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Abelian Calabi-Yau threefolds: Néron

models and rational points
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We study arithmetic properties of Calabi-Yau threefolds fibered
by abelian surfaces: their Néron models and potential density of
rational points.

1. Introduction

Let k be a number field and let X be a projective variety defined over k.
Lang conjectured that when X is of general type, for any finite extension
k′/k, the set of k′-rational points X(k′) is not Zariski dense in X. One
may ask for the converse: which varieties X satisfy potential density in the
Zariski topology, i.e., X(k′) is Zariski dense in X for some finite extension
k′/k? In view of this conjecture of Lang, one is lead to ask whether rational
points are potentially dense if neither X nor its unramified coverings admit
a morphism onto a variety of general type. Campana formulated precise
conjectures characterizing varieties with potentially dense rational points
via the notion of special varieties, and it is expected that the class of Fano
varieties satisfies this potential density property, and it is verified for most
Fano 3-folds, except for double covers of P3 ramified along smooth surfaces
of degree 6 where the result is still unknown. See [15] and [6] for more details.

An interesting question is: how about intermediate classes of varieties,
e.g., varieties of Kodaira dimension zero? In dimension 1, a curve of Kodaira
dimension zero is an elliptic curve and it is well-known that it satisfies po-
tential density. In dimension 2, according to the classification theory, there
are 4 types of minimal smooth projective surfaces of Kodaira dimension 0:

• abelian surfaces;

• bielliptic surfaces;

• Enriques surfaces;

• K3 surfaces.
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Abelian surfaces satisfy potential density (see [16, Proposition 3.1]) so biel-
liptic surfaces do as well. Potential density of Enriques surfaces is proved in
[5], hence the only remaining case is the class of K3 surfaces. It is shown in
[7] that if a K3 surface X admits an infinite group of automorphisms, or an
elliptic fibration, then X satisfies potential density.

A problem which will be addressed in this paper is a higher dimensional
analogue of the aforementioned theorems, using abelian surface fibrations
instead of elliptic fibrations. The question of whether it could be possible to
find Calabi-Yau threefolds where the rational points are potentially dense
was asked in Tschinkel’s ICM talk [29] (more precisely, it is the question
raised just after his Problem 3.5).

We will thus focus on Calabi-Yau threefolds with an abelian surface
fibration, and explore the interplay between Zariski potential density prop-
erties of their k-rational points, the structure of the Mordell-Weil group of
the generic fibers, and their Néron models. These notions are intimately
linked. For instance, while solving the question of whether the k-rational
points are (potentially) Zariski dense on a Horrocks-Mumford quintic three-
fold in Section 6, we first compute the structure of the Mordell-Weil group
of its generic fiber, and computing this structure requires in our proof a fine
property of Néron models. As we believe that the description of the Néron
models we use will be of interest independently, and concerns more general
cases, we give it here as a first main theorem.

Theorem 1.1. Let k be a field of characteristic zero and X a Calabi-Yau
threefold admitting an abelian surface fibration f : X → P1 with a section.
Then the f -smooth part A ⊂ X → P1 forms the Néron-model of the generic
fiber Xη.

This result is a consequence of the more general Theorem 3.7; its state-
ment and proof is given in Section 3. See Definition 3.1 for the definition of
Néron models. In Section 4 we discuss potential density of abelian Calabi-
Yau threefolds and show that if an abelian Calabi-Yau threefold admits a
second fibration, then it satisfies potential density in the Zariski topology.

Theorem 1.2. (Theorem 4.2) Let X be a Calabi-Yau threefold defined over
a number field k admitting an abelian surface fibration f : X → P1 with a
section. Suppose that X has an effective movable non-big divisor D such that
the abelian fibration on X does not factor through the Iitaka fibration of D
birationally. Then X satisfies the potential density property with respect to
the Zariski topology.
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Remark 1.3. The existence of an effective non-big movable divisor implies
that after some birational modification, X admits another fibration. So in
this sense, X admits double fibrations.

The idea of using double fibrations to study potential density dates back
at least to Swinnerton-Dyer [27], see also more recently [24] and [28], all of
which concern surfaces. In Sections 5, 7, 8, 9, 10 we will focus on examples
of abelian Calabi-Yau threefolds described in [12] as explicit applications of
our Theorem 4.2. More precisely, we study Calabi-Yau threefolds fibered by
polarized abelian surfaces of type (1, d) where d = 4, 5, 6, 7, 8, 10 and their
arithmetic properties, e.g. Zariski density and Mordell-Weil groups. It pro-
vides, together with the Horrocks-Mumford case in Section 6, several explicit
examples of abelian Calabi-Yau threefolds satisfying potential density, an-
swering Tschinkel’s original question with two different methods.

2. Generalities

2.1. Calabi-Yau threefolds

Definition 2.1. Let k be a field of characteristic zero. A Calabi-Yau three-
fold is a geometrically connected smooth projective threefold X satisfying
ωX ∼= OX and h1(OX) = 0. We say that X is a Calabi-Yau threefold in the
strict sense if X is additionally simply-connected.

Definition 2.2. A Calabi-Yau threefold X is called an abelian Calabi-Yau
threefold if there exists a smooth projective curve C of genus zero defined
over k such thatX admits a fibration π : X → C defined over k whose generic
fiber Xη is an abelian surface with an identity over the function field k(η).
It is called simple if Xη is a simple abelian surface over k(η).

Remark 2.3. Over an algebraically closed field of characteristic zero, if we
have an abelian fibration on a Calabi-Yau threefold X, then the base must
be P1. See [12, Lemma 1.2].

2.2. Abelian varieties

2.2.1. Polarization. We recall the definition of a polarized abelian vari-
ety.
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Definition 2.4. An abelian variety over C is a complex torus admitting
a positive definite line bundle. A polarization on a complex torus X is the
first Chern class H = c1(L) of a positive definite line bundle L on X. The
pair (X,H) is then a polarized abelian variety.

An ample line bundle L on A induces a map φL from A to its dual Ǎ
given by φL(x) = t∗xL⊗ L−1, where tx is the translation by x morphism.
The kernel K(L) of φL is of the form K(L) ' (Z/d1Z⊕ · · · ⊕ Z/dgZ)⊕2,
where d1|d2| . . . |dg are positive integers. These integers only depend on H.
The ordered g-tuple (d1, . . . , dg) is called the type of the polarization. A
polarization of type (1, . . . , 1) is called a principal polarization. For further
details, see for instance [11] page 335.

2.2.2. Finiteness statements. We recall in this paragraph two classical
finiteness theorems, the Mordell-Weil Theorem for abelian varieties over
number fields and the Lang-Néron Theorem for abelian varieties over more
general fields, including function fields of characteristic zero.

Theorem 2.5. (Mordell-Weil) Let A be an abelian variety defined over a
number field k. Let A(k) denote the set of k-rational points of A. Then there
exist a non-negative integer rk and a finite subgroup A(k)tors ⊂ A(k) such
that

A(k) ' Zrk ×A(k)tors.

The integer rk is called the Mordell-Weil rank of A(k).

Remark 2.6. If A is a simple abelian variety defined over a number field
k, then A(k) is Zariski dense in A if and only if rk ≥ 1.

Theorem 2.7. (Lang-Néron) Let k be a field. If K/k is a finitely generated
regular extension and A is an abelian variety over K, then A(K)/TrK/k(A)(k)
is a finitely generated group.

Proof. The proof is given in [22]. A modern exposition of the proof is given
in [10]. A regular extension is a separable extension K/k with k algebraically
closed in K. �

Remark 2.8. If k is a number field, then TrK/k(A)(k) is finitely generated
by the Mordell-Weil Theorem 2.5, so A(K) will also be finitely generated
by applying Lang-Néron over the algebraic closure k̄ of k viewed as con-
stant field in k̄K, and by remarking that Trk̄K/k̄(A)(k̄) = TrK/k(A)(k̄) and
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that A(K)/TrK/k(A)(k)→ A(k̄K)/TrK/k(A)(k̄) is injective. The details are
given in [10]. If in turn A/K is simple, then A(K) is Zariski dense in A if
and only if the rank of A over K is positive, as in Remark 2.6.

2.3. Flops

We recall results in [18] and [20] stating that every pair of birational 3-
dimensional minimal models can be connected by birational operations called
flops. Let f : X → Y be a morphism of projective varieties. We denote the
space of 1-cycles modulo numerical equivalence by N1(X). Let N1(X/Y ) be
the space generated by curves contracted by f .

Definition 2.9. Let X be a normal projective variety. An extremal flop-
ping contraction is a birational morphism f : X → Y to a normal projective
variety such that

• f is small, i.e., the exceptional locus Ex(f) has codimension ≥ 2;

• KX is f -trivial;

• N1(X/Y ) is one dimensional.

Let D be a Q-Cartier divisor such that −D is f -ample. Then the D-flop is an
extremal flopping contraction f+ : X+ → Y such that the strict transform
D+ of D is f -ample. The D-flop is unique and does not depend on the choice
of D. The D-flop exists when X has only terminal singularities. This is a
theorem in dimension 3 by Kawamata [18] and in higher dimension when D
is big by [3].

Lemma 2.10. [20, Lemma 4.3, Proposition 4.6, and Corollary 4.11] Let
X and X ′ be projective threefolds with Q-factorial terminal singularities
such that KX and KX′ are nef. Suppose that we have a birational map
f : X 99K X ′. Then f is an isomorphism in codimension 1. Moreover, the
indeterminacy of f is a union of rational curves, and X and X ′ have the
same analytic singularities.

Let X be an abelian Calabi-Yau threefold with an abelian surface fi-
bration π : X → S, where S is a smooth projective curve. Pick a section
P ∈ X(S). Then translation by P defines a birational map fP : X 99K X. It
follows from Theorem 3.7 that the birational map f is well-defined on the
π-smooth locus Sm(X). In particular, the indeterminacies of f are in fibers
of f . This leads to the following theorem.



i
i

“2-Tanimoto” — 2018/6/19 — 18:00 — page 372 — #6 i
i

i
i

i
i

372 F. Bogomolov, et al.

Theorem 2.11. [20, Theorem 4.9] Suppose that X is an abelian Calabi-
Yau threefold with an abelian surface fibration π : X → S. Fix a section P ∈
X(S). Consider the translation fP by P . Let D′ be an ample divisor on X
and D = (f−1

P )∗(D
′) the strict transform of D.

By running the KX + εD-minimal model program for sufficiently small
ε > 0, we can decompose fP into a finite sequence of D-flops. Moreover this
MMP is a relative MMP with respect to the fibration π : X → S.

Corollary 2.12. [26, Theorem 1.2] Let X be an abelian Calabi-Yau three-
fold with an abelian surface fibration f : X → S. Suppose that the Picard
rank of X is two. Then the Mordell-Weil group MW(Aη) = X(S) is a finite
group where Aη denotes the generic fiber.

Proof. Since the Picard rank is two, there is no flop σ : X 99K X ′ such that
the strict transform of a general fiber As is nef on X ′ as well. Thus, we have
MW(Aη) ⊂ Aut(X), where Aut(X) is the group of automorphisms of X. It
follows from [26, Theorem 1.2, case (1)] that Aut(X) is finite. �

3. Néron models of abelian Calabi-Yau varieties

In this section, we let k denote a field of characteristic 0. We consider a flat
morphism

f : X → S

of smooth projective geometrically connected varieties over k. We moreover
assume that S is a curve, that the generic fiber of f is an abelian variety
over the function field of S, and that the canonical sheaf ωX of X is trivial.
When these assumptions are met, we shall prove that the smooth locus of
f forms the Néron model of its generic fiber.

We shall start by discussing some preliminary material concerning Néron
models and Kulikov models.

3.1. Néron models

Let S denote a connected Dedekind scheme with function field K, and let
A be an abelian variety over K.

Definition 3.1. The Néron model of A is an S-group scheme A which
is smooth, separated and of finite type such that the following universal
property is true:
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For each smooth S-scheme Y and each K-morphism uK : YK → A, there is
a unique S-morphism u : Y → A extending uK .

This property is called the Néron mapping property.

For abelian varieties, the Néron model always exists ([9, Theorem 1.4/3]).
It is immediate from the Néron mapping property that A is unique up to
canonical isomorphism, and that it carries a unique S-group scheme struc-
ture extending the group structure of A. Also, we have a canonical bijection
A(S) = A(K).

3.1.1. Néron models and descent. Following [9, Definition 3.6/1], we
say that a faithfully flat extension R ⊂ R′ of discrete valuation rings has
ramification index 1, if a uniformizer π of R induces a uniformizer of R′,
and if moreover the residue field extension is separable. The prime example
to keep in mind, and the only case we shall use, is when R′ is the mR-adic
completion of R.

By [9, Theorem 7.2/1], the formation of Néron models descends along
extensions of ramification index 1. More precisely, let A be an abelian variety
defined over the fraction field K of R. Let A′ denote the pullback of A to the
fraction field K ′ of R′, and assume that A′ admits a Néron model A′ over
R′. Then A admits a Néron model A over R, and, moreover, the natural
base change morphism

A×R R′ → A′

extending the canonical isomorphism on the generic fibers is an isomorphism.
Moreover, by faithful flat descent (confer e.g. [9, Proposition 6.2/D.4]), A
is unique up to canonical isomorphism.

3.2. Kulikov models

In this paragraph, we recall some terminology and a result from [13, Sec-
tion 6] which we will use to study Néron models for abelian Calabi-Yau
varieties. We denote by T a complete discrete valuation ring of equal char-
acteristic zero, with fraction field L.

Definition 3.2. Let Y be a smooth projective geometrically connected L-
variety, and assume that ωY = OY . A Kulikov model of Y is a regular, flat
and proper T -model Y/T whose relative dualizing sheaf is trivial.

In the context of abelian varieties, Kulikov models have the pleasant
property that they form minimal compactifications of Néron models. The
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key result we shall use is [13, Corollary 6.7], which is stated as Proposition 3.3
below.

Proposition 3.3. If A is an abelian L-variety, and Y/T is a Kulikov model
of A, then the T -smooth locus Sm(Y) of Y is a Néron model of A.

Proof. For the convenience of the reader, we include a brief sketch of the
proof. Let A denote the Néron model of A. By the mapping property, there
exists a unique morphism

h : Sm(Y)→ A

extending the canonical isomorphism on the generic fibers. Since Y is regular,
it is a standard fact that the T -smooth locus Sm(Y) forms a weak Néron
model of A. This means that Sm(Y) has the mapping property for étale
points, and knowing this, it is straightforward to deduce that the morphism
h is surjective.

The assumption that Y is Kulikov ensures that h is in fact an open
immersion. This is somewhat involved, and we refer to [13, Section 6] for
details. Now h is a surjective open immersion, thus it is an isomorphism. �

Remark 3.4. Proposition 3.3 is classical if A is an elliptic curve over L. In
this case, the minimal regular model E/T forms a Kulikov model for A, and
its T -smooth locus forms a Néron model (confer e.g. [23, Theorems 9.4.35
and 10.2.14]). To be precise, one does not need to make any assumption on
the residue characteristic of T .

When dim(A) > 1, the statement does not seem to have been known
previous to [13]. Note however, that the existence of a Kulikov model for
an abelian variety A/L is not guaranteed in the higher dimensional case. In
fact, one can find examples of Jacobians of genus 2 curves where no Kulikov
model exists (see the discussion after [13, Corollary 6.9]).

Remark 3.5. Proposition 3.3 holds, more generally, if we allow Y to be an
algebraic space, as is natural from the viewpoint of Kulikov’s seminal work
on degenerations of surfaces with torsion canonical sheaf. We refer to [14,
Proposition 5.1.6] for details.

3.3.

We now return to our fibration

f : X → S.
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Note that f is both a projective morphism and a local complete intersection
(confer e.g. [23, Example 6.3.18]). Then, by [23, Theorem 6.4.32], the relative
dualizing sheaf of f coincides with the relative canonical sheaf ωX/S .

Let s ∈ S be an arbitrary closed point. We denote by R = OS,s the local
ring at s, and by R′ the mR-adic completion of R. We let K and K ′ denote
the fraction fields of R and R′, respectively.

Let X denote the pullback of X via the canonical map Spec(R)→ S.
Then X is a regular model of its generic fiber XK , and it is projective and
flat over R. Pulling back further to R′ gives a flat and projective model
X ′/R′.

Lemma 3.6. Let X ′/R′ be defined as above. Then X ′ is a Kulikov model.

Proof. Let U ⊂ S be an open neighbourhood of s such that ωU := ωS |U is
trivial. Let f : XU → U denote the restriction of f : X → S. Then we find
that

f∗ωU ⊗ ωXU/U
∼= ωXU

,

so ωXU/U
∼= ωXU

∼= OXU
, since ωXU

is the restriction of the trivial line bundle
ωX to the open subset XU .

Since the formation of relative canonical sheaves commutes with pull-
back, the sheaf ωX ′/R′ is the pullback of ωXU/U along the canonical projec-
tion X ′ → XU , and is therefore trivial as well (note that for this conclusion,
we use the fact that f is a flat, quasi-projective l.c.i.).

It remains to show that X ′ is regular. As the generic fiber is smooth, it
suffices to consider (closed) points in the special fiber. However, the projec-
tion map π : X ′ → X restricts to an isomorphism on the special fibers over
s. Moreover, for any closed point x ∈ Xs, π induces an isomorphism of the
completions of the local rings OX,x and OX ′,x (see the proof of [23, Lemma
8.3.49]). Since X is regular, this easily implies that also X ′ is regular, since
this can be checked on the completed local rings at the closed points. �

3.4. Conclusion

We are now ready to prove our main result in this section.

Theorem 3.7. The f -smooth locus A of f : X → S is the Néron model of
the generic fibre XK(S).
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Proof. By [9, Proposition 1.2/4], it suffices, for every closed point s ∈ S, to
prove that

A×S SpecOS,s
is the Néron model of its generic fiber.

Recall the standard fact that, since f is flat and of finite type, the for-
mation of the smooth locus commutes with arbitrary base change.

We put R = OS,s and denote by R′ the mR-adic completion of R. Com-
bining Proposition 3.3 and Lemma 3.6, we find that the pullback A×S R′
is a Néron model. However, it is also the pullback of A×S R via the com-
pletion map R→ R′. Thus, as we have explained in 3.1.1, it then follows by
descent that A×S R is a Néron model. �

4. Potential density on Calabi-Yau threefolds

Here we collect some general results regarding potential density of rational
points on abelian Calabi-Yau threefolds. We assume that our ground field k
is a field of characteristic zero.

Lemma 4.1. Assume that S is a geometrically irreducible quasi-projective
variety over k. Let f : X → S be a projective and faithfully flat morphism
such that

1) X is geometrically irreducible,

2) the generic fiber over the function field k(S) is geometrically irre-
ducible.

We denote the set of sections by Sec(X/S) and consider a subset S ⊂
Sec(X/S). Suppose that for some s ∈ S(k), the image of S via the special-
ization map at s

S ⊂ Sec(X/S)→ Xs(k)

is Zariski dense in Xs(k). Then the union of sections in S is Zariski dense
in X .

Proof. If S is a point, the statement is obvious, so we can assume that
dim(S) > 0. We first prove our assertion when S is an integral regular curve
over k. Let Z be the closure of the union of sections of S in X . Suppose
that Z is not equal to X . Let Z denote one of the irreducible components of
Z. Then Z necessarily maps dominantly to S. Since S is an integral regular
curve, the irreducible component Z is flat over S. This implies that the
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intersection of Z and Xs is a proper closed subset in Xs. This contradicts
with the assumption, because the specialization of any section in S must be
contained in the intersection of one of the irreducible components Z with Xs.

Suppose that S is a geometrically irreducible variety over k. Let Z be
the Zariski closure of the union of the elements of S in X . Since S is quasi-
projective, by a Bertini type argument, the union of all geometrically irre-
ducible curves C defined over k and passing through s forms a dense set in
S. Let C be such a curve, and denote by C̃ the normalization of C. Then
the result for integral regular curves shows that the (image of) the family
X ×S C̃ is contained in Z for any C. This shows that Z = X , i.e., the union
of sections is Zariski dense. �

Theorem 4.2. Let X be an abelian Calabi-Yau threefold defined over a
number field k. Suppose that X has an effective movable non-big divisor
D such that the abelian fibration on X does not factor through the Iitaka
fibration of D birationally. Then X satisfies the potential density property
for the Zariski topology.

Proof. We denote the abelian fibration by f : X → P1. We apply D-MMP
over Q and obtain a sequence of D-flops φ : X 99K X̃ where the strict trans-
form D̃ is nef. After taking some finite extension, we may assume that the
result of MMP is defined over the ground field. Then X̃ is a smooth Calabi-
Yau threefold and it follows from Theorem 1.1 page 99 of [19] (giving a proof
of the log abundance conjecture in dimension 3, see [21, Conjecture 3.12] for
the general log abundance conjecture) that D̃ is semi-ample. We consider its
semi-ample fibration g : X̃ → B. We denote a general fiber of g by Ỹ and its
strict transform on X by Y . Then Ỹ is either an elliptic curve, an abelian
surface, or a K3 surface. When Ỹ is an elliptic curve or an abelian surface,
then its potential density follows from [16, Proposition 3.1]. Suppose that
Ỹ is a K3 surface. We denote the minimal resolution of Y by Y ′. Since the
minimal model for a K3 surface is unique, the minimal model of Y ′ is Ỹ .
Then since Y admits a fibration to P1 via f , it is equipped with a semi-ample
divisor of Iitaka dimension 1. This implies that the K3 surface Ỹ admits a
nef divisor of Iitaka dimension 1 and it must be semi-ample. Thus Ỹ comes
with fibrations, and the only fibrations on K3 surfaces are elliptic fibrations.
The potential density for elliptic K3 surfaces is proved by the first author
and Tschinkel ([7]).

Pick a general point t ∈ P1(k) and consider its smooth fiber At = f−1(t).
This is an abelian surface. It follows from [16, Proposition 3.1] that after
taking a finite extension of k, there exists a point P ∈ At(k) such that the
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subgroup ZP is Zariski dense in At. After replacing P by a multiple of P ,
we may assume that P is not contained in the indeterminacy of φ : X 99K X̃
and the fiber Ỹ passing through P is smooth. We fix this Y . After taking a
finite extension if necessary, we may assume that the set of rational points
on Y is Zariski dense. By the assumption we made, Y is not contained in
At. We denote by V the fiber product Y ×P1 X. Being a pullback of X, V
admits an abelian surface fibration over Y (with the zero section σ). By
construction, the image of the specialization map

Sec(V/Y )→ VP (k)

is Zariski dense. Now the Zariski closure of the set of rational points on V
contains the union of sections because the set of rational points on Y is
Zariski dense. It follows from Lemma 4.1 that the set of rational points on
V is Zariski dense. Since V is dominant to X, the set of rational points on
X is also Zariski dense. �

5. The double covers of P3 ramified along octic surfaces
(type (1, 4))

In the remaining sections, we turn to examples of abelian Calabi-Yau three-
folds introduced in [12]. We assume that our ground field k is an algebraically
closed field of characteristic zero unless otherwise specified. First we discuss
abelian Calabi-Yau threefolds fibered by abelian surfaces of polarization type
(1, 4) introduced in [12, Section 2]. See also [4] pages 300-304. Let H4 be the
Heisenberg group action on A4 generated by

σ : xi 7→ xi−1, τ : xi 7→ ζ−i4 xi

where ζ4 is a 4-th root of unity. We now change coordinates to

z0 = x0 + x1, z2 = x3 + x1,

z1 = x0 − x2, z3 = x3 − x1.

We consider the following 3× 3 matrix:

N0 =

 (z4
0z

4
1 + z4

2z
4
3) (z2

0z
2
1 + z2

2z
2
3)(−z2

0z
2
2 + z2

1z
2
3) (z2

0z
2
1 − z2

2z
2
3)(z2

0z
2
3 − z2

1z
2
2)

(z2
0z

2
1 + z2

2z
2
3)(−z2

0z
2
2 + z2

1z
2
3) (z4

0z
4
2 + z4

1z
4
3) (z2

0z
2
2 + z2

1z
2
3)(z2

0z
2
3 + z2

1z
2
2)

(z2
0z

2
1 − z2

2z
2
3)(z2

0z
2
3 − z2

1z
2
2) (z2

0z
2
2 + z2
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which is used to define by blocks the 4× 4 matrix:

N =

(
z2

0z
2
1z

2
2z

2
3 01,3

03,1 N0

)
,

where 0n,m stands for an n×m matrix with zero entries everywhere. For
each λ = (λ0 : λ1 : λ2 : λ3) ∈ P3, we define the following octic surface

Aλ : fλ(z0 : z1 : z2 : z3) = λN tλ = 0.

For a general λ ∈ P3, the surface Aλ is smooth outside of {z0z1z2z3 = 0}. Set
theoretically, the intersection of Aλ and {zi = 0} is a quartic curve with three
ordinary double points at coordinate vertices, and this is a double curve on
Aλ. Its minimal resolution Aλ is an abelian surface with a polarization of
type (1, 4).

Fix a line l ⊂ P3 and let M be a 2× 4 matrix generating l and we
consider the following determinant:

gl = det(MN tM).

This degree 16 polynomial is divisible by z2
0z

2
1z

2
2z

2
3 and we denote by Bl the

octic surface defined by the quotient of these polynomials:

Bl : gl/(z
2
0z

2
1z

2
2z

2
3) = 0.

For a general l, the surface Bl has of 148 ordinary double points, which
can be divided into three types: (A) 128 are contained in the smooth locus
of Aλ for any λ ∈ l; (B) 16 others are contained in the double locus of Aλ
for any λ ∈ l; (C) the remaining 4 singularities are coordinate vertices. We
denote the double cover of P3 ramified along Bl by V4,l. We also consider
the following threefold:

Xl = {(z, λ) ∈ P3 × l | fλ(z) = 0}

and we denote its normalization by V 1
4,l. The following theorem is proved in

[12, Theorem 2.2]:

Theorem 5.1. The threefold V 1
4,l is a small resolution of V4,l and it is a

smooth abelian Calabi-Yau threefold fibered by Aλ, λ ∈ l.

Exceptional curves above singularities of type (A) are sections of the
fibration V 1

4,l → l. Curves above singularities of type (B) are multi-sections
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of degree 2 tangent to Aλ, and exceptional curves above singularities of type
(C) are multi-sections of degree 4 tangent to Aλ at a point.

We denote the pullback of the hyperplane class on P3 by H and the
class of abelian surfaces by A. On V 1

4,l, we have the following intersection
numbers:

H3 = 2, H2A = 8, A2 = 0.

After applying flops to 148 exceptional curves, we obtain a birational model
V 2

4,l and on this model, the intersection numbers are given by

H3 = 2, H2A = 8, HA2 = 0, A3 = −512.

On this model 8H −A is nef and it defines another fibration by abelian
surfaces of type (1, 4). To see this, one may note that there is a birational
involution ι : V 1

4,l 99K V
1

4,l and we have 8H −A ∼ ι(A). As a corollary we
have:

Corollary 5.2. Let k be a number field and suppose that a line l ⊂ P3

is defined over k. Then V 1
4,l satisfies the potential density property for the

Zariski topology.

Proof. This follows from Theorem 4.2 as V 1
4,l admits a double fibration. �

Remark 5.3. As shown in [12, Theorem 2.2], the Calabi-Yau threefold
V 1

4,l has Picard rank 8. It would be interesting to compute its Mordell-Weil
group MW(Aη) where η is the generic point of l and see whether the rank
is positive or not.

6. Horrocks-Mumford quintic threefolds (type (1, 5))

In this section, we discuss Horrocks-Mumford quintic threefolds and their
arithmetic properties. We recall some basic facts about the Horrocks-
Mumford bundle in [17], [2], [1], and [8]. Let ei (i ∈ Z5) be a basis for the
5-dimensional vector space V5 over k. We can think of them as homogeneous
coordinates for P4. The Heisenberg group H5 ⊂ SL5(k) is generated by two
elements:

σ : ei 7→ ei+1, τ : ei 7→ ζi5ei,

where ζ5 is a primitive 5-th root of unity. Its center is generated by ζI and
its quotient by the center is isomorphic to G := Z5 × Z5.



i
i

“2-Tanimoto” — 2018/6/19 — 18:00 — page 381 — #15 i
i

i
i

i
i

Abelian Calabi-Yau threefolds 381

The Horrocks-Mumford bundle is a rank 2 vector bundle F on P4, with
general global sections s ∈ H0(F) defining abelian surfaces As ⊂ P4 of de-
gree 10. Their polarization type is (1, 5). The Heisenberg group H5 is acting
on F and the group G is acting on As by translations that preserve the
hyperplane class. The abelian surfaces As are also invariant under the invo-
lution:

ι : ek 7→ e−k.

We have h0(F) = 4 and ∧2H0(F) = H0(∧2F)H5 = H0(O(5))H5 . The H5-
invariant quintics define a linear system whose base locus is the union of 25
lines:

∪i,jLi,j = ∪σiτ j{x0 = x1 + x4 = x2 + x3 = 0}.

Any member of this linear system is called a Horrocks-Mumford quintic,
and its linear system defines a rational map ξ : P4 99K Ω ⊂ P5 whose image
is a quadric hypersurface Ω which can be identified with the Grassmanian
Gr(2, H0(F)). Then, for general x ∈ P4, the map ξ is given by

x 7→ the pencil of sections vanishing at x,

and it is generically finite of degree 100.
It is shown in [17, Section 5] that the following fivefold is smooth:

Z := {(x, s) ∈ P4 × P(H0(F)) : x ∈ As}.

By Bertini’s theorem, for any general pencil ` ⊂ P(H0(F)) the resulting
threefold

X̃ = Z ∩ (P4 × `)

is smooth. This is a smooth abelian Calabi-Yau threefold, called a Horrocks-
Mumford Calabi-Yau threefold. Let s1, s2 be a basis for `. Then X̃ is a
smooth resolution of the Horrocks-Mumford quintic X defined by s1 ∧ s2 =
0, and whose singular locus Xsing consists of 100 nodes. The Betti numbers
of X̃ are given by

b1(X̃) = 0, b2(X̃) = 4, b3(X̃) = 10.

Lemma 6.1. Suppose that our ground field is C. Then any Horrocks-
Mumford Calabi-Yau threefold is an abelian Calabi-Yau threefold in the strict
sense, i.e., X̃ is simply connected.
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Proof. Let π : X̃ → ` = P1 be the threefold constructed above. We claim
that π : X̃ → P1 is an abelian Calabi-Yau threefold. Indeed, h1(X̃,O) = 0
because of the Lefschetz hyperplane theorem and the birational invariance
of h1(O). Also we have X̃(S) 6= ∅ because the P1’s over the 100 nodes form
sections. Finally for a general s ∈ ` = P1, the fiber As is an abelian surface
of polarization type (1, 5).

Let X be the corresponding Horrocks-Mumford quintic in P4. It follows
from the Lefschetz hyperplane theorem that π1(X) = 0. Each node in Xsing

is analytically isomorphic to {xw − yz = 0} ⊂ A4, so, in particular, the lo-
cal fundamental group πloc

1 (X,x) of each node x is zero. It follows from
the Seifert-van Kampen theorem that π1(X \Xsing) = 0. Let Li be the ex-
ceptional curves of the small resolution X̃ → X. We have π1(X̃ \ ∪Li) = 0.
Again, it follows from the Seifert-van Kampen theorem that π1(X̃) = 0. �

6.1. The (birational) automorphism group

The possible degenerate surfaces one can obtain in the Horrocks-Mumford
construction have been classified in [2]. We list the possibilities as follows:

Theorem 6.2. [2, Theorem (0.1)] Each Horrocks-Mumford surface As is
one of the following:

1) a smooth abelian surface,

2) a translation scroll associated to a normal elliptic quintic curve,

3) the tangent scroll of a normal elliptic quintic curve,

4) a quintic elliptic scroll carrying a multiplicity-2 structure,

5) the union of five smooth quadric surfaces,

6) the union of five planes carrying a multiplicity-2 structure.

The degenerate fibers of type (4) and (6) in the above list cannot occur.
Indeed, a section must intersect any closed fiber X̃s in a smooth point. Also,
if a fiber of type (5) occurs, then X̃ must be singular. Indeed, from the
equation of the union of five smooth quadric surfaces in [2, Section 3], one
can observe that the intersection of two quadrics in this singular fiber is the
union of a line and a point. This is impossible in a smooth threefold.

Let us denote by A the π-smooth locus of X̃. We observed in Theo-
rem 3.7 that A → S is a Néron model. This means that the smooth locus of
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degenerate fibers of type (2), (3) or (5) acquires a group structure. In fact,
(2) yields semi-abelian surfaces of torus rank 1.

Now we consider X̃ → S, and, on restriction to its smooth locus, the
Néron model A → S. Any section P ∈ X̃(S) restricts to a section of A (since
it must pass through the smooth locus), which we also denote P . It induces
a morphism tP : A → A relative to S, which is translation in each fiber As.
On X̃, this yields a birational map fP : X̃ 99K X̃.

Proposition 6.3. The birational map fP is a regular automorphism of X̃.

Proof. It follows from Lemma 2.10 that the indeterminacy of fP is the union
of rational curves. On the other hand, since fP is regular on A, the possible
indeterminacy is along the singular loci of singular fibers. The only possible
singular fibers are (2) or (3), but these are singular along the normal quintic
elliptic curve. Thus our assertion follows. �

The subgroup of the regular automorphism group given by translations
of the abelian fibrations is computed in [8, Corollary 3.6]. Indeed, Borcea
computed this group by constructing generators of this group and computing
the nef cone of divisors.

Corollary 6.4. Let η ∈ S be the generic point and Aη be the generic fiber.
Then the Mordell-Weil group MW(Aη) = X̃(S) is isomorphic to Z2 × Z5 ×
Z5.

6.2. The density of rational points

Let My(x) = [xi+jyi−j ]0≤i,j≤4, i.e.

My(x) =


x0y0 x1y4 x2y3 x3y2 x4y1

x1y1 x2y0 x3y4 x4y3 x0y2

x2y2 x3y1 x4y0 x0y4 x1y3

x3y3 x4y2 x0y1 x1y0 x2y4

x4y4 x0y3 x1y2 x2y1 x3y0

 .

Ross Moore showed in [25] that any Horrocks-Mumford quintic X is deter-
minantal and it is defined by det(My(x)) = 0 where y ∈ P4 is any node of
X, see also [8, p. 26]. We can choose two nodes y1, y2 so that the 100 nodes
on X are given by 〈G, ι〉{y1, y2}. Note that 〈G, ι〉y1 consists of 50 distinct
points so 100 points are formed by two orbits of 〈G, ι〉. Let N be a general
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4× 5 matrix and define surfaces

∆i = {x ∈ P4 | rank(NMyi(x)) = 3}.

Let H be the pullback of the hyperplane class on X̃ and A a general fiber
of the abelian fibration π : X̃ → S. It is shown in [1] that H,A, ∆̃1, ∆̃2 form
a basis for Pic(X̃) where ∆̃1, ∆̃2 are the strict transformations of ∆1,∆2.

Proposition 6.5. Let η ∈ S be the generic point and Aη the generic fiber.
Then Aη is simple.

Proof. Using [8, Proposition 3.1], one has

(β0A+ β1H + β2∆̃i)
3 = 5(β1 + 2β2)(β2

1 + 4β2
2 + 6β0β1 + 12β0β2 + 4β1β2).

Expanding polynomials in β0, β1, β2, one sees H2 ·A = 10, H · ∆̃i ·A = 20,
∆̃2
i ·A = 40. This implies that the intersection matrix of the restrictions of H

and ∆̃i to Aη is degenerate, hence these restrictions are linearly dependent.
In particular, the image of the restriction map NS(X)→ NS(Aη) has rank
one. However, if Aη is not simple over the function field k(η), then it contains
two elliptic curves meeting with a positive intersection number. Thus the
image NS(X)→ NS(Aη) must have rank ≥ 2. It is a contradiction, hence
Aη has to be simple over the function field k(η). �

Corollary 6.6. The union of sections is Zariski dense in X.

Proof. The Zariski closure of X̃(S) contains the closure of Aη(k(η)). The
Zariski closure of Aη(k(η)) in Aη forms a sub-group scheme G of Aη, and it
cannot be a finite set because there is a section of infinite order. On the other
hand, Aη is simple so G cannot be 1-dimensional. Thus the only possibility
is that G = Aη. This means that the Zariski closure of Aη(k(η)) in X̃ is X̃
because of the irreducibility of X̃. Our assertion follows. �

Corollary 6.7. Suppose that our ground field is a number field k containing
a 5-th root of unity and y ∈ P4(k) defines a Horrocks-Mumford quintic X
defined by det(My(x)) = 0. Suppose that its small resolution X̃ is smooth so
that X̃ is a Horrocks-Mumford Calabi-Yau threefold. Then the set X(k) of
rational points is Zariski dense in X.

Proof. First observe that the pencil of sections passing through y is defined
over k, so the resulting Calabi-Yau threefold X̃ is also defined over k. Next
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note that 50 of the nodes of X are given by 〈G, ι〉y which are defined over
k since k contains a 5-th root of unity. So, in particular, X̃ contains at least
50 sections defined over the ground field k. As we have seen, the torsion
part of MW(Aη) has order 25, so there must be a section of infinite order
defined over k. By virtue of Remark 2.8, the simplicity of Aη implies that
the closure of MW(Aη) inside Aη is Aη. As the closure of the generic fiber
Aη of X is X, this concludes our assertion. �

7. The complete intersections of two cubics (type (1, 6))

In this section, we deal with abelian Calabi-Yau threefolds fibered by abelian
surfaces of polarization type (1, 6) discussed in [12, Section 4].

We consider the Heisenberg group H6 ⊂ GL6(k) = GL(V6) generated by
two elements

σ(xi) = xi−1, τ(xi) = ζ−i6 xi

where ζ6 is a primitive 6-th root of unity. We consider P5 = P(V6) and the
action of H6 on P5. We consider the subgroup H ′ ⊂ H6 generated by σ2, τ2

and look at H0(P5,O(3))H
′
. It has a basis f0, . . . , f3, σf0, . . . , σf3 where

f0 = x3
0 + x3

2 + x3
4,

f1 = x2
1x4 + x2

3x0 + x2
5x2,

f2 = x1x2x3 + x3x4x5 + x5x0x1,

f3 = x0x2x4.

The vector space H0(O(3))H
′

is a representation of H6 which is the direct
sum of four copies of an irreducible two dimensional representation:

H0(O(3))H
′

= ⊕3
i=0〈fi, σfi〉.

We denote this irreducible representation by V0. Let W be a four dimensional
vector space with a basis e0, . . . , e3 such that V0 ⊗ 〈ei〉 = 〈fi, σfi〉.

For a point p ∈ P(W ) corresponding to a one dimensional vector space
T ⊂W , let V6,p be the complete intersection of type (3, 3) defined by cubics
in V0 ⊗ T ⊂ H0(O(3))H

′
. It is easy to see that this complete intersection is

invariant under the action of H6.

Theorem 7.1. [12, Theorem 4.10] For a general p ∈ P(W ), we have

1) V6,p is an irreducible threefold with 72 ordinary double points;
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2) There is a small resolution V 1
6,p → V6,p of the ordinary double points

such that V 1
6,p is an abelian Calabi-Yau threefold fibered by abelian sur-

faces of polarization type (1, 6), and it has Picard rank 6.

Following Lemma 6.1, it is easy to verify the following proposition:

Proposition 7.2. Suppose that the ground field is C. Then V 1
6,p is a Calabi-

Yau threefold in the strict sense.

The potential density property for V6,p is an easy consequence of Theo-
rem 4.2:

Corollary 7.3. Let k be a number field and p ∈ P(W )(k) a general point.
Then V6,y satisfies the potential density property for the Zariski topology.

Proof. Applying flops twice to V 1
6,y yields a birational model that admits

another abelian fibration with fibers of polarization type (2, 6) (See [12,
Remark 4.12]). Thus, potential density of V6,y follows from Theorem 4.2. �

Remark 7.4. It would be interesting to study the Mordell-Weil group of
the generic fiber of V 1

6,p and show that there is a section of infinite order.

8. Pfaffian Calabi-Yau threefolds (type (1, 7))

We consider the Heisenberg group H7 ⊂ GL7(k) = GL(V7) generated by two
elements

σ(xi) = xi−1, τ(xi) = ζ−i7 xi

where ζ7 is a primitive 7-th root of unity. We also consider the involution

ι(xi) = x−i.

We denote the positive and negative eigenspaces of the Heisenberg involution
ι by V+ and V−, and we consider the following matrix

M ′7(x, y) =
(
x (i+j)

2

y (i−j)

2

)
i,j∈Z7

.

For any parameter point y=(0 : y1 : y2 : y3 : −y3 : −y2 : −y1)∈P2
−=P(V−),

the matrix M7(x, y) is alternating. We denote the closed subscheme defined
by 6× 6 - Pfaffians of the alternating matrix M ′7(x, y) by V7,y ⊂ P6.
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Proposition 8.1. [12, Proposition 5.8] Let y ∈ P2
− be a general point. Then

the following properties hold.

1) The threefold V7,y has 49 ordinary double points as singularities which
occur at the H7-orbit of y. Moreover it contains a pencil of polarized
abelian surfaces of type (1, 7).

2) There exists a small resolution V 1
7,y → V7,y such that V 1

7,y is a smooth
Calabi-Yau threefold of Picard rank 2 with an abelian fibration π1 :
V 1

7,y → P1 whose fibers form a pencil of (1, 7)-polarized abelian sur-
faces. Moreover, the 49 projective lines over the ordinary double points
form sections of this fibration.

First we discuss potential density for V7,y. This is an easy consequence
of Theorem 4.2:

Corollary 8.2. Let k be a number field and y ∈ P2
−(k) a general point.

Then V7,y satisfies the potential density property with respect to the Zariski
topology.

Proof. Applying flops twice to V 1
7,y yields a birational model that admits

another abelian fibration with fibers of polarization type (1, 14) (See [12,
Remark 5.9]). Thus, potential density of V7,y follows from Theorem 4.2. �

Proposition 8.3. The Mordell-Weil group MW(π1) is isomorphic to
Z7 ⊕ Z7.

Proof. First note that the Heisenberg group H7 fixes the abelian surfaces of
type (1, 7) and acts on them by translations.

Let s ∈ MW(π1) be a section of π1 and consider its birational automor-
phism fs : V 1

7,y 99K V
1

7,y given by the translation. Since the Picard rank of
V 1

7,y is 2, this birational automorphism is an actual regular automorphism
and acts on the Picard group of V 1

7,y trivially. Thus the pullback of the hy-
perplane class to V7,y ⊂ P6 is fixed by fs, so fs acts on V7,y ⊂ P6 linearly.
However, fs fixes the abelian surfaces themselves and their polarizations,
hence the action is given by H7/Z(H7) = Z7 ⊕ Z7. Thus our assertion fol-
lows. �
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9. The (2, 2, 2, 2)-complete intersections (type (1, 8))

We consider the Heisenberg group H8 ⊂ GL8(k) = GL(V8) generated by two
elements

σ(xi) = xi−1, τ(xi) = ζ−i8 xi

where ζ8 is a primitive 8-th root of the unity. We also consider the involution

ι(xi) = x−i.

We denote the positive and negative eigenspaces of the Heisenberg involu-
tion ι by V+ and V−. The Heisenberg group H8 acts on P7 = P(V8) and we
consider the subgroup H ′ ⊂ H8 generated by σ4, τ4. We also consider the
following matrix:

M4(x, y) = (xi+jyi−j + xi+j+4yi−j+4)0≤i,j≤3 .

The space of H ′-invariant quadrics vanishing along the H8-orbit of y ∈ P2
−

in

H0(OP7(2))H
′

is 4 dimensional for a general y and it is spanned by the 4× 4 - Pfaffians
of the matrices M4(x, y),M4(σ4(x), y),M4(τ4(x), y),M4(σ4τ4(x), y). We de-
note the (2, 2, 2, 2)-complete intersection of these quadrics by V8,y.

Theorem 9.1. [12, Theorem 6.5 and 6.9] For a general y ∈ P2
−, V8,y is a

singular Calabi-Yau threefold with exactly 64 ordinary double points consist-
ing of the H8-orbit of y. It comes with a pencil of polarized abelian surfaces
of type (1, 8). One of its small resolutions comes with the abelian fibration
π1 : V 1

8,y → P1 of type (1, 8) and it is a smooth Calabi-Yau threefold with
Picard rank 2.

Following Lemma 6.1, it is easy to verify the following proposition:

Proposition 9.2. Suppose that the ground field is C. Then V 1
8,y is a Calabi-

Yau threefold in the strict sense.

Moreover it comes with another abelian fibration after applying one flop
([12, Proposition 6.14]), so the potential density follows from Theorem 4.2.

Corollary 9.3. Let k be a number field and suppose that y ∈ P2
−(k) is

general. Then V8,y satisfies the potential density property with respect to
the Zariski topology.
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The computation of the Mordell-Weil group of π1 is similar to Proposi-
tion 8.3.

Proposition 9.4. The Mordell-Weil group MW(π1) is isomorphic to
Z8 ⊕ Z8.

10. The intersections of two Grassmannians (type (1, 10))

We consider the Heisenberg group H10 ⊂ GL10(k) = GL(V10) generated by
two elements

σ(xi) = xi−1, τ(xi) = ζ−i10 xi

where ζ10 is a primitive 10-th root of the unity. We also consider the invo-
lution

ι(xi) = x−i.

We denote the positive and negative eigenspaces of the Heisenberg involution
ι by V+ and V−. We also consider the following matrix:

M5(x, y) = (xi+jyi−j + xi+j+5yi−j+5)0≤i,j≤4 .

For a general point y ∈ P3
−, the 4× 4 - Pfaffians of M5(x, y) cut out a variety

Gy ⊂ P9 which can be identified with a Plücker embedding of Gr(2, 5). We
define V10,y to be Gy ∩ τ5(Gy).

Theorem 10.1. [12, Theorem 7.4 and Remark 7.5] For a general y ∈ P3
−,

we have that V10,y is a H10-invariant singular Calabi-Yau threefold with ex-
actly 100 ordinary double points. It comes with a pencil of polarized abelian
surfaces of type (1, 10). One of its small resolutions comes with the abelian
fibration π1 : V 1

10,y → P1 of type (1, 10) and it is a smooth Calabi-Yau three-
fold of Picard rank 2.

Moreover, it comes with another abelian fibration after applying flops
twice ([12, Remark 7.5]), so the potential density follows from Theorem 4.2.

Corollary 10.2. Let k be a number field and suppose that y ∈ P3
−(k) is

general. Then V10,y satisfies the potential density property with respect to
the Zariski topology.

The computation of the Mordell-Weil group of π1 is similar to Proposi-
tion 8.3.
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Proposition 10.3. The Mordell-Weil group MW(π1) is isomorphic to
Z10 ⊕ Z10.
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