —
Hy(2)| = |z1|*T®/2. Then the quasisymmetry of F, and H, implies |F, o
Hy(z) — Fyo Hy(y)| > |Foo Hy(z) — Fy 0o Hy(2)| ~ dg, (2, 2) ~ dg, (x,y).

Case II. |z1| > 0, |z1 — y1| > |71]/4, and |73 — yo| < |21|1T%/2. Then,
dg, (,y) = [z1 — y1| = |z1| and, by Lemma 5.2, |Ho(z) — Ha(y)| = |1+
Similar to the second part of Case I, |F,, o Hy(z) — Fy 0 Hy(y)| ~ dg, (x,y).

Case III. |r1| >0 and |y —yo| > |21|'T%/2. Then, dg_(z,y) ~ |z1 —
y1| + |zo — y2|VOH) ~ |2y — y2|1/(1+°‘). By Corollary 4.2, |Fy 0 Hy(z) —
FooHuy(y)| =~ |Ho(z) — Ha(y)| ™= =~ |29 — 42|+ ~dg, (x,y).

Case IV. x1 = 0. Then, |F, o Hy(x) — Fy 0 Hy(y)| ~ dg, (x, y) by taking
limits in Case III. |

5.2. Proof of Theorem 1.1 when « is irrational

The following lemma deals with the bi-Lipschitz embeddability of G, into
RL+2 for all real a > 0.

Lemma 5.4. For all integers N > 0 and n > 1, there exists L > 1 depend-
ing only on N,n such that for all o € [N,N + "Tfl] there exists an L-bi-
Lipschitz embedding fo : Go — RNT2,

Proof. Fix anumber a € [N, N + “~1] and let (gx)ken be a sequence of ratio-
nal numbers in [N, N + “=1] converging to a.. Note that limy,_,« dg, (7,y) =
dg. (x,y) for each =,y € R%. By Proposition 5.3, there exists L > 1 depend-
ing only on N,n such that, for each ¢, there is an L-bi-Lipschitz map
far : Gy — RYT2 Tt is clear by their construction that each f,, maps (0,0)
to (0,...,0) € RV+2,



Bi-Lipschitz embedding of the generalized Grushin plane 1195

Let & = {a1,aq9,...} be a countable dense set in (G,,dg, ). Note that,
for each i € N, [fy, (a;)| < Ldg,, (ai, (0,0)). Hence, for each i € N, the se-
quence (fg,(ai))ken is bounded. Define, for each i € N, a subsequence of
(fg)ken as follows. Set (fP)ren = (fq)ken and for each i € N let (f{)ren
be a subsequence of (fi )xen 50 that (f}(a;))ren converges. Then, for each
a; € &, the sequence (f,f(ai))keN converges. Set f(a;) = limg_, f,’:(ai).

We claim that f: (/,dg,) — R¥*2 is L-bi-Lipschitz. Let 21,2 € &/
and € > 0. Choose k € N big enough so that
for each i = 1,2

(5.1) |fe(z) — fz)] <

Wl ™

and if ff = fqk) for some q(k) € {q1,q2,...} then

€
(5.2) |d@q(k)(zl,22) —dg, (z1,22)| < 3

Combining (5.1) and (5.2) we have that

|f(z1) — f(22)| < Ldg, (21, 22) + €.

Similarly, |f(z1) — f(22)| > 1dg. (21, 22) — €. Since € is arbitrary, the claim
follows.

Using the density of <7 in G, the mapping f can be extended to all
G, uniquely. It remains to show that f : G, — RN*2 is L-bi-Lipschitz. Let
x1,x2 € G and € > 0. Find z1, 29 € o such that for each i = 1,2, dg_ (i, 2)
< 47 and |f(z;) — f(z)] < §. Then,

f(21) — f(a2)| < Ldg. (21, 22) + ; < Ldg, (11,12) +¢.

Similarly, |f(z1) — f(z2)| > +dg, (21, 22) — €. Since € is arbitrary, f is L-bi-
Lipschitz. O

We now prove Theorem 1.1.

Proof of Theorem 1.1. Let aw € [N, N + ”T_l] and (gx) be a sequence of ra-
tionals in [N, N + "T_l] converging to « such that the L-bi-Lipschitz maps
fq. = Fy, o Hy, converge to an L-bi-Lipschitz map f, : Go — RN*2 as in
the proof of Lemma 5.4. Here F,, : RV*+2 5 RN+2 §5 the quasisymmetric
mapping of Proposition 4.1, H, (z,y) = (x|z|%*,0,...,0,y) is the quasisym-
metric mapping of G,, onto R? and L depends only on N, n. Note that the
mappings H,, converge pointwise to the mapping H, = (z|z|%,0,...,0,y)
and that the mappings Fy, fix the origin of R¥*2 and the vector (0,...,0,1).
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By [12, Corollary 10.30], passing to a subsequence, we may assume that
F,, converges to a quasisymmetric mapping F,. Then, f, = H, o F,,, and
the image of f, is Fi(R x {0} x R) which is a 2-dimensional quasiplane in
RN +2 ]

6. Appendix

This section gives the construction of the paths J;(N,n), Jr(N,n) used in
Section 3.3 and the proof of Lemma 3.1. In Section 6.1, we construct for
each integer N > 0 and each integer M = 4k + 5 > 9 paths JN (M), J{¥ (M)
which serve as a base for the construction of paths J;(N,n), Jr(N,n) in
Section 6.2. Then, in Section 6.3 we show Lemma 3.1.

6.1. Auxiliary paths

Let N > 0 and M = 4k + 5 > 9 be integers. The paths J7¥ (M), J} (M) are
defined by induction on N.

For an integer M = 4k + 5 > 9 let JP (M) be the segment I C R? which
we divide into M disjoint I-segments £,,, of length 1/M. Similarly, let J7 (M)
be the segment L C R? which we divide into M disjoint I- and L-segments
lpy, of length 1/M where £ax—1 is an L-segment and the rest are I-segments.

To obtain jll(M), replace each pair of I-segments £, U £y,11, where

M —
9.4 5’M—i—5
2 2

.,M—4,M—2},

by a swath containing AL 1 I- and L-segments of length 1/M running in the
negative x1-direction; see Figure 1 for a schematic representation. Precisely,
JH(M) contains M2_ 5 swaths and each swath contains 4 L-segments and
M M=5 pairs of consecutive I-segments. Here we make use of the fact that

=4k + 5.

To obtain 7, 12( ) replace each of the (M — 5)2/4 pairs of consecutive
I-segments in J7?(M) by a swath containing M L many I- and L-segments
of length 1/M running in the positive x3- dlrectlon see Figure 1. Note that
JZ(M) contains (M — 5)2/4 new swaths, each containing -2 pairs of con-
secutive [-segments.

Proceeding inductively, we obtain for each integer N > 0 and each inte-
ger M = 4k + 5 > 9 a path J~ (M). Denote by (#J7" (M)) the total number
of I- and L-segments in J/ (M), and by (#J7 (M))* the total number of
pairs of consecutive I-segments. Then, (#J7(M)) = M, (#JP(M))* = #
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and for N > 1

#T (M) = (#T M) + HIT] (M) (M~ 3)

@It oy = - ooy M0
Therefore,
_E\N _ 9N
(#T7 (M) = M + (M —3)(M —5) (]2\{\/“?])\/[ _ 72)
and
(-5

(#T (M) =

2N+1

The paths J7¥ (M) are constructed similarly; see Figure 1.

Z
-
77
|/
il | Bnfall | g
%
-
7 1
-
¢
7 K

Figure 1. The paths JP (M), J2(M) and a swath in the extra dimension.

6.2. Construction of the paths Jy, Jr,

Fix integers N > 0 and n > 1 and set M = My, = 9n(N+2) 'We first con-
struct paths J;(N,n) and Ji(N,n) as an extension of 7 and J}V, respec-
tively, in an extra dimension. The required paths Jr(N,n) and Ji(N,n)
are obtained after applying a suitable rotation to J;(N,n) and Ji(N,n)
respectively.

We work first for J; (N, n). To construct J;(N,n) we use the path J7¥ (M)
which contains M’ = (#J7 (M))* = 27N=1(M — 5)N*! pairs of consecu-
tive I-segments. Replace each pair of [-segments ¢, U ¢y,11 in jIN(M),
m=1,...,M’, by a swath consisting of 2k,, + 2 many I- and L-segments,
running in the positive xyio-direction. Here, 0 < k,,, < % (if kp =0
then the swath contains only /,,,¢y,+1 and if k,, > 1 then it contains 4
L-segments and 2(k,, — 1) I-segments). The resulting path is denoted by
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J 1(N,n). Moreover we require that the swaths are chosen in such a way that
Jr(N,n) is symmetric with respect to the plane zy41 = 1/2. Hence, for each
m e {1l,---, M'} there is m' € {1,..., M'}, m # m/ such that ky, = k.

The path J;(N,n) must consist of M TP~ = MN+2-1/7 many I- and
L-segments of length 1/M. Thus, we require that

2ky + kg + -+ kap) + 2M 4 (#TF (M) — 2M") = MN+2-1n
or equivalently

MN+2—1/n _ (#jIN(M))

(6.1) ky 4 ko + -+ kap = 5

The symmetry of J;(N,n) implies that the left hand side of (6.1) is even.
Moreover, since M is a multiple of 9, the right hand side of (6.1) is also even.
Since each ky, can take any integer value in [0, M — 3|, the left hand side
of (6.1) can take any even integer value in [0,2(M — 3)M’] and it is enough
to show that

MNP (TN (M)

2(M - 3)M' > 5

Indeed, since M = 9™(N+2),

_ _ R\N+L o\ N2 1

Properties (1)—(4) of Section 3.3 are immediate. The proof of property
(5) is almost identical to the proof of Lemma 3.1 in the following section.
The path J (N, n) is obtained similarly. In this case we require symmetry
with respect to the plane x1 + xny11 = %

6.3. Proof of Lemma 3.1

We show Lemma 3.1 for z = p and @ = ;. Similar arguments apply when
Q = Q. For the rest, F = Fy.

By Section 6.2, each J;(N,n) is constructed as a sequence of paths I =
J1, Jo,. .., IN+2 = Jr(IN,n) where each Jj lies in a k-dimensional subspace
of RN*2 and J; 1 is constructed by replacing pairs of I-segments £,, U £y, 41
of Ji by swaths . = I,, U ., U I}, . Here, I,;, C by, I}, | C Lypy1 are line
segments and .7, is a polygonal arc perpendicular to the k-plane containing

Jy. Associated to each J we consider a core ry = TV T2(Jy, %4_22)
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Each core ry, consists of My, many I- and L-blocks Q. ,, m = 1,..., M.
Here My = (#JF(M)),ifk =0,...,N + 1, and My o = M+P~» with M =
9n(N+2)  Similar to the path Jj, each core ry, is constructed by removing cer-
tain pairs of I-blocks from kp_; and replacing these pairs by solid swaths
S = TN+, M=22). Note that 11 = ro(Q).

For each k,m the side s(Qp ) has a fibration into I-segments (if Qx
is an I-block) or L-segments (if Qj,y, is an L-block) similar to the fibrations
{I;},{Lg} of Section 3.6. The fibrations of the sides of Q ,, induce a fibra-
tion of the side s(ky) = |, Ik, Where I'y,, is a polygonal arc, u € geN+1
and I'y , Ns(Qk.m) is a fiber of s(Qg ). As with the paths Ji, each I'y4q
is constructed by replacing certain line segments of I';, ,, by fibers which lie
on the new solid swaths of 1. Note that if u is a vertex of ¢N¥+! then |
is an edge of ki and I'yy2,, is an element of the flag-path wz, of k,(Qr).

For the construction of @f o we first map 7,(Q) onto 79(Q) and then we

compose with @g: 0,

Step 1: We map (Q,kn+2) onto (Q,k1). We construct a bi-Lipschitz
map in ¢ which fixes 0@ and maps Kni2 onto Kyi1 by compressing each
solid swath onto the two I-blocks of ky41 which it replaced. The map is
defined in a neighbourhood of each solid swath. B

For each solid swath S C ky2, consider a (N + 2)-box Q(S) C @ which
contains § and satisfies the following properties,

1) each face of Q(S) is parallel to a coordinate (N + 1)-hyperplane;
2) Q(S) NNtz =S;
3) Q(S) and Q(S') have disjoint interiors if S # &.

For each solid swath & C kyy2 we construct a bi-Lipschitz isotopy ®s :
Q(S) x I — Q(S) such that &s(+,¢)[0Q(S) =1id for all t € [0, 1], Ps(-,0) =
id, and ®s(-,1)|S is a PL bi-Lipschitz map of S onto the two I-blocks of
kn41 that S replaced. By PL bi-Lipschitz isotopy, we mean that the induced
mapping gi,+, = ®s(®5'(,t1),t2) is piecewise linear and (1 + Clts — t1])-bi-
Lipschitz for some constant C' > 0 and all t1,t € [0,1]. Note that g; %2 =
Gtaty -

Fix a solid swath S C ky192 and write @(S) = Q and g = ®. Suppose
that S = Q] U---UQ),, where @} are blocks of k42 and that S has re-
placed two I-blocks Q1 U Q2 of Kn1. N

If m =1 then Q1 = @), Q2 = Q) and ® is the identity in Q.

Suppose now that m > 2. We write Q; = ’TNH(&,%) and Q; =

TN+2(€;-, J‘g/[_f) for i=1,2 and j =1,...,2m where {1,/s are [-segments,
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0 is ~an L-segment when i =1,m, m + 1,2m and an I-segment otherwise.
Let ¢ be an I- segment, of length 10M intersecting both ¢; and /5. Define
€1 =/ \€ Ezm =/ \E and {6 }2m 'be a partition of 7 into I-segments of
length m

Let ®:0(Q\S) x I — Q be a PL bi-Lipschitz isotopy on 8(Q \ S) such
that ®(-,1)[0Q = id for all ¢ € [0,1], ®(-,0) = id, and ®(-, 1)|0S maps each
Q’ onto QJ (f M 2) while each I'y42,, N Q is mapped onto I' x4, N
Qj by arc-length parametrlzatlon Let 3; = ®(0 (Q \'S),1).

We use the following theorem of Véisild on bi-Lipschitz extensions.

Theorem 6.1 ([20, Corollary 5.20]). Letn > 2 and ¥ C R" be a com-
pact piecewise linear manifold of dimension n or n— 1 with or without
boundary. Then, there exist L', L > 1 depending on ¥, such that every L-bi-
Lipschitz embedding f : ¥ — R"™ extends to an L'-bi-Lipschitz map F : R" —
R™.

By Theorem 6.1, for each t € [0, 1], there are constants L, L) > 1 such
that any L;-bi-Lipschitz map f :3; — RY¥*2 has an L}-bi-Lipschitz exten-
sion F: RN*2 5 RN*2 For all ¢ € [0,1], there is an open interval A; such
that 1 + C|s — t| < L for all s € A4. Cover [0, 1] with finitely many intervals
{A, }j 1, where 0 =tg <t; <---<t; =1 and Ay, NA # 0. For each
J=1,...,Iset agj =t; and ag;1 € Ay, N Ay,. Then, each g4,q,,, extends
to a b1—L1pschitz map Gg,a,,, : RVT? — RV2 Hence, Gay,_yay 0+ © Gaga,
is a bi-Lipschitz self-map of @ The respective bi-Lipschitz maps on each C~2
can be pasted together and the resulting map is still bi-Lipschitz.

Similarly we use a bi-Lipschitz map in () that maps kxy1 onto ky sat-
isfying all the properties of the previous bi-Lipschitz map. Inductively, we
obtain a bi-Lipschitz map

6/ : (Qa HN—I—Q) - (Qa "{1)

such that ©' is identity on 0@, maps each I'y42, on I'1,, and every block
QN+2,m in the core k42 is mapped to a block TN+2(y, ]\]4\422) where ¢ = ¢(m)
is a straight line segment lying on J;. Note that J; and all fibers I'1 ,, of k1
are straight line segments isometric to each other.

Step 2: We straighten the images of I'y42,,. Consider the line segments

/]V+2,u(m) =0 (I'ni2u N QN+2.m)



Bi-Lipschitz embedding of the generalized Grushin plane 1201

and let Iy » , = Uj\m/[if Iy 9. (m). The family {I'y 5 , bucev+ is a fibra-
tion of k1 = ko(Q) and if u is a vertex of €V+! then Iy 9, is an edge of
k1. Let ©” : Q — Q be a bi-Lipschitz mapping which is identity on dQ and
linear on each I'y ., ,(m). Moreover, for all u,m, ©"(I"y,,,(m)) lies on
Iy 1o, and its length is 1/M. Define now 0f = (0) 1o (0") 1007 and
the proof is complete.
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