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On multiplicities of Galois representations
in cohomology groups of Shimura curves

CHUANGXUN CHENG AND J1 Fu

In this paper, we construct examples where the multiplicities of
rank two Galois representations in the localized first cohomology
groups of Shimura curves over totally real fields are greater than
one. These examples generalize the result of Ribet for Jacobians of
Shimura curves over Q and are closely related to the BDJ conjec-
ture.

1. Introduction

In [I8], starting with a multiplicity one result on modular curves, Ribet
constructed examples where the multiplicities of rank two Galois represen-
tations of Gg in the Jacobians of Shimura curves over Q are greater than
one (cf. [I8, Theorem 3]). In this paper, we generalize Ribet’s construction
and show that similar result holds for cohomology groups of Shimura curves
over general totally real fields.

To state the main result precisely, we first introduce some notation. Let
F be a totally real field with [F : Q] = d. Fix an infinite place 71 : F' — R.
Let D be a quaternion algebra over F' which is ramified at all infinite places
except 7 and ramified at the finite primes in Sp. For simplicity, we also
denote by Sp the product of finite primes in the set. Fix an odd prime p
that is unramified in F" and (p, Sp) = 1.

Fix a maximal order Op of D and isomorphisms Op ®p, Op, = M>(OF,)
for finite primes v { Sp. Here O and Op, denote the ring of integers of F
and F), respectively. Let Ko C (D ®p A¥)* be the open compact subgroup
such that the v-component (Ky), = (Op ®o, OF,)*. In particular, (K¢), =
GL2(Op,) for finite primes vt Sp. Define Ky(N), for an ideal N prime to
Sp, to be the subgroup of K consisting of those u for which u, congruent to
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z; * (mod vord“(N))

attached to D with Ko(N)-level structure (cf. Section [2.1)). In the following,
we assume that IV is square-free, N is prime to pSp, and there are at least
two distinct finite primes that divide N, say pq | N.

Let p : Gp — GLa(F,) be an irreducible rank two mod p Galois represen-
tation of Gp = Gal(F/F). Assume that p appears in the space Hy (M, (n) ®
F,F). Here F is an F),-sheaf on the curve associated with a Serre weight (cf.
Section . Let Ty be the Hecke algebra attached to HY (Mg, vy ® F, F)
(cf. Section . Let m be the maximal ideal of Ty generated by {p, T, —
Tr p(Frob,), Normpg/qg(v)S, — det p(Frob,) : v{pNSp}, where Frob, is a
lift of the arithmetic Frobenius at a finite place v. Fix an embedding T /m <
F,. By Eichler-Shimura relation, we have HY (Mg, vy ® F, F) @1, Fp = p°
(12, Lemma 18.4] and [1]). In particular, we have

for every v | N. Let Mg, (n) be the Shimura curve

dime HOHIGF (157 Hélt(MKo(N) ® Faf)m) = a.

Let D’ be another quaternion algebra over F' such that D’ is ramified at
p, q and at the primes where D is ramified. Fix a maximal order Op: of D’
and isomorphisms Op ®o, O, = M2(Op,) for finite primes v { pqSp. Let
M, be the Shimura curve attached to D" with level O, where O, = Ko(N),
if v pg, O, = (Opr ®o,. OF,)* if v | pq.

Theorem 1.1. With the notation as above, if p : Gg — GLa(F,) is ramified
at q and dimg Homg, (p, HY (M, vy ®@ F, F)m) =1, then

dime Homg,. (p, Hét(M,O ® F’ Flm) < 2.

Moreover, assume that p is not induced from a character if F D Q(up)™.
Then the dimension is two if and only if p is unramified at p and p(Froby)
s £1.

Remark 1.2. In order to prove the claim that the dimension is two if p
is unramified at p and p(Froby) is =1, we need a level-lowering result (cf.
[16, Main Theorem 1] and [14, Theorem 0.1]). Hence in the statement of the
theorem, we have the assumption that p is not induced from a character if
F > Q(pp)™ (cf. [16, Pages 58-59]).

Remark 1.3. If F=Q, Sp =0, V 2T, is the trivial Serre weight, Theo-
rem is exactly [I8, Theorem 3]. Note that here one needs the compact
modular curves. In Section [3.4.1] we explain that this generalization is not
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vacuous. Specifically, we prove a level-raising result Proposition hence
the construction after Theorem 3 of [I§] can be generalized.

Remark 1.4. If F=Q, Sp=0, V =Symm’F2 with 0<b<p—3, we
show that under some technical conditions, we always have

dimz Homg, (p, Helt(MKO(N) ®F,F)m) =1 (cf. Section [3.4.2).
2. Backgrounds on Shimura curves
2.1. The curves

Let G be the algebraic group over Q attached to D*. Let X be the G(R)-
conjugacy class of the map

h:C* = G(R) ~ GLa(R) x H* x -+ x H*,

a b
—b a
naturally identified with the union of the upper and lower half plane by the

—1
which maps a + b to ( ) ,1,...,1|. The conjugacy class X is

_ . ) b a
map g~ thg — g(i), where g(i) = gj:s if g = . od)

Let M = M(G,X) = (Mpg)m be the canonical model defined over F' of
the Shimura variety defined by G and X. Here H runs through the open
compact subgroups of G(A>). Each My is proper and smooth but not
necessarily geometrically connected over F', and

Mp(C) ~ G(Q)\X x G(A*)/H.

For each H and H' and g € G(A>) with g "' H'g C H and H sufficiently
small, by [3, Lemma 1.4.1.1], there is an etale map ¢4 : My — My which on
complex points coincides with the one induced by right multiplication by g
in G(A®). For a normal subgroup H' of H, the etale cover g1 : My — My
is Galois, and mapping ¢g~! + g, defines an isomorphism of H/H' with a
group of covering maps.

Remark 2.1. The weight homomorphism w : G,, g — Gr attached to h is

given by
ro0) "
w(r):(<0 1) ,1,...,1) r e R.
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This is not defined over Q if n > 1. Thus we cannot expect a description of
My (C) as a moduli space of abelian varieties. Indeed, if My (C) is a moduli
space, we could describe h as given by the Hodge structure of an abelian
variety, which is rational.

Following [2], Section 2], we construct some mod p sheaves on the curves.
Denote by k, the residue field of F' at a finite prime v. Let V' be an irreducible
Fp-representation of GLao(Op/p) = [T, GLa2(ky). It is called a Serre weight.
We say a Serre weight is regular if each b; is less or equal to p — 2 when we
write the Serre weight as in [2, Section 2]. Let H C G(A*) be open compact
such that H, = GL2(Op,) for all v | p. We attach to V a locally constant
sheaf

(2.1) Fy = GQ\X x G(A®) x V/H
/
on MH.

2.2. The Hecke algebras

Suppose that H and H’ are sufficiently small open compact subgroups of
G(A®). Let F be a sheaf on the Shimura curves attached to a certain module
(see [T, Section 6.1]). Let g € G(A) such that g acts trivially on F. There
is a natural identification of sheaves on Mpgngp g1 . FoH'g™! | Mg g—1=
FHO9H'9™ Here FR means that we consider F as a sheaf on the curve Mp.
Then define

[HgH') : H) (M @ F,F1'y — HI (Mpppg-1p1g ® F, FT ar,,, )
— H (Mg @ F, F97 oy )
= HI (Myppg-1ny @ F, FHI09H'9)
— H/ (Mg ® F,F%),

where the first arrow is the restriction map, the second arrow is induced from
0g : Mung-11g = Mgrg-1nH, and the last arrow is the trace map. See [12]
Section 15] for more details. In the following, we consider the case where
H, = H| = GLy(Op,) for all v | p and F is associated with a Serre weight.
Hence if g € G(A>) with g, = 1 for all v | p, the operator [HgH'] exists.
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Let H = H'.If q is a prime of O which does not divide pSp, let wq € AR
be such that wgy is a uniformizer at q and is 1 at every other place. Then

write
q_[ <1 0) ]
0 wq

If also Hq = GL2(0Oy), define

— wg 0
=l ()
Denote by T(H, F) the sub-algebra of End(HX (My ®p F,F)) generated by

Ty and Sy for those q with q 1 pSp and Hy = GL2(Oy). If H = K((N), write
Up, =Tqif q| N.

Definition 2.2. (Cf. [I3, Definition 4.1]) A maximal ideal of T(H,F) is
Fisenstein if it contains T, — 2 and S, — 1 for all but finitely many primes
v of I which split completely in some finite abelian extension of F'.

Let U C Ky be a sufficiently small open compact subgroup such that
U, = (0Op ® OF,)* for almost all v and for all v | pSp. Let q be a finite
prime of F' such that q { pSp and Uy = GL2(Oy). Let Uy(q) be the subgroup
of U defined by Uy(q), = U, if v # q and

o {(c el ¢ = 2) oo}

Let ng € (D®p A% )™ be the element 0 ) - Then we have 7,1 Uo(q)q

1
0wy

C U and two maps 01, 0y, : My,(q) — Muy. We have the following conjecture,
which is usually referred as Ihara’s Lemma.

Conjecture 2.3. Assume that the genus of My is greater than 1, V is a
regular Serre weight. Then the kernel of the following map

A:HY(My ® F,Fy) @ Hy(My ® F, Fy) — Hy(My,q) ® F, Fy)
(f1, f2) = (01)" fr + (o4,)" fo-

is Eisenstein, i.e., (Ker(A))m is trivial if m is a non-Fisenstein maximal
ideal of the Hecke algebra T(U,Fy).

The following result is [10, Theorem 4]. See also [10, Theorem 2| and
[20, Lemma 3.1] for similar results where D is definite.
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Theorem 2.4. If F =Q and V = Symm” IF‘]% with b < p — 3, then Conjec-
ture holds.

2.3. Supersingular and ordinary points on
the special fibre of Mg

Before we prove the main theorem, we review some properties of integral
models of Shimura curves.

Let p be a finite prime of F', K be an open compact subgroup of G(A*).
We suppose that K factors as K,H. Then we have the following results. The
first one is proved in [3, Sections 6, 9]. The second one is indicated in [3]
and a detail proof is given in [12, Section 10].

Theorem 2.5. 1) Suppose that K, is the subgroup Kg = GL2(Op,). If
H is sufficiently small, there exists a model Mo g of My defined over
OF (). This model is proper and smooth.

2) Suppose that K, is the subgroup K of matrices congruent to Iaxo
modular ©"™. If H is sufficiently small, there exists a regqular model
M,y of Mk with a map to Mg . The morphism M, i — Mo p is
finite and flat.

Theorem 2.6. 1) Suppose that K is the group

To(p) = {(i Z) € QLy(Or) | c € p}.

If H s sufficiently small, there exists a reqular model My, (o\i of Mk
defined over Mo gr. The morphism My o i — Mo is finite and flat.

2) The special fibre My (o)g @ ]_ﬂp s isomorphic to a union of two copies
of Mo i ® kg, intersecting transversally above a finite set of points Y.

The points in ¥y are the supersingular points of Mg g ® E@. We can
describe this set in another way (cf. [12], Theorem 10.2], [13, Section 2], [3,
Section 11]). Let D be another quaternion algebra over F ramified at primes
in Sp U{p} U {7 | 7|oc}. So it is totally definite. Let G = Resp/g D* be the
corresponding algebraic group over QQ, then there is a bijection

(2.2) Si

12

GO\G(A™)/H x O},
G(Q\G(A™)? x F/H x (’)Xp,

12
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where the second bijection is induced by the reduced norm Dg — F g. Since
D is totally definite, Xz is a finite set.

According to [3, Section 11.1.1}, the action of GLy(F,) on the inverse
system of Shimura curves descends to an action on the set Xg of super-
singular points, and the action factors through det : GLa(F,) — F[. Fur-
ther, if we normalize the reciprocity map of class field theory so that the
arithmetic Frobenius elements correspond to uniformizers, then an element
o€ W(ng/Fp) acts on the set ¥y in exactly the same way as the element
[o] € F corresponding to o by class field theory (cf. [3, Section 11.2(2)]).

Let K = GL2(Oy)H and #(Xg) be the number of supersingular points
on Mo g X ]_Cp. Let gr be the genus of any geometric fibre of M g. Then we
have the following lemma.

Lemma 2.7. §(Xy) = (Norm(p) — 1)(g9ar,(0,) a7 — 1)-

Proof. The argument is similar to the proof of [10, Lemma 6]. We com-
pute gr,(p)g in two ways. On one hand, in characteristic 0, we have a
map Mrp,(o)g — Mar,(0,)g which is of degree Norm(p) + 1. Therefore,
gro(pya — 1 = (Norm(p) + 1)(gar,(0,)g — 1)- On the other hand, modulo g,
Mr, (o) 1s singular. One can still define its arithmetic genus and it is equal
to gry (e since My o)y is flat. Applying Riemann-Hurwitz formula to the
map (Mr, o)1)/ = (Mar,(0,)H)/p; We obtain the following equation

20100y — 2 = 2(29aL,(0,)5 — 2) + 28(XH)-
Comparing the two equations, the lemma follows. N

By [12, Theorem 10.2], we have a normalization map r : Mg g ® k,, L
Moy g ® l_% — Mry(p)a ® /;:K,. We describe the map r using the moduli de-
scription of the curves (cf. [I2, Sections 8-10]). Denote by o the arithmetic
Frobenius over k. For any scheme Z over k,, define Z(?) .= Z R, o k.
For any scheme S over k,, denote by Fr:S — S the absolute Frobenius
morphism, which on the affine rings is given by the map s s sl*el.

Let x be a geometric point of My i ® k. Attached to x, there is a p-
divisible group E|,. By [12, Proposition 9.7], up to isomorphism, there
exist exactly two p-cyclic isogenies (cf. [I2] Definition 9.2]) from E|, given
by Frobenius and Verschiebung respectively:

F:Euls = (Baole) @, V:(Exly) ) = Eyl,.

Here Fry = = and we use the identity (Eoo|s)) = Ego|pre from [12, Corol-
lary 9.6]. By [12, Theorem 10.2], we obtain two maps ¢; and ¢ : Mo g ®
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ko = Mpy(oyg ® by, given by z+— (z,F : Exls — (Exo|z))) and z —
(Frz,V : Ex|rr s = Exol|z) respectively. These two maps induce the normal-
ization map r.

Define w : Mr (o)g @ kp — Mp,(o)g @ kg by

(7, F : Eooly = (Bool2) @) = (Fra,V : Exlme — Eools)-
Then ¢9 = w o ¢1.
Lemma 2.8. The morphism w is an involution on Mr (,)g @ k.

Proof. To prove the lemma, we need to understand Frz. In order to do so,
we go back to the unitary Shimura curves M, as in [3, Section 7.5]. More
precisely, with the same notation as in [3], let (A,¢,0,k%, ) be the data
defining point = and let (A’,/, 0, (K')*,¢") be the data defining Frxz. Then
A" = A/ Ker(F) as the p-divisible group is just (Apoo)%l (cf. [3, Section 5.4]).
One then writes down other data explicitly and obtain w? = 1. O

The two maps o1 and oy, : Mp (oyn = MaL,(0,)n induce two maps

Mr(oyg ® ky — Mo g ® kg, which we still denote by 01 and g,,. We have
the following result (cf. [8, Chap. 5, Section 1.15]).

Lemma 2.9. With the notation as above, 010 ¢1 =1id, 010 ¢p2 = Fr, g ©
o1 =Fr, oy, 0 P2 =id.

Proof. The first two identities are obvious. For the last two identities, it
suffices to show that o, = o1 o w. This follows from [3, Section 10.3]. Note
that in [3, Section 10.3], Frobenius means the geometric Frobenius. O

2.4. p-adic uniformization of Shimura curves

Let v be a finite place of F' at which D’ is ramified. Here D’ is the quaternion
algebra defined in Section |1} Let P be an open compact subgroup of (D’ @
Ap)* such that P, = (Op ®0, OF,)*. Then we have a Shimura curve M},
which is defined over F'.

Let F" be the maximal unramified extension of F,, let QF, be the
Drinfeld’s upper half plane over F;, and Q@ = Qp ®@p, F". Let g € GLQ(Fvg
act on 2 via the natural (left) action on Qp, and the action of Frobxal(detg
on F}". Let n € Z act on Q through the action of Frob,™ on F;". This
gives an Fj-rational action of GLa(F,) X Z on €. Moreover, the F,-analytic
space GLa(F,)\ (2 x (P\(D' ®Fr A%)*/G'(Q))) algebraizes canonically to a
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scheme Xg over F,. Let M’ and X be the inverse limits of M 1’3 and Xp over
all P. Then a special case of [23, Theorem 5.3] gives the following theorem,
which generalizes the result of Cherednik and Drinfeld [11, Section 4]. See
also [I5) Section 1].

Theorem 2.10. There ezists a (D' @p A})* x Z-equivariant, F,-rational
isomorphism
M @p F, =2 X,

In particular, we have an Fy-rational isomorphism
M}la QRr F, = Xp.

Furthermore, there exists an integral model M’y for M}, over OF,, and the
above isomorphism can be extended to schemes over OF,.

We apply the above theorem to the case P =0 and v =q to study
the singular points of the mod q reduction of My, (cf. [17, Section 4], [16),
Section 3.2]).

The special fibre of My, has non-degenerate quadratic singular points.
The dual graph & attached to the special fibre of My, ® kq is the quotient

GLa(Fy) "\ (A x (ONG'(A®)7/G'(Q)),

where A is the well-known tree attached to SLo(Fy), GLa(Fy)™ is the kernel
of the map

p: GLo(Fy) — Z/2Z
defined by the formula

p(y) = ordg(dety) (mod 2).

The singular points of My, ® kg correspond to the edges of &. Let D' be
the definite quaternion algebra over F' ramified at places in Sp U {p} U {v |
v|oo}. Note that D’ is ramified at q and unramified at 71, and D’ is unrami-
fied at q and ramified at 7. Let G’ = Res(g(l_?’ )* be the associated algebraic
group. Let S be an open compact subgroup of G'(A*) such that S, = O, if
v # q, and Sy = T'o(q) where

To(q) = {(i 2) € GLy(OF,) | c € q}.

Then the edges of A are in one-to-one correspondence with GLg (Fq)/(SqF™).
Therefore, the edges of & are bijective to G'(Q)\G'(A)/S.
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Remark 2.11. Consider the curves My n) over Oy and My, over O4 and
their special fibres. By the definitions of the quaternion algebras D and D',
we see that there is a bijection between the set of singular points of Mg, ()
(mod p) and the set of singular points of M, (mod q).

3. Proof of the main result

In this section, we study certain exact sequences following Carayol [4] and
Jarvis [12] and prove Theorem The sequences are also used in [16]
to prove a level-lowering result. Note that when we take a reduction of
a Shimura curve at a prime, we use the integral model of that curve as given

in Sections 2.3] and 2.4
3.1. Exact sequences for Mg, (n)

First, we consider the Shimura curve M, (n) and the sheaf F = Fy. Let
H = Ky(N)P, then Ko(N) = T'o(p)H. The exact sequence of vanishing cycles
for the proper morphism Mrp g ® Op, — Spec O, and the sheaf F is

(3.1) 0= Hy(Mry(p)n ®kp, F) = Hoy(Mrp, () g @ Fp, F) = @ (R'®5F).
TEX
- Hgt(MFo(P)H ® Ep7‘7:) - H(?t(MFO(P)H ®FP?I) e,

where Y7 denotes the set of singular points of the Ep—scheme Mr,(pyu ® Ep.
Note that Y consists of a finite number of non-degenerate quadratic points.
Write

L(H) = Ker(H% (Mp, (g @ kp, F) = HE(Mp, (g @ Fy, F)),
e Z(H) = Helt(MFO(p)H @ ky, F),
e M(H)= Helt(MFo(p)H ® Fy, F),
X(H) = @yex, (R ®3F)e,
e X(H)=Ker(X(H)— L(H)).

Then we have a short exact sequence
(3.2) 0— Z(H)— M(H) = X(H) — 0.

We construct a second exact sequence, based on the comparison between
the cohomology of the special fibre and the cohomology of the normalization
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of the special fibre. Recall we have a map r: Moy ® ky, UMg g ® ky —
Mr,(pyr ® Ep, and Mr(p)g ® l?:,, can be regarded as two copies of Mo g ®_l;:p
glued together transversally above each supersingular point of My i ® ky.
As r is an isomorphism away from supersingular points, there is an exact
sequence of sheaves

0—=F = nra"F—G—0,
where G is a skyscraper sheaf supported on ¥p. Taking the long exact

sequence, we have

(3.3) 0 — HY (Mr,(pyg ® ky, F) = HY(Mr, (i ® ky, 4™ F)
— Hy(Mpy (i ® kp, G) = Hi (Mp, oy © ky, F)
— Helt(MFO(P)H ® ky, " F) — 0.

o L(H) =Im(HY(Mrp(p)z ® kp, ror*F) = HY(Mr, (o) @ ky, G)),
(H) &(Mp )i @ by, G) = Besx,, Gos

o R(H) = HY(Mp, )y ® ky, 77 F),

e Y(H)=Y(H)/L(H).

I
T

Then we have another short exact sequence

(3.4) 0—-Y(H)— Z(H)— R(H)— 0.

The following lemma collects several properties of the exact sequences

and (1)

Lemma 3.1. 1) The sequences (3.2) and (3.4) are equivariant for the
Hecke action and the Galois action.

2) Hi(Mp, (g © kp, rar*F) = HL (Mo g @ ky, F)?.

3) There is an isomorphism

Hs, (Mr, (o)1 @ ki, F) > @D H{yy(Mr, ()1 ® kp, RU5F).

TEX

4) There is an isomorphism

HY (Mr, (i ® kp, G) = Hsy, (M1 ® kp, F).
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5) There is an isomorphism
N:X(H)1) = Y(H).

6) L(H)w =0, L(H)w =0, if m is a non-Eisenstein mazimal ideal of the
Hecke algebra.

Proof. These results are proved in [12], Sections 16-18]. O

Remark 3.2. 1) We have an isomorphism
Helt(MO,H ® l;?pv]:) = Hét(MO,H ® Fp,]—"),
because Mg r has good reduction at p. Therefore, we have
R(H) = H},(Myzr By, F)°.

2) Jarvis [12] proved more than those listed in the lemma. In particular,
[12, Proposition 17.4] gives the following diagram which describes the
action of the inertia group and is very important in our application:

X(H) W Y(H).

Here 7 is an element in the inertia group If,, and Var(r) is the varia-
tion map.

By Lemma , X(H)m = X(H)m and Y (H) = Y (H) . Then combin-
ing exact sequences (3.2)) and (3.4), we have the following diagram



On multiplicities of Galois representations 771

together with an isomorphism N : (X(H)(1))m—=Y (H)m.
Fix an embedding F = T(Ko(N), F)m/m — F,. Tensoring the above di-
agram with Fp, we obtain

(3.7) Y(H)®T,

together with an isomorphism N : X(H)(1) ® F,=Y (H) ® F,,.

Lemma 3.3. If 3: M(H)®F, — X(H)®F, is an isomorphism, then p
is unramified at p.

Proof. We compute the action of the inertia group If,. An element 7 € I,
acts via the diagram
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(3.8) di [

X(H)®F, V—()> Y(H)®F,.

If B is an isomorphism, then from diagram (3.7]), we see that « is the zero
map. Therefore, 7 — 1 = 0, i.e., the action is unramified. O

We have the following key lemma, which corresponds to [I8, Proposi-
tion 1].

Lemma 3.4. With the assumptions in Theorem dims X (H) ®F, <2.
The dimension is 2 if and only if p is unramified at p and Frob, acts as £1.

Proof. We have a surjection 8 : M(H) ® F, - X(H) ® F, with dim M (H) ®
F, = 2. Hence dimz X (H)®F, < 2.1fdim X (H)®F, = 2, then : M(H) ®
F, - X(H) ®F, is an isomorphism. By Lemma the Gp,-action on
M(H) ® F), is unramified. Note that Frob, acts on Y (H) ® F,, as = Norm(p)
by the discussion in Section where the action of Frob, on ¥ is given
explicitly. Hence Frob, acts on X (H) ® F,, as & Norm(p). Taking the deter-
minant of Frob,, on X(H) ® F, we obtain Norm(p)?, and on M(H) ®F,
we obtain Norm(p). Thus Norm(p)? = Norm(p) (mod m) and Frob, acts as
+1.

Conversely, assume that p is not induced from a character if F > Q(u,) ™,
p is unramified at p, and Frob, acts as +1. Taking determinant, we see that
Norm(p) =1 (mod m). Because p is unramified at p and is irreducible, by
the level-lowering results [16, Main Theorem 1] and [I4, Theorem 0.1], the
map

Ao = 01 + 0y, Ho(Miey(nyp) @ F, F)y = Hey(Migy () @ F, Fm

is surjective. Note that here m in the first term contains the element T}, —
Tr p(Froby ). Let C be the diagonal map (resp. anti-diagonal map)

C: Hoy(Mg,(njp) @ F, F)m = Hiy(Mg,(vyp) © F, F)y

if Frob, acts as —1 (resp. as +1). We claim that (A9 ®F,)o (C®F,) is
surjective.
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We prove the claim by adapting an idea from Taylor-Wiles system con-
struction (cf. [20, Lemma 2.2]). Indeed, the map Ay commutes with the
Hecke operator T), for v{pNSp. For the prime p, we have

T, N S,
U, o Ao = Ag o (_pl ornz)(lﬂ) p> _

To verify this identity, it suffices to verify it in the complex case, which
follows from the double coset decompositions of

Ko(N)npyKo(N) and Ko(N/p)nKo(N/p) (cf. [20, Section 1]).
Hence as operators in End(HY (M, (n/p) ® F,F)®?), we have
U3, — TyUs, + Norm(p)S, = 0.

Note that Frob, also satisfies the above equation by Eichler-Shimura. After
tersoring with Fp, the equation has one root with multiplicity two. Hence U,
acts the same way as Frob, on EHét(MKO(Jy/p) ® F,F) @ F,)¥2. The claim
then follows since Image((Ag ® IF,) o (C @ IF))) is exactly the eigenspace of
Uy, - Thus the composition

— C/ — —
p — (Hy M, (n/p) ® ki, F)m @ Fp)?
= (H& (Mg, (n/p) @ Fp, Flm @ Fp)?

Al _ _
% Hy(Mpg,(n) ® Fy, F)m @ F,
=M(H)®F,

(3.9) HYMpg,(n/p) ® kp, F)m ®

is surjective, where C’ is the diagonal map (resp. anti-diagonal map) if C'
is the diagonal map (resp. anti-diagonal map), Aj is defined by the same
formula as for Ag.

Define the map A by

Az Hy (Mg (n/p) @ ki, F)? = Hi (Mg, (v) ® kp, F)
(f,9) = ()" f + (en,)"g
and the map B to be induced by the normalization map
B : Hi (M, (n) ® kp, F) = Hoy (Mg (nv/p) @ ki, F)*.

_ id  Froby .
By Lemma [2.9) (cf. [I8, Lemma 1]), Bo A = Frob,  id > By our defini-

tion of C’, we have (B®@Fy) o (A®F,) o C' = 0. Let W C Hy (Mg, (n/p) ®
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IE:p, F)m @ F, be a lift of M(H) ® F,, via the surjection (3.9)). Since d o (A ®
F,) o C'(W) = M(H) © F,,
(3.10) dim M (H) ® F, < dim((A @ F,) o C'(W))
<dimKer(B®F,) <dmY(H)®F,
=dim X (H) ® F,.

Hence the above inequalities are all equalities and the lemma follows. O

3.2. Exact sequences for M,

We now describe the corresponding picture for the curve M(,. Note that here
we consider the reduction mod ¢. The exact sequence of vanishing cycles for
the proper morphism My, ® Or, — Spec O, and the sheaf F is

(3.11) 0= Hy(Mp ® kg, F) = Hi(Mp ® Fy, F) = P (R'®;F),
TEX o
_>He2t(M/O®ECI)F) _>He2t(Mb®an-7:) —

where Y denotes the set of singular points for the Eq—scheme M}, ® Eq. Note
that X consists of a finite number of non-degenerate quadratic points.
Write

L(0) = Ker(HZ (Mg, ® kq, F) — Hg (M ® Fy, F)),
° Z(0) = Helt(Mb ® Eqvf)v
o M(0) = Hy(Mp @ Fy, F),
X(0) = Byex, (R @7 F ),
e X(0) =Ker(X(0) — L(0)).

Then we have a short exact sequence

(3.12) 0— Z(0)— M(O)— X(0O)—0.

We construct a second exact sequence. Let r be the normalization map
of the special fibre of M,. We define G’ via the following exact sequence of
sheaves

0= F—=ra*F—G —0.
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Then G’ is a skyscraper sheaf supported on Yp. Taking the long exact se-
quence, we obtain

(3.13) 0— HY(Mp ® kq, F) — HS(Mp @ kg, r:7*F) — HE(Mp @ kg, G')
— He}t( /O ®]5q>~7'—) — Helt( /O ®]%qa7'*7"*~7'—) — 0.

i (O) Im (o : Hgt(M/O®kqa7"*r I)%Hgt(M/o(gkqag))

e Y(O) :Hgt(M,O@’kq’g) :®$EEO g:/m
e R(0) = HL (M}, ® kq, r.r*F),
e Y(0)=Y(0)/L(0).

Then we have another short exact sequence
(3.14) 0— Y(0)— Z(0) = R(0O) — 0.

Lemma 3.5. 1) Hi (M) ® kg, mr*F) = HY (P! @ kg, F)°, for some c €
Zzl.
2) There is an isomorphism
H%Jo( ®kcbf @ H{x} MO®kCI7R\II ]:)

TEX o

3) There is an isomorphism
Hgt(M/O ® qu g/) = H%IO(M/O ® EQMF)'
4) There is an isomorphism
N : X(0)(1) = Y(0).

5) L(O)m =0, L(O)w = 0, R(O)w = 0, if m is a non-Eisenstein mazimal
ideal of the Hecke algebra.

Proof. We know that the reduction € (mod p) is a union of P'. By Theo-
rem the special fibre My, ® Eq is several copies of P! glued together
transversally above the singular points. The normalization of the special
fibre is a disjoint union of finitely many P'. The first statement follows.
For the last statement, the first two terms vanish because they come
from the Oth and 2nd cohomology groups and m is a non-Eisenstein ideal
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(13, Section 4] and [2, Lemma 2.2]). The third term vanishes because the
1st cohomology group of P! vanishes.
The arguments for other claims are the same as the arguments for

Lemma B.11 a0

Combining exact sequences (3.12)) and (3.14)), we obtain the following
short exact sequence

0=Y(O)n = MO)n — X(O)n — 0,

together with an isomorphism N : (X(0)(1))m—=Y (O)m. Then we obtain
the following exact sequence

(3.15) Y(0)®F, % M) F, L X(0)eF, -0,

together with an isomorphism N : X(0)(1) ® F,=Y (0) ® F).

Lemma 3.6. There is an isomorphism of Hecke modules

Proof. We deduce this from the exact sequence (3.14) of [16]. Rewriting that
sequence in our setting, we have the exact sequence

0—=Y(H)2 =Y (H)y—Y(O)n — 0.
Here Y (H') corresponds to the group Y (H) for the curve Mg where K' =
Ky(N/q). Note that p is ramified at q, hence m is not g-old. On the other

hand, Mg has full level structure at q and Y (H') is g-old. Therefore,
Y (H')m = 0 and the claim follows. O

3.3. Proof of Theorem [1.1]
We combine the results in the above sections to prove Theorem [I.1
Lemma 3.7. p is unramified at q if and only if
(3.16) B:MO)®F, - X(O)aF,

s an isomorphism.
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Proof. By the diagram in Remark we can compute the action of the
inertia group Ir,. An element 7 € I, acts via the diagram

MO)®F, — M(0O)&F,

(3.17) o [

If p is unramified at q, then M (O)®F,, is unramified at q. Thus o/ Var(7)s’ =
7—1=0 for all 7€ Ip,. This is the same as o/ N’ = 0 since Var(r) =
—e(T)N (cf. [12, Proposition 17.4]). Now /' is a surjection and N is an
isomorphism, so o = 0. Thus by the exact sequence , A is an isomor-
phism.

On the other hand, if 3’ is an isomorphism, then by the exact sequence
, we see that o is the zero map. Therefore, 7 — 1 = 0, i.e., the action
is unramified. O

We have assumed that p is ramified at q, then we have the following
lemma.

Lemma 3.8. dimg M(0) ® F, = 2dimz X (0) @ F,,.
Proof. By exact sequence (3.15)), we have

(3.18) dimz M(0) ® F, < dimz X(0) @ F, + dimg Y(0) @ F,
= 2dimg Y(0) @ F, = 2dimz Y (H) @ F,
= 2dimg X (H) ® F, < 2dimg M(H) @ F, < 4.

By Lemma we see that dimg M(O) ® F, = dimg X (0) ® F, = 2 can-
not happen since p is ramified at q. The lemma follows. O

Proof of Theorem[T1, dimg Hom(p, Hgy (M, @ F, F)m) < 2 follows from
equation (3.18). Since dimg YV (H) ® F), = dimgz Y (0) @ Fp, we have

dimg X (H) ®F, = dimz, X(0) @ F,.

In particular, dimg X (O) ® F, < 2. The dimension is 2 if and only if the
Gal(Fy/Fy)-action is unramified and Frob, acts as £1 by Lemma The-
orem [L.1] is now clear. O
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Remark 3.9. Now we have a multiplicity two result. If we start with a
Shimura curve such that the cohomology group has multiplicity two, we can
do the same thing as above (as long as we have enough primes in the level):
construct a new Shimura curve by changing local invariants, compare the
corresponding cohomology groups, etc. Then we may get a multiplicity 4
result similar to Theorem [I.1] In this way we may construct Shimura curves
with multiplicity 2". This is closely related to [2, Conjecture 4.9].

3.4. Some remarks

In order to show that Theorem is not vacuous, we show that the con-
struction after Theorem 3 of [I8] carries over in our setting. For this, we
prove a level-raising result and prove a multiplicity one result.

3.4.1. Level raising. We have the following level-raising result corre-
sponding to [I9, Theorem 1]. Note that for our purpose, being new or old
is not essential, hence the argument is simpler than those in [I7, Theorem
7.5] and [16, Theorem 5]. We sketch the proof for completeness.

Proposition 3.10. Let p: Gp — GLo(F,) be a rank two modular repre-
sentatwn appears in Het(MKo(n) ®p F, F)m, where n is square-free, F is an

[F)-sheaf attached to a Serre weight, m is a non-Eisenstein maximal ideal of
the Hecke algebra T(Ko(n),F). Let v be a prime of F such that vt pnSp
and satisfies one or both the identities

Tr p(Frob,) = £(Norm(v) + 1) (mod p).

Then there is a mazimal ideal M of T(Ko(v ) F), such that p appears in
the cohomology group H, t(MKo(Un) Qp F, F)m

Proof. As explained in [19, Section 3], it suffices to construct a maximal ideal
M of T(Ko(vn), F) such that T(Ko(vn), F)/M = T(Ko(n), F)/m. Here m =
m is the maximal ideal of T(Ky(n), F) generated by {p, T, — Tr p(Frob,,),
Normpq(w)Sy — det p(Froby,) : w {pnSp}. As in the proof of Lemma
consider the map

A HY (M, () @ F, F) @ Hi (Mg, (n) ® F, F) = Hi (M, () ® F, F)
(fs9) = (o1)"f + (on,)"g-
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This map commutes with the Hecke operator T, for w{pnvSp. For the
prime v, we have

Up o A= Ao (Tv Norm(v)SU> .

-1 0
Hence as operators in End(HY (M, ) ® F, F)®?), we have

UQU - T,U,, + Norm(v)S, = 0.

w

If Tr p(Frob,) = —(Norm(v) + 1) (mod p), we take

M ={p, U,, +1, T, — Tr p(Frob,),
NOI’HIF/@(’LU)Sw — det ﬁ(FrObw) Lw )fanD}.

If Tr p(Frob,) = (Norm(v) + 1) (mod p), we take

M ={p, U,, — 1, T, — Tr p(Frob,),
Normg)q(w)S, — det p(Froby,) : w t pnSp}.

The M constructed as above then satisfies the properties as explained after
Lemma 1 of [19]. Hence the proposition follows. O

3.4.2. More on the case F = Q. As indicated in [19, Section 1] and
explained in [9], the results of [19] lead to results for cusp forms of weight
k > 2. In the following, we show that the results hold for general quaternion
algebras over Q. In particular, we have a multiplicity one result to start our
construction (cf. [I8, Theorem 1]).

Use the same notation as in Section [1I] and take F' = Q. Note that we
allow Sp = (), in which case we use the compact modular curves and it is
the case considered in [9, [I§].

Let Mg, vy be the Shimura curve over Q with level Ko(IN), m be a
maximal non-Eisenstein ideal of the corresponding Hecke algebra. Then we
have the following result.

Theorem 3.11. Let p: Gg — GL2(FF,) be a modular Galois representation
with conductor dividing pNSp. Let b be an integer such that 0 < b <p— 3.
Let V be the Serre weight Symm® I_FI%. Assume that p satisfies the following
conditions

1) the restriction plc,, is irreducible, where F' = Q(y/(—1)®=1/2p);
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2) if v=p, then EndFP[GQU](ﬁ|GQv) = Fp;
3) ifv | Sp, and v?® =1 (mod p), then p is ramified at v.

Then dimlf‘p HomGQ(ﬁa He}t(MKg(N) ® @7FV)m) <L

Proof. We show that if the dimension is not zero, then it is one. First, we
assume that if v | N, then p is ramified at v. This is the so called minimal
case in Taylor-Wiles method (cf. [21], 24]). In this case, we define a deforma-
tion condition for p as in [22, Section 2], except at v = p, where we require
the deformations to be Fontaine-Laffaille with weights 0 and (b+ 1) (cf.
[0, Section 2.4.1]). Constructing a Taylor-Wiles system as in [22, Section 3]
and applying [9, Theorem 2.1], we obtain that Hgt(MKO(N) ®@Q, Fy)m is
free of rank two over T(Ko(N), Fy)m. Hence dimg Homey (p, HY (M, (ny ®
Q, F V)m) =1L

Combining Theorem and the minimal case above, by a standard
argument in Taylor-Wiles method (see for example [9, Section 3], [20], Sec-
tion 3]), we can pass from the minimal case to non-minimal case and prove
that HY (Mg, (v) ® Q, Fv)m is free of rank two over T(Ko(N), Fy)m. The
theorem then follows. O

Remark 3.12. For general totally real fields F', [5, Theorem 5.3] gives
similar multiplicity one result in the minimal case. Since we do not have
Thara’s Lemma in general, the above argument no longer applies and we
only consider F' = Q in this section.
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