Math. Res. Lett.
Volume 25, Number 2, 535-[559] 2018

Positivity properties for canonical bases
of modified quantum affine s,

QIANG FU AND TOSHIAKI SHOJI

The positivity property for canonical bases asserts that the struc-
ture constants of the multiplication for the canonical basis are in
N[v,v™1]. Let U be the quantum group over Q(v) associated with a
symmetric Cartan datum. The positivity property for the positive
part Ut of U was proved by Lusztig. He conjectured that the pos-
itivity property holds for the modified form U of U. In this paper,
we prove that the structure constants for the canonical basis of
U(sly,) coincide with certain structure constants for the canonical
basis of U(sly)T for n < N. In particular, the positivity property

~

for ﬁ(s[n) follows from the positivity property for U(sly)™T.

1. Introduction

Let U be the quantum group over Q(v) associated with a Cartan datum
(I,-), where v is an indeterminate. It is known by Lusztig and Kashiwara
that the positive part U™ of a quantum enveloping algebra U has a canonical
basis with remarkable properties (see Kashiwara [K]|, Lusztig [L1, [L2] [L5]).
Among them, the deepest one should be the positivity property for the
canonical basis of UT proved by Lusztig [L1, [L.2], [L5], 14.4.13], which asserts
that the structure constants of the multiplication for the canonical basis of
U™ are in N[v,v71] in the case where the Cartan datum (I,-) is symmetric.

Let U be the modified form of U. The algebra U is an associative algebra
without unity and the category of U-modules of type 1 is equivalent to the
category of unital U-modules. The canonical basis B of U was constructed
by Lusztig [L4, IL5]. In [L4, Section 11] and [L5, 25.4.2], he conjectured that
the structure constants of the multiplication for B are in N[v, v, i.e., the
positivity property holds for U, in the case where the Cartan datum (1,-)
is symmetric.

Let Sa(n,7) be the affine quantum Schur algebra over Q(v) (see [GVI,
[G2] and [L6]). An explicit algebra homomorphism ¢, from U(sl,,) to Sx(n, )
was constructed by Ginzburg—Vasserot [GV], Lusztig [L6]. According to [L6,
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8.2] the map ¢, : U(ﬁA[n) — 8Sa(n, ) is not surjective in the case where n < r.
In turn, it is proved by Deng-Du-Fu [DDF) 3.8.1] that the map ¢, can be
extended to a surjective algebra homomorphism from U(gl,) to Sa(n,r),
where U(gl,,) is the quantum loop algebra of gl,,. On the other hand, the
quantum Schur algebra S(n,r) is known to be a quotient of the quantum
algebra U(sl,). The canonical basis of S(n,r) was defined by Beilinson—
Lusztig-MacPherson [BLM] and the positivity property for the canonical
basis of §(n,r) was proved by Green in [G1]. The canonical basis B(n,r) of
the affine quantum Schur algebra Sy(n,r) was defined in [L6]. Lusztig gave
in [L6, 4.5] a sketch of the proof of the positivity property for B(n,r) based
on the property of Kazhdan—Lusztig basis of affine Hecke algebras of type A.

In this paper, we show that there exist good relations among canonical
bases of the three algebras U(sl,), Sx(n,r) and U(sly)*. In Theorem
we prove that the structure constants for B(n,r) are determined by the
structure constants for the canonical basis B(N)* of U(sly)* for n < N.
Then the positivity property for B(n,r) follows from the positivity property
for B(NN)?P. This gives an alternate approach for the positivity property of
B(n,r). Using Theorem [4.8) we prove in Theorem that the structure
constants for the canonical basis B(n) of U(sl,) are determined by the
structure constants for the canonical basis B(NN)? of U(sly)" for n < N.
Thus the positivity property for B(n) follows from the positivity property for
B(N)?P. We also discuss in Theorem a certain weak positivity property
for ®,(n), where D,(n) is the modified quantum affine gl,,. We expect that
the method of this paper can be used to study Lusztig conjecture [L5], 25.4.2]
on the positivity property for other types of modified quantum groups.

Notation: For a positive integer n, let ©(n) (resp., Ox(n)) be the set
of all matrices A = (a; ;)i jez with a;; € N (resp. a;; € Z, a;; > 0 for all
i # j) such that

(8) aij = Qign,jon for i,j € Z;
(b) for every i € Z, both sets {j € Z | a; j # 0} and {j € Z | a;; # 0} are
finite.
Let ©F (n) = {A € ©x(n) | a;; =0 for i > j}. Forr > 0, let Ox(n,r) = {A €
Ox(n) | o(A)=r}, where 0(A)=3"1c;c,, jez Gij- For 4, j€Z let B €O,(n)
be the matrix (€}”)x ez defined by

Cr1 =

i )1 if k=14 sn,l =j+ sn for some s € Z,
0 otherwise.
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Let ZX = {()\i>i€Z ’ ANi €7, A\ = Ni_p fori € Z} and NX = {()\i>z’€Z € ZX ‘
Ai = 0 for i € Z}. Z) has a natural structure of abelian group. For r > 0 let
M(n,r) ={A e N} | o(N\) =1}, where o(\) = Z1<i<n pYR

Let Z = Z[v,v™!], where v is an indeterminate.

2. Preliminaries

2.1. Let A(n) (n = 2) be the cyclic quiver with vertex set I = Z/nZ and ar-
row set {i — i+ 1| € I'}. We identify I with {1,2,...,n}. Let F be a field.
For i € I and j € Z with i < j, let .S; denote the one-dimensional represen-
tation of A(n) with (S;); =F and (S;) = 0 for i # k and M*J the unique
indecomposable nilpotent representation of length j — ¢ with top S;.

For A € O (n) let d(A) € NI be the dimension vector of M(A), where

M(A) = MF(A) = @ amMi’j.
1<i<n
i<j,j€L

We will identify naturally NI with N{. The Euler form associated with
the cyclic quiver A(n) is the bilinear form (—, —): Z x Z} — 7Z defined by
(A1) =D 1gicn it — D1<icn Nittit1 for A, p € Z.

By Ringel [R], for A, B,C € O, (n), there is a polynomial gog’B € Z[v?]
such that, for any finite field [y, cpg plv2=¢ is equal to the number of sub-
modules N of Mg, (C) satisfying N = Mg (B) and Mg, (C)/N = Mg, (A).

Let ®4(n) be the double Ringel-Hall algebra of the cyclic quiver A(n)
introduced in [DDF), (2.1.3.2)] (see also [X]). It was proved in [DDF, 2.5.3]
that ®,(n) is isomorphic to the quantum loop algebra U(gl,,). According to
[DDEF] 2.6.1, 2.6.3(5) and 3.9.2] we have the following result.

Lemma 2.1. The algebra Dx(n) is the algebra over Q(v) generated by ul,
K u, (A€ 6f(n),iel) subject to the following relations:

(1) Kin = KjKi, KiK,L»_l =1, ua_ = ua =1,

forjeZy;

3) uhul = o p{ANAB) T
A"B Ceo; (n) ABYC

(4) uzup = Y ocop v PN G yug;
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(5) commutator relations: for all A\, u € N7,

o) ST BB By ot

a,BEN
A—a=p—B=0

o, BENY
A—a=pu—pB=0

I

where K = (K)" - (K,)"" with K; = KiKijrll forveZ;, and

1
afB 23 cienNi—ay)(1—a;—B;) _
Pap = VISS H 20—ai) _ 25
1<i<n
O0<s<A; —a; —1
Note that the set {u}{Kiuy | A, B € ©] (n), j € Z} forms a Q(v)-basis
of @A(n)

2.2. We now recall the definition of affine quantum Schur algebras following
[L6]. Let F be a field and fix an F[e,e~!]-free module V of rank r € N,
where ¢ is an indeterminate. A lattice in V' is, by definition, a free Fe]-
submodule L of V' satisfying V = L ®p|,) Fle, e~ Y. Let Z, = Fy, be the set
of all filtrations L = (L;);ez of lattices, where each L; is a lattice in V' such
that L; 1 C L; and L;_,, = €L;, for all i € Z. The group G of automorphisms
of the Fle,e~!]-module V acts on .%, by g-L = (¢(L;))icz for g € G and
L € %, The group G acts on %, x F, by g- (L, L) = (g-L,g-L).

Recall the set ©x(n,r) given in §1. By [L6l 1.5] there is a bijection be-
tween the set of G-orbits in %, x .%, and O,(n,r) by sending (L,L’) to A =
(ai,j)ijgz, where a5 = dimpg L; N L;-/(Li_l N L; + L;N L;;l). Let O4 C
Fp X F, be the G-orbit corresponding to the matrix A € O,(n,r).

Let F = F, be the finite field of ¢ elements. For A, A’, A” € ©x(n,r) and
(L,L") € O let vy ararmg = #{L' € Z3 | (L, L) € O4, (L/,L") € Op}. By
[L6, 1.8], there exists a polynomial v4 4r 4 € Z in v? such that va ar ar|v2—g
= VA, A1, Amyq for any ¢, a power of a prime number.

Let Sp(n,7)z be the the free Z-module with basis {e4 | A € Ox(n,r)}.
According to [L6, 1.9] there is a unique associative Z-algebra structure on
Sa(n, )z with multiplication egey = ZA”GGA(TL,T) va A, Avear. Let Sp(n,r)
= Sa(n,7)z ® Q(v). The algebras Sp(n,r)z and Sa(n,r) are called affine
quantum Schur algebras.

For A € ©,(n,r) let

(2.1) [A] = v %ey,  where dy = E a; jak,]
1<i<n, ik,j<l
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According to [L6, 1.11], the Z-linear map
(2.2) 7t Sa(n, )z — Sa(n, 1)z, [A] — [*4]

is an algebra anti-involution, where A is the transpose of A.

2.3. Let &, be the group consisting of all permutations w : Z — Z such that
w(i+ 1) =w(i) + r for i € Z. The extended affine Hecke algebra H(r)z of
affine type A over Z is the (unital) Z-algebra with basis {T%}wes,,, and
multiplication defined by

Ti:(vz—l)TSi—}—vQ, for1<i<r

TwTw = Twuw, if L(ww’) = L(w) + £(w'),
where s; € G, is defined by setting s;(j) = j for j # i,i+ 1modr, s;(j) =
j—1for j =i+ 1modr and s;(j) =j+ 1 for j =imodr, and ¢(w) is the
length of w.

Recall the set Ax(n,7) given in §1. Let &, be the subgroup of &y,
generated by s; for 1 <i < r —1, which is isomorphic to the symmetric
group of degree r. For A € Ay(n,r), let &) := Sa.,..\,) be the correspond-
ing standard Young subgroup of &, and let x) = ZwGGA Ty € Hp(r)z. For
A p € Ap(n, 1), let 25 ={d | d € &p,, l(wd) = L(w) + £(d) for w € &5} and
D =250 .@ﬁfl. For A, p1 € Ay(n,7) and d € 75 , define

¢4, €Endyy, [ 6D 2aMalr)z
AEAA(n,T)

$% (woh) =0 > Tuh
wGGAdGM

for v € Au(n,r) and h € Hp(r)z.
For A € Ap(n,r), 1 <i<nandkeZlet

(2.3) Rflr;m = { i1 F L A \im1 + 2,000, Ao + XN = Akt

where A i—1 = kr + ) ;i 1 M. By Varagnolo—Vasserot [VV], 7.4] (see also
[DF1l 9.2]), there is a bijective map

(2.4) i {Ndyp) | de Qﬁ’“, A\ i € Ap(n,r)} — Ou(n,r)
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sending (A, d,pt) to the matrix A = (|R} NdR}|)x ez. Varagnolo-Vasserot
showed in [VV] that there is an algebra isomorphism

b : Endyy, ), EB TA\HA(r)z | = Saln, 1)z
AEAA(n,T)

such that h(gbiu) = ea, where A = ja(\, d, u). We identify

EndHA(r)z @ .%')\HA(T)Z
AEAN(n,T)

with Sp(n,7)z via b.

2.4. It was shown in [DDF] that the double Ringel-Hall algebra ®,(n) and
the affine quantum Schur algebra Sx(n, r) are related by a surjective algebra
homomorphism (.. Let ©F(n) := {A € ©y(n) | a;j =0 for i = j}. For A€
©F(n) and j € Z, define A(j,r) € Sa(n,r) by

A . . .
Alr) = {ZAGAA(n,r—a(A)) vMI[A + diag(N)],  if o(A) <73

0, otherwise,

where A-j =3, Aiji- For A € O, (n) let

ai — Udim End(M(A))—dim M(A)ui

We have the following result.

Theorem 2.2 ([DDF), 3.6.3, 3.8.1]). Forr > 0, the linear map ¢, : Da(n)
— 8Sa(n,r) satisfying

Gr(B3) = 0G,7), G (@h) = A(0,r), and ¢ (i3) = (‘A)(0,7),

for allj € Z and A € ©F (n), is a surjective algebra homomorphism.
3. Canonical bases for affine quantum Schur algebras
3.1. Let W, be the subgroup of &,, generated by s; for 1 <i <. Fori,j €

Z such that i # jmodr, define (i,j) €Sy, by setting (i,7)(k) = k for k #
i,jmodr, (i,7)(k) =j+k —i for k=imodr and (i,5)(k) =i+ k—j for
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k = jmodr. Note that (i,j) € W, for all 4, j. By definition we have (i, j) =
(t+tr,j+tr) for t € Z and (i,i+ 1) = s;. Let

T = U wsiw = {(i,j) e W,1<i<ri,j€Z, i<j i#j modr}.
weW,. , 1<i<r

For y,w € W,., we write y < w if there exist t; € T (1 < ¢ < m) for some
m € N such that w =ttty and L(titiv1 - tmy) > L(tiv1tiza - tmy)
for 1 < ¢ < m. The partial ordering < on W, is called the Bruhat order.
Let p be the permutation of Z sending j to j+ 1 for all j € Z. Then we
have &, = (p) x W;, where (p) = Z is the subgroup of &,, generated by p.
The Bruhat order on W, can be extended to &,, by define p'y < p/w (for
y,w € W,) if and only if i = j and y < w.

Let ~: Ha(r)z — Ha(r)z be the ring involution defined by v = v~ and
Ty = T;}l. Let H(W,) be the Z-subalgebra of Hu(r)z generated by Tj,
for 1 <i<r. Let {C), | we W,} be the Kazhdan—Lusztig basis of H (W)
defined in [KL, 1.1(c)]. For y,w € W, and a,b € Z let Ppay yroy = 0qp Py w5
where P,,, € Z is the Kazhdan-Lusztig polynomial. For w = p%z € G,
with a € Z and = € W, let G, = T¢CY,. Then for w € &,, we have C}, = C,
and

1

Cl = Z S p T,
ygw: ye GA"!‘

where fy = v~ !WT,. The set {C!, | w € &,,} is called the canonical basis
of Ha(r)z. N

For d € .@ﬁ’# let Ts,4s, = Zweekdeu Ty and T, s, = v~ Ts,ds,
where d* is the unique longest element in &,d&,,. According to [C] (1.10)]
and [DDPW! 4.35] we have the following result.

od+)

Lemma 3.1. For A, pi € Ay(n,7) and d € 75, we have

! E : L(yt)—e(d+ T
Cd+ = v (y ) ( )Pyﬂd*TGAyGuv
yE@%\,“
y<d

where y* is the unique longest element in G \yS,,.

3.2. We now recall the definition of canonical bases of affine quantum Schur
algebras. Note that Cy, , = v W) gy where wp,» is the longest element in
Sy. We define amap ~: Sy(n, 1)z — Sa(n,7)z by v — 0 = v~ !, f — f, where
for f € Homy,, (), (2, Ha(r) z, 2AHA(T) 2), f€Homyy, oy, (2, HA(T) 2, TAHA(T) 2)
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is defined by f(Cy, ,h) = f(Cl, )b for h € Hy(r)z. The map ~: S(n,7)z
— Sa(n,7)z is a ring involution (cf. [D]).

For A € ©x(n) let ro(A) = (ZjeZ aivj)ieZ and co(A) = (X;ez aivj)jEZ'
For A € ©(n) and i # j € Z, let

Z .asyt, 1f’L<],
Uz‘,j<A) _ ) ssitzg

E Qs t, if¢> 7.
821t

For A, B € O,(n), define B < A by the condition 0i;(B) < 0;(A) for all

i# j. Put B < Aif B < A and, for some pair (i,j) with i # j, 0, ;(B) <

0ij(A). For A,B € O,(n) define B C A if and only if B < A, co(B) = co(A)

and ro(B) =ro(A). Put BC Aif BC A and B # A. According to [DFI],

6.1] we know that the order relation C is a partial order relation on ©,(n).
Lusztig proved in [L6] that there is a unique Z-basis

(3.1) B(n,r) :={04, | A€ Oxn,r)}
for Sp(n,r)z such that m =04, and

(3.2) Oar—[Ale D v 'Zp (B,

(see also [DF3, 7.6]). The set B(n, ) is called the canonical basis of Sy(n, ) z.

3.3. For w € &, let L(w)={(i,j) €Z?|1<i<r, i<j, wi)>w()}
and Z(w) = {(i,7) € Z*> | 1 <j <, i < j, w(i) > w(j)}. The following re-
sult is given in [DDF] (3.2.1.1)] (see also [DE2. 5.2]).

Lemma 3.2. For w € &,,, we have {(w) = | L (w)| = [Z(w)].

For i € Z the image of i in Z/rZ will be denoted by i. The following
corollary can be proved by a standard argument by using Lemma 3.2} So we
omit the proof.

Corollary 3.3. Let v € &,, and ig, jo € Z such that ig < jo and 0 # Jo-
Then we have x < (ig, jo)x if and only if x~1(ig) < 27 1(jo), i-e. ig occurs in
the left of jo in the sequence (z($))sez.
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For i € Z let
(—o0,i] ={a = (as)s<ilas € Z} and [i,+00) = {a = (as)s>ilas € Z}.

If either a,b € (—o0,i] or a,b € [i,+00), we write a < b if as < bs for all
s. Given a = (as) € Z; and an integer i we let (as)z‘gged = (bs)s<i such
that {as|s < i} = {bs|s < i} and bs_; < bs for s < 4. Similarly we may define
(a5)5%ted for @ € Z and i € Z.

By Corollay [3.3] we have the following result.

Corollary 3.4. Let y,w € Gp,. If y <w then for any i € Z we have
(y(5))325*¢ < (w(s))3Zie! and (y(s))3Zie! > (w(s))3Zi.

3.4. Recall the map j, defined in . Given A € ©x(n,r), write yq4 = w
if A= 9.\, w,u). For A, B € Ox(n,r), define B <B° A by the condition
ro(B) = ro(A), co(B) = co(A) and yp < ya. Put B <B° Aif B <B° A and
B # A. Then <P is a partial order relation on ©,(n,r).

Recall that V is a Fle, e 71]-free module of rank r € N. Let {v1,va, ..., v, }
be a fixed Fle, e~]-basis of V. We set v; p, = e Fv; for 1 <i<randk € Z.

Lemma 3.5. Let AcO,(n,r), A=r0(A) and p=co(A). Let L(A)=(L;)icz
and L'(A) = (L})icz where

Lt kn = spang va|a € U Rt)‘ = spang va’a < Z Aj+ kr
t<i+kn 1<

/
L ., = spang vyA(a)‘a € U Rl' 5 = spang vyA(a)la < Z i+ kr
t<i+kn 1<5<i

for 1 <i<n andk € Z. Then we have (L(A),L'(A)) € O4.
Proof. By definition we have
Li N L; = spang § v,|a € UR?‘, a€ U ya(RY)
t<i t<j

for i,j € Z. Hence for i, j € Z we have

L;N L;
L, 1N L; + L; N L;'—l

= spanp{T,|a € R} N yA(Ry)}.
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The assertion follows. O

Lemma 3.6. (1) If A, B € Ox(n,7) and B <B° A then B C A.
(2) If A, B € ©5(n,7) and B <P° A then B C A.

Proof. If B <P° A then ro(B) =r0(A), co(B) =
denote A =ro(B) and p = co(B). Let L =L(A)
L” = L/(B). Then by Lemma we have (L,L/)
By definition for 4, j € Z we have

co(A) and yp < ya. We
=L(B), L'’ =L'(A) and
€ Oy and (L',L") € Op.

Li/(Li N L;_y) = spang $ Uy, (a)|ya(a URt’ a€ UR“ ,
t<e t=g

Li/(Li N Lj_y) = spang { Dy, alys(a) € JRY, a€ | JRY

t<i t>g

t<g t>1

L5 /(Li—1 N L) = spang @la € U R, yp(a U R}

t<j t>i

L;/(Llfl N L;) = spallp |CL € U Rt ) yA URt } )

Since yp < ya, by Corollary we have

i

Li/(Lin Lj_y))
(L ]/( i—1ﬂL;'))'

Hence by [L6, 1.6(a)] we conclude that B T A. Thus (1) holds. Now we
assume B <B° A. Suppose that B # A. Then by (1) we have B < A and
ro(B) =ro(A). Hence by [DEIl 6.1] we see that B and A have the same
off diagonal entries. Since ro(B) =ro(A) we must have A = B. This is a
contradiction. Hence B < A. The assertion (2) follows. O

dimp(Li/(Li N L_y)) <
<

d m[g
dimp(LY /(Li- 1ﬁL”)) dimp

3.5. For A € ©,(n,r) let y§ be the unique longest element in Sy yaS,,
where A =ro(A) and p = co(A). The following result is given in [DF3|, 7.1].

Lemma 3.7. For A€ ©,(n,r) we have {(y}) = da + l(wo,) where u =
co(A) and d 4 is given in (2.1]).
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For A, i € Ap(n,r) and d € 75, ,, define wa € Su(n,r)z as follows:
05 ,(zuh) = 8 0wl b,

where v € Ay(n,r), h € Ha(r)z and d* is the unique longest element in
GAdS,.

Proposition 3.8. Assume A\, € Ay(n,7), d € Dry and A = ju(\,d,p) €
Ox(n,r). Then we have

91,;12914#": Z 2 WE) —Lh) p P+ +[B],

ByJA
BeOp(n,r)
BLBoa

where Pyg’yz 1s the Kazhdan—Lusztig polynomial.

Proof. By definition we have Hf\l# = 03{ .- Furthermore, by Lemma we
conclude that

(3.3) ngu: Z vﬁ(z*)—((d*)Px+7d+$§IL,

xe@%\_“
z<d

where 5“’;; = pf(wo)= ‘ﬁ)qﬁx In addition, by Lemma we have [B] =
¢§,u for B € ©x(n,r) with B = j,(A, z, ). Consequently, by Lemma and

the uniqueness of 04, we conclude that 04, = Hf\l,u. The assertion follows.
O

4. Connection between B(n,r) and B(IN)?P

4.1. Let U(sA[ ) be the Q( )-subalgebra of D,(n) generated by the elements

uJLCA ny ugs, and K ! for i € I. Then U(ﬁ[ ) is isomorphic to quantum

affine sl,. Let U(s[ )* be the Q(v)-subalgebra of U(s[ ) generated by the
elements uEA fori eI Let U(sl,)% be the Z-subalgebra of U(s[ )T gen-

erated by ut mE?,, fori e Iand m € N. The algebra U(s[n)z is the Z-form

of U(s[ )t

Let Dp(n)t = Spanz{uA | A€ ©f(n)}. Then Du(n )Z is a Z-subalgebra
of ®,(n) and Ulsl,, )% is a proper subalgebra of DA( )%. According to [VV]
Prop 7.5, there is a Q-algebra involution on D,(n)% such that v = v~1 and
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uj =u} for A€ O, (n) with M(A) being semisimple. Furthermore, there

is a unique Z-basis
(4.1) B(n) := {05 | A € 6} (n)}
for Dy(n)% such that ¢9+ =6} and

(4.2) O —uie D vz Nug

B=<A, BEOS (n)

d(B)=d(A)

The set B(n) is called the canonical basis of Da(n)%. For A, B € 6, (n) we

write

(4.3) 0405 =Y fapctf,
ceo,f (n)
where f4 pc € Z. Note that if f4 p ¢ # 0 then d(C) = d(A) + d(B).
A matrix A = (a;;) € Ox(n) is said to be aperiodic if for every integer
[ # 0 there exists 1 < i < n such that a;;4; = 0. Let ©,(n)" be the set of
all aperiodic matrices in ©,(n). Let O (n)2? = ©; (n) N Ox(n)*
By Lusztig |[L3] we know that the set

(4.4) B(n)™ := {03 | A € 6] (n)"}

forms a Z-basis for U (5[ )% and is called the canonical basis of U (5[ )%
The following positivity result for U (5[ P ~ was proved by Lusztig.

Theorem 4.1 ([L5, 14.4.13]). For A, B,C € ©; (n)* we have fapc €
N[v,v~1].

4.2. Let D(n)% be the Z-subalgebra of D,(n) generated by K:*' and
[ } for 1 <i<n and t >0, where [Ké;o] =11\, K 2K 077 Let

v¥—v

Da(n)2" = Da(n)£D,(n)%. Then Dy(n );0 is a Z-subalgebra of @A( )z.

Recall the map (, defined in Theorem Let Sp(n, r) be the Z-
submodule of Sy(n,r)z spanned by the elements A(O r)[diag(A)] for A €
OF (n) and A € Ay(n,r). Since SA(n,r)Z = G (Da(n ) %), we conclude that
Sa(n, 7‘)570 is a Z-subalgebra of Sy(n,r)z. The algebra Sp(n, 7’)20 is called a
Borel subalgebra of Sp(n,7)z.

Lemma 4.2. The set {044 diag(n)r | A € O (n), A € As(n,r — o(A))} forms
a Z-basis of Sp(n, 7“)20.
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Proof. By definition the set
{[A+ diag(V)] | |4 € ©F (n), A € Ay(n, 7 — 0 (A))}

forms a Z-basis of SA(n,'r)?J. Furthermore, by (3.2), for A € 6 (n) and
A € A(n, 7 — 0(A)), we have

HAeriag()\),r - [A + dlag(A)] € Z Z[B + dlag(:u)]

Beo (n), pedp(n,r—o(B))
B+diag(p)C A+diag(X)

The assertion follows. 0
According to [DF3| 7.7(2) and 7.9] we have the following result (see also
[F2 3.7]).

Lemma 4.3. For A € O, (n) we have (. (0}) = Z;LEAA(H,T*G(A)) 0 Atdiag (1),
In particular we have

. o _ A n
(diag(N]G(0%) =  PA+ainsrrotapr A= ro(4) € NF
0 otherwise.

and

G (0 diag(V)] = 4 DAtdiagO-cotan,r A= co(d) € NF
0 otherwise.

for A € Ap(n, 7).
For A, B € ©x(n,r) we write

(45) QA,T‘QB,T = Z gA,B,C,T‘QC,T

C€eB,(n,r)
where ga o, € Z. If gapcr # 0 then we have co(A) =ro(B), ro(A) =
ro(C') and co(B) = co(C).

Lemma 4.4. Let A, BEO] (n), A€ Ay(n,r—0(A)) and p€Ay(n,r—o(B)).
If co(A) + XA = ro(B) + p then we have
fapc if C'=C+diag(A +ro(A—C))
8 A+diag(N),B+diag(p),C"r = f07" some C € @Z_(n)7

0 otherwise.

for C" € Ox(n,r), where fao p o is as given in (4.3).
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Proof. By Lemma we have

9A+diag()\),r03+diag(u),r
= [diag(X + ro(A))]¢-(04)¢r (03)[diag(pe + co(B))]
= Z ]CA,B,CHC‘eriag()\Jrro(A)flro(C)),?"[dia'g(:u + CO(B))]

ceof (n), d(C)=d(A)+d(B)
A+ro(A)—ro(C)eND

If d(C) = d(A) + d(B) then we have ro(C) — co(C) =ro(A + B) — co(A +
B) and hence co(C)+ A +ro(A) —ro(C) =X+ co(A+ B) —ro(B) = u+
co(B). Thus we have

HA—&-diag()\),reB—&—diag(u),r - Z fA7B,CHC+diag()\+ro(A)—ro(C’))m'
ceof (n), d(C)=d(A)+d(B)
A+ro(A)—ro(C)eEN

The assertion follows. O

4.3. For m € Z there is a map
(4.6) Nm : Oa(n) — Ox(n)

defined by sending A= (ai,j)i,jEZ to (aiyanrj)i,jEz. Note that if A:]A()\, d, /L)
€ O,(n,r) then 0, (A) = (N, dp™", 1) € Ox(n, 7).

Lemma 4.5. Let A€ Ox(n) and m € Z. If a;; =0 for 1 <i<n and j <
mn, then ng(A) € O (n) for k <m — 1.

Proof. Let B®) = (A). If k <m—1,1<i<nandi>j, then kn+j <
(m—1)n+j<(m—1n+i<mn and hence bl(-J) = @ jntj = 0. Thus B® ¢
OFf (n) for k< m — 1. O

Lemma 4.6. Let A€ Oy(n,r) with A =ro(A) and p € co(A). Then we

rrrrr

have HAT'H,@# =0y, (A)r —0/\/\ 04, form e Z.

Proof. Note that C;, = v‘e(w0=*‘):cu. Since p"x = xp" for v € &,, we have
S "G, =6 6upm’“ = &,p™". It follows that wq,p™" is the longest ele-
ment in &,p"™"S,,. This together with Proposition implies that

(4.7) 04,00, (Cu ) = 042(Crpy pmr) = 04,0(Crpy T3 = Ciyit e

st

where d € 75 SWARE such that ja(\,d, ) = A and dt is the unique longest
element in §,dS,,. Furthermore since S dp"" G, = &,d&,p™", we see that
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dtp™ is the longest element in Gdp™ S,,. It follows from (4.7) that
dp™" mr
Hnm(A),r(C;uo,u) = e)fu (C{u ,u) = Céﬁp"” = GA,THZ,M (01/1}0,“)'

r

Thus we have 04 . - GﬁTZ = 0y,.(a),r- This implies that 9;‘3;\1 . 95\_;/ = QZ_; p

—mr

mr

Applying the map 7. given in (2.2)), we get Hf\"; Oa, = T,,(Ggf/\l 05 ) =
d71 —mr ’ ’ ’
(02" ) = Oy U

Assume N > n. There is a natural injective map
T 0u(n) — OuN), A= (aij) — A= (a),
where A = (@ ;) is defined by

~ ak,l+mna lf ]— < k7l < n;
Ak l+mN = .
0, ifeithern<k< Norn<I<N

for m € Z. Note that the map ~: ©p(n) — O(N) induces a map from
O, (n) to ©F (N). Similarly, there is an injective map

oz — 7N, A A

wherexi:)\ifor1<i<nandxi:0forn+1<i<]\f.
It is easy to see that there is an injective algebra homomorphism (not
sending 1 to 1)

tn N Sp(n, ) —> SA(N, 1), [A] — [A] for A € Ox(n,T)

(see [DDF, §4.1]).
Let Op(n, )P = O,5(n)?P N O(n, r).

Lemma 4.7. Assume N > n. Then for A € O(n,r) we have A € Op(N, r)?P
and tn N(0a,) = 03 .. In particular we havega pcr =855, for A, B,C €
On(n, 1), where ga p,cr is as given in (4.5)).

Proof. The first assertion follows from the definition of A. The second as-
sertion follows from Proposition and (3.3)). O

Recall the map 7, defined in . The structure constants for the
canonical basis B(n,r) = {04, | A € Ox(n,r)} of the affine quantum Schur
algebra Su(n,r) and the canonical basis B(N)* = {§} | A € ©F (N)?P} of
U(sly) " are related as follows.
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Theorem 4.8. Assume N > n. Let A, B,C € Ox(n,r) and C' € ©,(N,r).
(1) We have

- _ )gaBxr if C" = no(X) for some X € O,(n,r)
En (D) (B).Crir

0 otherwise

for k € Z, where ga g xr is as given in (4.5).
(2) If N >n and co(A) =ro(B), then there exist ko € Z such that

for k <ko, ne(A), ne(B), 1ox(C) € OF (N)NOK(N,r)*P and gapcor =
fm,/,ﬁ%/),n%)’ where fm7m,n;z5) is as given in (4.3)).

Proof. 1f co(A) # ro(B) then 04,05, = 0;, (40, (3) = 0 for any k € Z. Now
we assume co(A) = ro(B). Let A = ro(A) and v = co(B). Then by Lemmal4.6|
we have

kr

(4.8) Orpe (4O (B)r = 05 \O408.-00,

K
= Z gA,B,X:T‘gm (X),r‘gze,u
X€Bx(n,r)

= Z 8A,B X0, (x)r
X€Bx(n,r)

for k € Z. Applying v, n to (4.8) gives that

Ln,N(enk(A),T)Ln,N(enk(B),r) = Z gA7B,X,an,N(9n2k(X),T)
X€Ou(n,r)

for k € Z. Thus by Lemma [4.7] we have

(4.9) em’remﬂ,: Z gA,B,X,renm)’r
X€Ou(n,r)

for k € Z. The assertion (1) follows. The assertion (2) follows from the as-
sertion (1), Lemma Lemma and Lemma O

As a corollary to Theorem together with Theorem [4.1] we have the
following positivity property for Sx(n,r). This gives an alternate approach
to Lusztig’s result on positivity property for Sx(n,r) in [L6l 4.5].

Corollary 4.9. For A, B,C € Ox(n,r) we have ga p.cr € N[v,v 1.
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4.4. There is an injective map from B(n) to B(NN)? defined by sending 6}
to 6} for A € © (n). The structure constants for the canonical basis B(n)

of D,(n)% and the canonical basis B(N) of U (sA[N)JZr are related as follows.

Theorem 4.10. Assume N >n. For A,B,C € ©f (n) we have fapc =
fg’é’é, where f4 p.c is as given in (4.3)).

Proof. There exist A\, u € N} such that A4 co(A) =p+ro(B) and A+
ro(A) —ro(C) € N}. Let r = 0(A) + 0(A). Then by Lemmas 4.4 and [4.7| we
have

fA,B,C = 8A1diag(\),B-+diag(n),C-+diag(A+ro(A—C))

gA—i—dlag( X),B+diag(i),C+diag(A+ro(A—C)) — fN,E,é'

O

The following result is a generalization of Theorem which gives the
positivity property for @A(n)j{,.

Corollary 4.11. For A, B,C € O, (n) we have fo p.c € N[v,v™1].
Proof. The assertion follows from Theorem and Theorem [4.10) O
5. Positivity properties for U(sl,,)

5.1. Recall that I = Z/nZ and I is identified with {1,2,...,n}. There is an
algebra grading over Z|[I|

defined by the condition UQ&[ ) U( sl )l,/, C U(s[ Yo, Ki € U(s[ )o,
uEA € U(sly);, uge | € U(sl,)—; for all v/, " € Z[I], i € 1.

LeAt us recall the definition of the modified quantum affine algebra U(sA[n)
of U(sl,). Let X be the quotient of Z; by the subgroup generated by the
element 1, where 1, =1 for all 4. For A € Z let A € X be the image of
Ain X. Let Y ={pu€Z | > 1¢ic, i = 0}. For A€ X and p €Y we set
poA= D i<isn A W%

For i € I let e? € N} be the element satisfying (ef); = d;; for j € I.
There is a natural map I — X defined by sending ¢ to cTiA, where af =

e — el ;. The imbedding I — X induce a homomorphism ¢ : Z[I] — X.

)
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For \, i € X we set

YR = UL /| ST = UL + 3D UEL) T - o)

jey jey

We define the product in U(;[n) as follows. Let X', p/, \", p" € X and v/, 1" €
Z[I with X — ¢/ = (V") and X' — " = o(v""). For t € U(sl,),r, s € U(sly,),n,
define

7'[')\/7“/(25)7[')\//7“//(5) =

{ﬂ)\wu(ts), if ' =\

0 otherwise.

Then U(;[n) becomes an associative Q(v)-algebra structure with respect to
the above product.

5.2. Let Dj)(n) be the subalgebra of D,(n) generated by the elements ul,
uy and K for A € ©f (n) and i € I. The algebra Dj(n) is a Z[I]-graded
algebra with

deg(u}) Z d;i, deg(uy) Z dii anddeg(Kil) 0
1<i<n 1<ign

for A € ©f (n) and 1 < i < n, where (d;);ez = d(A).

Let

D;(n) = P D),
A aeX

where D) = DUn) /(X jey (K10 )DL n)+ ey D) (K —037).
As in the case of U(sl,), there is a natural associative Q(v)-algebra structure
on D,(n) inherited from that of ®,(n). We will naturally regard U(sl,) as
a subalgebra of D,(n).

For \, i € X, let 73, : ®y(n) — 3D4(n) be the canonical projection.
The algebra D)(n) is naturally a ®;(n)-bimodule defined by

t/']'[')\/7>\//(8)t// = 7T)\'+L(V’),)\"7L(l/”)(tlSt//)

for t' € D)(n),, s € Dp(n), t”’ € Dy(n),» and N, N € X.
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For A € X let 15 = mxx(1). The map ¢, defined in Theorem 2.2 induces
an surjective algebra homomorphism

Q : C‘Dg(n) — 8Sp(n,r)

such that for A € 6} (n) and A€ X, & (uk1y) = ¢ (u)[diag(p)), if X=f
for some p € Ap(n,r), and (r(uF15) = 0 otherwise (cf. [FIL 3.6]).
The maps ¢, induce an algebra homomorphism

‘(n) — H Sa(n,r)

20

such that {(z) = ({(z))r>0 for @ € @g(n) The following result is a gener-
alization of Lusztig [L7, 3.5].

Theorem 5.1. The map ¢ : ’)Dg(n) = [0 Saln, ) is injective.

Proof. Note that the set {1ufuy | A,B € ©f (n), A € X} forms a Q(v)-
basis for D, (n). We use reduction to absurdity. Assume

r = E ﬁA/\l/\uAJrut #06@( )

A€OF (n),AeX

is such that ¢(z) = 0. Then there exist @ € X such that 14z # 0. Since the
set

T:={A|AcOf(n), faa#0}

is finite we may choose a maximal element B in T with respect to <. We
choose p € NI such that 1 = a and p > ro(B). Let 7o = o(p). Then we have

0 = [diag(p Cro Z Ba,aldiag(p ( r)A™(0,7).

AeT

By [DDF), 3.7.3] we have

AT(0,7)A™(0,7) = A(0,7) + > qaclC)
CeB,(n,r),C<A
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where 74 ¢ € Q(v). This implies that

> Baaldiag(p)]AT(0,7)A(0,7)

AeT

= Bp.aldiag(p)] | BO,r)+ > y5clC]
Ceop(n,r)

+ > Baaldiag(p)] | A0,r)+ > vaclC)

AeT Cceo(n,r)
BXA c=<A

= BB,alB + diag(p — ro(B))] + f

where f is a linear combination of [C’ + diag(v)] such that C’ # B, C' €
0 (n) and v € Ox(n,r — 0(C")). Thus we have 8p 4, = 0. This is a contra-
diction. 0

5.3. Let B(n) be the canonical basis of U(sA[n) defined in [L5]. Let ¢pyn -
Sa(n,r +n) — Sx(n,r) be the algebra homomorphism defined in [L7, 1.11].
According to [L7, 3.4(a)] we have

(51) ¢r+n,r ° érJrn(:C) = é—T ($)

forallr e Nand z € U(f:\[n) The following result was proved by Schiffmann—
Vasserot [SV] (see also Lusztig [L7, 4.1] and Mcgerty [M], 7.10]).

Theorem 5.2. (1) We have (.(B(n)) C {0} U {04,
(2) For A € ©x(n,r 4+ n)*® we have

A € Ox(n,r)}.

Oa—pr ifai; =1 forl<i<n,
¢r+n,r(9A,r+n) = .
0 otherwise,

where E = (0;)i,jez € Oa(n).

For A € ©,(n)™ with A — E ¢ ©,(n) let ba = (ar)r>0 € [[,50Saln, 1),
where a, = 0p4mp, if r = 0(A) + mn for some m > 0, and a, = 0 otherwise.

Lemma 5.3. We have {(B(n)) = {ba | A € Ox(n)*, A — E ¢ ©5(n)}.

Proof. Let b € B(n). By Theorem we have ((b) # 0. Let ro = min{r €
N | ¢-(b) # 0}. Then by Theorem [5.2{(1) and [L6, 8.2] we have ¢, (b) = 04,
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for some A € O,(n,r9)?P. From we see that ¢r ro—n(04,r0) = Ororo—n ©
Cro () = Cpy—n(b) = 0. Thus by Theorem(2) we have A — E ¢ ©,(n). By
the proof of [L7, 4.3], we know that if (,(b)#0 for some r>ry, then r=rg
mod n. Furthermore, if m > 0 then by we have

GA,’I"() = Cro (b) = ¢ro+n,ro o ¢To+2n7ro+n O--+0 ¢r0+mn,ro+(m—1)n o Cro—i-mn (b)

This together with Theoremimplies that QOern(b) = 0 A4mE ro+mn- Thus
we have (b) = b 4.

On the other hand, if A" € ©,(n)*? with A’ — E & ©,(n), by [L6, 8.2]
we conclude that there exists b’ € B(n) such that . (b') =0 ,, where
rh = o(A’). By the proof above we conclude that ¢(b') = ba,. The assertion
follows. 0

By Theorem [5.1] and Lemma|5.3| we conclude that for each A € ©x(n)?P
with A — E ¢ ©,(n), there exists a unique ¢4 € B(n) such that ((c4) = ba.
Furthermore we have

B(n) = {ca | A€ Ou(n)™, A— E ¢ Oy(n)}.

Thus B(n) is indexed by the set {A € Oy(n)* | A — E & Ox(n)}. For A, B €
O,(n)?? with A — E, B — E ¢ O,(n) we write

(5.2) cACp = Z ha,B,ccc,

CeOp(n)aP
C—Eg6(n)

where hy pc € Z.

Recall the map 7, defined in . The structure constants for the
canonical basis B(n) of U(sl,) and the structure constants for the canonical
basis B(N)2P = {71 | A € ©f (N)2P} of U(sly) ™ are related in the following
way.

Theorem 5.4. Assume N >mn. Let A, B € ©,(n)*® with A— E,B—E ¢
On(n). If C € Bp(n)* with C — E & Ox(n) is such that hapc # 0, then
there exist mi,mz,mg € N and ko € Z such that o(A)+nmy = o(B) +
nma = o(C) + nmg, Ay, By, Cy € 07 (N)? and

hasc =13 5.6

for k < ko, where Ay =ni(A+miE), By =np(B+mak), Cp=nu(C+
mcE) and fr 5. is as given in (4.3).
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Proof. By (5.2)) we have

(5.3) babs= Y hapcbe,

Ceop(n)aP
C—Egep(n)

where hy p o € Z.1If 0(A) # 0(B) mod n then by definition we have bsbp =
0. Now we assume o(A) = o(B) mod n. Let X ={C € ©,(n)*? |C — E &
©a(n), hapc # 0}. We choose 19 € N such that ro = o(A) mod n, ro >
0(A), 7o = o(B) and ro > o(C) for C € X. Note that ¢(C) = 0(A) mod n
for C € X. Assume g = 0(A4) + nm; = o(B) + nmg = o(C) + nm¢ for C €
X. Then by we have

9A+m1E,roeB+m2E,rU - Z hA,B,CQC-‘rmcE,rU'
Cex

This implies that ha B c = gA+m, E,B+m.E,C+meE,ro- NOW the assertion fol-
lows from Theorem (.8 O

The following theorem gives the positivity property for U(sA[n)
Theorem 5.5. For b, € B(n) we have bb' € > breB(n) N, v~ 1]b".
Proof. The assertion follows from Theorem and Theorem O

6. A weak positivity property for Q'A(n)

For A\, 1 € Z} we set \Dp(n), = Da(n)/r1,, where

A=Y (= 0"N)Dyn) + ) Dy(n) (K3 — o).

jezy jezg

Let Da(n) := D) jezy APa(n)y. As in the case of U(s?(n), there is a natural
associative Q(v)-algebra structure on ®,(n) inherited from that of ®,(n)
(see [F1]). The algebra D,(n) is the modified form of ®,(n). Let {04 | A €
©a(n)} be the canonical basis of D,(n) defined in [DF3], where Ox(n) is

given in §1.

Proposition 6.1 ([DEF3, 7.7]). There is a surjective algebra homomor-
phism & : Dp(n) — Sa(n,r) such that

E0.) = {GAJ, if A€ O(n,r);

0, otherwise.
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The maps fr induce an algebra homomorphism

£:Du(n) = H Sa(n,r)

r=0

such that £(z) = (£:(2))r>0 for x € ®,(n). Contrast to Theorem the
map & is not injective. For A € O,(n) let G4 = 04 + ker(£) € D,(n)/ ker(€).

Lemma 6.2. We have 04 =0 for A & ©5(n) and the set {04 | A € ©(n)}
forms a Q(v)-basis for Da(n)/ ker €.

Proof. From Proposition we see that ker& = spang,){0a | A € Ou(n),
A & ©,(n)}. The assertion follows. O

The following result gives a weak version of the positivity property for

Da(n).
Theorem 6.3. For A, B € Ox(n) we have 04 - 0p € >_ceonn) N[v,v1]0c.

Proof. The assertion follows from Corollary Proposition and
Lemma, [6.21 0
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