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Limit laws for random matrix products

JORDAN EMME AND PASCAL HUBERT

In this short note, we study the behaviour of a product of ma-
trices with a simultaneous renormalization. Namely, for any se-
quence (Ap)nen of d x d complex matrices whose mean A exists
and whose norms’ means are bounded, we prove that the product
(Id + %AO) e (Id + %An—l) converges towards exp A. We give a
dynamical version of this result as well as an illustration with an
example of “random walk” on horocycles of the hyperbolic disc.

1. Introduction

Products of random matrices — or cocycles — are generally studied and
well understood via ergodic theory, martingales on Markov chains, or spec-
tral theory for instance. For some literature in this direction, one can look at
a book such as [1, the surveys [3, 4]. Indeed, results like the Osseledec the-
orem give a precise asymptotic behaviour of a product of random matrices.
It provides informations like the logarithmic growth rate of the norm of the
matrices. However, in [2] we encountered a random product of matrices that
did not fit the usually studied case. Indeed, understanding the limit of the
characteristic functions of a renormalized sequence of probability measures
had to be achieved by understanding, for any parameter ¢, a random product
of matrices of the form (Ax, + £Bx,) - (Ax, + L Bx,) where (X,),cy is
a binary sequences and Ag, A1, By, By are fixed 2 x 2 matrices. The scale
of normalization is different from the standard one, thus the result is more
precise. We obtained a convergence of the matrices instead of convergence of
the logarithm of the norms. Nevertheless, the method involved heavily relied
on the properties of the matrices and, as such, was ad hoc for the problem
we were interested in. However, in a an effort to replicate and generalize
this type of random product of matrices (namely by understanding Corol-
lary , we stumbled upon a surprising general property of these types of
products that we explicit in Theorem
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Theorem 1.1. Let (Ay),cy be a sequence of d x d complex matrices satis-
fying

1n
lim —

-1
> A=A
n—+oo n
k=0

and such that (137, HAk”)neN* is bounded for a norm || - || by «.
Define, for any t in C and any positive integer n

0, () = (Id 4 ZA()) . <Id 4 :LAH> |

Vte C, lim II,(t) = exp(tA).

n—-+o0o

Then,

Remark 1.2. Here is an heuristic explanation of the statement of Theo-
rem[I.1] Consider the problem at the level of the Lie algebra. The main term
is L ZZ;(I) Ay and its limit ¢ A. The limit of IL,, is the exponential of the limit

n
in the Lie algebra. In a sense, at this scale, the behavior of the product is

directed by the behavior of the sum ZZ;(I) Ag in the Lie algebra.

An elementary version of Theorem for complex numbers is the fol-
lowing classical

Lemma 1.3. Let (up)nen be a bounded complex sequence whose mean con-
verges towards . Then

2. Proof of Theorem [1.1]

Proof. First let us write, for any n and ¢,

n—1 + k
oS0 (5 e
0<iy<<ix<n—1
and notice that for any k,

t\* £\ *
z A A | < (= Al || 4, || -
<n> > . , <n> > Al - - - | As, |

0<iy << <n—1 0<i) << <n—1
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Notice that by commutativity

n k
1
ST Ml 4 < o (Z umn)
k=0

0<i; < <ip<n—1

so we have

0<i1 << <n—1

k k k
t [t" |
<n> ! k!

Hence, by the dominated convergence theorem, in order to prove the theo-
rem, we only need to show that, for any k,

. 1 1
lim — E Ay - Ay, = = AR
n—+oo 1 k!
0<iy <--<ix<n—1

We proceed by induction on k. The case k =1 is the hypothesis of the
theorem. Let us assume that this property is true for a fixed integer k.

1
ST 2. Ao Ai A

0<iy < <ip<I<n—1

1 n
- LYY )

-1
1=k \0<i;<-<ip<<I—1

and by induction hypothesis there is a sequence (¢;);en going to zero such
that for any I:

lk
> Ai Ay | = = AF 4 1R

k!
0<iy <-- <1 <<l—1
Hence
1 1 n—1
A - = k Ak k
s Z A - A A= ETIR] Z (l AT +1 61) Ay
0<iy < <ip<Ii<n—1 =k

and it follows that

n—1 n—1

1 _ Nk 1 k
P2 A A= e AT Bk S D ady

0<iy <+ <ig<I<n—1 1=k 1=k
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So in order to get the result, we must prove that

k
nklfoo nk—f—l Zl A= A

and

HETOO nk+1 Zl ad; =0.

Since the sequence (€)nen goes to 0 as | goes to +oo, and since the mean
of the norms of the ||A;|| are bounded by hypothesis, it is obvious that the
first limit implies the second.

Let us write
nl I k
k
gt 15 (1) a

and state the following.

Lemma 2.1. Let (uy),cy be a sequence with values in Mg(C) whose mean
converges towards L and let g be a function in C*(R). Then,

S Zg( Ju=s [ st

Applying this lemma to (4;);en with g : 2 +— 2* yields the result. O

Proof of Lemma[2.1. We start by doing an Abel transform. With the nota-
tions of the lemma, let us denote, for any integer n,

and so
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which yields

n—1 n—2

1 l 1 { [+1 1 -1
Zg()“’zz&<g<>_g< >>+”‘1'g<n )
nl:O n nlzo n n mn n

Now let us recall that lim, o0 %Sn_l = L hence there exists a sequence
(€1)ieny whose limit is zero such that for any [

S = l(L + 61).

This, in turn, yields

(B b))

Now let us remark that

n—+oo n n

1 —1
lim (nen_l—L—en_l)-g<n ) =0

and that, since g is differentiable, by the mean value theorem, for any couple

of integers I < n, there exists a real x in [L H—l] such that g ( ) —g (”Tl) =

!
, n’> n n
#. The function ¢’ being continuous, it is bounded on [0, 1], and since

lim;_, 1 € = 0, we have

n—2

1 l [+1
lim — "1 —)-g(—=)) =0
nalrfoonlzo K (g <n> g< n ))

So, in order to complete the proof of this lemma, we must understand the
asymptotic behaviour of

D (o) o (1)) oo ()

which is equal to

P () () e (5)
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From here on, noticing that + Z = 1 g ( ) is a Riemann sum yields the result,
we indeed have

10 (0 Lo

3. Applications to dynamics

O

Corollary 3.1. Let (X,B,u,T) be a measured dynamical system, p being
an ergodic T-invariant probability measure. Let A be function from X to
Ma(C) such that each A; j is in LY(X,p). Then, for almost every x in X,

i ([d + :ZA(x)) (Id + i Tn—l(x)> — exp <t /X A(x)d,u(:c)).

Proof. This is just a matter of writing Theorem using Birkhoff’s point-
wise ergodic theorem. U

The fact that this theorem applies to generic points of ergodic probability
measures is useful to understand some dynamical systems as we illustrate
with the following corollary which gives the asymptotic law of a “random
walk” on horocycles of the hyperbolic disc.

Corollary 3.2. Let Ay = <8 é) and As = <(1) 8) Let p be a shift-

invariant ergodic probability measure on {1,2}. Then, for p almost every x
in {1,2}, and everyt in R, the sequence ((IQ + %A%) cee (IQ + %Amn_l))
has for limit the following matrix

neN

h L w(2) oy ¢

o8 <\/ ([mu(m)) (D) Rl SV (B
h( —

Vi <\/u(m ] ) cos ( (D)

Proof. One easily computes exp < i 0 tﬂ([”)) to get the desired result.

Remark 3.3. Remark that Corollary can be interpreted in a geometric
way given that Io + A; and Iy + Ag are generators of SLs(Z). Notice that
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Figure 1: An illustration of a random hyperbolic walk.

taking, for instance, i to be the symmetric Bernoulli measure on {1,2}, the

limit matrix from Corollary is (CPSh (t%) sinh (;)> which is conjugated
sinh (5) cosh (%)
ez 0
0 e”
walk” (with simultaneous renormalization) on two horocycles of the hyper-
bolic disc converges towards a unique point on the geodesic represented by
the vertical diameter of the disc as illustrated on Figure [1ff]

to by a rotation of angle w/4. Hence almost every “random

NI

'The calculations are made in the hyperbolic plane but the picture is presented
in the disc since it is more symmetric.



1212 J. Emme and P. Hubert

Acknowledgement

We wish to thank Jayadev Athreya and Samuel Lelievre for their interest in
this problem and for sharing ideas with us.

References

[1] Y. Benoist and J.-F. Quint, Random Walks on Reductive Groups, Vol. 62

of Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series
of Modern Surveys in Mathematics [Results in Mathematics and Related
Areas. 3rd Series. A Series of Modern Surveys in Mathematics], Springer,
Cham (2016), ISBN 978-3-319-47719-0; 978-3-319-47721-3.

J. Emme and P. Hubert, Central Limit Theorem for probability mea-
sures defined by sum-of-digits function in base 2, preprint (2016),
arXiv:1605.06297.

A. Furman, Random walks on groups and random transformations, in:
Handbook of dynamical systems, Vol. 1A, 931-1014, North-Holland, Am-
sterdam (2002).

F. Ledrappier, Some asymptotic properties of random walks on free
groups, in: Topics in Probability and Lie Groups: Boundary Theory,
Vol. 28 of CRM Proc. Lecture Notes, 117-152, Amer. Math. Soc., Prov-
idence, RI (2001).

LABORATOIRE DE MATHEMATHIQUES D’ORSAY, UNIV. PARIS-SUD, CNRS
UNIVERSITE PARIS-SACLAY, 91405 ORSAY, FRANCE
E-mail address: jordan.emme®@math.u-psud.fr

A1X-MARSEILLE UNIVERSITE, CNRS
CENTRALE MARSEILLE, I2M, UMR 7373, 13453 MARSEILLE, FRANCE
E-mail address: pascal.hubert@univ-amu.fr

RECEIVED OCTOBER 25, 2017



	Introduction
	Proof of Theorem 1.1
	Applications to dynamics
	Acknowledgement
	References

