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Multiplicity one for the mod p cohomology
of Shimura curves: the tame case

YONGQUAN HU AND HAORAN WANG

Let F' be a totally real field, p an unramified place of F' dividing
p and 7 : Gal(F/F) — GL2(F,) a continuous irreducible modular
representation. The work of Buzzard, Diamond and Jarvis (Duke
Math Journal, 2010) associates to 7 an admissible smooth repre-
sentation of GL2(F}) on the mod p étale cohomology of Shimura
curves attached to indefinite division algebras which split at p.
When 7 satisfies the Taylor—Wiles hypotheses and F|Ga1(F7 /F) is
tamely ramified and generic, we determine the subspace of invari-
ants of this representation under the principal congruence sub-
group of level p. As a consequence, this subspace depends only on
F‘Gal(FT, /Fy) and satisfies a multiplicity one property.
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1. Introduction

Let p be a prime number. Barthel-Livné [2] and Breuil [4] gave a complete
classification of irreducible smooth representations of GLa(Q,) over F, with
a central character, which allowed Breuil to define a semi-simple mod p local
Langlands correspondence for GL2(Q,) [4]. The situation is much more com-
plicated if one wants to establish a similar mod p correspondence for GLa(L)
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where L # Q, is a finite extension of @,. There is no such complete classifi-
cation, and the study of irreducible admissible smooth Fp—representations of
GLa(L) becomes very subtle, see e.g. [8], [18], [21].

Motivated by the local-global compatibility result of Emerton [12] for
the cohomology of modular curves, it seems to be very promising to seek for
the hypothetical correspondence for GLg(L) in the cohomology of Shimura
curves.

More precisely, let F' be a totally real field extension of Q, F,, be the
completion of F' at a fixed place v of F' above p with ring of integers Op,
and residue field kp . We consider the mod p étale cohomology of a tower of
Shimura curves (X)) over F' associated to an indefinite quaternion algebra
D with center F' which splits at all places over p and at exactly one infinite
place. Let SP(F,) denote the space

%ﬂ Hét (XU,Fv Fp)
U

It is expected that one can get information on the hypothetical mod p local
Langlands correspondence by studying the action of GLa(F,) on SP(F,).
For instance, assuming F,/Q, unramified, the GL2(OF,)-socles of the irre-
ducible GLy(F,) subrepresentations of SP(F,) are described by the Buzzard-
Diamond-Jarvis conjecture in [9], later proved in [I5]. Motivated by this, for
a generic Galois representation p : Gal(F,/F,) — GL2(F,), Breuil and Pag-
kunas [8] construct by local method an infinite family of smooth admissible
F,-representations of GLz(F,) whose GL2(OF,)-socles are as predicted by
[9]. Furthermore, they conjecture that if 7 is a globlisation of p to a mod-
ular Galois representation of Gal(F/F), then the 7-isotypic part of S”(F,)
contains one of these representations. This conjecture is recently proved by
Emerton, Gee and Savitt in [I3] under mild Taylor-Wiles type hypothesis.

In this paper, we give further constraint on these GLqy(F})-representations
in the case where p is a tamely ramified (that is either split or irreducible)
and generic representation. To state our main theorem, we introduce some
notation. Let 7 : Gal(F/F) — GL2(F,) be a globalisation of p, which is con-
tinuous irreducible and totally odd. We assume 7 is modular in the sense
that

wP () = Homg 1617/ ry (T SP(Fy)) # 0.

We can use the action of Hecke operators on 72 (F) to define a local factor

D(7) at v, which is an admissible smooth representation of GLgy(F},), and

™
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is supposed to be the right candidate in the mod p local Langlands corre-
spondence, and many important properties about it have been established,
see e.g. [14], [6], [13]. Our main result is the following theorem.

Theorem 1.1. Assume that F, is unramified over Q, and p is tamely
ramified and generic. Under certain assumptions (see Cor. , we have
7P (F) K = Do(p) as GLa(OF,)-representations, where K; = ker(GLa(OF,)

— GLa(kr,)), and Do(p) is the finite dimensional GLa(OF, )-representation
attached to p in [8, Thm. 1.1].

Remark 1.2. After the first version of the paper was written, we are in-
formed that Le, Morra and Schraen obtain a similar result independently
[19]. Both the proofs use results of [13] as a global input, however, the local
representation theory part is different.

We also prove a similar result when D is a definite quaternion algebra
split at all places over p. In [13], the subspace of pro-p-Iwahori fixed vectors
of 7P (¥) is determined, for p generic, but could be reducible non-split. The
proof of our theorem uses the construction of [I13] as a main tool.

The organization of the paper is as follows. In Section 2, we give all the
local results that we need, especially the local criterion Corollary Note
that the criterion does not apply to p reducible non-split (see Remark .
In Section 3, we deduce our main theorem from our local results and results
of [13].

We assume p > 3 throughout the paper; this is harmless for our applica-
tion. We fix a finite extension E of @, with ring of integers Og, uniformiser
wg and residue field F, which is allowed to be enlarged. They will serve as
coefficient fields (or rings) for our representations.

2. Local input

In this section, L denotes a finite extension of Q,, with ring of integers
Op, maximal ideal py, and residue field (identified with) F, =F,s. Fix a
uniformiser wy, of L; we take wy, = p when L is unramified over Q,. For
A e Fy, [A € Op denotes its Teichmiiller lift. Let I' = GLa(F,). We call a
weight an irreducible representation of I' over Fp. We take E large enough
so that any weight is defined over F, then a weight is (up to isomorphism)
of the form ([2, Prop. 1])

Symron R (SymrlFQ)Fr QF -+ - QF (Symrf’lFQ)Frf_l ®p det®
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where0<r; <p—-1,0<a<g—2andFr: (‘é g)r—> (‘;ﬁ gf,) is the Frobenius
on I'. We denote this representation by (7o, ...,7r_1) ® det®. To simplify the
notation, we write V,. := SymTIF2 for 0 <r < p—1. We recall the following

definition from [13], Def. 2.1.4].

Definition 2.1. We say that (ro,...,7—1) ® det® is regular if no r; is equal
top—1.

Let Repr be the category of finite dimensional F-representations of I'. If
M € Repr, we write {Fil;M,i > 0} for its socle filtration, that is, FilgM =
socr M, Fil; M is the preimage in M of socr (M /FilgM), etc. We call gr; M :=
Fil; M /Fil;_1 M the i-th layer of the socle filtration where Fil_1M := 0 by
convention. Similarly we write {Fil’M,i > 0} for the cosocle filtration of M
and gr' M for the graded pieces.

We first recall some results on the structure of injective envelopes in
Repr, mainly following [8, §3|. If r =p — 1, we set R, := V1. If 0 <7 <
p — 2, let R, be a I'-invariant subspace of V),_,_1 ® V,,_1 defined in |20, Def.
4.2.10]. By [II, Lem. 3.1], it is self-dual up to a twist and admits V, @ det?~ 1"
as a sub-representation and also as a quotient. Moreover, letting W, C R,
be given by the exact sequence

(2.1) 0— W, = R, = V,@dett 17" — 0,
we get a filtration on R,:

0CV,@detP """ C W, C R,
with graded pieces being V, @ detP~17", Vp—2—r ® VE and V, ® detP~ 17,
Remark that when f > 2 or f =1 and r # 0, this coincides with the socle
filtration of R,. _

Now fix a weight o = (ro,...,7/-1) ® det™ 210 P with 0 <r,<p-1
and set R, := ®{:_01Rffi. Ifdimo > 2,i.e. if not all r; equal to 0, then R, is an
injective envelope of o, see |20, Cor. 4.2.22]. Otherwise, R, is isomorphic to
injr(0,...,0)® (p—1,...,p— 1), where injp(0,...,0) denotes the injective
envelope of (0,...,0) in Repr, see |20, Cor. 4.2.31].

From now on (until the end of the subsection , we assume that
dim o > 2 and that o is regular in the sense of Definition
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Lemma 2.2. (i) For0<i# j < f —1, we have
(2.2) (W @ REYn (R o W) =W @ Wi,

The same statement holds if we replace W;.,, W, by V., ® detP=17 Vi, ®
detP=1774,

(ii) We have ﬂiz_ol (W ® (®j¢iR£}J)) = ®{:_01W}jr7} The same state-
ment holds if we replace W,, by V,., @ detP~17"i.

Proof. The (i) is standard, see for example [3, Chap. I, §2, n° 6, Prop. 7].
For (ii), we proceed by an obvious induction using (i). O

We find it convenient to give a name for the intersection in Lemmal[2.2{ii).

Definition 2.3. Denote by A, the following sub-representation of R,:

Proposition 2.4. A, is multiplicity free, and is the largest sub-represen-
tation of R, which is multiplicity free.

Proof. In the notation of [8, §3|, A, is exactly the representation Vop_o_r
defined in [8] Def. 3.3]. The assertion then follows from [8, Prop. 3.6, Cor.
3.11]. O

To study the structure of A, we need to introduce another sub-represen-
tation of R,.

2.1. The representation A/

Definition 2.5. We define A/ to be the sub-representation of R,:
= v
AL = (R @ (9£i(Vr, @ det?1779))),
i=0

We write A, ; for R @ (®;4(Vy, ® det?™1 ")) s0 that A, = Y2/ AL .

Lemma 2.6. The multiplicity with which o appears in (the semisimplifica-
tion of ) AL is f + 1.



848 Y. Hu and H. Wang

Proof. 1If f =1, then A/mo is just R,, = R, and the result follows from [8|
Lemmas 3.4, 3.5, 3.8(i)]. Assume f > 2 in the rest of the proof. Tensoring
with ®p2;;(Vr, @ detP~1=")F" Lemma (1) implies that for any 0 < i #
j < f—1, we have

AZ)';[ ﬂ A;',_] == U,
so that
0—=0—= A, @A, ; = Ay +A,; =0

is exact. This shows that the multiplicity with which o appears in A:m' +
Af,’j is 3. An induction shows that the multiplicity with which o appears in
S5 Ar s+ Lorany 0 Sm < [ 1 "

We can describe A, ; explicitly.

Lemma 2.7. The I'-socle and cosocle of Afm- is isomorphic to o.

Proof. Since Aim- is a non-zero sub-representation of R, and soc(R,) = o, we
have soc(Aim-) = ¢ and in particular is irreducible. Now, the representations
Rffi and (V, @ det?™17")" are self-dual up to a twist, so is A’ ;. We deduce
that the cosocle of A’ . is also irreducible. It follows from that Aim-

O

o,
admits o as a quotient, hence the cosocle has to be o.

Definition 2.8. For each 0 < i < f — 1, we define two weights as follows:
—if f=1,let ug (o) :=Vp_1_p, and pg (o) := Vp_3_p, ® det;
—if f > 2, let
/L;E(O') = (roy...,p—2—rjrip1 £ 1,... ,Tf_l) ® detazt_sz';OlpjTj.

where a = pi(r; + 1) — p™! and a; = pi(r; + 1).
By convention, when p; (o) is not a genuine weight, i.e. when f =1 and
ro=p—2,or f>2and r4; =0, we say that p; (o) is not defined.
By [8, Lem. 3.8(i)| the representation

(Voor, @ VI ) @ (2:(Vi, @ det? 7))

is semi-simple, and is isomorphic to ;" (o) ® p; (o); here and below we ignore
p; (o) in the direct sum when it is not defined. Knowing the socle and cosocle
of A’ . we get the following.

0,17
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Lemma 2.9. The socle filtration of Aim- has length 3, with graded pieces o,
pi (o) @ p (o), and o.

Corollary 2.10. We have an isomorphism A;, /(A ;N A,) = 0.

Proof. 1t follows from that A;yi N A, is of multiplicity free (by Proposi-
tion and contains FillA;ﬂ- by construction. O

2.2. The structure of A,
Proposition 2.11. We have socr(Ry/A,) = 0®f.

Proof. For each 0<i< f—1, tensoring the exact sequence (2.1) with
®j¢inf gives an exact sequence

0= W ® (©,4R) = Ry — (V,, ® det? )™ © (0,4 R) — 0.

By Lemma (ii), A, is equal to the intersection of Wf\r ® (®j¢iR£}j) for
0<i< f—1, so we get an injection

i

/-1 |
Ro/As = P Vi, @ det? 7)™ @ (0, 4RE).
=0

Since (V,, @ detP~177)P" @ (®j¢ijo) embeds into R, we deduce that R, /A,
embeds into (R,)®/ so that socr(R,/A,) C 0®/. To show the equality, we
use the embedding

A;’/(AZTQAU) c_>R(7'/14U'7

whose image in fact lies in the socle of R,/A, by Corollary Since A,
is multiplicity free, o appears in A, N A, exactly once. Lemma implies
that the multiplicity of o in socr(Rys/A,) is at least f, which completes the
proof. O

It is easy to see from the above proof that Al /(A] N A,) is identified
with socr(Ry/As). Let B, be the pullback of socr(R,/Ay), i.e. given by

0 — A, - By — socr(R,/As) — 0.
Then A/ is contained in By; in fact, B, = A, + A,.

Lemma 2.12. The quotient B, /A has no sub-quotient isomorphic to o.
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Proof. We have an exact sequence 0 — A, — B, — 0®f — 0 by Proposi-
tion Moreover, A, is multiplicity free, with o appearing there exactly
once. So the multiplicity of ¢ in (the semisimplification of) B, is f + 1, which
is also the multiplicity of o in A, by Lemma O

Proposition 2.13. Let M be a sub-representation of B,. Assume M N
Al C A,. Then M C A,.

Proof. Consider the commutative diagram of exact sequences (with a the
induced morphism)

0—MNA, ——M—>M/(MNA,) ——=0

|k

0 A, B, socr(Ry/As) — 0.

Since « is injective, it suffices to show a = 0. The assumption implies M N
Al C M N A,. Denote by o’ the composition

o M/(MNAL) - M/(MNAy) S socr (R, /Ay).

The first map being surjective, @ = 0 if and only if o/ = 0. However, the nat-
ural isomorphism M/(M N Al) = (M + AL) /AL allows us to view M/(M N
A!) as a sub-representation of B,/A!. By Lemma B, /Al has no sub-
quotient isomorphic to o, while socr(R,/As) = 0/ by Proposition
hence o/ = 0. O

Now we treat the general case.

Proposition 2.14. Let M be a sub-representation of R,. Assume M N
Al C Ay. Then M C A,.

Proof. Let M":= M N B,. Then M'N A, =M N Al C A,, so Proposition
implies M’ C A,. Consider the following commutative diagram where
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o/ is the map constructed in Proposition (with M replaced by M’)

M'C M
M’/(Mi’ﬂz‘lé) M/(MLHAU)
o
socp(Ry/As)— Ry /A,.

We know that o/ =0 and we want to prove o = 0. Assume « # 0. Then
Im(a) would have a non-zero intersection with socr(R,/Ay). Let v € Im(a)N
socr(R,/Ay) and let v € M be a lift of ©. Then v belongs to B, by definition,
so that v € M N B, = M’, which gives a contradiction because o/ = 0. [

Next we give a criterion for the condition in Proposition to hold. In
particular, if M is a sub-representation of R, then gr; M embeds into

f-
gr R ’:“@ o) ® p; (0)).

Definition 2.15. Let o be a regular weight and M be a sub-representation
of R,. We say that M is alternative, if for each 0 <7 < f — 1, gri; M does
not contain simultaneously 4 () and p; (o) (resp. does not contain p; (o))
if p; (o) is defined (resp. if p; (o) is not defined).

Since R, is an injective envelope of ¢ in Repr, we have a natural isomor-
phism Homr (o, R,/A,) = Exth (0, A,). Hence Exti (o, A,) is of dimension
f over F by Proposition On the other hand, for each 0 < i < f —1, we
can use Corollaryn to view A7, ; as an (non-zero) element in Extl (o, A, N
Al ;), whose push-out provides a ‘non-zero element in Exti (o, A,), denoted
by X;, and it is easily seen that {X;,0<¢< f—1} form an F-basis of
Ext%(a, Ag). For our purpose, it is more convenient to view X; as an el-
ement of Exti(o, A, N A’). Remark, to be precise, that A, N A’ fits in a
short exact sequence

f—1
(2.3) 00— A, N AL = P(uf (o) © py (0)) =0,
=0

and by Lemma [2.7| we have Homp (X, ,ujt(a)) = 0 if and only if i = j.
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Lemma 2.16. Let M be an alternative sub-representation of R,. Then M N
Al C A,.

Proof. Obviously we may assume that M is contained in A’. Suppose that
M ¢ A,, so that M/(A, N M) is non-zero. Since every irreducible sub-
representation of M/(A, N M) is isomorphic to o, we get a non-split ex-
tension

0—>A, "M —-Y —-0—0

whose push-out gives an extension class in Ext%(a, A, N AL), denoted by X .
Then there exist ¢; € IF, not all zero, such that

X =coXo+ - +cr1Xpq.

Without loss of generality, we assume that ¢y # 0. Since Homp (X, ,u(j)[ (0)) =
0 by Lemma [2.7 and

Homp (Xi, 5 (0)) #0, 1<i<f—1,

Lemma below, applied to A =0, B= A, NAL, C = pud (o) or yg (o),
implies that

(2.4) Homr (X, uf () = 0.

On the other hand, since M is alternative, gry M does not contain p(o) for
* € {4, —} (with x = +if p4 (0) is not defined), i.e. Homp (A, N M, pi(o0)) =
0. Using (2.3)) we see that

HomF((AU N A;)/(AU N M)vMS(U)) # 0.

By construction we have a commutative diagram of exact sequences

0—=A,NM Y o 0
0——=A,NAL X o

from which we get (A, N AL)/(As N M) = XY, therefore
0 # Homp(X/Y, (o)) < Homp(X, 15(07).

This contradicts (2.4) and allows to conclude. O
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Lemma 2.17. Let A, B,C € Repyp. Let X, X' € Ext:(A, B) which are rep-
resented by short exact sequences0 - B —+ X — A —0and0 — B — X' —
A — 0. Assume that

(i) Homp (X, C) = 0;

(11) Homp (X', C) — Homp (B, C) is an isomorphism.
Then the Baer sum X + X' € Exth(A, B) satisfies Homp(X + X', C) = 0.

Proof. We first recall the construction of the Baer sum. Let X" be the pull-
back {(z,2') € X x X' : =7 in A}. Then X + X’ is the quotient of X"
by the skew diagonal {(—b,b) : b € B}, see [22, Def. 3.4.4]. X" contains three
copies of B: 0 x B, B x 0, and the skew diagonal, taking quotient by which
we get respectively X, X’ and Y := X + X’. Denote by s : B — X" the skew
diagonal morphism.

On the one hand, we have a commutative diagram of exact sequences

0 B X' A 0

]

0 B—:- X" Y 0

which induces (using (ii))

HOII]F(X/, C) — HOmF(B, C)

i

0 — Homp (Y, C) — Homp(X", C) — Homp(B, C).

In particular, § is surjective. On the other hand, using (i) and the exact
sequence 0 - 0 x B — X" — X — 0 we get

dimp Homp (X", C) < dimp Homp (B, C),

hence § is in fact an isomorphism. The lemma then follows.
O

Remark 2.18. Although we have only defined R,, A,, etc and proved the
results for regular weights o of the form (ro,...,7;_1) ® det™ YisaP'Te quch
that dimo > 2, all these can obviously be generalized to general regular
weights of dimension at least 2 by a twist.
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2.3. An auxiliary lemma

Let o be a regular weight (possibly of dimension 1). By [8, Lem. 3.2, the
irreducible constituents of injpo (without multiplicities) are parametrised
by a certain set Z(zo, ...,z ¢—1) defined in the beginning of [§, §3|. For later
use, we recall its definition. The set Z(xo,...,x¢_1) consists of elements of
the form A = (Ao(z0),..., Ar—1(xf-1)) where \o(zo) € {z0,p —2 — xo £ 1}
if f=1,and if f > 1 then:

(i) Ni(xy) e{zjyei £t l,p—2—a5p—2—a; £ 1} for0<i< f—1
(ii) if )\1(1'2) S {l’i,l'i + 1}, then >\i+1($i+1) S {:Eprl,p -2 — :EZ'+1}

(iil) if \j(z)€{p—2—zj,p — 2 — x; £ 1}, then \j1q(zi41) €{xip1 £ 1,p —
2 — Ti+1 + 1}

with the convention zy = z¢ and Af(xf) = Ag(xo). Each X gives rise to a
weight by “evaluating” at o = (rg,...,rf_1) ® 7, but note that it is not a
genuine one if \;(r;) < 0 or A;(r;) > p — 1 for some ¢ (so we will ignore it
in this case). In any case, an irreducible constituent of A, corresponds to a
unique element of Z(zg,...,z5_1).

Let S :={0,..., f — 1}. For A € Z(xo,...,xp_1), set

SA)={ieS|N(z))=p—2—z; £ 1,2, £ 1}.

We also write S(7) := S(\) if 7 is the corresponding weight. Recall from
[8, Def. 4.10] that, if \,N € Z(zo,...,zf_1), we say A and X are com-
patible if, whenever \;(z;) € {p —2 —x; — £1,2z; £ 1} and N(z;) € {p —2 —
x; — 1, z; £ 1} for the same ¢, then the signs of the +1 are the same in
Ai(z;) and X;(x;). The following property is directly checked.

Lemma 2.19. Fiz an element X\ € Z(zo, ..., x¢_1). For every subset S’ of
S(N), there exists exactly one element N' € I(zo,...,xs_1) such that S(N') =
S’ and N is compatible with \.

Let 7 be an irreducible constituent of injpo. Then there exist finite di-
mensional representations of I' with socle ¢ and cosocle 7 by taking the
image of any non-zero morphism ¢ € Homp (injp7, injpo). Since o is regular,
[8, Cor. 3.12] implies that among these representations there exists a unique
one, denoted by I(c, 7), such that o appears with multiplicity one. Moreover,
I(o, 7) is multiplicity free. By [8] Cor. 4.11] and Lemma the irreducible
constituents of I (o, T) are parametrised by subsets of S(7), hence I(o, 7) has
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at most 215 irreducible constituents (as we possibly need to forget some
fake weights).

Lemma 2.20. Let o€ be an irreducible constituent of injro. Assume that
I(0,0°) has 25N irreducible constituents. Then, for every irreducible con-
stituent T of I(o,0°), the following statements hold:

(i) the weight T is reqular;
(i) there exists a unique weight 7 of I (o, 0¢) such that S(7¢) =S (c)\S(7);

(iii) the representation I(1,7¢) exists, and has the same semi-simplification
as I(o,0°).

Proof. Since the results in the case f =1 are obvious, we assume f > 2 in
the rest of the proof. Let A® € Z(xy,...,z¢_1) be the element corresponding
to o°.

(i) Assume 7 is not regular. Let p € Z(xg,...,z¢—1) be the element
corresponding to 7. Then, p;(r;) =p—1 for some i € S. Since 0 <7r; <
p — 2, this happens only when 7, =0 and pu;(x;) =p—1—z;. By defini-
tion of Z(zo,...,x¢_1), we have i + 1 € S(p). By Lemma , there exists a
unique element p' € Z(zo,...,xs_1) which is compatible with p and such
that S(u') = S(u)\{i +1}. Then pj \(ziy1) € {p —2 — =441, 7441}, hence
wi(x;) € {xi, z; — 1,2; + 1}; but the condition ¢ € S(¢’) and the compatibil-
ity with g imply that p}(x;) = ; — 1. Since r; = 0, y/ does not correspond
to a genuine weight, giving a contradiction to the assumption.

(ii) The assumption together with Lemma implies that each subset
of §(c°) corresponds to a genuine weight, whence the assertion.

(iii) We may assume o # 0, i.e. S(0¢) # 0, therefore 7 and 7¢ are non-
isomorphic. Let p, ¢ € Z(xo,...,x5—1) be the elements corresponding to
7,7¢. We can write u¢ = v o u for some (unique) v := (v;(x;)); with v;(z;) €
Z + x;. We claim that v € Z(xo,...,xp_1). First, we check that v;(z;) €
{zi,zi £ 1,p—2—zj,p—2—x; £1}. If i € S(u), then i ¢ S(u°), hence

wi(w;)) €{z; £ 1,p—2—x; £ 1}, pi(x;) € {xi,p— 2 — 2;}

so that pf(x;) = vi(pi(z;)) with vi(z;) € {&;£1,p —2 —a; £1}. Similar
statement holds if ¢ € S(u°). If i ¢ S(A°), then

wi(), i (z3) € {xi,p — 2 — a4}

so that pf(z;) = vi(pi(x;)) with vi(z;) € {xi,p —2 —2;}. Next, we verify
that the relations (ii), (iii) in the definition of Z(xo,...,zy_1) are satisfied.
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This is a direct but tedious check and we only give details for some special
cases. For example, in the case when i € S(u) (hence ¢ ¢ S(pu€)), we have
p§(x;) € {zi,p — 2 — x;} and the following possibilities:

— If pi(z;) € {z; £1} and pf(x;) = x4, then v;(z;) € {z; £1}; on the
other hand, by the definition of Z(xo,...,z_1) we have

Pit1(Ti1)s w1 (@ip1) € {xig1,0 — 2 — @i}

so that v;11(xi41) € {Tit1,p — 2 — wi41} which verifies the relation re-
quired in the definition of Z(zg,...,xz5_1).

— If pi(z;) € {x; £1} and p§(z;) =p —2 — x4, then vi(x;) € {p—2—
x; £1}; on the other hand, by the definition of Z(xg,...,zr—1) we
have

pir1(Tir1) € {@ig1,p — 2 — g1}, i (Tig1) €{zip1 £ 1, p—2 — 25 £ 1}

so that viy1(zit1) € {xiy1 £1,p — 2 — 41 + 1} which verifies the re-
lation required in the definition of Z(xo,...,z7—1).

— If pi(z;) € {p — 2 — z; £ 1}, we claim that u$(z;) = x; and so v;(x;) €
{p—2—=x; £1}. In fact, otherwise uf(z;) =p —2 — x;, then by the
definition of Z(xo,...,xf_1)

pit1(Tit1), pip(Tit1) € {wip1 £ 1,p — 2 — 3401 £ 1},

so that i4+1¢e S(u)NS(p€) which is impossible. Consequently,

151 (Tig1) € {mip1,p — 2 — zi11} and so viy1(wiv1) € {ziy1 £ 1,p —
2 — xj41 = 1}, which verifies the relation required in the definition of

I(xo, ..., Tf-1).

Having checked that u¢ = v oy for some v € Z(xo,...,x5_1), we deduce
from [8, Lem. 3.2| that 7¢ appears in injp7. Since 7 is regular by (i), the
representation I (7, 7¢) exists; see the discussion after Lemma2.19 Moreover,
from the explicit description of v we see that S(v) = S(A°).

More generally, we claim that if 7/ is any irreducible constituent of
I(0,0¢), then 7’ is an irreducible constituent of injp7, i.e. we can write pu/ =
V' o p for some v/ € Z(xo,...,xy_1) where i/ € Z(xo,...,x5_1) corresponds
to 7/ inside injpo. In fact, the above check still works if i ¢ S(u) NS(y'), and
if i € S(u) NS(1'), the compatibility with A\° implies that

pi (i) = vi(pa(ws)),  with vj(x;) € {@i,p— 2 — x4}
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The relations (ii), (iii) in the definition of Z(xo,...,zy_1) are verified in
the same way as above. This proves the claim. Moreover, we obtain that
S = (S(p)US()\(S(r) NS(1')), which is in particular contained in
S(v) = S(X°).

To finish the proof, we check that 7’ is an irreducible constituent of
I(7,7¢). This amounts to check the compatibility between v/ and v by [8]
Cor. 4.11], which is an easy exercise. (]

2.4. Tame types and their lattices

We call tame types the irreducible E-representations of GLo(Op) that arise
by inflation from an irreducible E-representation of GL2(FF,). These repre-
sentations are either principal series, cuspidal, one-dimensional, or twist of
the Steinberg representations. In this paper, we only consider the principal
series types and the cuspidal types, and all tame types occurring in the fol-
lowing will be assumed to be of this kind. We choose a GLy(Op)-invariant
lattice V° of a tame type V and consider its reduction V° :=V°/wgV°
whose semi-simplification, denoted by V', does not depend on the choice of
the lattice. We write JH(V) for the set of Jordan-Hélder factors of V. We
recall the following well-known results on tame types.

Proposition 2.21. Let V be a tame type. Then

(i) V is residually multiplicity free, i.e. each element of JH(V) appears
exactly once in V.

(ii) For any Jordan-Hélder factor o of V, there is up to homothety a
unique GLa(Or)-stable Og-lattice (Vy)° (resp. (V7)°) in V' such that the

cosocle (resp. socle) of its reduction is o.
(iii) Let o € JH(V) and (Vy)° (resp. (V?)°) be as in (ii). If 7 € JH(V)
is such that Ext%(T, o) # 0, then T appears in the 1-st layer of the cosocle

filtration (resp. socle filtration) of (V5)° (resp. (V7)°).

Proof. (i) is [13, Lem. 3.1.1]. (ii) is |13, Lem. 4.1.1]. (iii) follows from [I3]
Thm. 5.1.1], but since our notation here is slightly different, we explain its
proof. First note that, by [8, Cor. 5.6] (using the assumption p > 3 when
f = 1), the condition Exth(r, ) # 0 is equivalent to Exth(c, 1) # 0; if this
holds, then they are both 1-dimensional over F and we have automatically
o # 7. Moreover, by taking dual and using [13, Lem. 3.1.1], it suffices to
prove the assertion for (V?)°, whose mod wg reduction has socle . We can
embed (V7)° into injpo, hence 7 appear in injp (o) and the representation
I(o, T) exists; see the discussion after Lemma Since 7 appears in (V7)°
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exactly once, the representation I(o,7) is in fact contained in (V7)°. We
can write down I(o,7) explicitly: by the uniqueness, I(o,7) is the unique
non-split extension (class) of 7 by o, hence of length 2. This implies that
appears in gr; (V7)°, otherwise I(o,7) would have length > 3. O

The proof of Proposition [2.21{(iii) has the following consequence.

Corollary 2.22. Let V be a tame type. For any o,7 € JH(V), the repre-
sentation I(o,T) exists and is a sub-representation of (V7)°.

2.5. Serre weights

In this subsection, we prove a general fact about the set of Serre weights
attached to a residual generic representation p.

From now on, we assume that L is unramified over Q. Let f := [L : Qp].
Let p: Gal(Q,/L) — GL2(FF) be a continuous representation. Assume that
p is generic in the sense of [8, §11], that is, ﬁ’](@p/m is isomorphic to one of
the following two forms

wz{:_()l p'(ri+1)

1) f 0 i ®n with 0 <r; < p — 3 for each i, and not all r;
equal to 0 or equal to p — 3;
o.)z{;ol p'(ri+1) 0
2) 2f ; ®@n with 1<rg<p-—2, and 0 <
0 P ) | =T=P=s =

r; <p-—3fori>0.

where wy is the fundamental character of I(Q,/L) of level f as in [, §11].
Note that there are no generic representations if p = 2, and no reducible
generic representations if p < 3.

To p is associated a set of weights, called Serre weights and denoted by
2(p) (see [8, §11] or [9]). Recall that p is tamely ramified (or tame for short)
if and only if it is either reducible split or irreducible. The genericity of p
implies that the cardinality of 2(p) is 2/ if p is tame, and is 2¢ for some
0 <d < f — 1if pisreducible non-split, see [8, §11]. Moreover, if p* denotes
the semi-simplification of p, then we always have Z(p) C Z(p*). By [13|
Lem. 2.1.6]|IL since p is generic, any weight o € 2(p) is regular.

Proposition 2.23. There is a tame type V of GLa(OL) such that JH(V)
identifies with 2(p%). In particular, | JH(V)| = |2(5%)| = 27.

n [13], the genericity condition is the same as in [§].
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Proof. This is [5, Prop. 4.4] or [L1]. O
The following result is inspired by [5, Prop. 4.4] and generalises it.

Proposition 2.24. Let 0,7 be two elements of 2(p). Then the representa-
tion I (o, T) exists and any irreducible constituent of I(o,T) is also an element

of 7(p).
Proof. If p is tame, we take a tame type V such that JH(V) = 2(p) by
Proposition 2.23] The result follows from the proof of Corollary [2.22]

If b is reducible non-split, the existence of I(o, 7) still follows from Propo-
sition and Corollary by noting that Z(p) C 2(p*). The proof of
the second assertion is a little subtler. First, using the theory of Fontaine-
Laffaille module, we attach to p a certain subset J; of & which measures how
far p is from splitting, see [5, §4] (we do not need the precise definition here).
Remark that the cardinality of 2(p) is exactly 2!/7| (see |5, §4]). Applying
[5, Prop. 4.4(ii)] to J™* =@ and J™** = §(J;) (where § is as in loc. cit.),
we find a (unique) tame character x : I — OF such that the irreducible con-
stituents of Ind(x*) which are Serre weights of 7 are exactly the weights
parametrised by subsets of §(J5) (in the sense of [§, §2|). In other words, if we
write oy for the socle and oy for the weight corresponding to J™*, then the
set Z(p) is exactly the set of irreducible constituents of I(og, oj), because
they have the same cardinality. Moreover, the assumption of Lemma [2.20] is
satisfied and applying it we deduce that the set 2(p) is also the set of irre-
ducible constituents of (o, c¢) for any weight o € Z(p), where o€ is defined
as in Lemma relative to J™#*. Since 7 appears in I(0,0¢), I(o,7) is a
sub-representation of I(o, ) and the result follows. O

2.6. The construction of Breuil-Paskunas

Let p be as in the previous subsection. Let Dy(p) be the finite dimensional
I-representation attached to p in |8, §13|, that is, Do(p) is the largest F-
representation of I' such that:

(a) socrDo(p) = Byegm) 0
(b) any weight of Z(p) appears exactly once in Dy(p).

We have a I'-equivariant decomposition Do(p) = D e (5 Do,o (p) by [, Prop.
13.1], with each Dg ,(p) satistying socr Dy »(p) = o. Moreover, Dy(p) is mul-
tiplicity free by [8, Cor. 13.5]. Consequently, Dy ,(p) is a sub-representation
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of A, as defined in the beginning of (well-defined since o is regular by
[13, Lem. 2.1.6]).

Lemma 2.25. Fiz a weight o € 2(p) and let T be any weight non-isomorphic
to o. If Ext{ (1, Doy (p)) # 0, then 7 € 2(p). If this is the case, then the
inclusion 0 = Do »(p) induces an isomorphism

Extp (7, 0) = Extp(r, Doo(p))-

Proof. Assume Ext} (7, Do (p)) # 0 and let M be a non-split T-extension
0— Dos(p) = M — 7 — 0. Then socr (M) =socr (Do (p))=0. If 7¢ Z(p),
then the representation

M @ @ DO,U’ (ﬁ)

o'€9(p).,0'#o

would be strictly larger than Dy(p) and verifies the conditions (a), (b) above,
contradicting the maximality of Dy(p).

We have Homrp (7, Do (p)/o) =0 as 7 € Z(p), hence the natural mor-
phism Ext{(r,0) — Exth(7, Do+ (p)) is injective. To show the surjectivity,
we need to show that any non-split extension M arises from the pushout of
some extension in Ext{.(7, o). Since socr M = socr Dy ,(p), M can be embed-
ded into R,, the injective envelope of ¢ in Repp (noting that the genericity of
p implies dimp o > 2 for any o € Z(p)). Moreover, because 7 is an element of
2(p) and distinct from o, it does not appear in Dy ,(p) so that M is multi-
plicity free. This shows, using notation in §2.2} that M is a sub-representation
of A,. Consequently, the representation I(c,7) is a sub-representation of
A,. Since all the irreducible constituents of I(o,7) are Serre weights of 5
by Proposition while by construction only ¢ and 7 are, we obtain that
I(o,7) is of length 2, i.e. we have 0 - 0 — I(0,7) — 7 — 0. O

From now on, we assume that p is tame.

Lemma 2.26. For each o € 2(p):
(i) Do »(p) is an alternative sub-representation of Ay;
(ii) Ext} (0, Do,-(p)) = 0.

Proof. (i) We already remarked that o is regular and Dy, (p) is a sub-
representation of A,. Write

o= (No(ro), -, Ap_1(rf_1)) ® detsMNTorrs=1y
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with A = (A\;(x;)); as in Lemma 11.2 (if p is reducible) or Lemma 11.4 (if
p is irreducible) of [§]. Fix 0 <i < f —1. If pu; (o) is defined, the assertion
follows from [8, Thm. 14.8], because only one of x; (o) and y; (o) could be
compatible with py (notation as in loc.cit.). Otherwise, we have either f =1
and Ag(ro) = p — 2 (hence p is irreducible by the genericity of p), or f > 2
and Ajy1(ri41) = 0. In the first case, it is direct to check that Dy ,(p) does not
contain pd (o), see [8, §16]. We assume f > 2 and A\;11(ri41) = O for the rest.
We need to show that gr; Do ,(p) does not contain u; (o), i.e. the element
pi = (.., p—2—xi, w41 +1,...), where (u);(z;) = z; if j ¢ {i,i + 1},
is not compatible with py. This also follows from [8, Thm. 14.8] by a careful
analysis. Indeed, by the genericity of p, Aiy+1(r;+1) = 0 if and only if one of
the following holds:

(a) p is reducible and, either ;11 =0 and A\j11(zi41) = Tit1, OF Tip1 =
p—3and A1 (Tiy1) =p — 3 — Tig1;

(b) pis irreducible and if ¢ + 1 > 0, then either r;1; = 0 and A\j11(zi41) =
Tig1, or 7ip1 = p — 3 and A\jy1(xi41) =p — 3 — wi4q; if i + 1 =0, then
either 7o = 1 and A\g(xg) = a9 — 1, or ro = p — 2 and A\g(z9) =p— 2 —
Zo-

In all cases, we have p1y j41(Yi+1) = p — 1 — yit1, see the paragraph preceding
[8, Thm. 14.8]. Therefore p; is not compatible with jy.
For (ii), let M be a non-split T-extension

0— Dooy(p) > M — o0 —0.

Then we can view M as a sub-representation of R,. By (i), Do -(p) is al-
ternative. Since o is not isomorphic to p; () or u; (o) for any i, M is still
alternative, so that M N A, C A, by Lemma m Then Proposition m
implies that M C A, which gives a contradiction since A, is multiplicity
free while M is not. O

Remark 2.27. If 5 is reducible non-split, then Dy ,(p) is in general not
alternative, see [8, §16, Example (ia)].

We choose a tame type V such that the Jordan-Holder factors of V are
exactly the set Z(p); this is possible by Proposition For 7 € 2(p), let
V? be the unique homothety class of lattices in V' such that the I'-cosocle of
Ve wpVyeis 1.
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Proposition 2.28. Let o1, ...,0m, € 2(p) be different weights. Let T € 2(p)
and assume that dimp Extl (7, 0;) =1 for all 1 < i < m. Let M be the univer-
sal extension

0—=®2i0i—>M—=>17—=0,

i.e. the unique extension of T by @i ,0; whose cosocle is 7. Then M is a
quotient of V2 JwgVye.

Proof. By definition, V.°/wgV?® has cosocle isomorphic to 7. Proposition
2.21|(iii) shows that all 0 € 2(p) such that Exti(r,0) # 0 must appear in
the 1-st layer of the cosocle filtration of V.° /wgVy?, proving the result. [

Corollary 2.29. Let W be a sub-representation of Gycqp)Ro containing
Dy(p). Assume that for each T € 9(p), Homp(V? /wgV2, W) is 1-dimen-
sional over F. Then W = Dy(p).

Proof. Suppose that W is strictly larger than Dy(p) and let 7 be a weight
appearing in the socle of W/Dy(p). Since W and Dg(p) have the same socle
(both isomorphic to ©,cq(5)0), We get a non-split I'-extension, denoted by
M,

0— Do(p) > M — 1 —0.

Lemmas and show that 7 € Z(p) and this extension is the pushout
of a non-split extension M’ of 7 by &, ¢ g0, for some subset S C Z(p) uniquely
determined by requiring that the cosocle of M’ is 7. By [8, Cor. 5.6(i)], if
o € 2(p) is such that Extl(r,0) # 0, then it is automatically of dimen-
sion 1 over F. Therefore, we may apply Proposition and deduce that
the latter extension is a quotient of V°/wpgVy?, providing an element of
Homp(V? /wgrV,, W) whose image has length at least 2. However, by as-
sumption Homp(V,°/wg V.2, W) is of dimension 1, and must be spanned by
the composite map

(2.5) Ve |wgV?e — 7 < socrW C W.
The contradiction allows to conclude. O
3. Global input

We prove Theorem in this section. Let F' be a totally real extension of
Q in which p is unramified, and Op be its ring of integers. For any place
v of F|, let F, denote the completion of F' at v with ring of integers Op,,
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uniformiser w, and residue field k,. The cardinality of k, is denoted by q,.
We let Ar ; denote the ring of finite adéles of F. If S is a finite set of places of
F, we let A%f denote the finite adéles outside S. We write G := Gal(F/F)
for the global absolute Galois group of F, and G, := Gal(F,/F,) for the
local Galois group at v. We fix an embedding F < F, so that G, identifies
with the decomposition group of v over F. We let Frob, € G, denote a (lift
of the) geometric Frobenius element, and let Arty, denote the local Artin
reciprocity map, normalised so that it sends w, to Frob,. The global Artin
map is denoted by Artp .

If v is a place of F' over some prime [. An inertial type for F, is a two-
dimensional E-representation 7, of the inertia group I, := I(F,/F,) with
open kernel, which may be extended to Gr,. We mainly consider | = p case.
Then the tame types considered in §2.4] correspond to the non-scalar tame
inertial types under Henniart’s inertial local Langlands correspondence [17].

Let D be a quaternion algebra with center F. Let X be the set of finite
places where D is ramified. We assume that ¥ does not contain any place
dividing p. We consider the case that D is ramified at all infinite places (the
definite case), or split at exactly one infinite place (the indefinite case). We
exclude the case F = Q and D = GLs.

3.1. Space of modular forms: the definite case

Assume D is definite. For A = Op or F, a locally constant character 1 :
FX\AL = A and U =][, Uy C (D®p Apyf)* an open compact sub-
group such that | AL, = 1. We denote by 55 (U, A) the space of functions

f: DX\(D KRF Apyf)X/U — A

such that f(zg) = ¢(z)f(g) forany x € A}, and g € (D ®p Apy)*. By tak-
ing limit over all the open compact subgroups U C (D ®F Ap )™ satisfying
MUQA;f = 1, we obtain an A-module

Sp(A) =l SP(U, A).
U

which carries a smooth admissible A-linear action of (D ®p Apf)* by
(9£)(h) = f(hg) for g,h € (D &p A ).

Let S be a finite set of finite places of F' which contains X, the places
lying over p, the places at which U, is not maximal, and the places at which
v is ramified. Let T¥(Og) be the commutative polynomial algebra over Op
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generated by the formal variables T, and S,, for w ¢ S. Then T*(Og) acts
on Sf/)j (U, Og) with T, and S, acting by the usual double coset action of

wyw 0

GLg((’)Fw)< 0 1>GL2(0Fw)

and
wy 0
0 oy

GL2(Op,) ( ) GL2(OF,).

respectively. Let T (U,0) denote the image of T (O) in Endo,, (S; (U, O)).

Let 7 : Gp — GLa(F) be a two dimensional continuous totally odd and
absolutely irreducible Galois representation. For w a finite place of F) let
Pw = T|G,, denote the restriction of 7 to G,. We choose an S as above
which further contains all the ramified places of 7. We associate to 7 a maxi-
mal ideal m2 of T°(OF), given as the kernel of the map T°(Og) — F sending
Ty, to 1 (Froby,!) tr(5,, (Frob,)) and Sy, to gy, det(p,, (Frob,)) for w ¢ S.

Let

Sy (UF)m?] == {f € S(U,F), Tf =0VT € m?}.

By [9, Lem. 4.6], the space SE(U, F)[m2] is independent of the choice of S,
so we denote it by 5’5 (U, F)[mz]. Therefore, we take the limit

Sy (F)[mz] := lim 57 (U, F)[my].
U

Definition 3.1. We say that 7 is modular if there is a finite order character
¢ : Gp — Oj such that det7 = =14 with € the p-adic cyclotomic character,
and

SP(F)ms] # 0.

This is equivalent to demanding the localization Sﬁ (U, F) s #0 for some U.
We recall the following conjecture of [9].

Conjecture 3.2. ([9, Conj. 4.7]) Suppose that 7 is modular. There is a
(D ®F A r)*-equivariant isomorphism

S5 (F)[my] = @;,m, ()

where, in the restricted tensor product on the right hand side, 72 (7) is
the smooth admissible representation of (D ®p F,,)* associated to p,, by
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Vignéras and Emerton when w { p, and when w|p, 72 (7) is a smooth admis-
sible representation of (D ®p F,,)* = GLa(F,,) such that if o is a weight,
then Homgy, (o, (o, 72 (p)) # 0 if and only if o € 2(p,,).

Remark 3.3. The weight part of this conjecture is proved in many cases
by Gee [14] and then is completely proved in [I5] (for 7 satisfying the usual
Taylor-Wiles hypothesis). Using [13, Thm. 10.2.1|, we see that the GL2(OF, )-
socle of 72 (7) is exactly Doeca(p,)0: if Py, is generic.

Let oy be a finitely generated continuous representation of some open
compact subgroup U of (D ®f Ap )™ over Op. We denote

SP(oy) = Homy (ov, S)) (Op) ®o, E/Og),

and write T(oy) for the image of the abstract Hecke algebra in
Endo, (7(ov)).
We make the usual Taylor-Wiles assumptions on 7 : Ggp — GLy(F).

Assumption I. We assume that p is odd; 7 is modular and 7|¢,, , is abso-
lutely irreducible, where ¢, is a primitive p-th root of unity; if p = 5, assume
further that the projective image of 7|g,, ., 1s not isomorphic to As.

We can choose a finite place wy ¢ S with the properties that

¢ gu, #1 (mod p),

e the ratio of the eigenvalues of 7(Frob,,, ) is not equal to g:t!

e the residue characteristic of w; is sufficiently large that for any non-
trivial root of unity ¢ in a quadratic extension of F, w; does not divide
C+(¢ -2

We consider open compact subgroups U =[], Uy of (D ®p Ap )™ for
which Uy, is maximal if w ¢ S U {w }, and U,, is the subgroup of GL2(OF, )
consisting of elements that are upper-triangular and unipotent modulo wj.
Under these assumptions, U is sufficiently small. For oy as above and each w
in S, fix a character Vo, : Gr, — O such that ¢y, (Frob,,) = ¢ (Froby,),
and Yoy, w1, © Arty, = oy| o5, - By Hensel’s lemma, there is a unique char-

w

acter 0, : Gp, — Of with the property that 6, = 1 and 62 = w;Ul,wWGFw~
We write oy7(6) for the twist of oy by ®yes(by © Artp, odet), where det is
understood as the reduced norm of D5 if w € ¥. We extend oy (6) to an
action .of U-Ag 7 by letting A% f a-ct via the composite Af ;o A; /I F =
O*, with the second map the one induced by 1 o Artp.
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Let oy7(0)* denote the Pontryagin dual of o17(#). The space S (oy/) can
be identified with the space of continuous functions

f : DX\(D XRp AFyf)X — O'U(H)*

such that f(gu) =u"'f(g) for all g€ (D ®r Aps)*,ue U-Alﬁ’f. By the
weight part of Conjecture for every modular 7 : Gp — GLy(IF), we can
choose U =[], Uy with Uy, = GL2(Op,) for all w|p, and oy := ®
ow a Serre weight of 5,,, such that SD(O'U)mg # 0. We define

wlpTw With

Mz(oy) == SD(O'U)?;ga

where * stands for the Pontryagin dual.
3.2. Space of modular forms: the indefinite case

Assume D is indefinite. For any open compact subgroup U C (D ®@p Apf)*,
there is a Shimura curve Xy over F, a smooth projective algebraic curve
whose complex points are naturally identified with

D*\((D ®r Ary)”* x (C\R))/U.
Let A be Og or F, we define
SD(U7 A) = Hélt(XU7F7 A)7

and

SP(A) = lim Hgy (Xyy 7, A)
U

where the limit is taken over all the open compact subgroups of (D ®p
Ap )™,

As in the definite case, we take S a finite set of finite places of F' which
contains 3, the places lying over p, the places at which U, is not maximal,
and we can form the abstract Hecke algebra T°(Op) acting on S (U, OF)
and let TS(U, Og) denote its image in Endp, (SP(U,OF)). Let 7: Gp —
GL2(F) be as above. For suitable choice of places S, we get a maximal ideal
m2 C T9(OF), and we can define SP (U, F)[m2], SP(F)[mz] and SD(IF')mg as
in the definite case, see [9, Page 150|. If SD(IF)mg # 0 for some S, we say
that 7 is modular.

We recall the following conjecture of [9].



Multiplicity one for the mod p cohomology of Shimura curves 867

Conjecture 3.4. (|9, Conj. 4.9]) Suppose that 7 is modular. There is a
Gr x (D ®F Ap,f)*-equivariant isomorphism

SP(F)[me] 27 & (@], 70 (7))

where, in the restricted tensor product on the right hand side, 72 (7) is
the smooth admissible representation of (D ®p F,,)™ associated to p,, by
Vignéras and Emerton when w { p, and when w|p, 72 (7) is a smooth admis-
sible representation of (D ®p F,,)* = GLa(F,,) such that if o is a weight,
then Homgy, (0, )(0, 7P(p)) # 0 if and only if o € 2(p,,).

Remark 3.5. The weight part of this conjecture is also proved in [15](under
the usual Taylor-Wiles hypothesis), and the fact that every Serre weight
appears with multiplicity one when p,, is generic is proved in [I3, Thm.
10.2.1].

If oy is a finitely generated continuous representation of some open com-
pact subgroup U of (D @ Ap )™ over Op. We denote

SD(O‘U) = HOHIU(O’U, SD(OE) RoOg E/OE),

and write T(oy) for the image of the abstract Hecke algebra in
Ende, (SP (ov)).

For the open compact subgroups U under similar conditions as in the
definite case, there is a local system F, ). on Xy corresponding to oy (6)*
in the usual way, and S (o7) can be identified with H} (Xu 7 Fou(o)-). For
modular 7, we can find S, U, oy such that SD(UU)mg # 0. We define

*

Mx(oy) := (HomT(UU)mg [GF](TmysD(UU)mg)) ,

where ry : Gp — GLo(T(0)s) is the two dimensional continuous Galois
representation associated to 7 by Carayol [10].

3.3. Minimal level case

We recall the minimal level case as in [6] and more generally in [13]. Fix
a place v|p. Following [13, §6.5], we assume Assumption I and make the
following additional assumption:

Assumption II. We assume that p > 5, p,, is generic for all places w|p, and
it w e X, p,, is not scalar.
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In fact, the case where p,, is reducible non-scalar for all w|p,w # v is
considered in [6], §3.3]. This is generalized to the case where p,, is irreducible
in [I3 §6.5]. The assumption that p,, is generic excludes the scalar case.
We follow the notation in [I3] §6.5]. Let ¢ be the Teichmiiller lift of &det 7,
and let S be the union of X, the places over p, and the places where 7
is ramified. For each place w € S,w # v, one can define a compact open
subgroup U, of (Op)) and a finite free Op-module L,, with continuous
action of Uy,. We write L := ®yes,w0,0,Lw Which is a finitely generated
continuous representation of UY := [ [, c 5.1y Uw X [ 1ygs GL2(OF, ). Let S’
be the union of the set of places w|p, w # v for which p,, is reducible, the set
of places w € ¥ for which p,, is reducible, and the place w;. For places w in
S’, one can define the Hecke operator T}, and choose scalars 3, € F* as in
loc.cit.

For any finitely generated Op-module o, with a continuous action of
GL2(Op,), we consider the space of modular forms S (s, ® L) with an ac-
tion of the Hecke algebra T(o, ® L). Note that o, ® L yields a representation
of U via the projection U — Ug. As in loc.cit. one can extend this action
to an action of T(o, ® L) := T(0y ® L)[Ti]wes’ - Denote by m’ the maximal
ideal of T(c, ® L)" generated by m2 and the elements T, — 3, for w € S'.
We define

SD’min(O'v)m’ e SD(O'U ® L)m’a

and construct M™% (g,) from SPMi%(g,) . in the same way as we con-
structed Mz(oy) from SD<JU)m§.

Definition 3.6. We define a smooth admissible representation 72 (7) of
GL2(F,) as follows: in the definite case,

73 () := Homp(+](Que S0 Lo, S5 (F) [m]) [m];
and in the indefinite case,
72 (7) := Homg(rr),) (F ® @weswsto L, S (F) [mz]) [m'].

By definition, for any finite dimensional representation o, of GL2(OF,)
over I, we have

(3.1) Homgr,(0,. (0 P (7)) = M™(g,)*[m'].

Remark 3.7. If the decompositions in Conjectures and hold, the

representation 72 (7) defined above is the local factor at v. Indeed, Breuil



Multiplicity one for the mod p cohomology of Shimura curves 869

and Diamond [6], Cor. 3.7.4] proved this when 7,, is reducible non-scalar for
all w|p. By the same arguments, the multiplicity one result of [13, Thm.
10.1.1] (recalled in Thm. below) implies the general case when p,, are
only assumed to be generic.

3.4. Consequences

In this subsection, we first recall the multiplicity one results of [13] for lattices
of tame types, then we combine their results with our local results in §2.6 to
prove our main theorem.

We continue with the minimal level case in §3.3] We let R, denote the
universal framed deformation ring for p,, over Og. For every w € S, w # v,
let R denote the local deformation ring defined in [I3, Page 51]. The ring
RM is an RY-algebra and is formally smooth over Op. At the place v, let
T, be a non-scalar tame inertial type for I satisfying the condition that
det 7, is a lift of £detp, |1, , so that any integral lattice of the tame type
V(1) admits a central character lifting the character (Zdet p, |1, ) o Artp, .

We write R, 0.yl

D7 »lu .
determinant ¢|q, e~ We let R, Vlor, 7 denote the reduced, p-torsion free
7,¢)‘ Fu

P for the quotient of RY corresponding to liftings with

quotient of R, corresponding to potentially crystalline deformations of
inertial type 7, and Hodge-Tate weights (0,1).
We let R'°¢ denote ®,c5R5. We define

7’¢‘GF sTo

Rmin,n — R ®(®w€$’ w;évam)y

which is formally smooth over R, Dvler T ot Rif g (resp. RE g) be the
universal (resp. framed) deformation ring for deformations of 7 which are
unramified outside S with determinant ye~!, so that BE ’g) is naturally an

R%S-algebra. We define R;’émn = S’éﬁ ® gioe R™MT0 We also have the cor-

responding universal deformation ring R’inin defined as the image of RY rg in
O,min

=5 - The usual Taylor-Wiles-Kisin patchlng argument [I3], §6.4], [16] ap-
phed to the space M*(V(7,)°) defined above in both definite and indefinite
cases gives us the following data:
e positive integers g, q,
e R,™™, a power series ring in ¢ variables over R™™™v,
e an Op-algebra homomorphism Ogl[x,. .. ,x4#5+q_1]] — RE™™ guch
that

Rénoin7n/($17 s ,x4#5+q,1) = RIF???
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e a coherent sheaf MM (V (7,)°) over RE™™ with an isomorphism

MER(V(70)*)/ (@1, - Bagsig-1) = ME™(V(7,)°).

For any tame type V, it is observed in [13| Lem. 3.1.1] that V' can be
defined over an unramified extension of Q,. By going through all the above
constructions, we can and we do assume that F is an unramified extension
of Q, in the following. We recall Theorem 10.1.1 of [13].

Theorem 3.8. Assume Assumptions I and II, and let T, be a non-scalar

tame inertial type for Ip,. For any o € JH(V (7)), we have the (homothety
class of) lattice (V(7y)s)° such that the cosocle of its reduction is o (see

Prop. (ii)). Then the coherent sheaf M{gg((V(TU)J)O) is free of rank
one over Rog™™.

Corollary 3.9. Under the above assumptions, we have

dimp MFmin((V(Tv)o)o)* [m'] < 1.

Therefore, we have
(3.2) dimg Homgr,,(0,,)((V(70)0)°, 75 (F)) < 1.

Proof. The second inequality follows from the first one by . Hence, it
suffices to prove the first inequality. To simplify the notation, we denote
V(7y) by V in the proof.

Since M%ngg is a minimal fixed determinant patching functor (see |13
§6]), from Theorem we have that MX2((V;)°) is a cyclic RE™T_module.
Then the F = R /M pumin., -module

MR ((Vo)®) /m e, MERR((Vi)®)
is a cyclic F-module. Therefore,

dinns ME((V5)%) g MES2((V3)7) < 1,
As a dual F-module of M;floig((VU)o)/ngn,m M;fgg((vg)o), M%ni“((VU)O)*[m’]

is also of dimension less or equal to 1. O

Corollary 3.10. Maintain the same assumptions onT as above, and assume

further that p, is tame (i.e. either split or irreducible). Then P (F)Kr =
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Dy(p,), where K1 =1+ pMs(Op,), and Dy(p,,) is the representation of T :=
GLa(ky) constructed by Breuil and Paskunas and recalled in §2.6.

Proof. We use freely the notation in §2. It suffices to show that 72 (7)%:
satisfies the hypothesis in Corollary By Remarks [3.3] and we have

socr(m, (1)) = socgr, (0y,) T (7) = Does(p,)0-

Hence 72 (%)%t embeds into ®oea(p,) o, where R, is the injective envelope

of o in Repr (since dim o > 2), see the beginning of §2. By |5, Prop. 9.3] and
Remark we have a ['-equivariant injection Dy (p,) < 72 (7)%1. Since by
assumption p, is tame, we can choose a tame type V with JH(V) = 2(p,)
by Proposition For any o € Z(p,), let V) denote the unique I'-stable
Og-lattice of V' whose reduction has cosocle . Then we have a natural
I'-equivariant morphism

VY JwEV, — o — 7rUD(F)K1,

and hence by (3.2]), we have

dimp Homp (V) /g Vy, WD(F)KI) =L

r v

Finally, Corollary allows to conclude. U
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