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A criterion for the primitivity of a

birational automorphism of a Calabi-Yau

manifold and an application

Keiji Oguiso

We shall give a sufficient condition on the primitivity of a bira-
tional automorphism of a Calabi-Yau manifold in purely algebro-
geometric terms. As an application, we shall give an explicit con-
struction of Calabi-Yau manifolds of Picard number 2 of any di-
mension ≥ 3, with primitive birational automorphisms of first dy-
namical degree > 1.

1. Introduction

Throughout this note, we work in the category of projective varieties de-
fined over C. This note is a continuation of [Og14], [Og16-2] and is much
inspired by recent works of Bianco [Bi16] in technique and also works of
Amerik-Verbitsky [AV16] and Ouchi [Ou16] in spirit for dynamical studies
of automorphisms of hyperkähler manifolds. Our main interest is the exis-
tence of primitive birational automorphisms of the first dynamical degree
> 1 on Calabi-Yau manifolds in any dimension ≥ 3, especially of the small-
est possible Picard number 2, as done by [AV16], [Ou16] for hyperkähler
manifolds. Our main results are Theorems 1.2, 1.4 below.

The following notion of primitivity is introduced by De-Qi Zhang [Zh09]
and plays the central role in this note:

Definition 1.1. Let X be a projective variety and f ∈ Bir (X). We call a
rational dominant map π : X 99K B to a projective variety B with connected
fibers a rational fibration. The map π is said to be non-trivial if 0 < dim B <
dim X. A rational fibration π : X 99K B is said to be f -equivariant if there
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is fB ∈ Bir (B) such that π ◦ f = fB ◦ π. We say that f is primitive if there
is no non-trivial f -equivariant rational fibration π : X 99K B.

In this definition, if we are interested in the birational equivalence class
of (X, f) rather than the variety X itself, then we may assume without loss
of generality that X and B are smooth and π is a morphism by a Hironaka
resolution ([Hi64]). Primitivity of a birational automorphism in the category
of projective varieties is an analogue of irreducibility of a linear selfmap in
the category of finite dimensional linear spaces.

The notion of dynamical degrees is introduced by Dinh-Sibony [DS05]
as a refinement of the notion of topological entropy in complex dynamics.
Though the notion of primitivity is purely algebro-geometric, there observed
some close relations between primitivity and dynamical degrees (see eg.,
[Og16-1] for surfaces and [Bi16] for hyperkähler manifolds). Here we briefly
recall the definition of dynamical degrees, following [Tr15].

For a rational map g : X 99K Y from a smooth projective variety X to
a smooth projective variety Y , we define g∗ : Np(Y )→ Np(X) by

g∗ = (p1)∗ ◦ p∗2.

Here Np(X) is a free Z-module generated by the numerical equivalence
classes of p-cocycles, p1 : Z → X is a Hironaka resolution of the indeter-
minacy of g, p2 : Z → Y is the induced morphism, p∗2 is the pullback as a
cocycle and (p1)∗ is the pushforward as a cycle ([Fu84, Chap19, Example
19.1.6]). In this definition, smoothness of Y is not needed but smoothness of
Z and X are needed in order to identify cycles and cocycles over Z. Then,
the p-th dynamical degree of f ∈ Bir (X) is defined by

(1.1) dp(f) := lim
k→∞

(((fk)∗Hp).Hn−p)
1

k

X .

Here n := dim X and H is any ample divisor on X. By Dinh-Sibony [DS05]
(see also [Tr15]), dp(f) is well-defined, independent of the chioce H, and
birational invariant in the sense that

dp(ϕ
−1 ◦ f ◦ ϕ) = dp(f)

for any birational map ϕ : X ′ 99K X from a smooth projective variety X ′.
Moreover, if f ∈ Aut (X), then dp(f) coincides with the spectral radius rp(f)
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of the linear selfmap f∗|Np(X) and the topological entropy htop(f) is com-
puted as:

htop(f) = Maxp log dp(f) = Maxp log rp(f).

Throughout this note, we call X a Calabi-Yau manifold, if X is smooth,
simply-connected,H0(Ωj

X) = 0 for 0 < j < n := dim X andH0(Ωn
X) = CωX

for a nowhere vanishing regular n-form ωX . We call X a minimal Calabi-Yau
variety if X has at most Q-factorial terminal singularities, h1(OX) = 0 and
OX(KX) ' OX .

Our aim is to prove the following two theorems (Theorems 1.2, 1.4):

Theorem 1.2. Let X be a minimal Calabi-Yau variety of dimension n ≥ 3
of Picard number ρ(X) ≥ 2 and f ∈ Bir (X) such that

1) For any movable effective divisor D, there are a minimal Calabi-Yau
variety X ′ and a birational map g : X ′ 99K X, both allowing to depend
on D, such that D′ = g∗D is semi-ample on X ′; and

2) The action f∗|N1(X)Q is irreducible over Q.

Then f is primitive. If in addition that X is smooth, then d1(f) > 1 as well.

See Remark 1.5 for the terminologies and precise definitions in conditions
(1) and (2).

The condition (1) in Theorem 1.2 is automatical if the log minimal model
program works in dimension n (then one makes D′ nef) and log abundance
theorem also holds in dimension n (then D′ is semi-ample). In particular,
as the log minimal model program works in dimension 3 ([Sh03]) and log
abundance theorem also holds in dimension 3 ([Ka92], [KMM94]), we obtain:

Corollary 1.3. Let X be a minimal Calabi-Yau variety of dimension 3 of
Picard number ρ(X) ≥ 2 and f ∈ Bir (X) such that the action f∗|N1(X)Q
is irreducible over Q. Then f is primitive.

Theorem 1.2 and Corollary 1.3 may have their own interest, suggest some
relation between primitivity of birational automorphisms and primitivity
(= irreducibility) of its geometrically meaningful linear representation. We
prove Theorem 1.2 in Section 2.

Theorem 1.4. For each n ≥ 3, there is an n-dimensional Calabi-Yau man-
ifold M of Picard number ρ(M) = 2 with a primitive birational automor-
phism f ∈ Bir (M) of the first dynamical degree d1(f) > 1.
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Our manifold M and f ∈ Bir (M) in Theorem 1.4 are explicit (See Sec-
tion 3). If f is primitive, then ord (f) =∞ ([Og16-1, Lemma 3.2]). In par-
ticular, ρ(M) ≥ 2 if M is a Calabi-Yau manifold with primitive f ∈ Bir (M)
(see eg. [Og14]). So, Theorem 1.4 also shows that the estimate ρ(M) ≥ 2 is
optimal for Calabi-Yau manifolds with primitive birational automorphisms
in each dimension ≥ 3. We prove Theorem 1.4 in Section 3 as an application
of Theorem 1.2.

We refer [Og15], [Og16-2] and references therein for background and
known results relevant to our main theorems. The following standard termi-
nologies and remarks will be frequently used in this note:

Remark 1.5. Let X be a normal projective variety and f ∈ Bir (X).

1) Following [Ka88], we say that a Q-Cartier Weil divisor D is movable
(resp. semi-ample) if there is a positive integer m such that the com-
plete linear system |mD| has no fixed component (resp. is free).

2) Assume that X is not necessarily smooth but Q-factorial. Then any
Weil divisors (codimension one cycles) are Q-Cartier divisors (codi-
mension one cocycles) on X. We denote by N1(X)Q the finite dimen-
sional Q-linear space spanned by the numerical equivalence classes of
Weil divisors on X over Q. So, in this case, one can define the map
g∗ : N1(Y )Q → N1(X)Q for a rational map g : X 99K Y in the same
way as explained already (over Q, not necessarily over Z).

3) Assume that either f ∈ Aut (X) or X is Q-factorial and f ∈ Bir (X) is
isomorphic in codimension one. For instance, this is the case when X
is a minimal Calabi-Yau variety and f ∈ Bir (X) (see eg. [Ka08, Page
420]). Then, d1(f) is well-defined by the same formula (1.1). Moreover,
the correspondence f 7→ f∗ is functorial in the sense that (f ◦ g)∗ =
g∗ ◦ f∗ for f, g ∈ Aut (X) in the first case and for any f, g ∈ Bir (X) in
the second case. In particular, f∗ ∈ GL (N1(X)Q). Moreover, d1(f) co-
incides with the spectral radius of f∗|N1(X)Q by (fk)∗ = (f∗)k for any
k ∈ Z. One observes this by combining the Birkhoff-Perron-Frobenius
theorem ([Br67]) applied for the movable cone Mov (X) ⊂ N1(X)R and
the Jordan canonical form of f∗|N1(X)Q over C.
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2. Proof of Theorem 1.2.

In this section, we prove Theorem 1.2. Throughout this section, unless stated
otherwise, X is a minimal Calabi-Yau variety satisfying the conditions (1)
and (2) in Theorem 1.2.

Lemma 2.1. X has no f -equivariant rational fibration π : X 99K B such
that 0 < dim B < dim X and κ(X̃b) = 0 for general b ∈ B. Here ν : X̃ → X
is a Hironaka resolution of the indeterminacy of π and the singularities of
X, X̃b is the fiber over b ∈ B of the morphism π̃ := π ◦ ν : X̃ → B and κ(X̃b)
is the Kodaira dimension of X̃b.

Proof. Assuming to the contrary that X has an f -equivariant rational fibra-
tion π : X 99K B such that 0 < dim B < dim X and κ(X̃b) = 0 for general
b ∈ B, we shall derive a contradiction.

By taking a Hironaka resolution of singularities, we may and will assume
that B is smooth. Let H be a very ample divisor on B. Set L := ν∗(π̃

∗H).
Then |L| is movable and π = ΦΛ. Here Λ ⊂ |L| is a sublinear system of |L|
and Φ is the rational map associated to Λ. Then, by the assumption (1) in
Theorem 1.2, there are a minimal Calabi-Yau variety X ′ and a birational
map g : X ′ 99K X such that g∗L is semi-ample. So, by replacing (X, f) by

(X ′, f ′ := g−1 ◦ f ◦ g),

we may and will assume that |L| is semi-ample. Note that (f ′)∗|N1(X ′)Q is
irreducible over Q, as g±1 and f are isomorphic in codimension one so that

(f ′)∗ = (g−1 ◦ f ◦ g)∗ = g∗ ◦ f∗ ◦ (g∗)−1.

Let us take a sufficiently large positive integer m such that |mL| is free
and the morphism ϕm = Φ|mL| is the Iitaka-Kodaira fibration associated to
L. Set B′ = ϕ(X). Then B′ is normal, projective and dim B′ = κ(L,X).
Here κ(L,X) is the Iitaka-Kodaira dimension of L. As Λ ⊂ |L| ⊂ |mL|, the
surjective morphism ϕm : X → B′ factors through π : X 99K B, i.e., there is
a (necessarily dominant) rational map ρ : B′ 99K B such that π = ρ ◦ ϕm.

Claim 2.2. ρ : B′ 99K B is a birational map.

Proof. As π is of connected fibers and ρ is dominant, it suffices to show that
dim B = dim B′, i.e., that dim B = κ(L,X). Set L̃ := ν∗L. Then κ(L,X) =
κ(L̃, X̃). In what follows, we shall prove dim B = κ(L̃, X̃).
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Let {Ei}mi=1 be the set of exceptional prime divisors of ν. Then we can
write

ν∗L = π̃∗H +

m∑
i=1

aiEi, KX̃ =

m∑
i=1

biEi.

Here ai ≥ 0 as ν resolves the indeterminacy of π and bi > 0 as X is a minimal
Calabi-Yau variety. Note that L̃|X̃b

= aiEi|X̃b
as H|X̃b

is trivial and KX̃b
=

biEi|X̃b
by the adjunction formula. Then there is a positive integer m such

that mKX̃b
− L̃|X̃b

is linearly equivalent to an effective divisor. Hence

0 ≤ κ(L̃|X̃b
, X̃b) ≤ κ(X̃b) = 0,

as b ∈ B is general and κ(X̃b) = 0 by the assumption. Thus κ(L̃|X̃b
, X̃b) = 0.

Therefore

dim B ≤ κ(L̃, X̃) ≤ dim B + κ(L̃|X̃b
, X̃b) = dim B.

Here the second inequality follows from [Ue75, Theorem 5.11]. Hence
dim B = κ(L̃, X̃) as desired. �

By Claim 2.2, we may and will assume that π : X → B is an f -equivariant
surjective morphism given by the free complete linear system |L|, by re-
placing π : X 99K B by ϕm : X → B′ for sufficiently large divisible m. Then
B = Proj ⊕k≥0 H

0(X,OX(kL)) and π = Φ|L|.

Claim 2.3. There is fB ∈ Aut (B) (not only in Bir (B)) such that fB ◦ π =
π ◦ f as a rational map from X to B.

Proof. As f is isomorphic in codimension one, the pullback f∗ induces an
isomorphism

f∗ : B = Proj ⊕k≥0 H
0(X,OX(kL)) ' Proj ⊕k≥0 H

0(X,OX(kf∗L)) = B.

Here the last equality is the one under the identification of Proj ⊕k≥0

H0(X,OX(kL)) with Proj ⊕k≥0 H
0(X,OX(kf∗L)) defined by D 7→ f∗D for

D ∈ |kL|.
Then the image of π ◦ f = Φ|f∗L| is B = Proj ⊕k≥0 H

0(X,OX(kf∗L))
under the last identification made above. Thus

f∗ ∈ Aut (B)

under the first identification B = Proj ⊕k≥0 H
0(X,OX(kL)) and f∗ satisfies

that π ◦ f = f∗ ◦ π. We may now take fB = f∗. �
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As fB ∈ Aut (B), the map f∗B : N1(B)Q → N1(B)Q is a well-defined isomor-
phism (cf. Remark 1.5). Note also that

π∗ ◦ f∗B = f∗ ◦ π∗.

Indeed, (fB ◦ π)∗ = π∗ ◦ f∗B, as π and fB are morphisms. We have also (π ◦
f)∗ = f∗ ◦ π∗, as f is isomorphic in codimension one and X is normal and
Q-factorial (cf. Remark 1.5). Thus π∗ ◦ f∗B = f∗ ◦ π∗ from fB ◦ π = π ◦ f .
Hence the subspace π∗N1(B)Q ⊂ N1(X)Q is f -stable by f∗B(N1(B)Q) =
N1(B)Q. On the other hand, as 0 < dim B < dim X, X and B are pro-
jective and π is a morphism, it follows that

0 6= π∗N1(B)Q 6= N1(X)Q,

a contradiction to the irreducibility of the action f∗ on N1(X)Q, i.e., the
assumption (2) in Theorem 1.2. This completes the proof of Lemma 2.1. �

We say that a statement (P) on closed points of a projective variety B
holds for any very general point b ∈ B if there is a countable union Z of
proper Zariski closed subsets of B such that (P) holds for any b ∈ B \ Z.

Lemma 2.4. Let P be a very general closed point of X. Then fn is defined
at P for all n ∈ Z and the set {fn(P ) |n ∈ Z} is Zariski dense in X.

Proof. The first assertion is clear. We show the second assertion. By [AC13,
Théorème 4.1], there is a smooth projective variety C and a dominant ratio-
nal map ρ : X 99K C such that ρ ◦ f = ρ as a rational map and ρ−1(ρ(P ))
is the Zariski closure of {fn(P ) |n ∈ Z} for very general P ∈ X.

Recall that the map ρ∗ : N1(C)Q → N1(X)Q is well-defined, as X is
normal and Q-factorial (Remark 1.5). As f is isomorphic in codimension
one and ρ = ρ ◦ f , we have

ρ∗ = f∗ ◦ ρ∗ : N1(C)Q → N1(X)Q

as in the proof of Lemma 2.1 (See also [Bi16, Lemma 4.5]). Thus

f∗|ρ∗N1(C)Q = idρ∗N1(C)Q .

As ρ(X) ≥ 2 and f is irreducible on N1(X)Q by our assumptions in Theo-
rem 1.2, it follows that

ρ∗N1(C)Q = {0}.
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As C is projective, this is possible only when dim C = 0, i.e., C is a point.
This implies the second assertion. �

The following important proposition is due to Bianco [Bi16, Proposition]:

Proposition 2.5. Let X be a projective variety (not necessarily a minimal
Calabi-Yau variety) and f ∈ Bir (X). Assume that π : X 99K B is a nontriv-
ial f -equivariant rational fibration such that X̃b is of general type for general
b ∈ B. Here ν : X̃ → X is a Hironaka resolution of the singularities of X
and the indeterminacy of π and X̃b is the fiber over b ∈ B of the morphism
π̃ := π ◦ ν : X̃ → B. Then for any very general point x ∈ X, the well-defined
〈f〉-orbit {fn(x)|n ∈ Z} is never Zariski dense in X.

Remark 2.6. The assertion and proof of [Bi16, the second statement of
Proposition] seem a bit too optimistic (as isotriviality does not necessarily
imply global triviality after global étale covering. Indeed most minimal ruled
surfaces do not admit any global trivializations) and the proof of [Bi16, the
third statement of Proposition], which we cited above, is based on it. We
shall give a more direct proof of Proposition 2.5 below, which is a slight
modification of the original proof of [Bi16, the first statement of Proposition].

Proof. By taking a Hironaka resolution of B, X and the indeterminacy
X 99K B, we may and will assume that π : X → B is a surjective morphism
between smooth projective varieties. Let b ∈ B be any very general point.
We may assume without loss of generality that fnB (n ∈ Z) are defined at b.
We set

O(b) := {fnB(b)|n ∈ Z}.

We may and will assume that O(b) is Zariski dense in B for any very general
point b ∈ B, as otherwise, the assertion is obvious. Note that, for a given
Zariski dense open subset U ′ ⊂ B, the set O(b) ∩ U ′ is Zariski dense in B and
we may also assume that b ∈ U ′, as the assertion is made for very general
b ∈ B so that one can remove B \ U ′. This convention will be employed in
the rest of proof, whenever it will be convenient.

Take a Zariski dense open subset U ⊂ B such that πU := π|π−1(U) :
π−1(U)→ U is a smooth morphism. As remarked above, we may and will
assume that b ∈ U . Then take the relative canonical model

p := πcan
U : Y := Proj⊕m≥0 (πU )∗OX(mKπ−1(U))→ U

of πU : π−1(U)→ U over U (see [BCHM10, Corollary 1.1.2], [Ka09, The-
orem 6.6] for the finite generation). We denote the fiber of p (resp. of π)
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over t ∈ U by Yt (resp. Xt). Note that two canonical models are birationally
isomorphic if and only if they are isomorphic ([Ue75, Corollary 14.3 and its
proof]). This is the advantage to pass to the canonical models for us.

By definition of Y , there is a positive integer ` such that L := OY (`) is a
p-very ample line bundle with L|Yt

= OYt
(`) = OYt

(`KYt
) for all t ∈ U . The

Euler characteristic χ(OYt
(m`)) is constant as a function of t ∈ U for any

large integer m by the invariance of the pluri-genera ([Si98]). Indeed, as Yt
is a canonical model of Xt, we have

h0(Yt,OYt
(m`)) = h0(Yt,OYt

(m`KYt
)) = h0(Xt,OXt

(m`KXt
)).

The last term is constant by the invariance of the pluri-genera ([Si98]). We
have also hi(Yt,OYt

(m`)) = 0 for all i > 0 and for all large m by the Serre
vanishing theorem.

Thus, the projective morphism p : Y → U is flat. From now we fix L and
` above and regard f ∈ Bir (Y ) via the pluri-canonical map X 99K Y .

Let F = Yb be the fiber of p over b. Then the second projection q :
F × U → U is also a flat projective morphism. Set H := r∗OF (`KF ). Here
r : F × U → F is the first projection. Then H is a q-very ample line bundle
on F × U . We denote by M the relatively very ample line bundle of (F ×
U)×U Y → U given by the tensor product of the pull back of L and H.

Now consider the relative isomorphism functor IsomU (F × U, Y ) over
U , which associates to any U -scheme V the set IsomU (F × U, Y )(V ) of iso-
morphisms from (F × U)×U V = F × V to Y ×U V over V . As p and q are
both projective and flat, the functor IsomU (F × U, Y ) is represented by a
U -scheme IsomU (F × U, Y ), which is realized as an open subscheme of the
relative Hilbert scheme HilbU ((F × U)×U Y ) over U under the identifica-
tion of an isomorphism and its graph (see for instance [Ni05, Theorem 5.23
and its proof]). We denote the structure morphism IsomU (F × U, Y )→ U
by τ .

Let V ⊂ U be any connected subscheme of U . Then, as F is a canonical
model of general type, the group AutU (F × U)(V ) := IsomU (F × U,F ×
U)(V ) of relative automorphisms over V is isomorphic to Aut(F ) under
g 7→ g × idV . This is because any morphism V → Aut(F ) is constant, as
Aut(F ) is a finite group ([Ue75, Corollary 14.3 and its proof]) and V is
connected. Moreover, the set IsomU (F × U, Y )(V ) is linear, in the sense
that any element is given by a projective linear isomorphism under the
embedding relative over V , with respect to L|p−1(V ) and H|q−1(V ). This is
because the pluri-canonical linear system is preserved under isomorphisms.
Hence the Hilbert polynomial of the graph of any isomorphism ϕt : F → Yt
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with respect to M is independent of t ∈ U and ϕt. We denote the polynomial
by P .

Then, under the open embedding IsomU (F × U, Y ) ⊂ HilbU ((F × U)×U
Y ), we have

IsomU (F × U, Y ) = IsomP
U (F × U, Y ) ⊂ HilbPU ((F × U)×U Y ).

As the last inclusion is an open immersion and HilbPU ((F × U)×U Y ) is
projective over U with only finitely many irreducible components, it follows
that IsomU (F × U, Y ) is quasi-projective over U with only finitely many
irreducible components. Recall that b ∈ O(b) ∩ U is Zariski dense in U . As
Xfn

B(b) and Xb are birational, their canonical models Yfn
B(b) and Yb = F are

isomorphic. Thus

O(b) ∩ U ⊂ τ(IsomU (F × U, Y )) ⊂ U.

Here τ(IsomU (F × U, Y )) is a constructible subset and has only finitely
many irreducible components as well. Then, at least one of the irreducible
components of τ(IsomU (F × U, Y )), say V , is Zariski dense in U , as so is
O(b) ∩ U . As V is constructible, it follows that there is a Zariski dense open
subset W ⊂ U such that W ⊂ V ⊂ τ(IsomU (F × U, Y )). Hence, as Aut (F )
is finite, pissibly shrinking W a bit, taking a Galois closure W̃ →W of some
finite étale cover W ′ →W , it follows that F × W̃ and Y ×W W̃ are isomor-
phic over W̃ and equivariant with respect to the induced biraional action of
f . We denote by fW̃ ∈ Bir (W̃ ) the induced action on W̃ .

Let y := (t, s) ∈ F × W̃ be any very general point. As F is a canoni-
cal model, the map fn|F × {s} : F × {s} → F × {fn

W̃
(s)} is an isomorphism

whenever fn
W̃

(s) ∈ W̃ . In particular,

fn(y) = fn((t, s)) = (gs(t), f
n
W̃

(s))

for some gs ∈ Aut (F ). Thus,

{fn(y) |n ∈ Z} ∩ (F × W̃ ) ⊂ (Aut (F ) · t)× W̃ ,

the latter of which is a proper closed subset of F × W̃ as |Aut (F )| <∞.
Therefore, the orbit {fn(y) |n ∈ Z} ∩ (F × W̃ ) is not Zariski dense in F ×
W̃ . As Y ×U W̃ and F × W̃ are birational under an f -equivariant map and
Y ×U W̃ → Y is a generically finite, this implies the result. �

Now we are ready to complete the proof of Theorem 1.2.
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Assume that X admits a non-trivial f -equivariant rational fibration π :
X 99K B. Let π̃ : X̃ → B be a Hironaka resolution of indeterminacy of π
and Sing (X). Consider the relative Kodaira fibration over B (see [BCHM10,
Corollary 1.1.2], [Ka09, Theorem 6.6] for the finite generation):

g : X 99K K := Proj⊕m≥0 π̃∗OX̃(mKX̃).

Then g is f -equivariant and κ(X̃k) = 0 for general k ∈ K. Here X̃k is a Hi-
ronaka resolution of the fiber over k ∈ K. By Lemma 2.4 and Proposition 2.5
and by dim B > 0, we have 0 < dim K < dim X. However, this contradicts
to Lemma 2.1. Thus f is primitive.

We shall show that d1(f) > 1 if X is smooth. As f is isomorphic in
codimension one, f∗ preserves the movable cone Mov(X) ⊂ N1(X)R, which
is, by definition, the closed convex hull of the movable divisor classes in
N1(X)R. As Mov(X) is a strictly convex closed cone in N1(X)R, it follows
from the Birkhoff-Perron-Frobenius theorem ([Br67]) that there is 0 6= v ∈
Mov(X) such that f∗v = d1(f)v. AsX is smooth (hence the Weil divisors are
Cartier divisors), f∗ : N1(X)→ N1(X) is a well-defined isomorphism over
Z (not only over Q). Thus the product of the eigenvalues of f∗ is of absolute
value 1, as Z× = {±1}. Thus d1(f) ≥ 1. If d1(f) = 1, then there would be
0 6= u ∈ N1(X)Q such that f∗(u) = u. Hence d1(f) > 1, as f∗|N1(X)Q is
irreducible over Q and ρ(X) ≥ 2 by our assumptions in Theorem 1.2. This
completes the proof of Theorem 1.2.

3. Proof of Theorem 1.4.

In this section, we shall prove Theorem 3.1 below, from which Theorem 1.4
follows.

Calabi-Yau manifolds in Theorem 3.1 are higher dimensional generaliza-
tion of Calabi-Yau threefolds studied in [Og14, Section 6].

Let n be an integer such that n ≥ 3. Let

M = F1 ∩ F2 ∩ . . . ∩ Fn−1 ∩Q ⊂ Pn × Pn

be a general complete intersection of n− 1 hypersurfaces Fi (1 ≤ i ≤ n− 1)
of bidegree (1, 1) and a hypersurface Q of bidegree (2, 2) in Pn × Pn. Then,
by the Lefschetz hyperplane section theorem, M is a smooth Calabi-Yau
manifold of dimension n and of Picard number 2. More precisely,

Pic (M) ' N1(M) = Zh1 ⊕ Zh2.
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Here and hereafter, pi : Pn × Pn → Pn is the projection to the i-th factor,
Li is the hyperplane class of the i-th Pn, Hi := p∗iLi, hi = Hi|M (i = 1, 2).

Let

V = ∩n−1
i=1 Fi ⊂ Pn × Pn.

Then V is a smooth Fano manifold of dimension n+ 1 with Pic (V ) =
ZH1|V ⊕ ZH2|V and M ∈ | −KV |. Note that Hi|V gives the i-th projec-
tion pi|V : V → Pn to the i-th factor. In particular, Hi|V is free (hence
nef) but not ample. Then, by a result of Kollár [Bo91, Appendix], we have
Amp (V ) ' Amp (M) under the inclusion map M ⊂ V , and therefore

Amp (M) = R≥0h1 + R≥0h2

in N1(M)R := N1(M)⊗Z R. In particular, any nef divisor on M is semi-
ample.

We also note that g∗(h1 + h2) = h1 + h2 for g ∈ Aut (M). Hence
|Aut (M)| <∞ (see eg. [Og14, Proposition 2.4]). So, if f ∈ Bir (M) is prim-
itive, then necessarily f 6∈ Aut (M) in our case, as f has to be of infinite
order ([Og16-1, Lemma 3.2]).

Consider the projections

πi := pi|M : M → Pn

(i = 1, 2). Then πi are of degree 2 by the definition of M . Hence we have a
birational involution τi ∈ Bir (M) (i = 1, 2) corresponding to pi. We consider
the birational automorphism f ∈ Bir (M) defined by

f := τ1 ◦ τ2.

Our main result of this section is the following:

Theorem 3.1. Under the notation above, f is a primitive birational auto-
morphism of M with

d1(f) = (2n2 − 1) + 2n
√
n2 − 1 > 1.

Proof. In the proof, we will frequently use the fact that any birational au-
tomorphism of M is isomorphic in codimension one (Remark 1.5).

Lemma 3.2. With respect to the basis 〈h1, h2〉, the actions of τ∗i |N1(M)
(i = 1, 2) and f∗|N1(X) are represented by the following matrices Mi, M2M1
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respectively:

M1 =

(
1 2n
0 −1

)
, M2 =

(
−1 0
2n 1

)
, M2M1 =

(
−1 −2n
2n 4n2 − 1

)
.

The eigenvalues of f∗ are

(2n2 − 1)± 2n
√
n2 − 1,

which are irrational. In particular, f∗|N1(X)Q is irreducible over Q.

Proof. We have τ∗1h1 = h1. We can write (π1)∗h2 = aL1 for some integer a.
First, we detemine the value a. As h2 = π∗2L2, we readily compute that

a = (aL1.L
n−1)Pn = ((π1)∗π

∗
2L2.L

n−1
1 )Pn = (π∗2L2.π

∗
1L

n−1
1 )M

= (H2.H
n−1
1 .2(H1 +H2)n)Pn×Pn = 2n.

Thus

h2 + τ∗1h2 = p∗1(p1)∗h2 = 2nh1.

Hence τ∗1h1 = h1 and τ∗2h2 = 2nh1 − h2, and therefore, the matrix repre-
sentaion M1 of τ∗1 is as described. In the same way, one obtains the matrix
representation M2 of τ∗2 as described. The matrix representaion of f∗ is then
M2M1. The rest follows from a simple computaion of 2× 2 matrices and an
elementary fact that

√
n2 − 1 is irrational for any integer n ≥ 2. �

Let π̃i : M →Mi (i = 1, 2) be the Stein factorization of πi : M → Pn.
As the Stein factorization is unique, the covering involution τ̃i of Mi → Pn
is in Aut (Mi) (not only in Bir (Mi)) and satisfies π̃i ◦ τi = τ̃i ◦ π̃i.

Lemma 3.3. π̃i (i = 1, 2) are small contractions of M and M admits
no other contraction. Here a contraction of M means a non-isomorphic
surjective morphism to a normal projective variety of positive dimension
with connected fibers.

Proof. The morphism π̃i is given by |mhi| for large m. Recall that hi are not
ample. Thus π̃i is a contraction. As ρ(M) = 2, there is then no contraction
other than π̃i (i = 1, 2).

As ρ(V ) = 2, the i-th projection pi|V : V → Pn from V (i = 1, 2) con-
tracts no divisor to a subvariety of codimension ≥ 2. Thus, the i-th projec-
tion πi = pi|M : M → Pn contracts no divisor, as M = V ∩Q and Q is a
general very ample divisor on V . Hence π̃i is a small contraction. The fact
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that π̃i (i = 1, 2) are small contractions of M also follows from the proof of
the next Lemma 3.4. �

Lemma 3.4. Bir (M) = Aut (M) · 〈τ1, τ2〉.

Proof. As ρ(M) = 2, the relative Picard number ρ(M/M1) is 1. By Lemma
(3.2), we have

τ∗1h2 = −h2 + 2nh1.

Thus τ∗1h2 is relatively anti-ample for τ−1
1 ◦ π̃1 : M →M1, while h2 is rela-

tively ample for π̃1 : M →M1. Since KM = 0, the map τ̃−1
1 ◦ π̃1 : M →M1

is then the flop of π̃1 : X →M1, given by τ1. For the same reason, the map
τ̃−1

2 ◦ π̃2 : M →M2 is the flop of π̃2 : M →M2, given by τ2.
Recall that any flopping contraction of a Calabi-Yau manifold is given

by a codimension one face of Amp (M) up to automorphisms of M ([Ka88,
Theorem 5.7]). As there is no codimension one face of Amp (M) other than
R≥0hi (i = 1, 2), there is then no flop of M other than τi (i = 1, 2) up to
Aut (M). Recall a fundamental result of Kawamata ([Ka08, Theorem 1])
that any birational map between minimal models is decomposed into finitely
many flops up to automorphisms of the target variety. Thus any ϕ ∈ Bir (M)
is decomposed into a finite sequence of flops τi and an automorphism of M
at the last stage. This proves the result. �

Set v+ := −h1 + (n+
√
n2 − 1)h2, v− := −h2 + (n+

√
n2 − 1)h1 and

V := R≥0v+ + R≥0v− ⊂ N1(M)R.

Here v± are eigenvectors of f∗ corresponding to the eigenvalues (2n2 − 1)±
2n
√
n2 − 1. By writing the Jordan canonical form of the matrix M2M1 in

Lemma 3.2, one readily observes that

(3.1) lim
n→∞

R>0(fn)∗x = Rv+, lim
n→∞

R>0(f−n)∗x = Rv−

for any x ∈ Amp (M) \ {0}.

Lemma 3.5. Mov(M)=V . Moreover, the interior (Mov(M))◦ of Mov(M)
coincides with the Bir (M)-orbit of the nef cone Amp (M):

Mov (M)◦ = Bir (M)∗Amp (M) := ∪h∈Bir (M)h
∗Amp (M).
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Proof. Recall that Aut (M) preserves Amp (M) = R≥0h1 + R≥0h2, in par-
ticular,

g∗{h1, h2} = {h1, h2}

if g ∈ Aut (M) and Bir (M) preserves Mov (M). As every nef divisor on M
is semi-ample in our situation, we have

Bir (M)∗Amp (M) ⊂ Mov (M).

By using the formula (3.1), we also find that

V ◦ = Bir (M)∗Amp (M)

and therefore

(3.2) V ⊂ Mov (M).

Let d ∈ Mov (M)◦. Then d is represented by an effective R-divisor on M ,
say D. By Kodaira’s lemma, D is big. Choose a small positive real number
ε > 0 such that

(M, εD) = (M,KM + εD)

is klt. As D is big, we can run the minimal model program for (M, εD) to
make D nef by [BCHM10, Theorem 1.2]. By Lemma 3.4, M has no divisorial
contraction and all log-flips of (M, εD) are τi (i = 1, 2), as all log-flips of
(M, εD) are necessarily flops of M by KM = 0. Thus, there is g ∈ Bir (M)
such that g∗D ∈ Amp (M). Therefore

(3.3) Mov (M)◦ ⊂ Bir (M)∗Amp (M) = V ◦.

As both V and Mov (M) are closed convex cone, the inclusions (3.2) and
(3.3) imply the result. �

We are now ready to complete the proof of Theorem 3.1.
By Lemma 3.2, we see that d1(f) = (2n2 − 1) + 2n

√
n2 − 1 > 1 and

f∗|N1(M) is irreducible over Q. Let D 6= 0 be a movable divisor on M . Then,
as the class of D is rational and the both boundary rays of Mov (M) is irra-
tional by the first part of Lemma 3.5, the class of D belongs to Mov (M)◦.
Thus by the second part of Lemma 3.5, there is g ∈ Bir (M) such that
g∗D ∈ Amp (M). As remarked at the beginning of this section, every nef
divisor on M is semi-ample. In particular, g∗D is semi-ample. Now, we can
apply Theorem 1.2 to conclude. �
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