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Spreading of the free boundary of
relativistic Euler equations in a vacuum

CHANGHUA WEI AND BIN HAN

Thomas C. Sideris in [J. Differential Equations 257 (2014), no. 1,
1-14] showed that the diameter of a region occupied by an ideal
fluid surrounded by vacuum will grow linearly in time provided the
pressure is positive and there are no singularities. In this paper,
we generalize this interesting result to isentropic relativistic Euler
equations with pressure p = 02p. We will show that the results
obtained by Sideris still hold for relativistic fluids. Furthermore, a
family of explicit spherically symmetric solutions is constructed to
illustrate our result when ¢ = 0, which is different from Sideris’s
self-similar solution.

1. Introduction

Free boundary value problem for ideal fluids is important and interesting in
physics, and has attracted much attention in the last decade, see [21] and [22]
for 2D and 3D incompressible, irrotational full water wave equations with
gravity; [6] for the well-posedness of compressible liquids and [5] for the well-
posedness of compressible Euler equations in a physical vacuum. Recently,
Sideris in [12] investigated the free boundary problem of compressible ideal
gases and incompressible ideal fluids surrounded by vacuum. He showed that
the diameter of the region will grow linearly in time provided the pressure is
positive and the solution is smooth. The proof is based on some identities of
integral averages introduced by himself in [I3], which were utilized to show
the formation of singularities in three-dimensional compressible fluids. This
method has been further explored to study the singularity of solutions to
various hyperbolic equations. One can refer to [7, [10, [17] for classical fluids,
[14, 23], 24] for nonlinear wave equations, [2] and [9] for relativistic fluids.
Inspired by Sideris’s work [12] and the importance of the free boundary
value problem in mathematics and physics, we focus our interest on the
following relativistic Euler equations for a perfect fluid in 1 + n-dimensional
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Minkowski spacetime

n

(1.1) > 9, =0,

n=0
where
(1.2) TH = (pc* + p)utu” + p(g~ )"
is the stress-energy tensor for a perfect fluid, and (¢~ 1) =diag(—1,1,...,1)
denotes the flat Minkowski metric for u,v = 0,1,...,n, the coordinates x =
(20, 2%, :z:”)T with 20 = ct. p denotes the mass energy density, p the
pressure, ¢ the speed of light, and u = (u?,...,u™)T = %Z—’T‘ (7 is the proper

time) denotes the future-directed unit time-like 1 + n-vector in Minkowski
spacetime and it satisfies

(1.3) W)? = (W) =1, u’>0.

i=1

From ([T.3)), it is easy to see that only n variables of the quantities u%, u', ...,
u™ are independent. From now on, we adopt the normal space-time coordi-
nates (t,z',...,2™)T. Set x = (2',...,2™)7T, u = (u',...,u™)T and let

Ccu

V1 u2’

where v = % denotes the speed of classical fluid and |u[? = 3", (u?)?. With
above notations and (|1.2]), expanding (1.1)) directly, we have

c2—v? c2—v?

O(LEB ) 4V, - (2420 ® v) + Vp = 0,

c2—p2

(1.4)

{at(pczﬂj — B)+ V- (5) =0,

where V, denotes the spacial gradient operator, a ® b = ab? for two n-
vectors a and b. One could easily see that once the pressure p = p(p) is
given, the above system is well determined and contains n + 1 equations
with n + 1 unknowns (p,v!, ..., v").

Remark 1.1. For detailed derivation of ((1.4)) from (|1.1]), one can refer to
Smoller and Temple [I5] or our paper [8].

Remark 1.2. From (|1.4), we see that when ¢ — oo, the Newtonian limit
of relativistic Euler equation is exactly the classical Euler equations. That is
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one motivation for us to investigate relativistic fluid. The other motivation
is its importance in physics, especially in cosmology and general relativity.

In this paper, we assume

(1.5) p=p(p) =°p,

which plays an important role in cosmology. For o2 = %02, it is used as a
toy model for a “radiation-dominated” universe and can also be derived as a
model for the equation of state in a dense Neutron star. For further discus-
sions of this state equation, we refer to [20]. Due to its importance in physics,
it attracts much attention of mathematicians and physicians. For instance,
J. Smoller and B. Temple [I5] proved the global weak solution of with
by Glimm scheme for the one space dimension case. Later, their result
was generated by B. D. Wissman [18] to the non-isentropic case. For n = 3,
it was proved by Pan and Smoller [9] that the smooth solutions for (|1.4])
must blowup in finite time in the spirit of the work of Sideris [13] provided
the smooth initial data has compact support and satisfies some largeness
conditions. A great breakthrough has been made by Christodoulou in his
monograph [I], in which he showed the formation of shocks in finite time
for under the assumption of irrotation by the techniques of differen-
tial geometry for n = 3. When 0 < o2 < %, J. Speck in [4, 16] proved the
global stability of Fuler-Einstein system with a positive cosmological con-
stant. The above results all focus on the non-vacuum Cauchy problem with
compact initial data. For the free boundary problem, we need the following
preparations before stating our result.

1.1. Free boundary problem

For convenience, we use similar symbols introduced by Sideris in [12]. At
first, we need to emphasize that the local existence of the classical solution
to the vacuum initial free boundary value problem for is still unknown,
which is an interesting and important problem in the research of relativistic
fluids. In the following, all the results of this paper are based on the assump-
tion that the classical solution of exists in a bounded open region {2
with C! boundary 0€; for 0 < t < T'. Define the space-time region

Sr={({t,x): 2 e, 0<t<T}
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and its lateral free boundary
Br ={(t,x): x € 00, 0 <t < T},

which is C! with unit outward normal vector n(t,z) € R*" for (t,z) € By.
For simplicity, denote

p*+p p pc® +p

-5, 5= )
2 — 12 2’ c2 — 12

Then, on Sp, (1.4 can be rewritten as

{atp +V, - (v) =0,

(L6) p=

(1.7) i} )
O (pv) + Ve - (pv @ v) + Vap = 0.

Assume the fluid is surrounded by vacuum, then the appropriate boundary
condition is

(1.8) p=0, onBrp.

It is easy to see that p = p=p =0 on Br.
We introduce some average quantities:

e Total mass:

(1.9) M (t) :/ pdz.
e Center of mass:

(1.10) Z(t) :Ml(t)/ prdz.
e Average velocity:

(1.11) v(t):Ml(t)/Q pudz.
e Moment of inertia: |

(1.12) X(t) :/Q ~ple — z|*dx.
e Average radial momentum:

(1.13) Y(t) = / plx — 7,0 — pla — 7, 5)da.

t
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Remark 1.3. In contrast to classical fluids, p and p depend not only on
the density p but also on the velocity v.

1.2. Main Theorem

With the preliminaries above, we now state our main results as follows:

Theorem 1.4. Let p € C°(S7) N CY(St), v € C*(St) be a solution of (1.7)
and (1.8) with p(0,-) > 0 in Q. If ¢ # 0 and satisfies D := min{c?, no?} —

92(0) > 0, then in fixed space-time coordinates (¢, ), we have
[diam Q)* > [DM(0)t? + 2Y (0)t + 2X(0)]/M(0), 0<t<T.
If 0 =0, it holds that
[diam ;]2 > [E(0)t? +2Y (0)t + 2X(0)]/M(0), 0<t<T,
where E(0) = fQo plv — 9|%(0,y)dy > 0.

Remark 1.5. In the above theorem, the assumption on the constant D is
stronger than the subluminal condition |v| < ¢ in the sense of average since
p > p, and this assumption can be obtained by choosing the initial velocity
appropriately. Moreover, we emphasize that v € C*(Sr) will always mean
that v is a C! function on the closed set St and satisfies the subluminal
condition |v| < c.

Remark 1.6. If the initial datas are smooth functions with compact sup-
port on )y, then there can be no spreading and a singularity must develop
in finite time, see [9] for details with general state equation p(p).

Remark 1.7. When o =0, i.e.,, p=0, it is known as the “pressureless
dust” equation of state. In this case, p = g, then (1.7) can be simplified and
enjoys better structures, which can be seen in the last section.

In order to illustrate the sharpness of above spreading, we also obtain
a family of spherically symmetric solutions for the case of ¢ = 0, which is
different from the spherically symmetric, self-similar solutions of Sideris in
[12].

Theorem 1.8. Assume that o = 0 and let Qy = {|y| < 1}, p(0,y) = po(|yl),
v(0,y) = vo(]y\)ﬁj—‘ with v9(0), vo(+) > 0, then the initial value problem (T.7),
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(1.8) admits a global, spherically symmetric solution and the fluid domain
Q; is a ball which satisfies

diam )y = 2(1 + ’Uo(l)t).

Furthermore, we can get the explicit expressions

. <t,y+vo(’y\)’z|t> ~ (o)

and

‘nfl

; v\ _ po(lyDly
"(t’“ 0('9')|yrt> (Lt on(uDt) (1] + w0y

Remark 1.9. To make sure p does not tend to infinity in finite time, it
is necessary to assume that vo(0), vy(|y|) > 0, which means that the char-
acteristics arising from €2y diverge with time. From the expression of v, we
see that it satisfies the vectorial Burgers equation dyv + v - Vv = 0, since
p=0.

The strategy of the proof is similar to Sideris [12]. At first, we derive two
conserved quantities M (t) and v(t) along the fluid line according to equation
(L.7). Then we prove the second derivative of X (t) along the fluid line is
positive by our assumption on the initial data. At last, via the relationship
between p and p and two conservation laws, we prove the lower bound of the
diameter occupied by the relativistic fluids and explicitly construct a family
of spherically symmetric solutions.

Before ending this section, we give the arrangement of this short paper.
In Section 2, we study the properties of the average quantities and give the
proof of Theorem 1.4. The spherically symmetric solution is constructed in
Section 3 according to the conserved quantities M (¢) and v(t).

2. The proof of Theorem 1.4

In this section, we mainly prove Theorem 1.4 based on the properties of the
integral average quantities and the relationship between p and p. As in [12],
we need the following important identities:
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Lemma 2.1. Let p € CYS7)NCY(St), v € C1(Sr) be the solution to (1.7))

and (|1.8)), then

(2.1) M(t) = M(0),

(2.2 5(t) = 9(0),

(2.3 X'(1) = Y (t),

(2.4) V()= [ (00 + plof = 25(0.0) + np)da.
Q

Proof. Let p, p, p € C°(S7) N C(St), v € C(St) be a solution to (1.7) and
(1.8). Define the flow line z(t,y) as follows

(2.5) {fﬂf(@y) = v(t, z(t,y)),

Equation (2.5)) defines a C! diffeomorphism from Qg to €; with 0 <t < T
since v € C*(Sr). Define the deformation J(t,y) = detDyx(t,y), it is easy
to show that J(t,y) satisfies

(26) DtJ(ta y) =V U(tv x(ta y))‘](tv y)’ J(Ov y) =1

where D; = 0, + v - V denotes the usual material time derivative. For any
C! function f = f(t,x), by a direct calculation, we have

27 D, /Q fde =D, /Q pFI(t,y)dy
/ Dufpd (t,y)dy + / i (t,y)dy
Qo

/ D J(t,y)d

—/ thﬁd:c+/ [Dip+ V -vplfdx
Q Q,

— [ Disido+ [ (0ro+ V- wpllro
Qt t

= [ Def +9 - (5= 7o) lde.

Then, let f =1, we have

(2.8) DM(t) = / (Ve [(p— p)ul)de = 0.

t
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Thus, M (t) = M(0).
Similarly, for ©(t), we have

(2.9 Dya(t) = Dy(M-\(1) /

Q

= DM (1) /Q pode

pudx)

270D [ ute )0y
=M1 /Q (De(pv)d + poV - vJ) dy
— M) /Q 0(50) + v - V(pv) + poV - vlda
— M) /Ql[at(ﬁv) 4V (v ®w)de

= —M_I(O)/ Vapdx = 0.
Q

Thus, v(t) = v(0).
Before proving ([2.3)) and (2.4)), we need to show that D,z (t) = v(t). Let
f==z(t,y) in (2.7), we have

(210)  Dy(t) = Dy(M~(1)) /Q p(t, y)J (t, y)dy

#2720 [ D)0y
- [ 1V (= ) + ol
=) [ (V5= PJus] = (= o + i
—u | j—(ﬁ—mvmv]dx

_ M—l(t)/Q puds = B(t).

By (2.9) and (2.10)), it is easy to see that

(2.11) z(t) = z(0) + v(0)t.
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With (2.10) at hand, we are ready to prove (2.3) and (2.4). Let f =
sz — z|? in (2.7), we have

(2.12)
1
Dy X (t) = Dt/ §f5|$ — Zfda

t

:/t [;Vz-[(ﬁ—ﬁ)v]lw—fIQ+ﬁ<w—f,v—ﬁ> dx

= [ |57 16 ke = 2Pl = (- v - ) e = 0 =)

= [ (= pvz = 2)+ o - 0.0~ o)lda

t

= / [plx — Z,v) — plx — Z,0)]de = Y ().

t

At last, we prove (2.4)), differentiating (2.12)) again, we have

(pvd,x — T)dy — / (pJv,x — i‘)dy]

Qo

(2.13) DY (t) = D, [ /Q 0

_/ <Dt(ﬁvJ),x—£>dy+/ (pv,v —v)Jdy

0 Qo

- [ Dpaye = zay— [ (.0 o)1y

Qo

= /Qt<—pr,w — Z)dxr + /t<ﬁv,v — v)dx
R L R T

Q

_ / —V, - [p(z — )] + np| de + / (v, v — B)dx

Q¢

- / Vs ((p— iz — 2,8)) — (p— 5) v, 0)]de
—/ (pv,v — v)dx

t

- / [np + o, v — B) + (5 — ) (0,8) — piB, v — B)]de

Q

— [ 6@ + Fof? - 26(0,0) + np)da.

t

Then, the proof of the lemma is completed. O
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Repeating the above processes again, we easily get the following corollary
for the case of o = 0.

Corollary 2.2. When o =0, let p € C°(S7)NCY(St), v € C*(S7) be the
solution to ([1.7) and (L.8]), then

M(t) = M(0),

where E(0) is defined in Theorem 1.4.

Proof. When o =0, then p =0, p = p. (1.7) can be equivalently rewritten
as

8+ Vs - (v) =0,
O (pv) + Vg - (pv @ v) = 0.

Then we have

Di(p(t, 2(t,y))J (8, y)) = 0ip + Va - (pv) = 0,

i.e., along the fluid line, M (t) = M(0). Furthermore, it holds that

(2.14) p(t,x(t,y))J(t,y) = p(0,y).

Similarly, we have v(¢) = ©v(0) and

(2.15) p(t, x(t,y))v(t, =(t,y))J (t,y) = pv(0,y).

At last, we prove the conservation of X (t) = Ja, plv— v|?dx. Differentiating
X" (t) by D; gives

DX"(t) = [ Du(pJ)lo—ofdy +2 / pJ(Di(v —7),v — )
Qo QO

:2/@;3(@(1}—1})4—7}'V(v—v),v—wdx:O,

where we have used
ov+v-Vo=20
and
Do = 0.
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Thus, the proof is completed. 0

In order to prove Theorem 1.4, we also need the following two lemmas

Lemma 2.3. The following equality holds

1
2.16 h= —pv® + p.
(2.16) p=—pv+p

Proof. The proof of this lemma comes from Pan and Smoller [9]. For com-
pleteness of this paper, we give the proof here.
It is easy to see that

pt+p p

-2 2
pc4 + ch — pc2 + pv2
2(c? —v2)
pc*v? + pc(c? — v?) + pv?
(2 — v?)
1 p+p o

— v +p
0262—U2

l/j:

L.,
= 5 pv- +p.
c

Next lemma comes from a geometric fact of Sideris [12]
Lemma 2.4. We have

(2.17) sup |z — z| < diamf.
€N,

Proof. Similar to [12], it suffices to prove

/)Mx—jﬂm:Q

t

This follows by definition that

/mm—Mwm%

t
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and
/,, prdr = Z(t) / pdx = M(t)z(t).

Then by the same discussions as in [12], this lemma holds.
Based on Lemmas 2.1-2.4, we give the proof of Theorem 1.4 below.

Proof of Theorem 1.4. From Lemmas 2.1 and 2.3, we see that

(218)  X'(t)= / (p(2)* + plof* = 2p(v, ) + np)da

t

:M@ﬁ@+/

pvide —2M(0)5%(0) + / npdx
Q

Qe

2 PV 2 2
= [ ¢~ +no“pdr — M(0)v=(0)
c

> min{c?, no?} /Qt (ﬁ:; + p) dx — M(0)3%(0)

= (min{c?, no?} — 52(0))M(0) := DM(0).
Integrating the above second order ODE twice, we have

(2.19) X(t) > =DM (0)t* + Y (0)t + X(0).

N[

On the other hand, by Lemma 2.4 we have

1 1
(2.20) X(t) = / plz — z|?dr < = sup |z — x|2/ pdx
2 Ja, 2 zeq, Q

1
< §(diamQt)2M(O).

Combining (2.19) with (2.20), we easily see

DM (0)t% + 2Y (0)t +2X(0)
M(0) '

(diam$y)? >

Then Theorem 1.4 holds when o > 0.
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When o = 0, by Corollary 2.2, we have
1
(2.21) X(t) = §E(o)t2 + Y (0)(t) + X(0).

Combining (2.20]) with (2.21]) gives,

(diamS,)? > E(0)t2 +2Y (0)t + 2X(0)

M (0)
Thus, the proof of Theorem 1.4 is completed. O
Remark 2.5. In the proof of Theorem 1.4, we need o2 > @. From (2.16),

we can also show that

1"

X" (t) < (max{c?,no®} — v%(0))M(0).
Intergrating twice, we have

X (t) < =(max{c? no?} — 5%(0))M(0)t* + Y (0)t + X(0).

N =

Remark 2.6. The isothermal equation of state p = o2p plays an important
role in the proof of the inequality . This is a technical reason for us
to choose this equation of state and we hope the main result still holds for
other ideal fluids such as polytropic gas and so on.

3. The proof of Theorem 1.8

Based on the conserved quantity M (t) and ©(¢) in last section, especially
(2.14) and (2.15]), we can construct a class of spherically symmetric solution,
which shows that the diameter of the region surrounded by vacuum for
isentropic relativistic Euler equations grows linearly in time. In this section,
we focus on Theorem 1.8 to illustrate the result stated in Theorem 1.4 with
o=0.

Proof. We assume that system (1.7, (1.8)) has a spherically symmetric so-
lution, which satisfies the two conservation laws (2.14]) and (2.15)) along the
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fluid line. Then we have

ot x(t,y))

(31) ﬁ(tvl‘(tay))‘](t’y) = ﬁ(O,y) = 2 _ v2(t,x(t,y)) J(t7y)a
and

C2 v X
(32)  polt.a(t.y)I(ty) = po(0.y) = < LETED) G

c? — 02(t7 x<t7 y))
From (3.1) and (3.2)), it is easy to show that

(3.3) o(t, 2(t,y)) = v(0,y) = vo<|y|>|i;,.

Via (3.3]), we consider the flow line. By the spherically symmetric assump-
tion, we have

d | —
(3.4) a1zl = oy,

t=0: Jo] = [y,
Thus,
(3.5) [zt y)| = |yl + vo(ly])t.
Then we have by (2.6) and (3.3]) and simple integration

B B / vo(lye\ "™

(3.6) J(t,y) =detDyx(t,y) = (1 +vo(ly))t) [ 1+ m .
We get easily from (3.1])

|n71

. A po(lyDly
o o (i) = e

In this case, the diameter of the region becomes

diam§ = 2(1 + vo(1)t).
Thus, the proof of Theorem 1.8 is completed. O

Remark 3.1. From Theorem 1.8, we can see that the conclusion of the
linear growth with time of the diameter of the region, occupied by the perfect
fluid surrounded by a vacuum in the Minkowski spacetime, is sharp.
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Remark 3.2. Due to the complexity of the relativistic Euler equations,
when o # 0, we could not find the explicit spherically symmetric solution
taking the form of Sideris’s or Theorem 1.8. When o = 0, the velocity v
satisfies the vectorial Burgers equation and the modified density g is simply
transported. Then by the standard method of characteristics, we can also
get the solution formulas to the system without the assumption of the
spherical symmetry. The main idea can be found in [3, [I1] for general case
with non-negative spectrum of the gradient of the initial velocity fields or
[19] for 3D radial case.
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