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Iitaka’s (), conjecture for 3-folds in
positive characteristic

SHO EJIRI AND LEI ZHANG

In this paper, we prove that for a fibration f: X — Z from a
smooth projective 3-fold to a smooth projective curve, over an
algebraically closed field k with chark = p > 5, if the geometric
generic fiber X5 is smooth, then subadditivity of Kodaira dimen-
sions holds, i.e.

K(X) > k(X7) + £(2).

1. Introduction

Throughout this paper, a fibration means a projective morphism f: X — Y
between varieties such that the natural morphism Oy — f,Ox is an isomor-
phism.

The Kodaira dimension is one of the most important birational invariants
and plays a key role in the birational classification of algebraic varieties. For
a fibration, we have the following conjecture on Kodaira dimensions, which
was proposed by Iitaka in characteristic zero.

Conjecture 1.1 (Cy ). Let f: X — Z be a fibration between smooth pro-
jective varieties of dimension n and m respectively over an algebraically
closed field k with chark = p > 0 , whose geometric generic fiber Xz is inte-
gral and smooth. Then

K(X) > k(Xy) + K(Z).

In characteristic zero, many results related to this conjecture are known
[4, O 10, 12l 17 18, 22-24] 26128, [36, B7]. In particular, this conjecture
was reduced to problems in the minimal model program by Kawamata [24]
Corollary 1.2].

In positive characteristic, Conjecture has been proved in some cases
recently. Chen and Zhang showed Cj, ,—1 [13, Theorem 1.2]. Under the as-
sumption that p > 5, C31 was shown when k = IE‘T) by Birkar, Chen and
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Zhang [0, Theorem 1.2], when X5 is of general type [14, Theorem 1.5], and
when the genus of Z is at least two by Zhang [40, Corollary 1.9]. Fur-
thermore, when f has singular geometric generic fiber, its dualizing sheaf,
denoted by wy, (the same notation with canonical sheaf because they co-
incide with each other when X3 is smooth), was considered by [32] and
[40], and under some special situations, an analogous inequality x(X) >
k(X wx,) + K(Z) was proved.
The aim of this paper is to prove the theorem below.

Theorem 1.2. Conjecture C3 ,,, holds when chark =p > 5.

The proof relies on the minimal model program for varieties of dimension
at most three in characteristic p > 5 developed by several mathematicians
including Birkar, Cascini, Hacon, Tanaka, Waldron and Xu. The case when
x(X7) = 2 has been proved by the first author [I4, Theorem 1.5]. In this
paper we only need to consider the cases k(X7) =0, 1.

This paper is organized as follows. Section [2| includes some basic re-
sults to be used in our proof, including minimal model theory of 3-folds,
vector bundles on elliptic curves and weak positivity of push-forward of
pluri-relative canonical sheaves. Section [3| and [4] are devoted to study the
cases £(Xz) = 0 and 1 respectively.

Notation and Conventions: In this paper, we fix an algebraically
closed field k of characteristic p > 0. A k-scheme is a separated scheme of
finite type over k. A variety means an integral k-scheme, and a curve (resp.
surface, n-fold) means a variety of dimension one (resp. two, n).

Let ¢ : S — T be a morphism of schemes and let 7" be a T-scheme. Then
we denote by St and @7+ : S7v — T respectively the fiber product S x1 T’
and its second projection. For a prime p € Z, [F, and Z,) denote respectively
Z/pZ and the localization of Z at pZ. For a Cartier, Z,)-Cartier or Q-Cartier
divisor D on S (resp. an Og-module G), the pullback of D (resp. G) to St
is denoted by D7+ or D|g,, (resp. Grv or G|g,,) if it is well-defined. Similarly,
for a homomorphism of Og-modules « : F — G the pullback of a to St is
denoted by ag: : Fprr — Gpo.

2. Preliminaries

In this section, we recall some basic results which will be used in the proof.



litaka’s Cy, ,, conjecture for 3-folds in positive characteristic 785

2.1. Minimal models of 3-folds

Existence of (log) minimal models of 3-folds in positive characteristic p > 5
was first proved for canonical singularities by Hacon and Xu [I9], and in
general by Birkar [5] (see [39] for the lc case). The result on Mori fiber
spaces was proved for terminal singularities by Cascini, Tanaka and Xu [I1],
and in general by Birkar and Waldron [7]. We collect some results in the
following theorem, which will be used in our proof.

Theorem 2.1. Assume that the base field k has characteristic p > 5. Let
f: X = Z be a contraction from a normal 3-fold, and let A be an effective
Q-Cartier Q-divisor on X.

(1) If either (X,A) is kit and Kx + A is pseudo-effective over Z, or
(X,A) is lc and Kx + A has a weak Zariski decomposition[l, then (X, A)
has a log minimal model over Z.

(2) If (X, A) is a dlt pair and Z is a smooth projective curve with g(Z) >
1, then every step of LMMP in [5, Sec. 3.5-8.7] starting from (X,A) is
over Z.

Proof. For (1) please refer to [5, Theorem 1.2 and Proposition 8.3].

For (2), since (X, A) is dlt, every Kx + A-extremal ray is a generated
by a rational curve by cone theorem [7, Theorem 1.1], which is contracted
by f since g(Z) > 1. So for an extremal contraction X — X, if there is a
divisorial contraction or a flip o : X --» Xt asin [5] Sec. 3.5-3.7], there exist
natural morphism f: X — Z and f*:XT — Z fitting into the following
commutative diagram

X Xt
f )j £
Z
Note that (X, A" = 0,A) is a dlt pair. We can show this assertion by
induction. O

lie., there exists a birational projective morphism p: W — X such that
v*(Kx + A) = P+ M where P is nef over Z and M is effective
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2.2. Covering Theorem

The result below is [[2I], Theorem 10.5] when X and Y are both smooth,
and the proof there also applies when varieties are normal.

Theorem 2.2. ([2I, Theorem 10.5)) Let f: X — Y be a proper surjective
morphism between complete normal varieties. If D is a Cartier divisor on
Y and E an effective f-exceptional divisor on X, then

k(X,f*D+ E) = k(Y,D).
As a corollary we get the following useful result.

Lemma 2.3. Letg: W — Y be surjective projective morphism between pro-
jective varieties. Assume Y is normal and let Ly, Ly € Pic®(Y) be two line
bundles on Y. If g* L1 ~q g* Lo then Ly ~g Lo.

Proof. Let L = L1 ® Ly ! Denote by o : W' — W the normalization and
g =goo: W' =Y. Then ¢*L ~g 0. Applying Theorem[2.2to ¢’ : W' — Y
gives that L ~g 0, which is equivalent to that Li ~q Lo. O

2.3. Adjunction

Lemma 2.4. Assume that the base field k has characteristic p > 5. Let
(X,A) be a normal, Q-factorial, lc 3-fold (not necessarily projective). Let
C be a projective lc center of (X,A) and C be the normalization of C. If
(Kx + A)|g is numerically trivial, then (Kx + A)|a is Q-trivial.

Proof. By [B, Lemma 6.5], we can take a crepant partial resolution p : X' —
X such that

Kxi 4D+ A g p(Kx +4) - (%)
where D is a reduced irreducible divisor dominant over C' and (X',D +

A') is dlt. Then considering the restriction of the relation & on D, by the
adjunction formula [25, 5.3], we have

Kp+ Ap ~q w(Kx + A)|p.
Then D is a normal projective surface hence granted a natural morphism

D — C, and (D,Ap) is log canonical by [5, Lemma 5.2]. Applying [33,
Theorem 1.2], we have that Kp + Ap is semi-ample, thus p*(Kx + A)|p
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is Q-trivial since (Kx + A)| is numerically trivial. We can conclude that
(Kx + A)|s is Q-trivial by Lemma O

2.4. Vector bundles on elliptic curves

In this subsection, we recall some facts about vector bundles on elliptic
curves, which are used in the proof of Theorem

Theorem 2.5. Let C be an elliptic curve, and let Ec(r,d) be the set of
isomorphism classes of indecomposable vector bundles of rank r and of de-
gree d.

(1) ([2, Theorem 5])For each r > 0, there exists a unique element &, of
Ec(r,0) with HY(C, &, 0) # 0. Moreover, for every € € Ex(r,0) there
exists an L € Pic’(C) such that £ =2 .0 ® L.

(2) ([30, Proposition 2.10]) When the Hasse invariant Hasse(C') is nonzero,
FEEro =2 Erp. When Hasse(C) is zero,

F&&rp = @ E\(r=i)/p)+1,05

1<i<min{r,p}
where |r] denotes the round down of r.

Theorem 2.6 ([29, 1.4. Satz]). Let £ be a vector bundle on a smooth
projective curve C. If FE*E = & for some e > 0, then there exists an étale
morphism m: C' — C from a smooth projective curve C' such that 7 & =

D Oc.

Proposition 2.7. Let £ be a vector bundle on an elliptic curve C. Then
there exists a finite morphism 7 : C' — C from an elliptic curve C' such that
& is a direct sum of line bundles.

Proof. We may assume that for every finite morphism ¢ : B — C from an
elliptic curve B, ¢*€ is indecomposable. Set d := deg £ and r := rankE. We
show that r = 1. Let @ € C be a closed point. Replacing £ by ((r¢)*E)(—dQ),
we may assume that d = 0. Here r¢ : C' — C is the morphism given by multi-
plication by r. Hence Theorems[2.5]and [2.6)imply that when the Hasse invari-
ant of C' is nonzero (resp. zero), there exists an étale morphism 7 : ¢/ — C
(resp. an e > 0) such that 7*& (resp. F§*E) is a direct sum of line bundles.
This implies that r = 1. U
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2.5. Weak positivity

The following positivity result will be used in the proof of the case when the
geometric generic fiber has Kodaira dimension one.

Theorem 2.8. Assume that chark =p > 5. Let f: X — Z be a fibration
from a smooth projective 3-fold to a smooth projective curve. Suppose that the
geometric generic fiber Xz has at most rational double points as singularities.
If K(X5, Kx,) = 1, then there exists a real number ¢ > 0 such that f*w;?/z
contains a nef subbundle of rank at least cm for sufficiently divisible m > 0.

Before proving Theorem [2.8], we recall some results.

Theorem 2.9 ([13, 3.2]). Let f: X — Z be a surjective morphism be-
tween smooth projective varieties, over an algebraically closed field of posi-

tive characteristic, whose geometric generic fiber is a smooth elliptic curve.
Then k(X, Kx;z) > 0.

The following lemma will be frequently used.

Lemma 2.10 ([38, Lemma 3.2]). Let f: X — Z be a fibration between
normal quasi-projective varieties. Let L be a f-nef Q-Cartier divisor on X
such that L, ~q 0 where n is the generic point of Z. Assume dim Z < 3.
Then there exist a diagram

X -2 x

| )

7' —= 7

with ¢, projective birational, and an Q-Cartier divisor D on Z' such that
¢*L ~q f"D. Furthermore, if f is flat and Z is Q-factorial, then we can
take X' =X and Z' = Z.

The next lemma is a consequence of Tanaka’s vanishing theorem for
surfaces [35].

Lemma 2.11. Let g:Y — Z be a generically smooth surjective morphism
from a smooth projective surface to a smooth projective curve. Let H be a
nef and g-big divisor on' Y. Then g.Oy (Ky,; +1H) is a nef vector bundle
for every 1 > 0.
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Proof. Let A be an ample divisor on Z with deg A > deg Kz 4+ 2. Then A —
K7 — z is ample for a closed point z € Z where z is seen as a divisor on Z.
Note that v(H) > 1 and H + g*(A — Kz — z) is nef and big. Denote by Y,
the fiber of g over z. By [35, Theorem 2.6] we see that

H'(Y,Ky + H+g¢"(A— Kz) + (1- 1)H - Y})
—H' (Y,Ky+H+g"(A-Kz; —2)+(1—1)H) =0

for > 0. Thus for a closed point z € Z, by the long exact sequence arising
from taking cohomology of the exact sequence below

0— Oy(Ky/Z +g"A+IlH-Y,) — Oy(Ky/Z +g"A+1H)
— Oy(Ky/Z —i—g*A + lH)‘YZ —0

we conclude that the restriction

HO(Y, Ky;z +9"A+1H) — HO(Y, (Kyjz +9"A+1H)

v.)

is surjective. This implies that (g.Oy (Ky,z + [H))(A) is generically globally
generated. On the other hand, if z is general then Y, is smooth, applying [31],
Corollary 2.23|, since H|y, is ample, we have that for [ > 0 the morphism

H(Y., 0y ® Oy, (Ky, +1H.)) : H(Y:, Ky, +1p°H.) — H(Y,, Ky, +1H.)
is surjective. This implies that the homomorphism ([I4] Section 2])

97.(65); © Ov,.. (Kyyz + 1H) 7)) © O:(A)

9Oy (Kyyz +Ip°H + g* (A + 2)) = 9.0y (Kyz + Ip°H) ® Oz:(A)
= 920y, (Kyyz +1H)z:) @ Oz (A + 2)
= F5" 9.0y (Kyz +1H) ® Oz-(A)

is generically surjective. Thus for every e >0, F3*(9:0y(Ky/z +1H)) ®
Oz:(A) is generically globally generated, and hence is nef. We conclude
that ¢.Oy (Ky + [H) is nef by applying [14, Proposition 4.7]. O

Proof of Theorem[2.8 Let W be a minimal model of X over Z. Let p:
X7 — Wy be the induced morphism. Since p.Ox, = Oy, W5 is normal.
Furthermore, since W is terminal, we have Kx, > p* Ky, , and hence W5 has
at most canonical singularities. In particular, replacing X with a minimal
model, with the loss of smoothness we may assume that Kx,7 is f-nef.
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Then by [33, Theorem 1.2], Kx_ is semi-ample, and since p > 5, the ge-
ometric generic fiber of the Iitaka fibration I3 : X7 — Cf is a smooth elliptic
curve over k(7)) by [8, Theorem 7.18]. For the generic fiber X,, and sufficiently
divisible positive integer n, since H( Xz, nKx,) = H(X,,nKx,) Q) k@),
we see that the litaka fibration I5; : X7 — Cf coincides with the Iitaka fibra-
tion I, : X,, — C,, tensoring with k(7). Thus the geometric generic fiber of
I, is a smooth elliptic curve.

Considering the relative litaka fibration of f : X — Z, whose geometric
generic fiber is a smooth elliptic curve, we get a birational morphism w :
X' — X, a fibration ¢g:Y — Z with Y smooth, and an elliptic fibration
h: X' — Y fitting into the following commutative diagram:

X —tsX

1)

Y ——

Note that the geometric generic fiber C5 of g : Y — Z is normal, and hence
smooth. By Lemma we may assume that u*Ky,; ~q h*H for a nef
g-big Q-Cartier divisor on Y. By Theorem we have x(X', Kx//y) >
0, and hence there exists an injective homomorphism h*w%z — Wy, ,, for
sufficiently divisible m > 0. Let [ > 0 be an integer such that [H is Cartier
and u*lKx/z ~ h*IH. Then we have natural homomorphisms

(9:Oy (Kyz +1H))*™ — 9.0y (m(Ky,z + UH))
= g.hOx/(mh*(Ky 7z + 1H))
= feuOx/(mKx: )7 +ulmKx )
> £.0x(m(l +1)Kx;2).

Replacing [ if necessary, we may assume that the first homomorphism is
generically surjective. By Lemma 9+Oy (Kyz + IH) is nef, and hence
so is g«Oy (m(Ky,z + [H)). This completes the proof. O

3. The case k(X5) =0

In this section, we prove Theorem in the case when the Kodaira di-
mension of the geometric generic fiber is equal to zero. It is proved as a
consequence of Theorems [3.1] and
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Theorem 3.1 ([15]). Let f: X — Z be a surjective morphism from a nor-
mal projective variety X over an algebraically closed field of characteristic
p >0 to a smooth projective variety Z, and let A be an effective Q-divisor
on X such that aA is integral for some a > 0 not divisible by p. Assume
that (X7, Ay) is F-pure, where 7 is the geometric generic point of Z. If
Kx 4+ A~q f*(Kz+ L) for some Q-divisor L on Z, then L is pseudo-
effective.

Theorem follows from [I5, Theorem 4.5] (by setting D = —(Kz +
L)), and it is also proved by Patakfalvi [31, Theorem 1.6] when Z is a curve.

Theorem 3.2. With the same notation and assumptions as in Theorem/|5. 1
if Z is an elliptic curve, then L is semi-ample.

Proof. By Theorem [3.1] we have deg L > 0. We may assume that deg L = 0,
and it suffices to show that L ~g 0. Since (Kx + A)y ~qg 0, there is an
ample Cartier divisor A on X such that [(Kx + A)z + Ay is ample and
free for every [ € aZ. Recall that 0 < a € Z\ pZ and aA is integral. By
Fujita’s vanishing theorem, there exist some mg > 0 such that for every nef
Cartier divisor N on X, Ox, ((mo — 1) Az + N) is O-regular with respect to
I(Kx 4+ A)y + Ay for every | € aZ. Then the natural homomorphism

HO (X7, I(Kx + A+ mAz) @ H( Xz, (m' — 1) Ay)
= HO (X, (1 + ) (Ex + A)g + (m +m') Ay)

is surjective for every [,1’ € aZ and m,m’ > mg. Thus

HY (X7, l(Kx + A)g +mAz) @ H(Xg, I'(Kx + A)g +m' Az)
= H(Xq, (L + ) (Ex + A)g + (m +m') Ay)

is also surjective, and hence the natural homomorphism
G,m)xgl',m") = GU+1',m+m)

is generically surjective, where G(I,m) := f.Ox(I(Kx/z + A) + mA). From
now on, we use the same notation as [14, Sections 2 or 3| or [15, Section 2].
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Replacing my if necessary, by [31, Corollary 2.23] we may assume that
HO(X,, ¢&7 Ay @ Ox, (N +moAg)) :
H (X, (1 — p°)(Kx + A)g + p“(N + moAg)) — H( Xz, N + moAy)

is surjective for every e > 0 with a|(p® — 1) and for every nef Cartier divisor
N on Xj. Since I(Kx + A)y is nef,

f74 (0% z7.) @ Oxpe ((Kxyz + A) 7 +moAz:)) :
G((L=1)p° +1,mep®) = fze,.Ox,c ((Kx/z + A)ze +moAze)
= g*g(lv mO)

is generically surjective. Let b > 0 be an integer such that a|b, that bL is inte-
gral and that b(Kx + A) is linearly equivalent to bf* L. By Proposition
there exists a finite morphism 7 : Z’ — Z from an elliptic curve Z’ such that
7*G(r,mp) is a direct sum of line bundles for each 0 <r < b with a|r. By
Lemma we may replace L and G(r, mg) respectively by its pullback by
. Set

F = EB G(r,mp),

0<r<b, alr
p = min{deg M|M € Pic(Z) and M is a direct summand of F}, and
T :={M € Pic(Z)|deg M = p and M is a direct summand of F}
= {My,..., My}

Then for every M; € T, there exists an 0 < s < b with a|s such that the
composition

G(5,m0)®P 1 @ G(rie,mo) ® Oz(—gibL)
= G((s — 1)p° + 1,p°mo) — F£*G(s,mg) — M

is generically surjective for every e > 0 with a|(p® — 1). Here ¢; . and r; . are
integers satisfying 1 +s — p® = —¢; b+ 15 and 0 < 7; . < b. Then there ex-
ist a line bundle M which is a direct summand of G(s,m)? ~! @ G(r;.¢, mo)
and a non-zero morphism M — M? e((],~7el)L). By considering the degree of
the line bundles, we see that Mfe(q@ebL) ~ M e TP, where

T" == {@1<icx M;" € Pic(Z)|n; 20, 32 ;<\ mi = n}.
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Fix an integer e > 0 such that a|p® — 1. Set n:= A(p® — 1) + 1. For every
N €T", there exist ni,...,ny > 0 such that N = @, ;o\ M{"* and n; :=
n; —p® > 0 for at least one j. Then

N (gjebL) = (R M) @ M @ ME (g cbL).
i#]

Since M?e(qjyebL) € TP", we have N'(g;.bL) € T". Hence for every m > q :=
maX{Ql,ea o 7q)\,6}7

N (mbL) € {M(kbL) € Pic(Z)|M € T", 0 < k < q}.

Since T™ is a finite set, there are integers m > m’ > 0 such that N (mbL) =
N(m/bL), and hence (m —m/)bL ~ 0. O

Proof of Theorem : the case k(Xz) = 0. As in the proof of Theorem
we may assume that X is minimal over Z and Kx,_ is semi-ample, thus
Kx_ ~q 0. By Lemma Kx is Q-linearly equivalent to the pullback of
Kz + L for some Q-divisor L on Z. In particular k(X, Kx) = k(Z, Kz + L).
It is enough to show that x(Z, Kz + L) > k(Z). By Lemma we see
that L is nef. Note that since X7 has at most rational double points as
singularities, X7 is Gorenstein and p > 5, X5 is F-pure by [I, Section 3]
and [16]. When Z is of general type, by Theorem m we have Kz + L is
big, thus kK(Z, Kz + L) = dim Z = k(Z). And when Z is an elliptic curve, by
Theorem we have k(Z, Kz + L) > k(Z). This completes the proof. [

4. The case kK(X7) =1

In this section, we consider the case when the Kodaira dimension of the
geometric generic fiber is one.

Proof of Theorem : the case k(Xyz) =1. Let f: X — Z be a surjective
morphism from a smooth projective 3-fold to a smooth projective curve
of genus at least one, and let 77 be the geometric generic point of Z. Suppose
that x(X7) = 1. With the loss of smoothness, by Theorem (2) we may
assume that X is a minimal model. Then X7 has canonical singularities by
the proof of Theorem

If g(Z) > 1, then since fiwy /7 contains a nef sub-bundle of rank > cm
for some ¢ > 0 and any sufficiently divisible m (Theorem , by some
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standard arguments (proof of [0, Proposition 5.1]), we can conclude that
K(X) > 2= kr(Z) + r(X5).

So from now on, we assume g(Z) = 1. Then wy = wx,z. We break the
proof into several steps.

Step 1: By considering the relative litaka fibration and applying Lemma
we get the following commutative diagram

X 25X

‘I

y 4.7

where Y is a smooth projective surface, and h is fibration with geometric
fiber being a smooth elliptic curve by the proof of Theorem [2.8] such that
0" Kx ~g h*D where D is a nef g-big divisor on Y.

If D is big, then we are done. From now on, we assume the numerical
dimension v(Kx) = v(D) = 1. Then we claim that

Claim. If X has a fibration f': X — W to a normal projective curve W
such that Kp is numerically trivial, where F’ denotes the generic fiber of f’.
Assume moreover that there exist L € Pic%(Z) and an integer m > 0 such
that h%(X,mKx + f*L) > 0. Then Kx is semi-ample.

Proof of the claim. Take an effective divisor Dy ~ mKx + f*L. Since Dy,
is nef, effective and Dy |p: ~pum 0, we have

(mKx + f*L)

F~ Dplp ~0.

By Lemma we can assume Dy ~g f*A where A is a divisor on W,
which is ample since Dy, # 0. So we only need to show that L ~gq 0.

Since X has at most terminal singularities, it is smooth in codimension
one, so F’ is a regular surface over the function filed K(W) of W. Apply-
ing [34, Theorem 1.1}, since Kp is numerically trivial, we have K ~q 0.
Therefore, we conclude that

f*Llpr ~qg mKp: + f*L|p ~q (mKx + f*L)|p ~q Dr|r ~q 0.

On the other hand, F’ is dominant over the curve Z ®; K (W), passing to
the algebraic closure of K(W) and applying Lemma we show that L is
torsion. O
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Step 2: By Theorem 2.8 there exists ¢ > 0 such that for sufficiently divis-
ible mq, f*u@l contains a nef sub-bundle V' of rank r,,,, > e¢m. [f degV > 0,
then we are done by some standard arguments ([6, Propostion 5.1]). So we
assume that degV = 0, thus by Proposition there exists a flat base
change between two elliptic curves 7 :Z; — Z such that 7*V = @}, L;

where £; € Pic’(Z;). Let X1 be the normalization of X xz Z;. Then we
get the following commutative diagram

XIL)X

d

ZlL>Z

where m; and f; denote the natural projections. We have that 7* fuw'¢* C
fremiwy® by [20, Proposition 9.3], thus

TV =@ L; C framwi.
So we conclude that
RO(Xy, mimiKx — fiL;) > 1,

and if £; = £; for some j # i then the strict inequality holds. Since 7* :
Pic’(Z) — Pic®(Z;) is surjective, there exists L} such that £; ~ 7* L}, thus

mimiKx — fiLi ~ i (miKx + f*L}).

Applying Theorem we can find a sufficiently divisible integer [ > 0 such
that

RO(X,I(mKx — f*L})) > 1.

Put m = Imy and L; = [L}. Then h%(X,mKx — f*L;) > 1.

If BO(X, mKx — f*L;) > 1, then h°(Y,mD — ¢g*L;) > 1 by the construc-
tion in Step 1. Since mD — g*L; is nef and v(mD — ¢g*L;) = 1, the mov-
able part of |mD — g*L;| has no base point, hence induces a fibration ¢’ :
Y - W onY toacurve W’. The Stein factorization of the composite mor-
phism ¢’ o h : X’ — W’ induces a fibration f” : X’ — W from X’ to a normal
curve W, which is defined by the base point free linear system |p*l(mKx —
f*L;)| for sufficiently divisible integer [ > 0. Since o : X’ — X is a birational
morphism such that 0,O0x = Ox, we conclude that |p*I(mKx — f*L;)| =
pwll(mKx — f*L;)|, thus |[I[(mKx — f*L;)| has no base point, hence defines
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such a fibration f': X — W as in Claim of Step 1. So Kx is semi-ample,
and this completes the proof in this case.
From now on, we can assume

WX, mKx — f*L;) =1 and h%(Xy,n(mKx — f*L;)) =

For every i, we have unique effective divisors B; ~ mKx — f*L;. And by
construction, we can assume 7y B; # m B; if i # j, thus L; # L;. In the fol-
lowing, we only need to show that at least two of L; are torsion.

Step 3: For every j, we have unique effective divisor B; ~ mKx — f*L;.
Let B’ be the reduced divisor supported on the union of components of
>_; Bj. Take a smooth log resolution f : X — X of the pair (X, B'). Denote
by f X — Z the natural morphism. Let B be the reduced divisor supported
on the union components of }; u*B;. Consider the dlt pair (X, B). Since
X has terminal singularities, there exists an effective u-exceptional divisor
F on X such that

K~ NQM*K)(—}-E.

So Ky + B NQ p KX + F + B has a weak Zariski decomposition. By The-
oremx. ) has a minimal model (X , B) which is dlt, and there
exists a natural morphism f X > Z. By the construction, we have the
following;:

(1) Note that Bj|x, is contained in finitely many fibers of the litaka
fibration I : X5 — C’,,, which implies that (X, (K + B)|X ) = 1. Since
the restriction (K <+ B)| is semi-ample by [33, Theorem 1.2], it induces

an elliptic fibration on Xﬁ by construction. So applying Lemma again,
we get the following commutative diagram

XX

1l
y_ 9.7
where Y is a smooth projective surface and h is an elliptic fibration such

that, 6*(K ¢ + B) ~g h*D where D is a nef and §-big divisor on Y.

(2)We claim that v(K ¢ +B)=v(D) = 1 Indeed, otherwise, D will
be big. Note that the divisor p*3_; B; is effective and p* 3 Bj ~
wnmKx — Z f L;. Then applying Theorem.we can get a contradiction
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as follows

=k(Y,D) = k(X',6"(K4 + B)) = k(X,K¢ + B) = 5(X,K4 + B)

<k X,Kx—i—u*anX —Zf*Lj
J

=k | X, 0 Kx + E+p'nmKx — > p*f*L;
j

=k | X, (nm+1)Kx =) fL;| =1
J
(3) For sufficiently divisible M and every 1 < i < n, we get an effective
Cartier divisor

T; = M(u*B; + mE) + MmB ~ M(mK ¢ — f*L;) + MmB.
Denote by v : X --» X the natural birational map. Let fz = z/*f‘i. Then
Iy~ M(mK¢ — f*L;) + MmB ~ Mm(K ¢ + B) — M f*L;.

Since E is contained in finitely many fibers of f, v, E is contracted by f So
if a component of I; is dominant over Z then it is contained in B.

(4) Take an effective divisor D; ~ MmD — Mg*L; for each i. Since D is
nef and D? = 0, so is D;. Considering connected components of the union
of the ﬁi,O <i<n, we see that there exist nef effective Cartier divisors
D,... ,lA)/{C satisfying the conditions below:

o Supp(f);.) is connected for each j, and Supp(D hla Supp(D 1) =10 for

each j #£ [;

o (D?=-=(Dp?=0:

e the greatest common divisor of the coefficients of every lA); is equal to
one;

e for each i, there exist a;1,...,a; € 729 such that ﬁl = aﬂb’l + -+
alkD;C

Note that at least one of the 15' is dominant over Z, and hence intersects
every fiber of f. From this we see that every D’ is dominant over Z. Indeed,
if a D is contained in one fiber, then the support of D is equal to the whole
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fiber as shown by [3, VIIL4], which contradicts to the first condition above.
Now we have 6*I; = h*D; by the construction. Hence h"‘D’17 .. h*D' are
disjoint connected components of ¢*(3.T;). Let G := a*h*D’ Then we

have that Supp(G )N Supp(Gl) = () for each j # [.

(5) Take two divisors Dy, Dy. Since Dy + Dy, we may assume that a1, >
as1 > 0. We may further assume that ase > a1 > 0 because D1 ~num Dg.
We can write that

fl = allél + a12G2 + Gg and f‘g = aglél + aggég + ég
where neither of G; and G5 intersects Gg U Gg’

Step 4: Take two reduced, irreducible and dominant over Z components
Cl, 02 of Gl, G2 respectively. Then Cl, CQ are contained in B by the con-
struction of I'; in Step 3 (3). Since (X, B) is dlt and B is a reduced integral
divisor, so C, CQ are log canonical centers of (X, B). By Step 3 (4), since
D is nef and D - D; = 0, so D\D ~num 0. For j = 1,2, since h(671C})) is a

component of some Dz, by 6*(K ¢ + B) ~g h*D, we conclude that
(K + B)|&_1éj ~num 0.

Denote by C! the normalization of C;. Then (K P +B)
(K¢ + B) ¢ ~q 0 by Lemma Therefore,

¢ ~num 0, thus

(1) —an M f*Lu| e, ~q ant(Mm(Kg + B) = Mf*L1)|¢,
~Q a21f1!@{ ~Q a11a21él\@{
[ C’{ NQ —a,lle*LQ é{

~Q
which, by Lemma implies that

a1 MLy ~g a1 MLs.
In the same way, restricting on C’é gives

a ML ~g aiaM L.

Finally by conditions a11 > a21 and ai2 < a2, we conclude that L; ~q
Ly ~q 0, and this completes the proof. O
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