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Representation varieties detect
essential surfaces

STEFAN FRIEDL, TAKAHIRO KITAYAMA, AND MATTHIAS NAGEL

Extending Culler-Shalen theory, Hara and the second author pre-
sented a way to construct certain kinds of branched surfaces in a
3-manifold from an ideal point of a curve in the SL,-character va-
riety. There exists an essential surface in some 3-manifold known
to be not detected in the classical SLo-theory. We prove that ev-
ery connected essential surface in a 3-manifold is given by an ideal
point of a rational curve in the SL,-character variety for some n.

1. Introduction

In this paper we study an extension of Culler-Shalen theory for higher-
dimensional representations. In their seminal work |CS] Culler and Shalen
established a method to construct essential surfaces in a 3-manifold from
an ideal point of a curve in the SLy(C)-character variety. The method is
built on a beautiful combination of the theory of incompressible surfaces
in a 3-manifold, the geometry of representation varieties, and Bass-Serre
theory [Sell, [Se2]. We refer the reader to the exposition [Sh| for literature
and related topics on Culler-Shalen theory. Hara and the second author
presented an analogous extension of the Culler-Shalen method to the case
of higher-dimensional representations [HK]. They showed that certain kinds
of branched surfaces (possibly without any branched points) are constructed
from an ideal point of a curve in the SL,,(C)-character variety for a general
n. Such a branched surface corresponds to a nontrivial splitting of the 3-
manifold group as a complex of groups [C, [Hal.

The classical theory for 2-dimensional representations is not sufficient
to detect all essential surfaces in Haken manifolds. Throughout the pa-
per let M be a compact connected orientable 3-manifold. We denote by
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X (M) the SLy,(C)-character variety of mi M. It was discovered by Boyer
and Zhang [BZ], and Motegi [Mo] that there exist infinitely many Haken
manifolds M, which are even hyperbolic, such that Xo(M) has no irreducible
component of positive dimension. See also [SZ] for further study on the topic.
We say that an essential surface S in M is given by an ideal point x of a
curve in X, (M) if S is constructed from x by the Culler-Shalen method or
its extension developed in [HK]| as described in Subsection Hara and
the second author formulated and raised the following question [HK| Ques-
tion 6.1].

Question 1.1. Does there exist an essential surface in some 3-manifold M
not given by any ideal point of curves in Xo(M) but given by an ideal point
of a curve in X,,(M) for some n?

The aim of this paper is to show that the extension of Culler-Shalen
theory to the case of higher-dimensional representations [HK] detects all
essential surfaces in Haken manifolds. The following is the main theorem of
this paper, which, in particular, gives an affirmative answer to Question [I.1}

Theorem 1.2. FEvery connected essential surface in M is given by an ideal
point of a rational curve in X, (M) for some n.

The proof of Theorem relies on the breakthroughs of Agol [A] and
Wise [W], and the subsequent works of Przytycki and Wise [PW1, PW2] on
the separability of subgroups in a 3-manifold group. For a given connected
essential surface S in M there exists a non-separating lift T' of S in some
finite cover NV of M by the separability of 1S in 71 M. The non-separating
surface T' defines abelian representations m N — SLa(C) parameterized in
C*, which induces an affine curve D consisting of representations w3 M —
SLy,(C) where n is twice the degree of the cover N. The set of characters
of representations in Dy is a desired rational curve in X, (M) as in the
statement of Theorem which has a unique ideal point. Then analyzing
the structure of the Bruhat-Tits building associated to the function field
of Dr, we explicitly construct a PL-map from the universal cover of M to
the 1-skeleton of the building. Finally, we show that the inverse image of
midpoints of edges by the PL-map is isotopic to parallel copies of S.

The paper is organized as follows. In Section [2| we review the extension
of the Culler-Shalen method to the case of SL,,(C)-representations in [HK].
Here we recall some of the standard facts on SL,(C)-character varieties
and Bruhat-Tits buildings associated to the special linear group. In Subsec-
tion we give the precise definition of the sentence ‘an essential surface
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s given by an ideal point’. Section [3| provides a brief exposition on the sep-
arability of surface subgroups by Przytycki and Wise [PW2]. Section || is
devoted to the proof of Theorem

2. SL,,-Culler Shalen theory

We begin with an overview of the extension of Culler-Shalen theory to the
case of higher-dimensional representations in [HK].

2.1. Character varieties

We briefly review the SL,,(C)-character variety of a finitely generated group.
See [LM, [Sill, [Si2] for more details.

Let 7 be a finitely generated group. We define the following affine alge-
braic set

R, (m) = Hom(m, SL,(C)).

The algebraic group SL,(C) acts on the affine algebraic set R, (m) by con-
jugation. We denote by X, () the GIT quotient of the action [MFK]:

X, () = Hom(, SLn(C))// SL, (C).

The affine algebraic set X, (m) is called the SL,(C)-character variety of
7. By definition the coordinate ring C[X,(7)] is isomorphic to the sub-
ring C[R,(m)]3*(©) of C[R,(r)] consisting of SL,,(C)-invariant functions.
Procesi [P, Theorem 1.3] showed that C[R,,(C)]%“"(©) is generated by trace
functions I, for v € 7 defined by

Iy(p) = trp(7)

for p € Ry, (). Therefore X,(C) is identified with the set of characters x,
for p € Ry, (m) defined by

Xp(7) = trp(7)

for v € w. For a compact connected orientable 3-manifold M, we abbreviate
R, (m M) and X, (m M) with R,(M) and X,,(M) respectively to simplify
notation.

Let C be an affine variety, and denote by C(C) its field of rational func-
tions. We call C' an affine curve if the transcendence degree of C(C') over
C equals 1 [F, Section 6.5]. Consider an affine curve C' and its projectivisa-
tion C. The projective curve C' might not be smooth, but it has a unique
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smooth model, i.e., there is a smooth projective curve C together with a
birational map C' --» C' which is universal [E, Theorem 7.3]. Recall that a
birational equivalence induces an isomorphism on the associated fields of ra-
tional functions [I, Proposition 6.12]. Thus their fields of rational functions
all agree: C(C') = C(C) = C(C). To a point P of C the local ring Og p of
C at P is associated. As the point P is a smooth point, the ring OC’,P is a
discrete valuation ring, which induces a discrete valuation vp on C(C) [F,
Section 7.1].

An ideal point x of an affine curve C' is a point of its smooth projective
model C' corresponding to a point of C'\ C. We can equip the rational func-
tions C(C') with the discrete valuation v, associated to an ideal point x as
described above.

2.2. Bruhat-Tits buildings

Following the exposition [G], we describe the Bruhat-Tits building [BTI],
BT2, IM] associated to the special linear group over a discrete valuation
field. See also [AB] for more details on buildings.

Let F' be a commutative field equipped with a discrete valuation v which
is not necessarily complete. We denote by O, the valuation ring associated
to v. The Bruhat-Tits building associated to SL,(F'), which is an (n — 1)-
dimensional simplicial complex B,, is defined as follows: A vertex of B, is
the homothety class of a lattice in the n-dimensional vector space F™, where
a lattice in F™ is a free O,-submodule of full rank, and two lattices A and
A are homothetic if A = al’ for some a € F*. A set of (m+ 1) vertices
80,81, ,8m forms an m-simplex in B, if and only if there exist lattices
Ao, Ay, ..., Ay, representing sg, s1,. .., Sm respectively such that after rela-
beling indices we have the flag relation

wAmg_AOg_Alg_gAm,
where w is an irreducible element of O,,.

The simplicial complex B, is known to be an Fuclidean building, and,
in particular, a CAT(0)-space with respect to the standard metric. See for
instance [AB| Definition 11.1] for the definition of an Euclidean building.
Since SLy,(F') acts on the set of lattices in F* so that homothety classes and
above flag relations are preserved, SL,(F') acts also on B,. This action is
type-preserving, i.e., there exists an SL,, (F')-invariant map 7: Bq(,o) — Z/nZ
such that 7|a is a bijection for each (n — 1)-simplex A in B,. Here for a
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simplicial complex K we denote by K (M) the m-skeleton of K. In particu-
lar, for any subgroup G of SL,(F') the quotient B, /G is again an (n — 1)-
dimensional simplicial complex.

Remark 2.1. In the case of n = 2 the above construction is nothing but
the one of the tree associated to SLa(F') in [Sell, [Se2].

2.3. An ideal point giving an essential surface

We summarize the construction in [HK] of a certain branched surface from an
ideal point of a curve in the character variety. Here we restrict our attention
to the case where such a branched surface has no branched points, and is
an essential surface.

Let C be a curve in X, (M) and x an ideal point of C. We denote by
t: Ry(M) — X,(M) the quotient map. There exists a curve D in ¢t~ (C)
such that t|p is not a constant map, and a regular map t|p: D — C on the
smooth projective models is induced by t|p. We take a lift ¥ € (f|p) " ({x}),
and denote by By the Bruhat-Tits building associated to SL,,(C(D)), where
the function field C(D) is equipped with the discrete valuation at y. The
tautological representation P: miM — SL,(C(D)) is defined by

for vy € m M and p € D. Pulling back the action of SL,(C(D)) on By by
P, we obtain the action of m M on By. Extending [CS, Theorem 2.2.1] to
the case of a general n, Hara and the second author [HK|, Corollary 4.5]
proved that the action is nontrivial, i.e., for every vertex of By its stabilizer
subgroup of w1 M is proper.

Recall that a compact orientable properly-embedded surface S in M
is called essential if for any component Sy of S the inclusion-induced ho-
momorphism 7.5y — w1 NV is injective, and Sy is not boundary-parallel nor
homeomorphic to the 2-sphere S%. We say that an essential surface S is
given by an ideal point x if for some lift ¥ of y there exists a PL map
fTM— Bg) /m1 M whose inverse image of the set of midpoints of the edges
in By is isotopic to some number of parallel copies of S.

When n = 2, since 71 M nontrivially acts on the tree By without inver-
sions, every ideal point x gives some essential surface in M [CS|, Proposi-
tion 2.3.1]. In general, it follows from the proof of [HK], Theorem 4.7] that if
n = 3 or if 9M is non-empty, then there exists a PL map f: M — B>(~<2)/7T1M
such that f~1(Y) is a certain branched surface called essential tribranched
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surface [HKl Definition 2.2], where Y is the union of edges in the first
barycentric subdivision of Bg) /m1 M not contained in Bg) /m1 M. Note that
an essential tribranched surface without any branched points is nothing but
an essential surface in the usual sense.

Remark 2.2. The authors [FKN| showed that every closed 3-manifold M
with fundamental group of rank my M > 4 contains an essential tribranched
surface.

3. Surface subgroup separability

We recall the separability of surface subgroups in a 3-manifold group proved
by Przytycki and Wise [PW2], which is a key ingredient of the proof of
Theorem A subgroup H of a group G is separable if H equals the
intersection of finite index subgroups of G containing H.

Theorem 3.1. ([PW2, Theorem 1.1]) Let S be a connected essential sur-
face S in M. Then m S is separable in w M.

Theorem was proved by Przytycki and Wise [PW1] when M is a
graph manifold, and by Wise [W] when M is a hyperbolic manifold. In
fact, every finitely generated subgroup of m; M is separable when M is a
hyperbolic manifold, by Wise [W] in the case where M has a non-empty
boundary and by Agol [A] in the case where M is closed. See also Liu [L]
for a refinement of the separability.

The following is a topological interpretation of Theorem While it
is well-known for experts, nevertheless we give a proof for the sake of com-
pleteness. See also [Sc, Lemma 1.4].

Corollary 3.2. For an essential surface S in M there exists some finite
cover of M where the inverse image of S contains a non-separating compo-
nent.

Proof. We may assume that S is connected and separating. Let M, and
M_ be the two components of the complement of S. It follows from [Hel
Theorem 10.5] that 7.5 has index at least two in m M_ and in 7 M. It
follows from Theorem [3.1] that there exists an epimorphism ¢: mM — G to
a finite group such that ¢(m.S) # p(m1 My). In particular, we have

(G p(mS)] = 2[G = p(m M)].
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Let p: M, — M be the covering corresponding to Ker¢. The numbers
of components of p~1(My) and p~1(S) are equal to [G: ¢(m1 My)] and
[G: p(m1.S)] respectively, and the above inequality implies

[G: p(mS)] 2 [G: p(mMy)] + [G: p(mM-)].

Thus the number of components of p~!(S) is greater than or equal to that
of its complement, which shows that some component of p~!(S) is non-
separating. O

4. Proof of the main theorem

Now we prove the main theorem. For the readers’ convenience we recall the
statement.

Theorem 4.1 (Theorem [1.2]). FEvery connected essential surface in M is
given by an ideal point of a rational curve in X, (M) for some n.

Let S be a connected essential surface in M. It follows from Corollary [3.2]
that there exists a d-fold covering p: N — M for some d such that p~1(S)
contains a non-separating component 1. Then the proof is divided into two
parts: First, we construct a rational curve Cp in Xo4(M) with a unique ideal
point x7, which is determined by T'. Second, for a lift yr of x7 we construct
aPLmap f: M — B>(~<1T) whose inverse image of the set of midpoints of edges
in By, is isotopic to two parallel copies of S.

4.1. Construction of a curve

We denote by ¢: mN — Z the epimorphism induced by the intersection
pairing with 7. For each z € C* we define the representation p,: m N —
SL2(C) to be the composition of ¢ and the homomorphism Z — SLy(C)
which sends an integer k£ to the matrix

&0

0 z7F)°
We consider the induced representation p,: w1 M — Aut(Clmi M] Qc(r, N
C?) of p,. Fixing representatives ~i,...,7q € 1M of the elements of
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m1 M /p.(m1N), we have the decomposition
d
ClmM] &cpr,n C* = P © C,

which is naturally identified with C2¢. Thus we regard p. as a representation
w1 M — SLgg(C). We now set

Dy ={p. € Rog(M) : z € C*},
Cr = {sz S ng(M) A (CX}

Lemma 4.2. 1) The set Dr is a curve in Rog(M) isomorphic to C*.

2) The set Cr is a rational curve in Xog(M) with a unique ideal point.

Proof. These sets of representations and characters are constructed along
the following commutative diagram:

C* —— RQ(Z) —_— RQ(N) —_— Rgd(M)

| | | |

CcC —— XQ(Z) —_— XQ(N) —_— XQd(M),

where the first vertical map sends z € C* to z + 2! € C, and the first bot-
tom horizontal map is an isomorphism which sends w € C to the character
of Z whose image of 1 € Z is w. The composition of the top horizontal maps
is called ¥ and the composition of the bottom horizontal maps is called ®.
Then the sets Dy and Cr coincide with the images of ¥ and &

We may assume v; € N, and take p € m N with ¢¥(u) = 1. Then we

have
2 SO i) 0
p=p) = < —1) ® 69 ( YO ) |
Xo. (1) = 2+ 271 + Z ( (v ") —¢(%’1uw)) .

Hence the restriction of the map Rog(M) — C? sending a representation p
to the vector of the (1,1)- and (2, 2)-entries of p(u) gives the inverse regular
map D7 — CX of U, where C* is identified with the curve zy — 1 in C?,
and (1) is proved.
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We deduce from the second equation above that the map & is not con-
stant. Also by fixing an affine space CV containing Xo4(M), we regard ® as
a map C — CV. We denote by ®: P! — PV the projective extension of ®.
Since ® is not a constant map, by the completeness of the projective line
P! [Mu, Section 1.9, Theorem 1] the image Cr of ® is a projective curve,
and by the Riemann-Hurwitz formula the curve Cp is rational. Therefore
the set Cr, which coincides with the intersection of Cr and cN, is an affine
rational curve. Since ® induces a surjective regular map ®: P! — C7 on the
smooth projective models, the rational curve C'r has a unique ideal point
corresponding to the point at infinity of P*, which proves (2). O

It is a simple matter to check that both the two ideal points of Dr
corresponding to 0 and oo are lifts of the unique ideal point xr of Cr.
Let X7 be the one corresponding to 0. Then as in Section we obtain
the nontrivial action M on the Bruhat-Tits building By, associated to
SLoq(C(Dr)). We identify C(Dr) with the standard function field C(¢) and
the valuation at y7 with the lowest degree of the Laurent expansion of a
rational function. Then the vector space (C(t)2d is decomposed into

d
Clm M] ®cjr,n) C(t)* = Py @ C(t)?,

where 71 N acts on C(¢)? by the representation Q: m N — SLa(C(t)) defined

by
() 0
QM) = ( 0 t—wm)

for v € m N, and the tautological representation P: m M — SLog(C(t)) is
given by the left multiplication on Clm1 M] ®c{r, N C(t)2.

4.2. Construction of a PL-map

We take a triangulation of M containing S as a normal surface. We may
assume that the intersection of each tetrahedron with S is connected, if
necessary, replacing the triangulation by an appropriate subdivision. The
triangulation of M induces ones of N and the universal cover M of M, so that
T and its inverse image T by the covering M — N are also normal surfaces.
Then we take a cellular map g: N — R/Z such that g~'([3]) = T, where
we consider the cellular structure of R/Z with one vertex corresponding
to Z. We define g: M — R to be the w1 N-equivariant lift of g, so that

lyz)=T.
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We now define a map f(©): MO B>(~<0T) as follows. For s € M© we
consider the lattice

d
@Vi ® Agiyrts)

in C[m M| ®¢jr, N C(t)?, where A, is the lattice in C(t)* generated by the

vectors
tm 0

Note that g(’yZ s) is an integer for each i by the construction of §. Then we
set f(o)( ) to be the homothety class of the above lattice. In the following
two lemmas we observe the key properties of f(©)

Lemma 4.3. The map f(o) is w1 M -equivariant.

Proof. For v € myM there exist a permutation ¢ of degree d and &; € m N
such that

YYVi = Yo (i)0i

for each 7. Then

@771®A~ g @70(15 ®A* @70’1)®Q —1g

- EB Vo(i) @ Ng(yr ) 1u6) = @ Vo) ® (647 1s)

=1

d d
- @ Yo (i) ® AEJ(VJ&WS) - @ Vi @ Ny
i=1 i=1

for y € mM and s € M () which implies that f(© is a m M-equivariant
map. O

Lemma 4.4. For each tetrahedron A in M the set fO(AO) consists of
one vertex if % - A does not intersect with T for any i, and two vertices of

(1)

distance 2 with respect to the graph metric on B)Z otherwise.
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Proof. If ~;~ 1. A does not intersect with 7" for any ¢, then it follows from
the choice of g that there exists some n; € Z such that

gyt AO) = {n;}

for each 7, and hence we obtain

FOE-AC {[@%@Am

} |

In the following we consider the case where ~; ~1. A intersects with 7'
for i =41,...,%y. Then the intersections of 7, ~1. A with T are all connected
and of same type for k=1,...,m, since otherwise p(T) = S implies that the
intersection of some tetrahedron in M with S is not a normal disc, which
contradicts the choice of the triangulation of M. Thus A is divided into
two subsets AS?) and A satisfying the following:

1) there exists some n;, € Z such that

GOt A = (g, + 1} and §(3; - AY) = {0y, }

fork=1,...,m

2) there exists some n; € Z such that

gyt A = {n}
for i # i1, ..., im
Hence we obtain
FORY) = {[A4]} and FO(AY) = {[A_]},

where

AL = (@’m ®Amk+l> @ ( ED Yi ®Ani>7
k=1

181,y

A= (@%k & Anlk> ( @ Yi & Anl>
k=1
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Since

tA,n g An—i—l -,C«- A;’u
INLC AL C AL

for n € Z, where A, is the lattice in C(¢)? generated by the vectors
" 0
() ()

tA C AL C N,
tN CA_C N,

we have

where
A = (@%k ®A;ik> ® ( P ®Am>.
k=1 i1 e yim
By the definition of the building By these relations imply that there exist
edges in By connecting [A;] and [A_] with [A’], and hence the distance
between [Ay] and [A_] is at most 2 in Bg). We further observe that the

matrix
- t 0 1 0
<G_?%‘k®<0 t_1))® | @ %‘®<O 1)

1761 im

in SLaq(C(t)) sends [A_] to [A4]. Since the action of SLyg(C(t)) on By is
type-preserving, the distance between them is exactly equal to 2, and the
lemma follows. (]

We are now in position to construct a desired PL map f: M — B;IT) Jm1 M.
We consider the 1st barycentric subdivision of the triangulation of M and
the induced subdivision of that of M. It follows from Lemmas and
that f(© extends to a 71 M-equivariant simplicial map f: M — B)(Zl) with re-
spect to the subdivision. Let A be a tetrahedron in the original triangulation
of M. If ;~ - A intersects with T for some i, then the simplicial subsurface
in the subdivision of A separating the sets ASF) and A(_) is mapped by f to
the vertex [A’] of By, as in the proof of Lemma Here the subsurface in
A is isotopic to the intersection of A and ~; - T. Thus the inverse image of
the set of mldpomts of edges in By, by f is isotopic to two parallel copies
of the subsurface Ul 1% T which coincides with the preimage of S in M.
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We define a PL map f: M — BgT)/mM with respect to the subdivision to
be the quotient of f by w1 M. Then the inverse image of the set of midpoints

of edges in By, /m1 M by f is isotopic to two parallel copies of S. Therefore
S is given by x7, which completes the proof.
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