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New type I ancient compact solutions of
the Yamabe flow

PANAGIOTA DASKALOPOULOS, MANUEL DEL PINO,
JOHN KING, AND NATASA SESUM

We construct new ancient compact solutions to the Yamabe flow.
Our solutions are rotationally symmetric and converge, as t —
—00, to two self-similar complete non-compact solutions to the
Yamabe flow moving in opposite directions. They are type I an-
cient solutions.

1. Introduction

Let (M, go) be a compact manifold without boundary of dimension n > 3. If
4

g = @n-2 gg is a metric conformal to gg, the scalar curvature R of g is given

in terms of the scalar curvature Ry of gy by

n+2

R=¢ (_ énAgo@‘i‘RO@)

where Ay denotes the Laplace Beltrami operator with respect to gy and
ey =4(n—-1)/(n—2).
In 1989 R. Hamilton introduced the Yamabe flow

9y
(1.1) Tl —Ryg

as an approach to give yet another proof of the Yamabe problem on manifolds
of positive conformal Yamabe invariant, using the flow and the parabolic
techniques. The Yamabe flow is the negative L2-gradient flow of the
total scalar curvature, restricted to a given conformal class. This was shown
by S. Brendle [1l 2] (up to a technical condition in dim n > 6). Significant

earlier works in this directions include those by R. Hamilton [13], B. Chow
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[B], R. Ye [21], H. Schwetlick and M. Struwe [18] among many others. The
Yamabe conjecture, was previously shown by R. Shoen via elliptic methods
in his seminal work [I7].

In the special case where the background manifold M is the sphere S™
and go is the standard spherical metric g,., the Yamabe flow evolving a
metric g = @ﬁ(-,t) g takes (after rescaling in time by a constant) the
form of the fast diffusion equation

(12) @)= dsip—cnp, o= "0
Starting with any smooth metric go on S™, it follows by the results in [5], [21]
and [I1] that the solution of with initial data gg will become singular
at some finite time ¢ < T and g becomes spherical at time 7', which means
that after a normalization, the normalized flow converges to the spherical
metric. In addition, @ becomes extinct at T

A metric g = ¢»—2 g, may also be expressec41 as a metric on R" via
stereographic projection. It follows that if g = ¢»—=2(-,t) g,. (where g,, de-
notes the standard metric on R™) evolves by the Yamabe flow , then ¢
satisfies (up to rescaling in time by a constant) the fast diffusion equation
on R"

n-+ 2
n—2

(1.3) (@")e = A, p=

Observe that if g = g&ﬁ(~,t) gg- Tepresents a smooth solution when lifted
to S™, then ¢(-,t) satisfies the growth condition

P(z,1) = O(lz] "), as|z] = oo

Definition 1.1 (Type I and type II ancient solutions). The solution
g=o(, t)ﬁ go to is called ancient if it exists for all time t € (—o0,T),
where T < co. We will say that the ancient solution g is type I, if its Rie-
mannian curvature satisfies

lim sup (|¢| max |[Rm| (-, %)) < oo.
t——o00 Mo

An ancient solution which is not type I, will be called type II.
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The simplest example of an ancient solution to the Yamabe flow on S™ is
the family of contracting spheres. They are special solutions @ of (1.2)) which
depend only on time ¢ and satisfy the ODE

n+2

dsban _
a e
They are given by
] 4 B .
(1.4) Pslp,t) = | ——5 (T —1) , peSs

and represent a sequence of round spheres shrinking to a point at timet = T'.
They are shrinking solitons and type I ancient solutions.
King solutions: They were discovered by J.R. King [14]. They can be
expressed on R™ in closed from (after stereographic projection), namely g =
4
&p (-, 1) "2 gpn, where ¢, is the radial function

n—2

. _ a(t) B n
(1.5) 9"K<Z’t)_<1+Qb(t)|z|2+yz\4> , zeR

and the coefficients a(t) and b(t) satisfy a certain system of ODEs. The
King solutions are not solitons and may be visualized, as t — —o0, as two
Barenblatt self-similar solutions “glued” together to form a compact solution
to the Yamabe flow. They are type I ancient solutions.

Let us make the analogy with the Ricci flow on S2. The two explicit com-
pact ancient solutions to the two dimensional Ricci flow are the contracting
spheres and the King-Rosenau solution [I4], [15], [16]. The latter one is the
analogue of the King solution of the Yamabe flow. The difference is
that the King-Rosenau Ricci flow ancient solution is type II, while the King
Yamabe flow solution is type I.

It has been showed by Daskalopoulos, Hamilton and Sesum [8] that
the spheres and the King-Rosenau solution are the only compact ancient
solutions to the two dimensional Ricci flow. The natural question to raise is
whether the analogous statement holds true for the Yamabe flow, that is,
whether the contracting spheres and the King solution are the only compact
ancient solutions to the Yamabe flow. This occurs not to be the case as the
following discussion shows.

Indeed, in [7] the existence of a new class of type II ancient radially
symmetric solutions of the Yamabe flow ((1.2]) on S™ was shown. These new
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solutions, as ¢ — —oo, may be visualized as two spheres joined by a short
neck. Their curvature operator changes sign. We will refer to them as towers
of moving bubbles.

Since the towers of moving bubbles are shown to be type II ancient
solutions, while the contracting spheres and the King solutions are of type I,
one may still ask whether the latter two are the only ancient compact type
I solutions of the Yamabe flow on S™, equation . In this work we will
observe that this is not the case, as will show the existence of other ancient
compact type I solutions on S™.

It is simpler to work in cyligldrical coordinates, so let us first describe the
coordinate change. Let g = ¢»—2(-,t) g, be a radially symmetric solution of
(1.3). For any T > 0 the cylindrical change of variables is given by

(L6)  pla,7)=(T—0) 75t gy,0), w=Ilyl 7=—In(T ~2).
In this language equation (|1.3)) becomes

—2)? -1 2
(1.7) (¢")r = pua + a7 9P — By, ﬁz(n4 s, a:pip :nz :

By suitable scaling we can make the two constants a and S in (1.7]) equal
to 1, so that from now on we will consider the equation

(18) ((pp)‘r = gz + Spp - P

It is well known (c.f. in [20], Section 3.2.2 and [9, 10]) that for any
given A > 0 equation (|1.8]) admits an one parameter family of traveling wave
solutions of the form

oAz, T) = Az —AT), Y=z —AT
which admit the behavior
(1.9) Ua(y) = O(eY), as Yy — —00.
It follows that 1 := v satisfies the equation
(1.10) Pyy + A W)y + 9P = =0

and they are unique up to translations of the self-similar variable y, given the
(1.9). The solutions ¢, define Yamabe shrinking solitons which correspond
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to smooth self-similar solutions of when expressed as metrics on R"
(the smoothness follows from condition (1.9)). It was shown in [I0] that
they are type I ancient solutions. Solutions of with A = 0 correspond
to the steady states of equation and they represent geometrically the
standard metric on the sphere.

When A > 0, solutions to (|1.10)) with behavior (1.9)) define smooth com-
plete and non-compact Yamabe solitons (shrinkers) which all have cylindrical
behavior at infinity, namely

Ua(y) =1+ o(1), as y — +oo.

In [9] the asymptotic behavior, up to second order, of these solutions
was shown. Let us next describe this behavior for the case A > 1 which will
be heavily used in this work. For values of A in the range 0 < A < 1, the
behavior of the solutions vy was also studied in [9] and it is more complex
as it differs for dimensions 3 < N <6 and N > 6.

When A > 1, it is shown in Theorem 1.1 in [9], that there exists a unique
solution 1y of which is monotone increasing, satisfies

(1.11) ¥a(0) =

and has the asymptotic behavior

¢>\(y) = O(ey)a as y — —oo and

1.12
LI2) @) = 1= Cre™™ 4 o(e™Y), as y - +oo

for some constants ) > 0 and C) > 0 (depending on A). The exponent 7,
satisfies the equation

(1.13) 22—y 4 (p—1) =0
and for A > 1 is given by the smallest of the roots of this equation, that is

_ -/ —4A(p - 1)

(1.14) 20\ 5 > 0.

When A = 1, equation (1.10) admits the explicit Barenblatt solution
1 1/(p-1) 1

( 5) ¢1(y) <1 +cp 6(p1)y> ) p n—2

with ¢, chosen so that 1 (0) = 1/2.
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We will establish in this work the existence of a five parameter family of
solutions @i ' pn k Of with (A, N, h,h/ k) € R% and \,\ > 1, k> 0.
Let us next summarize our construction. First, note that because of the
nonlinearity of the time derivative in it is more natural to define our
solutions in terms of the pressure function

u = Spiﬁ = (’D—(p—l)

which satisfies the equation

p
p—1

(1.16) PUr = Ulpy — w2+ (p—1) (u* —u).

This becomes also apparent when one looks at the King solutions ,
which in terms of the pressure function u := gp;(p_l) become polynomials in
the radial variable r = |z|.

In terms of the pressure function, equation admits an one param-
eter family (unique up to translations) of traveling wave solutions of the
form wuy(z,7) = va(x — A7) with profile vy = w;(p_l), with 1 the solution
of as described above. It follows that v := v satisfies the equation

p
(1.17) vy = ST v APy + (p = D) (v —v) =0.
Imposing the condition that

vx(0) =2

which is equivalent to 1, (0) = 1/2, it follows from ((1.12]) that each v sat-
isfies the asymptotic behavior

u(y) = 0(6_(p_1)y), as y — —oo and
u(y) =1+ Cre ™ +o(e™Y), as y — 400

with ~y, satisfying (1.13])-(3.10) and C) a constant uniquely determined in
terms of A and p. In addition each vy is monotone decreasing in ¥, since it

is known that ¢, is monotone increasing. Notice also that in terms of the
pressure function ¢ := 1, =1 the Barenblatt solution in (1.15)) are given
by

(1.18)

(1.19) vi(y) =14 ¢pe PV,

We will next describe the building blocks in our construction of the five
parameter family uy y pp 1 Of ancient solutions of equation ([1.16), which
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will be the main focus in this work. Assume that
(1.20) unp(z,7) :=vr(x — AT+ h)

is a traveling wave solution of for a parameter A > 1 and h € R and
let uy/ 5 be another such solution for a different choice of parameters A’ > 1
and h’' € R. Since equation ([1.16]) is invariant under reflection = — —z, it
follows that

(1.21) Gy e (2, 7) i = uy (=2, t) = vp(—z — N7+ 1)

is also a solution to . It corresponds to another traveling wave of
which travels in the opposite direction than wy. .. The solution wuy 4 (-, 7) is
monotone decreasing in x while @y 4/ (-, 7) is monotone increasing. Moreover,
it follows from that wy p, @y p satisfy the asymptotics

unp(z,7) = O(e=®P D) asz — —co and

(1.22) )
iy (2, 7) = O(e” V), as & — +oo
and also
(1.23) u)\7h(x7 T) =1+0C, e*’Yx(xf/\‘r+h) + O(ef'y)\(a:f)\TJrh)),
as T — AT + h — +oo.
and
(124) 1Aj,>\/7h/ (:L" 7') =1 + C)\ e’Y)J(iU-I—/\/T—h) + O(C'VA’(I‘F)\IT—}Z))’

as x + N7 —h — —o0.
with vy, vy given by (3.10) and Cy > 0,C)y > 0 depending only on .

Equation (1.16)) also admits an one parameter family of space indepen-
dent ancient solutions & := &k (7) which are the solutions of the ode

(1.25) Ten) =2 () - €()

and correspond to the cylindrical solution of the Yamabe flow. Solving this
equation gives

(1.26) &(T) = ———=>
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for a constant k € R. From now on will take & > 0 which implies that & (7) >
1 and & (7) > 1, for k > 0. Also, since p > 1, we have

2(p—1)

(1.27) fk(T)zl—Fk:epTTlT%—O(e 7)), as 7 — —00.

We will show the existence of five parameter class of ancient solutions

ux x hh i Of equation with A\, > 1, k>0 and A, € R, which as
T — —oo may be visualized as the two traveling wave solutions, uy p, (trav-
eling on the left) and @y (traveling on the right) and a cylinder & (7) in
the middle. In fact, we will show in section [4| that for 7 < 0, ux x' pp k(5 7)
satisfies

(1.28) Wy ke (5T) Sk (57) S WYy g (57)

with

(1.29)  wy y pprp o= max (oa(z = AT+ h), &(7), vy (=2 — X7+ 1))
and

(130) w;\r’)\,’h’h,’k = 'U)\(il: - )\T (]- - qe%T) + h)
Fon (= — N7 (1—qe5 )+ 1)+ &lr) — 2

with ¢ = g(p) > 0. It is clear that w) ,,, ;. . is a subsolution of equation
(1.16)). The main observation in our construction is that wj\r)\, Wik 1S 2
supersolution of equation ([1.16)) with the appropriate choice of the param-
eter q.

1

. Ny .
Equivalently ox x pp i i= Uy X b deﬁnes4a solution of (|1.8) and we

recall that p — 1 = %. Let gy n . i(T) := gpﬁ’h,h,7k (+,7) geyr denote the
metric on the cylinder R x S"~! defined in terms of OAN b k> Where geyp 1=
dz? + g.._. denotes the standard cylindrical metric. We have seen that
is equivalent to gx y p.nk satisfying the rescaled Yamabe flow g, = —(R —
1)g. In addition we will show that ¢y xpp r When lifted on S™ defines a
smooth ancient type I solution to the Yamabe flow on S™ X (—o0,T). Our

main result is summarized as follows.

Theorem 1.1. For any (\, N, h, ', k) € R® such that \,\ > 1, k > 0, there
exists an ancient solution @y p.p i of (1.8) defined on R x (—o00,T), for
some T =Ty x pn k € (—00,400], which as T — —oo may be visualized as
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the two traveling wave solutions, uy, (traveling on the left) and Gy p, (trav-
eling on the right) and a cylinder £(T) in the middle. More precisely, it
satisfies the bound

_ _n-2
(w)\,)\’,h,h’,k) = (57) S @eanhnk (5 T)

n—2

< (w)t)\’,h,h’,k)_T('¢T)7 fO’I”T < 0.

4
The metric gy nw k(T) == CPE,h,h',kz (+,T) geyt when lifted on S™ defines a
smooth ancient solution of the rescaled Yamabe flow g = —(R—1)g, on
S™ x (—00,T). This is a type I ancient solution in the sense that the norm
of its curvature operator is uniformly bounded in time —oo < 7 < 719, for all
T0<T.

Remark 1.1. It follows from Theorem [I.1] that the corresponding solution
to the unrescaled Yamabe flow (|1.1]) is a type I ancient solution in the sense
of Definition L1l

Remark 1.2. [Similarities with the KPP equation and further discussion]
Equation (1.8]) resembles the well known semilinear KPP equation

(1.31) Pr = Prg + f(SO)

for a nonlinearity f(¢) which satisfies certain growth assumptions including
f(p) = ¢? — ¢ as in (L.8). It is well known that equation possesses a
family of traveling wave solutions 1y, A > A, with similar behavior as those
of equation described above. F. Hamel and N. Nadirashvili showed
in [12] the existence of ancient solutions ¢ x4 p ks to (1.31) which are sim-
ilar to those in Theorem The method in [12] exploits the semilinear
character of equation . The error of approximation is estimated in a
rather precise manner by the corresponding solution of the linear equation
¢ = ez + f'(0) ¢. This is done simply by using the heat kernel. The same
method cannot be applied to the quasilinear equation , which also be-
comes singular as x — £o00. Despite the singular nature of our equation, we
are still able to obtain similar precise bounds as in [12] by the construction
of the appropriate super-sub solutions.

It would be interesting to explore whether similar methods, using barri-
ers, can be used to provide the construction of ancient solutions from solitons
(self-similar solutions) in other parabolic PDE and in particular in geometric
flows.
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In our previous work [6] we showed the existence of a four parameter
family gx x n.n of type I ancient solutions of the Yamabe flow . These
solutions correspond to the case k = 0 in our five parameter family gx x' p 0k
which is also covered by Theorem [I.I} The methods of the construction in
[6], which are based on integral bounds and a’priori estimates, are different
than in this work. Our super-sub solution method of this work allows us to
obtain much sharper bounds on the solution as 7 — —oc. These bounds are
similar to those for the KPP equation in [12].

The outline of the paper is as follows. In section [2| we will review the
construction of the King solutions proven to exist in [I4] and show their
relevance to our construction. In section [3| we will show that w;f N bk
given by defines a supersolution of equation for an appropriate
choice of parameters ¢ and d. This will constitute the main step in our proof.
Section [] will be devoted to the proof of the existence of the ancient solution
ux . hhk as stated in Theorem In the final section [5| we will show that
our solution defines a type I ancient solution of the Yamabe flow.

2. The King solutions

In this section we will review the existence and properties of the King
solutions found in [14] and show the similarities with our construction of
ux bk as stated in Theorem [1.1]

One looks for a radially symmetric solution ¢, (z,t) of equation
such that the pressure function 4, := @;(p_l) is a polynomial in r = |z|
with coefficients depending on time ¢. It turns out that the polynomial is of
degree four, that is, 4, has the form

Gy () = a(t) ™" (14 2b(t) r? + ), r=|z|, z€R"

where a(t), b(t) are not defined explicitly but satisfy a system of ode’s (c.f. in
[14] and [3]). In terms of the rescaled variables and in cylindrical coordinates
the King solutions are defined by a pressure function of the form

(2.1) Uy (x,7) =&(7) + ¢(7) cosh ((p — 1)), reR

for some positive functions ((7),£(7) of rescaled time 7. The function u,
satisfies equation ([1.16]) and a direct calculation shows that this is equivalent
to the system of ode’s

22) { pE(r) =pp =1 C) + (=1 (€0) ~ ()
pC(r) =(—1)<¢(n) (=1+(p+1)E&)).
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In the case where ((7) = 0, the above system is equivalent to the ode
which corresponds to space independent solutions of . The non-trivial
solution &(7) of this equation is given by for a parameter k > 0 and
geometrically corresponds to cylinders evolving by the Yamabe flow.

In all other cases, a simple analysis shows that

(2.3) () =14kes  tole ™), () =ce® VT 4 oD,

for some parameters k > 0,c¢ > 0.

Now let us relate the King solutions to the Barenblatt self-similar solu-

tions (1.19) and our approximating supersolutions wy x 4 n’ 1 given by (1.30]).
Consider the approximating solutions defined by

wi e, 7) =vi(e =7 —h)+vi(—x—7—h)+ (1) -2

with v and & given by (1.19)) and (1.26) respectively. It follows that

(2.4) wicpp(x,7) = ce® V7 cosh((p — 1) ) + &(7)

for a parameter ¢ depending on h. Using the asymptotics it follows
that wg p i (x, 7) is the first order approximation of as shown in ([2.3)).
This shows that that our approximations wy x/ n,n x given by is a nat-
ural extension of the King solutions to the case of A > 1 where the traveling
waves (solitons) vy are not given in closed form. We will see in the next

section that the exponentially small term Aq ¢’ 7 ™ which is subtracted from
the traveling wave speed A of the traveling wave vy in the definition (1.30]),
plays an essential role into making w)f v g B0 be a supersolution.

3. The supersolution w}tx,h,h,,k
In this section we will show that
(31) w}t/\’,h,h’,k = U)\('r — AT (1 - qe?,r) + h‘)
+oy(—z— A7 (1 - qe%T) +h)+&(T)—2

is a supersolution of equation (1.16]) for every (X, X', h, b/, k) € R® with A\, ' >
1, k>0 and h,h € Rif ¢ = q(p) > 0 is chosen appropriately.

To simplify the notation, we will fix for the remainder of this section
(A, N, h,h', k) € R as above and we will simply denote by w := wy \, 4 &
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and

wy(z, 1) == vp(r — AT(1 — qu/Z) + h),
wa(7) = &k(7) — 1,
ws(x,7) = vy (—z — N7(1 — qe™/?) + ).

Also, we will set
(3.2) zi=a—Ar(l—qe7 )+ h and Z:i=-2—Nr(1—qe's ) +1.

We recall that vy, vy satisfy (1.17) and & satisfies ([1.25)). It follows that
wy = & — 1 satisfies the ode

(3.3) p(w2)r = (p— 1) (w3 + w2).
We then have by that
(3.4) w = wi + wa + ws — 1.
Define next the operator

p 2

Lw) :=wwy — ——w
p

1 x+(p_1)(w2_w)_pw‘r-

A direct computation shows that

=1 \ =1 ) i:l3 ,
+<p_1) (sz_1> _(p_1> Zwi_1> _p<z<wz)7>
, i=1 , 13:1 i=1
= Z wl(wj)m - Z(wz)m - %1 Z (w2)ﬂc(wj)x
1,7=1 i=1 p i,7=1

ij=1 i=1
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Since
3
Z(wz>7 = Z (wZ)T + (w2)7'
i=1 i=1,3
= (w2)r — (4 + X o) + g A (17 ) o) + g N (re’T 7Y vl
and (w1), = v}, (w3), = —v), we have
3
Z(wi)T = (w2)r — (Mw1)e — X (w3))
i=1
A (e T 7Y (wi)e — g N (reT 7Y (ws)a
Hence,
3 3
L(w) = Z wz’(wj)mx - Z(wz)xm
4,7=1 =1
» 3 3
Tp—1 Z (wi)z(wj)z + (p— 1) Z w;w;
i,j=1 j=1
3
=3(p—1)> wi+2p—1)—pws)r +pA(w)s — N (ws)s)
i=1

—pgA(re’ s ) (wi)s +pg X (re’ s ) (ws)s.
Since both vy, vy satisfy (1.17)) and wy satisfies (3.3)), the above yields

L(w) = wi(w3)gz + w3(wi)ge + (w2 — 1) (W1)22 + (W3)az)

— ]f (wl)x(wfﬂ)z + 2(p - 1) (w1w3 o 1)

—2(p—1) > (w; — 1) +2(p — 1) wa(wy + w3)
i=1,3

—4(p—Dws —pgA(re 7 7Y (wi)g +pg N (re’ 7 7Y (w3),.
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Finally,

(3.5) L(w) = (w3) gz (w1 +we — 1) + (w1)ge (w3 + wo — 1)
— () (wa) + 2(p ~ Dlawr — 1)(ws — 1)
+2(p — 1) wy (wy + w3 — 2) — pg A (re’7 7Y (w1)

+pg X (77 7Y (w3)a

Notice that (w1), = v} >0 and (w2); = —v), <0, which implies that the
last two terms in are negative. We will see in what follows that those
two terms play a crucial role for making w a supersolution. In fact, we will
next use to show that w is a supersolution of .

Lemma 3.1. There exists a number 7o < 0 dependz'ng onp and \, N, h, I, k
for which the functzon w = w:\FA, hoh & i defined as in 18 a supersolution
of equation (|1.16} , that is Lw < 0 on R x (—o0, 10].

Proof. The monotonicity of vy, vy implies that w (x, 7) is monotone decreas-
ing in x and wy(x,7) is monotone increasing in x. Hence, the asymptotic
behavior in implies that for each 7 < 0 there exists a unique z(7) € R
at which wy(x(7),7) = wa(z(7), 7). In addtion, it follows from that
as T — —oo, the point z(7) satisfies the asymptotic behavior

(36)  a(r) =Dy ] O

+h )\/—h )\>+01
p A+ AN 7 E M)

Cy
and that at z = z(7) we have

(3.7 wi(a(r),7) = wa(x(r),7) = 1 = Caxpmwk e’ +o(e™)
with

PN+ (p—1)
p
and C) x p.n k depending on A, X, h, W k.

Trying to show that Lw < 0, for all z € R, 7 < 79 < 0, we observe first
that by symmetry it is sufficient to consider the region = < z(7), 7 < 79.

(3.8) d:=

Recalling that z:=x — Ar(1 — qepT_lT) + h, we will next distinguish be-
tween the three different cases z < —M, —M <z < M and M < z < z(7) —
M(1=qe v 7)+h.
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Case 1. z < —M.
This implies * < —M + A7(1 — qe%T) — h and hence
E>M—A+N)T(1—qe7 )+ h+ 1.

By ([1.22) we have that in the considered region the following asymptotics
(up to a constant, whether positive or negative) hold

p

wia,r) ~ e ug(r) = ke Tt ofe™ ),

w3 (z,7) ~ 1+ Cpe W7,

As in [6] we can argue that up to a time independent constant (whether
positive or negative), in the considered region we have

w1 ~ (wl)xa (wl);m‘ ~ (wl)a}7

3.9 _ _
( ) ('U)3)z ~ 6_7”2, (w3)xw ~ e INE

On the other hand, since z > M — (A + X)7 (1 — qe%T) + h+ k', we have

p—1

(3.10) eWE L CePMNIWT — (M) =ole T T)

where the last equality holds because vy > pp%l.
Lets now analyze terms in (3.5). We claim the prevailing term is —(p —

p—1

)ghte » "(wiy), <0, and that the others can be absorbed in this one, at
least when 7 < 0. It turns out the constants (whether positive or negative)
for the other terms in (3.5 are not important and hence we will only em-

phasize the behavior. Using (3.9) and (3.10) we get

p—1

(w3)xx (wl + w2 — 1) ~ (w3)mmw1 ~ 0(€TT)(w1)x

and

p—1

(w1)m (w3 + w2 — 1) ~ (wl)x(w3 - 1) + (wl)xwz = O(CTT) (wl)x-

Similarly, we get

~o 1 w)e(ws)e +2(p = (wr = 1)(ws — 1)

p—1

+2(p— Dwa(w1 + w3 —2) =0(e 7 ) (w1)a-
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Combining the above finally yields
L(w) < —(p—1) g\ re's T (w1)z + 0(7’6ij17— (w1)z) <O
for 7 < 0.
Case 2. - M <z<M.
This is equivalent to
—M+)\T(1—qep7717)—thgM—i-/\T(l—qe%T)—h

which implies that z > —M — (A + X)) 7(1 — qepp;lf) + h+ k. By (1.22)), in
the considered region we have

a < wl(a:,T) <b, UJQ(T) = kepT_lT + o(epT_lT)7
wy(w,7) ~ 14+ Cpe ™2 e W2 = 0(6%7)
for some constants a,b > 0. As before, we have

(w?))x ~ 677”27 (w3)xx ~ 67%\/2

up to a constant (positive or negative). Analyzing terms in (3.5) and using
(13-10))

a1 < (wi)g < b1,  |(wi1)z] <C,
p— p—1

(w3)e = 0™ 7),  (ws)aw = 07 ")

we find

p_1 -1
D P T

(W3)zz(wy +we —1) =o0(e » 7), (w1)zz(ws+wy—1)=0(e » 7).

Similarly, we get

_r(wl)x(MS)z +2(p — (w1 — 1)(wz — 1)
+2(p— 1) wa (w1 +ws —2) = O(e%1 7).
Hence, for —M < z < M, we conclude
—(p—1)g\7 T T (w1)y + 0(7'6%1 7
<—(p-— l)q)\alTeijlT —i—o(repT_lT) <0

L(w)

IN
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for 7 < 0.
Case 3. M <z<uz(r)—I(1— quTTIT) + h.
Using (3.6)), in this case we have

M < zgx(T)—AT(l—qe%T)+h
/ —1
A

Also, M + At(1 — ge's ") —h < x < z(7) implies that
z>—x(r) = N71(1 - qe%T) +hn
_")/)\()\ + )

= 22l O N B p) + o(1).
ot T ( p)+o(1)

It follows that in the considered region both z >> 1 and z >> 1, hence
wy =1+ Cpre™ ™, (w1)g ~ —Cpe™ 1%, (W1)ga ~ Cpe™ 1?
and
w3y =1+ C’Z')e_”’z, (w3)y ~ C’I')e_”’z, (w3) gz ~ C’I'Je_”’Z

up to a positive constant, with C}, > 0, 01/9 > 0. Analyzing terms in (3.5)), we
have

(W3)ga (w1 + wy — 1) ~ Cre ™75 T 4 Che e 1>

p=l e~ 3 -

with C7,Cs > 0. Note that

B NN (A T b1
eTWE e Mt < Ce'r T

since Ay, > pp%l. Furthermore,
e~ WENE < N(E(T)ZAT) e (-2 (1) AT < o
due to a definition of (7). Overall we have,

—1

(W3)w (w1 + w3 — 1) < Ce7 7 (wr)e = o(re' 7) (wr)s).-
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Similarly we analyze other terms in (3.5)) of the same form in the considered

region and we also use that pg X' (e » ") (w3), <0, to conclude that the
p—1

dominating term is —pg A (te’ » ") (w1), < 0, hence

Lw) < —(p—1) g\ e T T (wi1)z + O(TCPP;IT) <0

for T < 0.
Finally, above analysis in cases 1-3 yields that L(w) < 0, meaning that
w is a supersolution as stated in the Lemma. O

4. The existence of a five parameter family of ancient
solutions

In this section we show the the existence of a five parameter ancient solution
ux v hh ks Of (1.16]), as stated in the next theorem.

Theorem 4.1. For any (\, N, h,h', k) € R® such that \,\ > 1, k > 0, there
exists an ancient solution uy x pp k to (1.16) defined on R x (—o0,T), for
some T =T\ x p i € (—00,00]. Moreover,

Wy x o o (85 T) S U x b (2, T) < w)—t)\’,h,h’,k(x’T)

where wy y, o and WYy, ., are defined by (1.29) and (1.30)), respec-
tively.

Proof. We have seen in Lemma that w/\ Nohhg 1S @ supersolution of

- for 7 < 19 with 75 < 0. For any m € N with —m < 70, let u,, denote
the solution of the initial value problem

(4.1) puT:uum—%ug—i—( 1) (u*—u) zeR, 7>-m
U(', _m) = w;)\/’h’h/7k<'7 _m) T € R

with exponent p = ”+2 > 1. By Lemma and the comparison principle we
immediately get that

Um(.’L',T) < w)tk’,h,h/,k(x’ 7-)7 -m <7 < 7.

On the other hand, since vy(x — A7 + h), vy (—x — N7+ 1) and & (1) are
all solutions to (1.16)), it follows that w, y, 4 (2, 7) := min(vy(z — A7 +
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h), &k(T),va(—x — N7+ 1)) is a subsolution of (1.16). Furthermore, we
claim that

(4.2) Wy oo k(T T) S U, 7), for 7 <0
which readily gives
w);/\’,h,h’,k(‘rv —m) < up(z, —m).

To see (4.2)), we recall that vy is monotone decreasing. Also that since all
vy, Uy and & are larger than equal to one, we have

Wy w2 Max (va(z = A7 (1 - QG?T) h), &k(T),
ua(— :U—)\T(l—qep ")+ h)).
Hence, on the regions where

W\ k(5 T) = oa(x — AT +h)  and
Wi x g o (85 T) = Ox (=2 = N7+ h),

respectively, we have
Wy o k(T T) =A@ — AT+ h)
S ’U)\(.’L' — AT (1 — qepT?lT)) S w;\_)\/ h.h! k(l’,T)

and

w;’)\,,h’h,’k(fc,’r) = ’U)\/(—.’L' — )\/7’ + h’)

<oy (— z—Nrt(1—qer )+h') <w)\/\,hh,k(w,7).
Finally, on the region where wy y, ;, ;.. (2, 7) = &(7) we immediately have
Wy N b (@, 7) = &(7) < w)t/\',h,hﬁk(xﬂ—)'

It follows that (4.2) holds in all regions, thus w) , , 4 (2, —m) = (1) <
um(x, —m) and by the comparison principle we w) y, , 1. (2, 7) < um(x,7),
for all 7 > —m. We conclude from the discussion above that

Wi o (T T) St (2,7) S Wiy g (@), —m <7 <.

It follows from standard arguments in quasilinear parabolic equations that
the sequence of solutions {um }{m<r,} 18 equicontinuous on compact subsets
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of R x (—00, 79), hence passing to a subsequence u,y,, it converges uniformly
on compact subsets of R x (—o0, 79) to a smooth ancient solution wy x n.p k
of (1.16). In addition, u satisfies

(4.3)  wy o k(T T) S ur (T, T) < w)t)\,ﬁ’h,,k(x,T), —m <7 <79
g

We will next observe that uy x 55 1 defines a smooth ancient solution of
the rescaled Yamabe flow on S™ x (=00, Ty x pn k), for some mazimal time
T)\,X,h,h’,k € (—OO,—i—OO] at which UNN B < 00,

1

Corollary 4.1. Set o x pp k= Uy ;L B ko where ux x pn kS an ancient
solution of - given by Theorem Then ©x N hh ok defines a solu-
tion of (1.8) which is equivalent to havmg a smooth solution of the rescaled
Yamabe ﬂow g =—(R—1)g on S™ x (=00, T\ hh' k)-

1
Proof It is clear that o x/ pp k= =u, A\ )\, h B k is a smooth ancient solution

of (1.8]) which in addition satlsﬁes

1

_ 1 _ __1
(44) w)t)\’,h,h’,k(x’ 7') p—1 S QO/\,X,h,h',k(va) S w)\7)\,’h’h,7k($,7') p—1
zeR, —-m<I7 <.

Notice next that wy y, , 1/ (- T)iril and wi y, 110 T)ip%l define positive
smooth metrics, when lifted on S™. Thus, 7 ﬁni)lies that o » nw k(T, 7),
when lifted on S™, also defines a smooth metric which equivalent (up to di-
lation) to a solution of the rescaled Yamabe flow g = —(R — 1) g. Now stan-
dard results imply that there exists a maximal time T y/ p /€ (—00, +00]
up to which this solution is defined, which means that @y x.pp k(@ t) >0
for all t < T)\,)\’,h,h’,k- Il

5. Geometric properties of solutions

In this last section we will derive the geometric properties of the ancient so-
lution of the equation ([1.8)) as constructed in Theorem We have observed
in Corollary H that the one parameter family of metrics gy » pp k(7) =

712

CX N b k( 7)g., can be lifted to a smooth one parameter family of met-
rics on S™ x X (=00, Tx x h,hr k) Which defines (up to dilation by constants) an
ancient rotationally symmetric solution of the rescaled Yamabe flow on S™,
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equation

0

(5.1) EQ =

—(R-1)g

We next prove the following result concerning the behavior of the Rie-
mannian curvature of the metric gy x4 1 (7) near 7 = —oo.

4

Theorem 5.1. The solution gy nn k(T) == 03\ ppx(7) 9., defines a
type I ancient solution to the Yamabe flow in the sense that, for any 19 <
T\ x h,h ks the norm of its curvature operator satisfies the uniform bound

(5.2) IR (gan mpw i)l <O, for allT < 1.

Remark 5.1. The statement of Theorem exactly means that the un-

rescaled flow (1.1)), whose scaling by |t| yields to the equation (5.1)), is a type
I ancient solution according to the Definition (1.1).

Proof of Theorem[5.1] It is sufficient to prove the bound for 19 < 0.
Since our metric gy y pp ki conformally flat, the norm ||[Rm|| of its cur-
vature operator can be expressed in terms of powers (positive or negative)
of the conformal factor and its first and second order derivatives. On the
other hand, since the conformal factor (in any parametrization) satisfies a
quasilinear parabolic equation, it follows by standard parabolic estimates,
that uniform upper and lower bounds away from zero on the conformal fac-
tor imply uniform bounds on all its derlvatlves and therefore the desured
uniform bound on ||Rm||. By Corollary we have g\ x nwk = @2 Geyls
where ¢ is a solution of (|1.8)) and satlsﬁes 0 < <1, forall 7 <Tyxpn k-
Notice that in order to simplify the notation we have dropped the index
AN R R K from oy wr pope i and simply denote it by ¢. It follows by the dis-
cussion above that in the region where 1/2 < ¢ < 1 the bound ||[Rm| < C
readily holds. However, since ¢(z,7) — 0, as £ — +00, in the region where
0 < ¢ < 1/2 we will obtain the desired bound by lifting the metric gx x s 0 k
on R™ and showing that in the considered region if g\ x pn k= @ﬁ Gan s
then ¢ < ¢ < C for some positive constants ¢, C' which are uniform in 7.

Observe that is sufficient to establish the uniform bound on ||[Rm| for
x < z(7), where z(7) is given by ({3.6), since in the remaining region the
estimate could be proved in a similar manner. We go from cylindrical to
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polar coordinates via the following coordinate change,

(5:3) P(z,7) =@y, ) lyl>—r,  r=lyl=e>

where z :=x — A7 + h and &(z,7) := (2 + A7 — h). It follows by a direct
calculation that ¢(y, 7) satisfies the equation

(5.4) (P)r =aA@p+Bror+7@

for some constants « > 0 and [,7. For any M > 0, the compact region
ly| < 2M corresponds in cylindrical coordinates to the region

x < AT —h+ log2M =: Zp (7).

p—1
Note that Ap > v\ > 7x — v, implying that Z/(7) < z(7) holds, for T < 0.
Estimate (4.4]) is crucial in proving our bound. Let us look first at the

region x < Zps(7), which in polar coordinates corresponds to the region |y| <
M. Tt follows from (4.4]) that in this region we have

(1 —om(1))Yr < Oxnhp i < Ua

for 7 < 79 with 79 < 0, where we recall that ) is the traveling wave solu-
tion of (1.10)) which satisfies ([1.12)). In polar coordinates the above abound
corresponds to

(5.5) em < p<C, for |yl <M, 7 <.

Having (5.5)), equation is parabolic equation for (y,7) € B(0,2M) x
(—00,70), so standard parabolic estimates applied to equation im-
ply that we have uniform bounds on all the derivatives of ¢ in the re-
gion B(0, %) X (—00,27)). Since gﬁﬁ is the conformal factor of our metric
9r\,h,h k10 polar coordinates, by the previous discussion we have

[Rm(y, )| < C, lyl <M 1 <27

for a uniform constant C. Equivalently we have a uniform curvature bound,
in cylindrical coordinates, for all x < Zj;(7). Observe that this estimate
implies that the is curvature uniformly bounded in the tip region of our
ancient solution.

Now fix M > 0 and let us focus on the region Z/(7) < z < x(7) where
our solution that turns out to have the asymptotics of a cylindrical metric
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at 7 — —oo. More precisely, we have g\ x' pn k= (pﬁ Jeyl, Where @ is a
solution of (1.8)) and by (4.4) this region we may choose 79 < 0 such that

1/2 < p(z,7) <1, for 7 < 9.

The equation satisfied by ¢ is therefore uniformly parabolic and hence we
have uniform estimates on the derivatives of ¢ in the inner region. As a
result we have a uniform bound on ||[Rm|| for all 7 < 7y in that region as
well. This concludes the proof of our bound. O
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