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Iitaka’s Cn,m conjecture for 3-folds in

positive characteristic

Sho Ejiri and Lei Zhang

In this paper, we prove that for a fibration f : X → Z from a
smooth projective 3-fold to a smooth projective curve, over an
algebraically closed field k with chark = p > 5, if the geometric
generic fiber Xη is smooth, then subadditivity of Kodaira dimen-
sions holds, i.e.

κ(X) ≥ κ(Xη) + κ(Z).

1. Introduction

Throughout this paper, a fibration means a projective morphism f : X → Y
between varieties such that the natural morphism OY → f∗OX is an isomor-
phism.

The Kodaira dimension is one of the most important birational invariants
and plays a key role in the birational classification of algebraic varieties. For
a fibration, we have the following conjecture on Kodaira dimensions, which
was proposed by Iitaka in characteristic zero.

Conjecture 1.1 (Cn,m). Let f : X → Z be a fibration between smooth pro-
jective varieties of dimension n and m respectively over an algebraically
closed field k with chark = p ≥ 0 , whose geometric generic fiber Xη is inte-
gral and smooth. Then

κ(X) ≥ κ(Xη) + κ(Z).

In characteristic zero, many results related to this conjecture are known
[4, 9, 10, 12, 17, 18, 22–24, 26–28, 36, 37]. In particular, this conjecture
was reduced to problems in the minimal model program by Kawamata [24,
Corollary 1.2].

In positive characteristic, Conjecture 1.1 has been proved in some cases
recently. Chen and Zhang showed Cn,n−1 [13, Theorem 1.2]. Under the as-
sumption that p > 5, C3,1 was shown when k = Fp by Birkar, Chen and
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Zhang [6, Theorem 1.2], when Xη is of general type [14, Theorem 1.5], and
when the genus of Z is at least two by Zhang [40, Corollary 1.9]. Fur-
thermore, when f has singular geometric generic fiber, its dualizing sheaf,
denoted by ωXη (the same notation with canonical sheaf because they co-
incide with each other when Xη is smooth), was considered by [32] and
[40], and under some special situations, an analogous inequality κ(X) ≥
κ(Xη, ωXη) + κ(Z) was proved.

The aim of this paper is to prove the theorem below.

Theorem 1.2. Conjecture C3,m holds when chark = p > 5.

The proof relies on the minimal model program for varieties of dimension
at most three in characteristic p > 5 developed by several mathematicians
including Birkar, Cascini, Hacon, Tanaka, Waldron and Xu. The case when
κ(Xη) = 2 has been proved by the first author [14, Theorem 1.5]. In this
paper we only need to consider the cases κ(Xη) = 0, 1.

This paper is organized as follows. Section 2 includes some basic re-
sults to be used in our proof, including minimal model theory of 3-folds,
vector bundles on elliptic curves and weak positivity of push-forward of
pluri-relative canonical sheaves. Section 3 and 4 are devoted to study the
cases κ(Xη) = 0 and 1 respectively.

Notation and Conventions: In this paper, we fix an algebraically
closed field k of characteristic p > 0. A k-scheme is a separated scheme of
finite type over k. A variety means an integral k-scheme, and a curve (resp.
surface, n-fold) means a variety of dimension one (resp. two, n).

Let ϕ : S → T be a morphism of schemes and let T ′ be a T -scheme. Then
we denote by ST ′ and ϕT ′ : ST ′ → T ′ respectively the fiber product S ×T T ′
and its second projection. For a prime p ∈ Z, Fp and Z(p) denote respectively
Z/pZ and the localization of Z at pZ. For a Cartier, Z(p)-Cartier or Q-Cartier
divisor D on S (resp. an OS-module G), the pullback of D (resp. G) to ST ′

is denoted by DT ′ or D|ST ′ (resp. GT ′ or G|ST ′ ) if it is well-defined. Similarly,
for a homomorphism of OS-modules α : F → G the pullback of α to ST ′ is
denoted by αT ′ : FT ′ → GT ′ .

2. Preliminaries

In this section, we recall some basic results which will be used in the proof.
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2.1. Minimal models of 3-folds

Existence of (log) minimal models of 3-folds in positive characteristic p > 5
was first proved for canonical singularities by Hacon and Xu [19], and in
general by Birkar [5] (see [39] for the lc case). The result on Mori fiber
spaces was proved for terminal singularities by Cascini, Tanaka and Xu [11],
and in general by Birkar and Waldron [7]. We collect some results in the
following theorem, which will be used in our proof.

Theorem 2.1. Assume that the base field k has characteristic p > 5. Let
f : X → Z be a contraction from a normal 3-fold, and let ∆ be an effective
Q-Cartier Q-divisor on X.

(1) If either (X,∆) is klt and KX + ∆ is pseudo-effective over Z, or
(X,∆) is lc and KX + ∆ has a weak Zariski decomposition 1, then (X,∆)
has a log minimal model over Z.

(2) If (X,∆) is a dlt pair and Z is a smooth projective curve with g(Z) ≥
1, then every step of LMMP in [5, Sec. 3.5-3.7] starting from (X,∆) is
over Z.

Proof. For (1) please refer to [5, Theorem 1.2 and Proposition 8.3].
For (2), since (X,∆) is dlt, every KX + ∆-extremal ray is a generated

by a rational curve by cone theorem [7, Theorem 1.1], which is contracted
by f since g(Z) ≥ 1. So for an extremal contraction X → X̄, if there is a
divisorial contraction or a flip σ : X 99K X+ as in [5, Sec. 3.5-3.7], there exist
natural morphism f̄ : X̄ → Z and f+ : X+ → Z fitting into the following
commutative diagram

X

��
f

��

// X+

}}
f+

��

X̄

f̄
��
Z .

Note that (X+,∆+ = σ∗∆) is a dlt pair. We can show this assertion by
induction. �

1i.e., there exists a birational projective morphism µ : W → X such that
ν∗(KX + ∆) = P +M where P is nef over Z and M is effective
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2.2. Covering Theorem

The result below is [[21], Theorem 10.5] when X and Y are both smooth,
and the proof there also applies when varieties are normal.

Theorem 2.2. ([21, Theorem 10.5]) Let f : X → Y be a proper surjective
morphism between complete normal varieties. If D is a Cartier divisor on
Y and E an effective f -exceptional divisor on X, then

κ(X, f∗D + E) = κ(Y,D).

As a corollary we get the following useful result.

Lemma 2.3. Let g : W → Y be surjective projective morphism between pro-
jective varieties. Assume Y is normal and let L1, L2 ∈ Pic0(Y ) be two line
bundles on Y . If g∗L1 ∼Q g

∗L2 then L1 ∼Q L2.

Proof. Let L = L1 ⊗ L−1
2 . Denote by σ : W ′ →W the normalization and

g′ = g ◦ σ : W ′ → Y . Then g′∗L ∼Q 0. Applying Theorem 2.2 to g′ : W ′ → Y
gives that L ∼Q 0, which is equivalent to that L1 ∼Q L2. �

2.3. Adjunction

Lemma 2.4. Assume that the base field k has characteristic p > 5. Let
(X,∆) be a normal, Q-factorial, lc 3-fold (not necessarily projective). Let
C be a projective lc center of (X,∆) and C̃ be the normalization of C. If
(KX + ∆)|C̃ is numerically trivial, then (KX + ∆)|C̃ is Q-trivial.

Proof. By [5, Lemma 6.5], we can take a crepant partial resolution µ : X ′ →
X such that

KX′ +D + ∆′ ∼Q µ
∗(KX + ∆) · · · (♣)

where D is a reduced irreducible divisor dominant over C and (X ′, D +
∆′) is dlt. Then considering the restriction of the relation ♣ on D, by the
adjunction formula [25, 5.3], we have

KD + ∆D ∼Q µ
∗(KX + ∆)|D.

Then D is a normal projective surface hence granted a natural morphism
D → C̃, and (D,∆D) is log canonical by [5, Lemma 5.2]. Applying [33,
Theorem 1.2], we have that KD + ∆D is semi-ample, thus µ∗(KX + ∆)|D
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is Q-trivial since (KX + ∆)|C̃ is numerically trivial. We can conclude that
(KX + ∆)|C̃ is Q-trivial by Lemma 2.3. �

2.4. Vector bundles on elliptic curves

In this subsection, we recall some facts about vector bundles on elliptic
curves, which are used in the proof of Theorem 3.2.

Theorem 2.5. Let C be an elliptic curve, and let EC(r, d) be the set of
isomorphism classes of indecomposable vector bundles of rank r and of de-
gree d.

(1) ([2, Theorem 5])For each r > 0, there exists a unique element Er,0 of
EC(r, 0) with H0(C, Er,0) 6= 0. Moreover, for every E ∈ EC(r, 0) there
exists an L ∈ Pic0(C) such that E ∼= Er,0 ⊗ L.

(2) ([30, Proposition 2.10]) When the Hasse invariant Hasse(C) is nonzero,
F ∗CEr,0 ∼= Er,0. When Hasse(C) is zero,

F ∗CEr,0 ∼=
⊕

1≤i≤min{r,p}

Eb(r−i)/pc+1,0,

where brc denotes the round down of r.

Theorem 2.6 ([29, 1.4. Satz]). Let E be a vector bundle on a smooth
projective curve C. If F eC

∗E ∼= E for some e > 0, then there exists an étale
morphism π : C ′ → C from a smooth projective curve C ′ such that π∗E ∼=⊕
OC′.

Proposition 2.7. Let E be a vector bundle on an elliptic curve C. Then
there exists a finite morphism π : C ′ → C from an elliptic curve C ′ such that
π∗E is a direct sum of line bundles.

Proof. We may assume that for every finite morphism ϕ : B → C from an
elliptic curve B, ϕ∗E is indecomposable. Set d := deg E and r := rankE . We
show that r = 1. LetQ ∈ C be a closed point. Replacing E by ((rC)∗E)(−dQ),
we may assume that d = 0. Here rC : C → C is the morphism given by multi-
plication by r. Hence Theorems 2.5 and 2.6 imply that when the Hasse invari-
ant of C is nonzero (resp. zero), there exists an étale morphism π : C ′ → C
(resp. an e > 0) such that π∗E (resp. F eC

∗E) is a direct sum of line bundles.
This implies that r = 1. �
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2.5. Weak positivity

The following positivity result will be used in the proof of the case when the
geometric generic fiber has Kodaira dimension one.

Theorem 2.8. Assume that chark = p > 5. Let f : X → Z be a fibration
from a smooth projective 3-fold to a smooth projective curve. Suppose that the
geometric generic fiber Xη has at most rational double points as singularities.
If κ(Xη,KXη) = 1, then there exists a real number c > 0 such that f∗ω

m
X/Z

contains a nef subbundle of rank at least cm for sufficiently divisible m > 0.

Before proving Theorem 2.8, we recall some results.

Theorem 2.9 ([13, 3.2]). Let f : X → Z be a surjective morphism be-
tween smooth projective varieties, over an algebraically closed field of posi-
tive characteristic, whose geometric generic fiber is a smooth elliptic curve.
Then κ(X,KX/Z) ≥ 0.

The following lemma will be frequently used.

Lemma 2.10 ([38, Lemma 3.2]). Let f : X → Z be a fibration between
normal quasi-projective varieties. Let L be a f -nef Q-Cartier divisor on X
such that Lη ∼Q 0 where η is the generic point of Z. Assume dimZ ≤ 3.
Then there exist a diagram

X ′
φ //

f ′

��

X

f
��

Z ′
ψ // Z

with φ, ψ projective birational, and an Q-Cartier divisor D on Z ′ such that
φ∗L ∼Q f

′∗D. Furthermore, if f is flat and Z is Q-factorial, then we can
take X ′ = X and Z ′ = Z.

The next lemma is a consequence of Tanaka’s vanishing theorem for
surfaces [35].

Lemma 2.11. Let g : Y → Z be a generically smooth surjective morphism
from a smooth projective surface to a smooth projective curve. Let H be a
nef and g-big divisor on Y . Then g∗OY (KY/Z + lH) is a nef vector bundle
for every l� 0.
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Proof. Let A be an ample divisor on Z with degA ≥ degKZ + 2. Then A−
KZ − z is ample for a closed point z ∈ Z where z is seen as a divisor on Z.
Note that ν(H) ≥ 1 and H + g∗(A−KZ − z) is nef and big. Denote by Yz
the fiber of g over z. By [35, Theorem 2.6] we see that

H1(Y,KY +H + g∗(A−KZ) + (l − 1)H − Yz)
= H1(Y,KY +H + g∗(A−KZ − z) + (l − 1)H) = 0

for l� 0. Thus for a closed point z ∈ Z, by the long exact sequence arising
from taking cohomology of the exact sequence below

0→ OY (KY/Z + g∗A+ lH − Yz)→ OY (KY/Z + g∗A+ lH)

→ OY (KY/Z + g∗A+ lH)|Yz → 0

we conclude that the restriction

H0(Y,KY/Z + g∗A+ lH)→ H0(Yz, (KY/Z + g∗A+ lH)|Yz)

is surjective. This implies that (g∗OY (KY/Z + lH))(A) is generically globally
generated. On the other hand, if z is general then Yz is smooth, applying [31,
Corollary 2.23], since H|Yz is ample, we have that for l� 0 the morphism

H0(Yz, φ
(e)
Yz
⊗OYz(KYz+lHz)) : H0(Yz,KYz+lpeHz)→ H0(Yz,KYz+lHz)

is surjective. This implies that the homomorphism ([14, Section 2])

gZe∗(φ
(e)
Y/Z ⊗OYZe ((KY/Z + lH)Ze))⊗OZe(A) :

g∗OY (KY/Z + lpeH + g∗(A+ z)) ∼= g∗OY (KY/Z + lpeH)⊗OZe(A)

→ gZe∗OYZe ((KY/Z + lH)Ze)⊗OZe(A+ z)
∼= F eZ

∗g∗OY (KY/Z + lH)⊗OZe(A)

is generically surjective. Thus for every e > 0, F eZ
∗(g∗OY (KY/Z + lH))⊗

OZe(A) is generically globally generated, and hence is nef. We conclude
that g∗OY (KY + lH) is nef by applying [14, Proposition 4.7]. �

Proof of Theorem 2.8. Let W be a minimal model of X over Z. Let ρ :
Xη →Wη be the induced morphism. Since ρ∗OXη ∼= OWη

, Wη is normal.
Furthermore, since W is terminal, we have KXη ≥ ρ∗KWη

, and hence Wη has
at most canonical singularities. In particular, replacing X with a minimal
model, with the loss of smoothness we may assume that KX/Z is f -nef.
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Then by [33, Theorem 1.2], KXη is semi-ample, and since p > 5, the ge-
ometric generic fiber of the Iitaka fibration Iη : Xη → Cη is a smooth elliptic
curve over k(η) by [8, Theorem 7.18]. For the generic fiber Xη and sufficiently
divisible positive integer n, sinceH0(Xη, nKXη)

∼= H0(Xη, nKXη)⊗k(η) k(η),
we see that the Iitaka fibration Iη : Xη → Cη coincides with the Iitaka fibra-
tion Iη : Xη → Cη tensoring with k(η). Thus the geometric generic fiber of
Iη is a smooth elliptic curve.

Considering the relative Iitaka fibration of f : X → Z, whose geometric
generic fiber is a smooth elliptic curve, we get a birational morphism u :
X ′ → X, a fibration g : Y → Z with Y smooth, and an elliptic fibration
h : X ′ → Y fitting into the following commutative diagram:

X ′

h
��

u // X

f
��

Y
g // Z.

Note that the geometric generic fiber Cη of g : Y → Z is normal, and hence
smooth. By Lemma 2.10, we may assume that u∗KX/Z ∼Q h

∗H for a nef
g-big Q-Cartier divisor on Y . By Theorem 2.9, we have κ(X ′,KX′/Y ) ≥
0, and hence there exists an injective homomorphism h∗ωmY/Z → ωmX′/Z for
sufficiently divisible m > 0. Let l� 0 be an integer such that lH is Cartier
and u∗lKX/Z ∼ h∗lH. Then we have natural homomorphisms

(g∗OY (KY/Z + lH))⊗m → g∗OY (m(KY/Z + lH))
∼= g∗h∗OX′(mh∗(KY/Z + lH))

↪→ f∗u∗OX′(mKX′/Z + u∗lmKX/Z)
∼= f∗OX(m(l + 1)KX/Z).

Replacing l if necessary, we may assume that the first homomorphism is
generically surjective. By Lemma 2.11, g∗OY (KY/Z + lH) is nef, and hence
so is g∗OY (m(KY/Z + lH)). This completes the proof. �

3. The case κ(Xη) = 0

In this section, we prove Theorem 1.2 in the case when the Kodaira di-
mension of the geometric generic fiber is equal to zero. It is proved as a
consequence of Theorems 3.1 and 3.2.
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Theorem 3.1 ([15]). Let f : X → Z be a surjective morphism from a nor-
mal projective variety X over an algebraically closed field of characteristic
p > 0 to a smooth projective variety Z, and let ∆ be an effective Q-divisor
on X such that a∆ is integral for some a > 0 not divisible by p. Assume
that (Xη,∆η) is F -pure, where η is the geometric generic point of Z. If
KX + ∆ ∼Q f

∗(KZ + L) for some Q-divisor L on Z, then L is pseudo-
effective.

Theorem 3.1 follows from [15, Theorem 4.5] (by setting D = −(KZ +
L)), and it is also proved by Patakfalvi [31, Theorem 1.6] when Z is a curve.

Theorem 3.2. With the same notation and assumptions as in Theorem 3.1,
if Z is an elliptic curve, then L is semi-ample.

Proof. By Theorem 3.1, we have degL ≥ 0. We may assume that degL = 0,
and it suffices to show that L ∼Q 0. Since (KX + ∆)η ∼Q 0, there is an
ample Cartier divisor A on X such that l(KX + ∆)η +Aη is ample and
free for every l ∈ aZ. Recall that 0 < a ∈ Z \ pZ and a∆ is integral. By
Fujita’s vanishing theorem, there exist some m0 > 0 such that for every nef
Cartier divisor N on Xη, OXη((m0 − 1)Aη +N) is 0-regular with respect to
l(KX + ∆)η +Aη for every l ∈ aZ. Then the natural homomorphism

H0(Xη, l(KX + ∆)η +mAη)⊗H0(Xη, (m
′ − 1)Aη)

⊗H0(Xη, l
′(KX + ∆)η +Aη)

→ H0(Xη, (l + l′)(KX + ∆)η + (m+m′)Aη)

is surjective for every l, l′ ∈ aZ and m,m′ ≥ m0. Thus

H0(Xη, l(KX + ∆)η +mAη)⊗H0(Xη, l
′(KX + ∆)η +m′Aη)

→ H0(Xη, (l + l′)(KX + ∆)η + (m+m′)Aη)

is also surjective, and hence the natural homomorphism

G(l,m)⊗ G(l′,m′)→ G(l + l′,m+m′)

is generically surjective, where G(l,m) := f∗OX(l(KX/Z + ∆) +mA). From
now on, we use the same notation as [14, Sections 2 or 3] or [15, Section 2].
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Replacing m0 if necessary, by [31, Corollary 2.23] we may assume that

H0(Xη, φ
(e)
(Xη,∆η) ⊗OXη(N +m0Aη)) :

H0(Xη, (1− pe)(KX + ∆)η + pe(N +m0Aη))→ H0(Xη, N +m0Aη)

is surjective for every e > 0 with a|(pe − 1) and for every nef Cartier divisor
N on Xη. Since l(KX + ∆)η is nef,

fZe∗(φ
(e)
(X/Z,∆) ⊗OXZe (l(KX/Z + ∆)Ze +m0AZe)) :

G((l − 1)pe + 1,m0p
e)→ fZe∗OXZe (l(KX/Z + ∆)Ze +m0AZe)
∼= F eZ

∗G(l,m0)

is generically surjective. Let b > 0 be an integer such that a|b, that bL is inte-
gral and that b(KX + ∆) is linearly equivalent to bf∗L. By Proposition 2.7,
there exists a finite morphism π : Z ′ → Z from an elliptic curve Z ′ such that
π∗G(r,m0) is a direct sum of line bundles for each 0 ≤ r < b with a|r. By
Lemma 2.3, we may replace L and G(r,m0) respectively by its pullback by
π. Set

F :=
⊕

0≤r<b, a|r

G(r,m0),

µ := min{degM|M ∈ Pic(Z) and M is a direct summand of F}, and

T := {M ∈ Pic(Z)|degM = µ and M is a direct summand of F}
= {M1, . . . ,Mλ}.

Then for every Mi ∈ T , there exists an 0 ≤ s < b with a|s such that the
composition

G(s,m0)⊗p
e−1 ⊗ G(ri,e,m0)⊗OZ(−qi,ebL)

→ G((s− 1)pe + 1, pem0)→ F eZ
∗G(s,m0)�Mpe

i

is generically surjective for every e > 0 with a|(pe − 1). Here qi,e and ri,e are
integers satisfying 1 + s− pe = −qi,eb+ ri,e and 0 ≤ ri,e < b. Then there ex-
ist a line bundleM which is a direct summand of G(s,m0)p

e−1 ⊗ G(ri,e,m0)
and a non-zero morphism M→Mpe

i (qi,ebL). By considering the degree of
the line bundles, we see that Mpe

i (qi,ebL) ∼=M∈ T pe , where

Tn := {
⊗

1≤i≤λM
ni
i ∈ Pic(Z)|ni ≥ 0,

∑
1≤i≤λ ni = n}.
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Fix an integer e > 0 such that a|pe − 1. Set n := λ(pe − 1) + 1. For every
N ∈ Tn, there exist n1, . . . , nλ ≥ 0 such that N ∼=

⊗
1≤i≤λM

ni
i and n′j :=

nj − pe ≥ 0 for at least one j. Then

N (qj,ebL) ∼= (
⊗
i 6=j
Mni

i )⊗Mn′j
j ⊗M

pe

j (qj,ebL).

SinceMpe

j (qj,ebL) ∈ T pe , we have N (qj,ebL) ∈ Tn. Hence for every m ≥ q :=
max{q1,e, . . . , qλ,e},

N (mbL) ∈ {M(kbL) ∈ Pic(Z)|M ∈ Tn, 0 ≤ k < q}.

Since Tn is a finite set, there are integers m > m′ > 0 such that N (mbL) ∼=
N (m′bL), and hence (m−m′)bL ∼ 0. �

Proof of Theorem 1.2: the case κ(Xη) = 0. As in the proof of Theorem 2.8,
we may assume that X is minimal over Z and KXη is semi-ample, thus
KXη ∼Q 0. By Lemma 2.10, KX is Q-linearly equivalent to the pullback of
KZ + L for some Q-divisor L on Z. In particular κ(X,KX) = κ(Z,KZ + L).
It is enough to show that κ(Z,KZ + L) ≥ κ(Z). By Lemma 3.1, we see
that L is nef. Note that since Xη has at most rational double points as
singularities, Xη is Gorenstein and p > 5, Xη is F -pure by [1, Section 3]
and [16]. When Z is of general type, by Theorem 3.1, we have KZ + L is
big, thus κ(Z,KZ + L) = dimZ = κ(Z). And when Z is an elliptic curve, by
Theorem 3.2, we have κ(Z,KZ + L) ≥ κ(Z). This completes the proof. �

4. The case κ(Xη) = 1

In this section, we consider the case when the Kodaira dimension of the
geometric generic fiber is one.

Proof of Theorem 1.2: the case κ(Xη) = 1. Let f : X → Z be a surjective
morphism from a smooth projective 3-fold to a smooth projective curve
of genus at least one, and let η be the geometric generic point of Z. Suppose
that κ(Xη) = 1. With the loss of smoothness, by Theorem 2.1 (2) we may
assume that X is a minimal model. Then Xη has canonical singularities by
the proof of Theorem 2.8.

If g(Z) > 1, then since f∗ω
m
X/Z contains a nef sub-bundle of rank ≥ cm

for some c > 0 and any sufficiently divisible m (Theorem 2.8), by some
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standard arguments (proof of [6, Proposition 5.1]), we can conclude that

κ(X) ≥ 2 = κ(Z) + κ(Xη).

So from now on, we assume g(Z) = 1. Then ωX = ωX/Z . We break the
proof into several steps.

Step 1: By considering the relative Iitaka fibration and applying Lemma
2.10, we get the following commutative diagram

X ′

h
��

σ // X

f
��

Y
g // Z

where Y is a smooth projective surface, and h is fibration with geometric
fiber being a smooth elliptic curve by the proof of Theorem 2.8, such that
σ∗KX ∼Q h

∗D where D is a nef g-big divisor on Y .
If D is big, then we are done. From now on, we assume the numerical

dimension ν(KX) = ν(D) = 1. Then we claim that

Claim. If X has a fibration f ′ : X →W to a normal projective curve W
such that KF ′ is numerically trivial, where F ′ denotes the generic fiber of f ′.
Assume moreover that there exist L ∈ Pic0(Z) and an integer m > 0 such
that h0(X,mKX + f∗L) > 0. Then KX is semi-ample.

Proof of the claim. Take an effective divisor DL ∼ mKX + f∗L. Since DL

is nef, effective and DL|F ′ ∼num 0, we have

(mKX + f∗L)|F ′ ∼ DL|F ′ ∼ 0.

By Lemma 2.10 we can assume DL ∼Q f
′∗A where A is a divisor on W ,

which is ample since DL 6= 0. So we only need to show that L ∼Q 0.
Since X has at most terminal singularities, it is smooth in codimension

one, so F ′ is a regular surface over the function filed K(W ) of W . Apply-
ing [34, Theorem 1.1], since KF ′ is numerically trivial, we have KF ′ ∼Q 0.
Therefore, we conclude that

f∗L|F ′ ∼Q mKF ′ + f∗L|F ′ ∼Q (mKX + f∗L)|F ′ ∼Q DL|F ′ ∼Q 0.

On the other hand, F ′ is dominant over the curve Z ⊗k K(W ), passing to
the algebraic closure of K(W ) and applying Lemma 2.3, we show that L is
torsion. �
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Step 2: By Theorem 2.8, there exists c > 0 such that for sufficiently divis-
ible m1, f∗ω

m1

X contains a nef sub-bundle V of rank rm1
≥ cm1. If deg V > 0,

then we are done by some standard arguments ([6, Propostion 5.1]). So we
assume that deg V = 0, thus by Proposition 2.7 there exists a flat base
change between two elliptic curves π : Z1 → Z such that π∗V = ⊕ni=1Li
where Li ∈ Pic0(Z1). Let X1 be the normalization of X ×Z Z1. Then we
get the following commutative diagram

X1

f1

��

π1 // X

f
��

Z1
π // Z

where π1 and f1 denote the natural projections. We have that π∗f∗ω
m1

X ⊂
f1∗π

∗
1ω

m1

X by [20, Proposition 9.3], thus

π∗V = ⊕ni=1Li ⊂ f1∗π
∗
1ω

m1

X .

So we conclude that

h0(X1, π
∗
1m1KX − f∗1Li) ≥ 1,

and if Li = Lj for some j 6= i then the strict inequality holds. Since π∗ :
Pic0(Z)→ Pic0(Z1) is surjective, there exists L′i such that Li ∼ π∗L′i, thus

π∗1m1KX − f∗1Li ∼ π∗1(m1KX + f∗L′i).

Applying Theorem 2.2, we can find a sufficiently divisible integer l > 0 such
that

h0(X, l(m1KX − f∗L′i)) ≥ 1.

Put m = lm1 and Li = lL′i. Then h0(X,mKX − f∗Li) ≥ 1.
If h0(X,mKX − f∗Li) > 1, then h0(Y,mD − g∗Li) > 1 by the construc-

tion in Step 1. Since mD − g∗Li is nef and ν(mD − g∗Li) = 1, the mov-
able part of |mD − g∗Li| has no base point, hence induces a fibration g′ :
Y →W ′ on Y to a curve W ′. The Stein factorization of the composite mor-
phism g′ ◦ h : X ′ →W ′ induces a fibration f ′′ : X ′ →W fromX ′ to a normal
curve W , which is defined by the base point free linear system |µ∗l(mKX −
f∗Li)| for sufficiently divisible integer l > 0. Since σ : X ′ → X is a birational
morphism such that σ∗OX′ = OX , we conclude that |µ∗l(mKX − f∗Li)| =
µ∗|l(mKX − f∗Li)|, thus |l(mKX − f∗Li)| has no base point, hence defines
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such a fibration f ′ : X →W as in Claim of Step 1. So KX is semi-ample,
and this completes the proof in this case.

From now on, we can assume

h0(X,mKX − f∗Li) = 1 and h0(X1, π
∗
1(mKX − f∗Li)) = 1.

For every i, we have unique effective divisors Bi ∼ mKX − f∗Li. And by
construction, we can assume π∗1Bi 6= π∗1Bj if i 6= j, thus Li 6= Lj . In the fol-
lowing, we only need to show that at least two of Li are torsion.

Step 3: For every j, we have unique effective divisor Bj ∼ mKX − f∗Lj .
Let B′ be the reduced divisor supported on the union of components of∑

j Bj . Take a smooth log resolution µ : X̃ → X of the pair (X,B′). Denote

by f̃ : X̃ → Z the natural morphism. Let B̃ be the reduced divisor supported
on the union components of

∑
j µ
∗Bj . Consider the dlt pair (X̃, B̃). Since

X has terminal singularities, there exists an effective µ-exceptional divisor
E on X̃ such that

KX̃ ∼Q µ
∗KX + E.

So KX̃ + B̃ ∼Q µ
∗KX + E + B̃ has a weak Zariski decomposition. By The-

orem 2.1 (2), (X̃, B̃) has a minimal model (X̂, B̂) which is dlt, and there
exists a natural morphism f̂ : X̂ → Z. By the construction, we have the
following:

(1) Note that Bj |Xη̄ is contained in finitely many fibers of the Iitaka

fibration Iη̄ : Xη̄ → Cη̄, which implies that κ(X̃η̄, (KX̃ + B̃)|Xη̄) = 1. Since

the restriction (KX̂ + B̂)|X̂η̄ is semi-ample by [33, Theorem 1.2], it induces

an elliptic fibration on X̂η̄ by construction. So applying Lemma 2.10 again,
we get the following commutative diagram

X̂ ′

ĥ
��

σ̂ // X̂

f̂
��

Ŷ
ĝ // Z

where Ŷ is a smooth projective surface and ĥ is an elliptic fibration such
that, σ̂∗(KX̂ + B̂) ∼Q ĥ

∗D̂ where D̂ is a nef and ĝ-big divisor on Ŷ .

(2)We claim that ν(KX̂ + B̂) = ν(D̂) = 1. Indeed, otherwise, D̂ will

be big. Note that the divisor µ∗
∑

j Bj − B̃ is effective and µ∗
∑

j Bj ∼
µ∗nmKX −

∑
j f̃
∗Lj . Then applying Theorem 2.2 we can get a contradiction
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as follows

2 = κ(Ŷ , D̂) = κ(X̂ ′, σ̂∗(KX̂ + B̂)) = κ(X̂,KX̂ + B̂) = κ(X̃,KX̃ + B̃)

≤ κ

X̃,KX̃ + µ∗nmKX −
∑
j

f̃∗Lj


= κ

X̃, µ∗KX + E + µ∗nmKX −
∑
j

µ∗f∗Lj


= κ

X, (nm+ 1)KX −
∑
j

f∗Lj

 = 1.

(3) For sufficiently divisible M and every 1 ≤ i ≤ n, we get an effective
Cartier divisor

Γ̃i = M(µ∗Bi +mE) +MmB̃ ∼M(mKX̃ − f̃
∗Li) +MmB̃.

Denote by ν : X̃ 99K X̂ the natural birational map. Let Γ̂i = ν∗Γ̃i. Then

Γ̂i ∼M(mKX̂ − f̂
∗Li) +MmB̂ ∼Mm(KX̂ + B̂)−Mf̂∗Li.

Since E is contained in finitely many fibers of f̃ , ν∗E is contracted by f̂ . So
if a component of Γ̂i is dominant over Z then it is contained in B̂.

(4) Take an effective divisor D̂i ∼MmD̂ −Mĝ∗Li for each i. Since D̂ is
nef and D̂2 = 0, so is D̂i. Considering connected components of the union
of the D̂i, 0 ≤ i ≤ n, we see that there exist nef effective Cartier divisors
D̂′1, . . . , D̂

′
k satisfying the conditions below:

• Supp(D̂′j) is connected for each j, and Supp(D̂′j) ∩ Supp(D̂′l) = ∅ for
each j 6= l;

• (D̂′1)2 = · · · = (D̂′k)
2 = 0;

• the greatest common divisor of the coefficients of every D̂′j is equal to
one;

• for each i, there exist ai1, . . . , aik ∈ Z≥0 such that D̂i = ai1D̂
′
1 + · · ·+

aikD̂
′
k.

Note that at least one of the D̂′j is dominant over Z, and hence intersects

every fiber of f̂ . From this we see that every D̂′j is dominant over Z. Indeed,

if a D̂′j is contained in one fiber, then the support of D̂′j is equal to the whole
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fiber as shown by [3, VIII.4], which contradicts to the first condition above.
Now we have σ̂∗Γ̂i = ĥ∗D̂i by the construction. Hence ĥ∗D̂′1, . . . , ĥ

∗D̂′k are

disjoint connected components of σ̂∗(
∑

Γ̂i). Let Ĝj := σ̂∗ĥ
∗D̂′j . Then we

have that Supp(Ĝj) ∩ Supp(Ĝl) = ∅ for each j 6= l.
(5) Take two divisors D̂1, D̂2. Since D̂1 6= D̂2, we may assume that a11 >

a21 ≥ 0. We may further assume that a22 > a12 ≥ 0 because D̂1 ∼num D̂2.
We can write that

Γ̂1 = a11Ĝ1 + a12Ĝ2 + Ĝ′3 and Γ̂2 = a21Ĝ1 + a22Ĝ2 + Ĝ′′3

where neither of Ĝ1 and Ĝ2 intersects Ĝ′3 ∪ Ĝ′′3.

Step 4: Take two reduced, irreducible and dominant over Z components
Ĉ1, Ĉ2 of Ĝ1, Ĝ2 respectively. Then Ĉ1, Ĉ2 are contained in B̂ by the con-
struction of Γ̂i in Step 3 (3). Since (X̂, B̂) is dlt and B̂ is a reduced integral
divisor, so Ĉ1, Ĉ2 are log canonical centers of (X̂, B̂). By Step 3 (4), since
D̂ is nef and D̂ · D̂i = 0, so D̂|D̂i ∼num 0. For j = 1, 2, since ĥ(σ̂−1Ĉj) is a

component of some D̂i, by σ̂∗(KX̂ + B̂) ∼Q ĥ
∗D̂, we conclude that

σ̂∗(KX̂ + B̂)|σ̂−1Ĉj
∼num 0.

Denote by Ĉ ′i the normalization of Ĉi. Then (KX̂ + B̂)|Ĉ′i ∼num 0, thus

(KX̂ + B̂)|Ĉ′i ∼Q 0 by Lemma 2.4. Therefore,

−a21Mf̂∗L1|Ĉ′1 ∼Q a21(Mm(KX̂ + B̂)−Mf̂∗L1)|Ĉ′1(1)

∼Q a21Γ̂1|Ĉ′1 ∼Q a11a21Ĝ1|Ĉ′1
∼Q a11Γ̂2|Ĉ′1 ∼Q −a11Mf̂∗L2|Ĉ′1

which, by Lemma 2.3, implies that

a21ML1 ∼Q a11ML2.

In the same way, restricting on Ĉ ′2 gives

a22ML1 ∼Q a12ML2.

Finally by conditions a11 > a21 and a12 < a22, we conclude that L1 ∼Q
L2 ∼Q 0, and this completes the proof. �
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