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The canonical Hecke characters in the sense of Rohrlich form a set
of algebraic Hecke characters with important arithmetic properties.
In this paper, we prove that for an asymptotic density of 100%
of imaginary quadratic fields K within certain general families,
the number of canonical Hecke characters of K whose L—function
has a nonvanishing central value is > |disc(K)|® for some abso-
lute constant 6 > 0. We then prove an analogous density result
for the number of canonical Hecke characters of K whose asso-
ciated Bloch-Kato p-Selmer group is finite. Among other things,
our proofs rely on recent work of Ellenberg, Pierce, and Wood on
bounds for torsion in class groups, and a careful study of the main
conjecture of Iwasawa theory for imaginary quadratic fields.
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1. Introduction and statement of results

Let K =Q(v/—D) be an imaginary quadratic field of discriminant —D
with D >3 and D =3 mod 4. Let Og be the ring of integers and let
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g(n) = (—=D/n) = (n/D) be the Kronecker symbol. We view ¢ as a quadratic
character of (O /v/—DOk)* via the isomorphism

7.)DZ = Ok /v —DOk.

A canonical Hecke character of K is a Hecke character 1, of conductor

v —DQOg satisfying
(1.1)  Yp(aOg) =e(a)a® 1 for (aOk,V-DOg)=1, keZT

(see [26]). The number of such characters equals the class number h(—D) of
K.

The canonical Hecke characters are of great arithmetic interest. For ex-
ample, Gross [14] proved that given a canonical Hecke character i) = 11 of
weight k& = 1, the Hecke character x g := 1 o Ny of the Hilbert class field
H of K corresponds to a unique (up to H-isogeny) elliptic Q-curve A(D)
defined over H whose L—function factors as

L(A(D), s) = L(xu, s)L(xXz: ) = | [ L, ) L(, 5).
v

Gross conjectured that

0, D=7 mod8

rank(A(D)(H)) =
(AD)H)) {Qh(—D), D=3 mod 8.
Because this conjecture predicts an ezxact formula for the rank, the curves
A(D) form an important test case for the Birch and Swinnerton-Dyer con-
jecture. Gross’ conjecture is known as a consequence of the works of Gross
[14], Rohrlich [25] 26], Montgomery and Rohrlich [21], and Miller and Yang
[20].

More recently, the canonical Hecke characters have played a significant
role in the works of Bertolini, Darmon, and Prasanna [2], [3], [4] on Chow-
Heegner points and p-adic L—functions.

Analytic results. In this paper we will actually consider quadratic
twists of the characters ¢. Let d =1 mod 4 be a squarefree integer rela-
tively prime to D. Then x4 := (d/Ng/q(-)) is a primitive Hecke character of
K of conductor dOf. Define the quadratic twist of ¥ by

Yak = Xd¥k-
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Then 14 is a canonical Hecke character of K of conductor dv—DOk. To
ease notation, we write 1) = 4.

Let Wq(D) be the set of all such canonical Hecke characters ¢. Then
#V, (D) = h(—D), and if we fix any such character 1o, then

—

Var(D) = {of: £ € Cl(K)}

where CI(K) is the ideal class group of K.
The L—function of ¢ is defined by

1

L = N(a)™®, R kE+ =
(59) = S W@N @™ Rels) >t g
where the sum is over nonzero integral ideals a of K. The L-function L(#, s)

has an analytic continuation to C and satisfies a functional equation under
s+ 2k — s with central value L(1, k) and root number

D41

(1.2) W () = (=1)* 'sign(d)(~1) "+

We denote the number of nonvanishing central values corresponding to
characters in the family ¥4 ,(D) by

NVng(D) = #{w € \I/d,k(D) : L(”Lﬂ, ]{7) 75 O}

The nonvanishing of the central values L(v, k) has been studied extensively
when (2k —1,h(—D)) =1 (see e.g. [25], [26], [21], [35], [24], [20], [17]). In
particular, when (2k — 1,h(—D)) = 1, if L(4), k) # 0 for some character i) €
U, 1(D), then it follows from work of Rohrlich [27, Theorem 1] and Shimura
[32] that all of the central values are nonvanishing, that is,

NVg (D) = h(=D).

On the other hand, if (2k — 1, h(—D)) # 1, the existence of one nonvanishing
central value no longer implies that all of the central values are nonvanishing.
It is then of interest to study how NV (D) grows as D — oo.

Let E/Q be a number field of discriminant Dg and degree n. More-
over, let Cly(E) be the {-torsion subgroup of the ideal class group CI(E) of
E. Assuming the Generalized Riemann Hypothesis (GRH), Ellenberg and
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Venkatesh [11] proved the following non-trivial bound:
(1.3) #C(E) <ne ‘DEﬁ—m%_

The third author [I9] combined this bound with analytic and algebraic meth-
ods to prove (assuming GRH) that

(1.4) NVy(D) >, D3o 5 ¢,

In a beautiful recent paper, Ellenberg, Pierce, and Wood [12] combined
results in [11] with a new probabilistic sieve method which they call the
“Chebyshev sieve” to prove that the bound holds unconditionally, up to
an exceptional set of discriminants with natural density zeroE In particular,
the GRH assumption was removed. These results were further strengthened
and refined in the subsequent work of Pierce, Turnage-Butterbaugh, and
Wood [22].

Armed with these new developments, we will prove an asymptotic for-
mula with a power-saving error term for the number of discriminants with
D < X for which holds unconditionally. In particular, we will prove
that holds unconditionally for an asymptotic density of 100% of imag-
inary quadratic fields within certain general families.

In order to state our results more precisely, we fix the following assump-
tions and notation.

Fix a pair (d,k) such that sign(d) = (—1)*~1. Let S;x be the set of
imaginary quadratic fields K = Q(v/—D) such that D =7 mod 8, all prime
divisors of d split in K, and D is either a prime number or coprime to 2k — 1.
For X > 0, define the following subsets of Sg:

Sap(X) ={Ke€S4,:D <X},
and for fixed ¢ > 0,
SYV(X) = {K € Syx(X): NVy4(D) >, D51},

Remark 1.1. The conditions on D in the definition of Sy are technical
conditions needed for the proofs. For example, the congruence D =7 mod 8
ensures that the root number W () =1 for all ¢ € ¥g (D), and the split-
ting condition ensures that Heegner points of discriminant —D exist on the
modular curve Xo(4d?).

IStrictly speaking, there are also some very mild restrictions on the range of ¢
when n = 4,5, and one must assume that Gal(E°¢/Q) is non-D4 when n = 4.
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Our first result is the following asymptotic formula with a power-saving
error term.

Theorem 1.2. Given the prime factorizations d = [[;~, pi and 2k —1 =
H?Zl q?j, define the constant

od, k) : 2mﬂ'2H<1+pZ >ﬁ<1+q )

Then we have

(1.5) #Son(X) = 0(d, k)X + Oa s (X'/?)
as X — o0.

Corollary 1.3. We have

# dka( )
#Sq 1 (X)

as X — oco. In particular, the bound holds for 100% of imaginary
quadratic fields K € Sq,.

(1.6) =1+ Ogip(X~1/?)

As a crucial step in the proof of Theorem we must produce at least
one nonvanishing central value without assuming that (2k — 1,h(—D)) =
1. In the following theorem, which is of independent interest, we give an
effective criterion for the existence of such a nonvanishing central value.

Theorem 1.4. Fiz a pair (d, k) such that d =1 mod 4 is squarefree and
sign(d) = (—1)k=1. Let D =7 mod 8 be such that all prime divisors of d

split in K = Q(v/—D). Then if
D > 64d*(k + 1)%,

there exists at least one character 1 € Vg 1,(D) such that L(v, k) # 0

Arithmetic results. We now turn to a discussion of our arithmetic
results. Let ¢ be an algebraic Hecke character of K of conductor §f and
infinity type (2k — 1,0). Let p be a prime number not dividing f. The Hecke
character 1 corresponds to a p-adic Galois representation A(1)). Here we
will study the Bloch-Kato p-Selmer group Sel,(A(v))/K) associated to the
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Galois representation A(1)). For the precise definitions of these objects, see
Section Bl

Note that when k& = 1 (so that v has infinity type (1,0)), the Bloch-Kato
p-Selmer group Sel,(A(1))/K) equals the usual p-Selmer group Sel, (B /K)
of the CM abelian variety By associated to the Hecke character . It is
known that if Sel,(By/K) is finite, then the Mordell-Weil group By (K) is
finite. For a very nice discussion of how to construct the abelian variety B,
from 1), and the relationship between B, and the canonical elliptic Q-curve
A(D) associated to v discussed above, see the work of Bertolini, Darmon,
and Prasanna [2] Sections 2B and 3F].

We will prove the following theorem which relates the nonvanishing of
the central value L(i,k) to the order of the Bloch-Kato p-Selmer group
associated to A(v)).

Theorem 1.5. Let ¢ be an algebraic Hecke character of K of conductor §
and infinity type (2k — 1,0). Let p be a prime number which splits in K and
does not divide §. Then

L, k) #0 =  #Sel,(A(Y)/K) < .

A result similar to Theorem was proved in [I5] under the additional
condition that p does not divide the degree [K(f) : K|, where K(f) denotes
the ray class field of conductor f. We next explain why is it absolutely crucial
for our applications that this condition be removed. First, observe that the
degree is given by (see e.g. [8, Corollary 3.2.4))

K(5) < K] = h(-D) - 2.

where

o) = Nicjo () [ [ <1 - J\kj@(p)>

plf

is the generalized Euler ¢-function for K. Since 2 divides ¢(f), we know
that if p does not divide [K(f) : K], then p does not divide the class number
h(—D). Now, to prove our density result for nonvanishing central values in
Theorem we must count imaginary quadratic fields of bounded discrim-
inant with prescribed local conditions. It is very difficult to incorporate the
condition p 1 h(—D) into this counting problem. Cohen and Lenstra [9] have
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conjectured that for each odd prime p, the probability that p { h(—D) is

[Ta-p75.
k=1

See Kohnen and Ono [16] for results in this direction. In the recent work [34],
Wiles proved the existence of imaginary quadratic fields with prescribed local
conditions whose class numbers are indivisible by a given prime. Beckwith [I]
recently proved an effective version of Wiles’ theorem. It is conceivable that
these results can be used to construct explicit sequences of discriminants
which satisfy the local conditions in our counting problem, and whose class
numbers are indivisible by p. However, in Theorem [I.5] we instead remove the
indivisibility condition altogether by a careful study of the main conjecture
of Iwasawa theory for imaginary quadratic fields (see [30} 3], 33]).

We denote the number of characters in the family ¥4 ,(D) whose asso-
ciated Bloch-Kato p-Selmer group is finite by

FSapp(D) :=#{t € Var(D) : #Selp(A(¢)/K) < oo}
For fixed € > 0, define the following subset of Sy 1 (X):
Sippe(X) = {K € Sq4(X) : FSqpp(D) >, D5},

We have the following density results for finiteness of the Bloch-Kato
p-Selmer groups associated to the Galois representations A(v)).

Theorem 1.6. Let p be a prime number which splits in K € Sq . and does
not divide dv/—DQOg. Then we have

#SES (X) = 6(d, k)X + Ogp(XY/?)

and

#S1hpe(X)

=1+ Ogp(X 12
#Sa1x(X) a( )

as X — oo. In particular, 100% of imaginary quadratic fields K € Sq, sat-
isfy the bound

FSupp(D) >. DI *,
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Proof. One can use the condition to show that a canonical Hecke char-
acter 1 € U, (D) satisfies ¢(a) = (@) for integral ideals a of K which are
prime to dv/—DOg (see [28]). Since the conductor of 1 is f = dv/—DOk, it
follows that 1 (a) = ¢ (@) for all integral ideals a of K, and thus L(¢),s) =
L(%, s). The result now follows immediately from T heorem Corollary.
and Theorem [L5

The paper is organized as follows. In Section we prove a nonvanishing
theorem for half-integral weight theta functions which will be used in the
proof of Theorem In Section [3] we prove Theorem In Section [4]
we prove Theorem and Corollary Finally, in Section [f] we prove
Theorem [L.5l

2. Nonvanishing of half-integral weight theta functions

Fix a pair (d,#) where d =1 mod 4 is a squarefree integer and ¢ € Z>( is a
nonnegative integer such that sign(d) = (—1). Define the theta function

d
Oar(z) == (2y)~/? Z <> Hy(n\/2y)e(n®z), z=x+iycH
(n,d)=1 "
where e(z) := e?™# and H,(x) is the degree ¢ Hermite polynomial

L¢/2]
Hy(z) := EZ _2] (—=1)7 (V/8mz)* =%,

The theta series 04,(2) is a weight £ + 1/2 modular form for I'o(4d?).
To prove Theorem we will need the following effective zero-free re-
gion for 6,4 ,(z) which is of independent interest.

Proposition 2.1. Ify =1Im(z) > (¢ +2)2, then 04,(2) # 0.
The following inequalities will be used in the proof of Proposition

Lemma 2.2. For xz > { we have

871'*2 ¢ ¢
< < x".
<87r—1>x < Hy(z) <z
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Proof. First write

Helw) JZO T Ve T Tumoeet e JZ2 >
where
0 (1)

3T 10— 25! (8m)ia%
Now, for x > ¢ we have the bound

_ (=2 -2 -1 _ & <

Ce,5+1 i
(7 +1)8ma? 8ma? ~ 8w

Ce,j

Then it follows that

1l >

4

H[(l’)gl‘ ].—m—f'z:k&”
j=2

0 — (1
<zt |1- —
=7 (- )'87?562 (f— '87T$ ]Zl<8 >
2!

= [1 N (¢ — 2)!87m2 '87Tx2 <87T >}
|
4 [1 = 2@).!8m2 (81 - m

A
8
s

On the other hand, arguing similarly with the reverse triangle inequality,
for x > ¢ we have
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Hy(z) > 2" |1~ Z 2,41

(¢ — '8771‘2

, 0 4 ’
=z |1- - P
(¢ — 2)!8ma2 (z--2)!8mc2jj1 <8W>

B 0o —1)
=a* _1 (81— 1)1’2]
- 2
= _1 (8 — 1)3:2]
[ 1

>at _1 (87 — 1)}

“\sr-1/)""

Lemma 2.3. Ift > ({+2)? then

¢ 1
(2.1) t— yy log(mt) > log(2)
and

L 3042
2.2 — —log log(2).
(2 t- o ton() > 2 2 log(2)

Proof. We first consider the inequality (2.1)). Clearly, we have

1 1
t— o log(nt) > log(2) <= 4nt — llog(167t) > 4log2.
T

Moreover, the function

ge(t) := 4t — Llog(167t)
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is strictly increasing for t > £/4w . Hence, if we assume that ¢ > (£ +2)? >
¢/47, then we have

ge(t) > ge((L +2)%) = 4n (¢ + 2)* — Llog(167(¢ + 2)?)
= 167 + £(167 — log 167) + (47l — 2log (¢ + 2))
> 4log 2.

On the other hand, the inequality (2.2) follows from ([2.1)) since

3042
127

t— S log(t) >t — 4£ log(mt) > et log(2) > log(2).
7r T

127

We are now ready to prove Proposition [2.1

Proof of Proposition Using the definitions of Hy(x) and the
Kronecker symbol (d/n), along with the condition sign(d) = (—1)¢, for n # 0
we have

( d ) Hy(—ny/2y) = sign(d) <d> (—1)"Hi(nv/2y)

—n

= (-1 (f) Hy(n/2)
= (Z) Hy(nv/2y).

Then the theta series can be written as
~ d = /d
(2.3)  Oae(z) = (2) 7 [(0> He(0) +2 <n> wazy)e(n?z)] .
n=1

From here forward we assume that y > (£ + 2)2. We will consider the
cases d = 1 and d # 1 separately.

Case 1 (d=1): If d =1, then
1 0!
— )| H)(0)| = ——7——.
) 70|~ G
Therefore, by (2.3)) if

Z | Hy(nv/2y)e(n’z)| < W,

n=1
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then the reverse triangle inequality implies that 6 ¢(z) # 0.
Now, consider the function

_ log(2t1t9)

fé(t) : 27T(t2 — 1) :

Since fy(t) is strictly decreasing for ¢ > 1, we have
y> L+ 2)2 > fu(2) > fo(n), n>2.

Note that the inequality y > fy(n) is equivalent to
nﬁ

(24) e2m(n?=1)y

<2t=" p>2.
Then we can now estimate the series as

S Hin/2)e(n?2)] < (20)"2 3
n=1 n=1

’I”LZ
™2y

e2
0 14

1 n
(o E)2
= (2y) o2y Z o2n(n—1)y

1 o0
<@g >t
n=1

2
— L2 <
- (Qy) egﬂ—y
o
2(8m)t/2
< ¢!
= 2(8m)2 (¢/2)!

<

where the first inequality follows from the upper bound in Lemma (since
y > (£ +2)% we have n\/2y >/ for all n > 1), the second inequality follows
from , and a short calculation shows that the third inequality is equiv-
alent to inequality of Lemma This proves Case 1.

Case 2 (d # 1): Since d # 1, we have (d/0) = 0, and (2.3 can be written
as

(=) = 2(2y) " [Hw@e@ + (Z) Hz(nJ@)e(an)] .
n=2
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Therefore, if

> [Hi(ny/2y)e(n®2)] < [He(v/2y)e(2)],
n=2

then the reverse triangle inequality implies that 64(z) # 0.
Now, we have Hy(1/2y) = 1 and Hi(1/2y) = /2y > 1. Moreover, if £ > 2
then by the lower bound in Lemma [2.2] we have

8T —2

Hence it suffices to show that

> /Bl 2)] < l2)] =

A modification of the argument in Case 1 shows that

2+l 1
£/2
E |Hy(nr/2y)e(n?z)| < (2y)Y Sy < oy

where a short calculation shows that the second inequality is equivalent to
inequality (2.2 of Lemma This proves Case 2. O

3. Proof of Theorem [1.4

To prove Theorem [1.4] we proceed via a generalization and refinement of the
approach in [6], which builds on the works [I5] [I8, [19]. Roughly speaking,
the key idea is to exploit the position of the Heegner points in the cusp at
infinity of the modular curve Xo(4d?).

Fix a pair (d, k) where d =1 mod 4 is a squarefree integer and k € Z*
is a positive integer such that sign(d) = (—1)¥~1. Consider the C* function
Fyj : H — R>q defined by

Fyp(2) 1= Tm(2)" 2|04 1 (2)[*

Since 04—1(z) is a weight k& — 1/2 modular form for I'g(4d?), the function
Fyk(2) is To(4d?)-invariant.

Let D=7 mod 8 be a positive integer such that all prime divisors of
d split in K = Q(v/=D) (the so-called Heegner hypothesis). Then Heegner
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points of discriminant — D exist on the modular curve X(4d?) = T'o(4d?)\H.
In particular, fix a solution » mod 8d? of 22 = —D mod 16d%. Then for
each ideal class A of K, we can choose a primitive integral ideal a € A such
that

b++v—-D
2

a:Za—I—Z( ), a= Ngg(a) =0 mod 4d*, beZ,

where b = r mod 8d? and b2 = —D mod 4a. Then

(r) —-b++v—-D cH

o =7 g
defines a Heegner point on Xg(4d?) which depends only on the ideal class

[a] and on 7 mod 8d2.
Define the Cl(K)-orbit of Heegner points

OD,4d2,7“ = {T[(:]) : [Cl] S CI(K)}

Then by [15, Theorem 3.5], we have the following formula for the average of
the central values:

(3.1)

1 T
hop) 2 MR == 3 Fadr),
YeV, (D) [a]eClU(K)
where c(k) := 2(87)*~1/(k — 1)!. This formula is independent of the choice
of » mod 8d°.

Now, pick any primitive integral ideal n C Ok of norm Ny /g(n) = 4d?
(by the Heegner hypothesis, there are 2¢(49*) such ideals, where ¢(4d?) is the
number of prime divisors of 4d?). Consider the Heegner point corresponding
to the class of n,

r) -b++v—-D
T = —sEZ

Since Fy(2) > 0, we may discard the terms with [a] # [n] in (3.1]) to get the
lower bound

h(=D)

(3.2) " L k) > me(k) = Fag(r).
YeV, (D) \/B i
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By Proposition if Im(2) > (k + 1)? then Fy(z) > 0. Moreover, we have

(7)) = £ >(k+1)?2 <= D>64d*k+1)%

Hence, if D > 64d*(k + 1)* then
Fup(ri)) >0
d,k(T[n] ) > 0.

It follows from (3.2)) that

> Lg,k) >0,

Yev, (D)

and so there must exist at least one character ¢ € ¥4,(D) such that
L(¢, k) # 0. This completes the proof of Theorem O

4. Proofs of Theorem [1.2] and Corollary [1
In this section, we prove Theorem [I.2] and Corollary [1.3]
For convenience, we recall the setup from the introduction. Fix a pair
(d, k) such that sign(d) = (—1)*~1. Let Sy . be the set of imaginary quadratic
fields K = Q(v/—D) such that D =7 mod 8, all prime divisors of d split in

K, and D is either a prime number or coprime to 2k — 1. For X > 0, define
the following subsets of Sy :

Sarp(X) ={K eS8y :D < X},
and for fixed € > 0,
SV A(X) == {K € Sqp(X) : NV4(D) >, D357},
In addition, we will need the subset
SEE(X) = {K € Sap(X) : #Cloy1(K) < D¥ 77,

We first give asymptotic formulas with power-saving error terms for

#8ak(X) and #8715 (X).
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Proposition 4.1. Given the prime factorizations d = [~ p; and

2k—1—Hq],

define the constant

o 2m7r2H<1+pz )ﬁ<1+1q>

Jj=1

Then we have

#San(X) =0(d, k)X + Oy | 2d | [T | X*/*

j=1
as X — oo. Moreover, we have
#Sine(X) = 3(d. k)X + Oap(X'/?)
as X — oo.
Proof. First, we decompose the set Sq1(X) into the disjoint union
Sap(X) = Sjp(X)U{K € Sgx(X) : D is prime and (D,2k — 1) # 1}
where
Sip(X) :={K € Sqp(X) : (D,2k — 1) = 1}.

The second set in this decomposition is bounded by the number ¢(2k — 1; X)
of prime divisors p < X of 2k — 1. Clearly, we have

t(2k — 1; X) = O(k),
and thus
#Sak(X) = #841,(X) + O(k).

We will need the following result of Ellenberg, Pierce, and Wood [12]
Proposition A.1], which counts quadratic number fields of bounded discrim-
inant with prescribed local conditions.
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Proposition 4.2. Let K be a quadratic extension of Q and P be a finite set
of rational primes. For each p € P choose a splitting type in K and assign
a corresponding density as follows:

1
dp = 5(1 +p H if p is split or inert in K;
§p = (1+p) 1, if p is ramified in K.

Let e =[[,cpp and 6e =[] ,cp 0p- Let N3 (X; P) count the number of real
(respectively imaginary) quadratic extensions K of Q with fundamental dis-
criminant |Dg| < X such that each p € P has splitting type in K chosen as
above. Then we have

NFE(X;P) =6, <:1,) + é) <(12)X + 0(eX'/?).

We want to use Proposition to count S}, (X). To do this, we must
further decompose this set into subsets satisfyiflg appropriate local condi-
tions.

Recall that S}, (X) consists of those imaginary quadratic fields K such
that D < X, D =7 mod 8, all prime divisors of d split in K, and (D, 2k —
1) = 1. Note that

D=7 mod8 <«+= 2splitsin K

and

(D,2k—1) =1 <= every prime divisor of 2k — 1 is split or inert in K.

Now, consider the prime factorizations
n
d:Hpi and 2k—1= Hq;-”
i=1 j=1
(recall that d is squarefree), and define the following sets of prime numbers:
Pp:={2,p1,....,pm} and Qr:={q1,...,qn}-

Let K € S;,k(X)- Then a prime ¢; € Q) is split or inert in K. For j €
{1,...,n}, define

L (—D) {1, if ¢; € Qy is split in K,
j = =
1,

q; if gj € Qg is inert in K
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where (—D/-) is the Kronecker symbol. Then there is a one-to-one correspon-
dence between vectors h := (hy,...,hy) € (Z/2Z)" and choices of splitting
types in K for primes in the set Q.

Let Sgkn(X) denote the subset of fields K € S}, (X) such that the
primes in Py split in K, and the primes in Qy, decompovse in K according to
the splitting type corresponding to h. Then we have the disjoint union

Sé,k(X)Z || Sarn(X).

€(z/22)"

Define the set of prime numbers Ry := Pz U Q. Then each vector h €
(Z/27Z)"™ uniquely determines a set of densities

Dd,k,h = {5p L peE Rng}

where the densities §,, for p € @}, are assigned according to the splitting type
corresponding to h. However, since each prime p € Rq ), is split or inert in
K, the densities 6, are equal (recall the definition of §, in Proposition .
Hence by Proposition for each h we have the asymptotic formula

#Sdkh = Ny (X; Ra)

e (e () () () e

Jj=1

+0 |24 Hq X2

L T | x/
2711-}-717-{-21_[(1_|_pz >H<1+q]1>X+O 2d jl;{q; X12 :

where we used ((2) = 72/6. Hence we have

#Si(X) = D #Sarn(X)

he(Z/2Z)"

n 1 n
2mF2H<1+p )H(H >X+O 2d [ [ | X2
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Combining the preceding results, we get the asymptotic formula

(4.1) #Sqr(X) =

1 5 1 1 -
— — X+0; | 2d g | X2
2m7r2£[1<1+p;1>1_‘[ <1+qj_1> E !

J=1

Next, define the set

Skt (X) = Sap(X) \ Sgit(X)

and write

(4.2) HSTEAX) = #Sap(X) — #STHT(X).

As a consequence of [22] Remark 3.5 and Theorem 7.2] (which, in partic-
ular, improves the bound on the exceptional set of discriminants in [12}
Theorem 1.1]), we have

(4.3) ;EOEY( ) < #{quadratic fields K/Q with |[Dg| < X
which fail to satisfy #Clg,_1(K) <<5D%_2<25—1>+5}
Lpe X°.

Finally, combining (4.2]) with (4.1) and (4.3)) gives the asymptotic formula

1 1 - 1
Tor 1/2
H#Sgne(X) = 2m772i1j[1<1+ _1>j1:[1<1+qj_1>X+Od,k(X ).

p;

Proofs of Theorem and Corollary Let
Cap = 64d*(k + 1)*

be the constant appearing in Theorem [1.4] Then for X > Cy, we decom-

pose the set S;F%r .(X) into the disjoint union

SIFA(X) = S (Cap) U S N (X)
where

Sy X) = {K € S{.(X) : D > Cay}-



1164 A. Tannuzzi, et al.

Lemma 4.3. We have ngr’sl(X) C SEXE(X).

Proof. Let (o5—1 be a primitive (2k — 1)-st root of unity and define the
cyclotomic extension K ((o;—1) of K. Then the Galois group

Gy = Gal(Q/K (Cor—1))
acts on Wq (D) by
Y=Y’ =001, o€
For a fixed character ¢y € ¥4 (D), we denote the Galois orbit of 1y by
Oy, ={1§ : 0 € Gi}.

Now, if K € Sg%rél (X) we have D > Cy . Then by Theorem there
exists a character 1y € Wq (D) such that L(v, k) # 0. Also, by work of
Shimura [32], for any o € G we have

L(yg,k) #0 if and only if L(to, k) # 0.
Hence it follows that
NVir(D) > #0Oy,.

On the other hand, by [19, Proposition 1.1], if either D = p is a prime number
or (D,2k —1) =1, then

___h(=D)
#Ou = #Clop—1 (K)
Therefore
NV (D) h(=D)

= #Clop—1 (K)

By Siegel’s theorem, we have
h(=D) >. DY/*==.

Then since K € SdTZr;_:l (X) satisfies the bound

#Clo_1(K) <. D2 2@,
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we get
NVyi(D) >. Do,

After replacing 2e with ¢, it follows that K € S}f,}:/g (X). O

We now continue the proof of Theorem [1.2] Using Lemma we get
the decomposition

Tor,1 Tor,1
SIV(X0) = SIHX) U (S0 \ S ().
Now, since

#S0(Car) <ap 1,

by Proposition we get

Tor,1
#Sape (X) = dT R (X) — #845 (Car)
()11 ()
H H —_— X+Odk(X1/2).
71 K
2”7171- =1 1+pl 1+qj
Also, since

Sane(X)\ 870 (X) C S (X) U ST (Cap),
the bound (4.3)) gives
# < Sae(X)\ Sy (X) ) < #Sghe (X) + #Sike (Cap) <ane X°.

Hence we get

#8dne(X 2mw2H<1+pl >.1;I<1+q >X+Od’k(X1/2)'

This proves Theorem
Finally, by combining the preceding asymptotic formula with Proposi-

tion [4.I] we get

# dks(X) . —1/2
H#San(X) = 14 Oar(X75.

This proves Corollary O
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5. Bloch-Kato Selmer groups of Galois representations
associated to Hecke characters

Let K be an imaginary quadratic field and p be a prime number which
splits in K. Let ¢ be a Hecke character of K of infinity type (2k — 1,0)
and conductor f. In this section, we prove Theorem which states that
if L(1,k) # 0, then the Bloch-Kato Selmer group of the p-adic Galois rep-
resentation associated to 1 is finite. Our main tool is Iwasawa theory, and
a critical ingredient is the main conjecture of Iwasawa theory for imaginary
quadratic fields due to Rubin ([30], [31]). These works exclude the case where
the prime number p divides the degree [K(f) : K] of the ray class field K (¥)
of conductor f, which is precisely the case we need in this paper (and is a
major difference between this section and [I5], Section 2]). To remove this
condition, we will make important use of recent work of Vigué [33].
First, we define the Bloch-Kato local conditions.

Definition 5.1 ([5], Section 3). Suppose that F' is a finite extension of
Q,. Let V be a finite dimensional F-representation on which Gal(K /K) acts
continuously, let T be an Op-lattice inside V' (i.e., a free Op-module inside
V of rank equal to dim V') closed under the action of Gal(K/K), and let A
denote V/T.

Suppose that L is a number field, and for a prime v of L, let LY denote
the maximal unramified extension of L,. For every prime v not above p, we
let

Hi(Ly, V) = H' (LY /Ly, VE<¢") = Ker (H' (L, V) = H' (LY, V),
Hi(Ly, A) =Im (Hf(L,,V) = H'(Ly, A)) .

For a prime v above p, we let

H{(Ly,V) =Ker (H'(Ly,V) = H'(Ly,V @ Beis)) »
Hj(Ly, A) =Im (H}(Ly,,V) = H'(Ly, A))

(see [13] for the definition and properties of Bey;s.)

Fix an embedding Q — C,. Fixing such an embedding does two things.
First, it chooses a prime ideal p of K above p. Second, through the em-
bedding (and class field theory), ¥ induces a character of the Galois group
¢ : Gal(K/K) — C; (which we also denote by ¢). In fact, all its images
are in a certain finite extension of Q,, and since the infinity type of v is
(2k — 1,0), ¢ factors through Gal(K (fp>)/K).
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Definition 5.2. Choose a finite extension F' of Q, so that all the images
of ¢ are in F*, and let Of be its ring of integers.

We let ¢cye : Gal(K/K) — Z) be the cyclotomic character given as fol-
lows. For any o € Gal(K/K), there is n, € Z) satisfying o((yn) = (7 for
every n > 0 and any primitive p"-th root of unity (,». We let ¢eye(0) = n,.
We note that ¢.,. can be viewed as a character of the Galois group associated

We let V() (resp. T'(¢)) be the rank-1 F-representation (resp. Op-
representation) of Gal(K /K) given by

= 1(0)¢e(0)x

for every z € V(¢) (resp. z € T(¢)) and o € Gal(K/K).
Finally, we let A(v)) denote V' (¢))/T(¢)). The following definition is es-
sentially due to Bloch and Kato ([5]):

Sel, (A(1)/L) = Ker (Hl (L, Av H >>)

where v runs over all primes of L.

Remark 5.3. As observed in the introduction, if £k = 1 (so that the infin-
ity type of ¢ is (1,0)), then Sel,(A(¢)/L) equals the usual p-Selmer group
Sel,(By /L) of the abelian variety By, associated to 1, whose finiteness im-
plies the finiteness of the Mordell-Weil group By, (L).

We also define a similar group that we will need for technical reasons.

Definition 5.4. For an (infinite or finite) extension L of K,

1
S(L, A(%)) = Ker | H\(L, A(v)) - [] m
Uhj ur (%]

where v runs over all primes except for the primes lying above p.
We now explain the relationship between Sel,(A()/K) and S(K, A(v)).
Proposition 5.5. We have

Selp(A(y)/K) € S(K, A(¥)).
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Proof. Recall that 1 factors through Gal(K(fp>)/K), and note that p is
unramified over K (fp*>°)/K. Thus, as a representation of G, V() is un-
ramified. (In the language of p-adic Hodge theory, V() has Hodge-Tate
weight —k + 1.) Note that

D(V(¢)) = (V(W & Bcris)GKp
has a filtration Fil®D(V (1)) given by Bjj, C Bgr. The short exact sequence

0— Qp — Beris  —  Beris © BdR/Bc—li_R —0
z +— ((1-¢)z,z modulo Bjp),

induces a long exact sequence of cohomology groups, which shows that
H (K5, V(1)) is the image of D(V ())/Fil®D(V (¢)), which is trivial be-
cause of the Hodge-Tate weight of V(). Thus, we have

H (K5, V(¢) =0,
which implies that
Hi (K5, A9))(= 0) C Hy, (K5, A()).

Together with the fact that the definition of S(L, A(¢)) has no local condi-
tion at primes above p, this shows that Sel,(A(v)/K) C S(K, A(v))), which
proves the claim. O

Remark 5.6. By a more careful argument, one can show that in fact,
Sel,(A(¢)/K) is a subgroup of finite index, but this will not be needed.

Definition 5.7. If L is an extension of K, let M (L) be the maximal abelian
p-extension of L which is unramified at every prime except the primes above
p, and let X (L) = Gal(M(L)/L). Similarly, let H(L) be the maximal abelian
p-extension of L unramified everywhere, and let A(L) = Gal(H(L)/L).

In particular, let X, denote X (K (fp>°)), and A denote A(K (fp>°)).

Following the notation of [31] and [33], we define the following: Let
koo be the unique Z2-extension of K. We let Goo = Gal(K (fp™)/K), G =
Gal(K (7p°°)/koo), and choose T'(= Z2) C G so that Go =T x G.

We define the Iwasawa algebra

Ao = Op[[Geo]] = lim Op[Gal(F/K)
F

where F' runs over all finite extensions of K in K (fp*°).
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For an abelian group G, the Pontryagin dual of G is Hom(G,Q/Z) (de-
noted by GV). In particular, if G is a p-group, G¥ = Hom(G, Q,/Z,).

Since ¢ **! factors through Gal(K (fp>°)/K), we have

cyc

(5.1) S(K(7p™), A())Y = Xoo(~ ¢k 1.

Theorem 5.8 ([23]). X is a Axo-torsion module, and has no non-trivial
pseudo-null submodule.

Proof. The first assertion is [23, I1.2 Propositions 20 and 21], and the second
is [23], II.2 Theorem 23]. O

Suppose that x : G — C is an (irreducible) character, and let Op[x]
denote

Or|G]/(o = x(9))sec-

Since we assume Op is large enough to contain all the values of x, Op[x] =
Op. For a Op[G]-module Y, we define its x-quotient by Yy = Or|[x] ®0,[q]
Y. (In particular, As = Op[x][[I']] = OF[[I']].)

Note that if A is an Iwasawa algebra and X is a finitely generated A-
torsion module, then X is pseudo-isomorphic to [[, A/(f;) for some f; € A,
and we define chara(X) = (I[; fi) (as a principal ideal of A). Also note the
obvious fact that if Y is a A-module, then Y, is a A, ,-module, as well as
a Aso-module.

Let Uy = U(K(fp™)), Eoo = E(K(fp™)), and Coo = C(K (fp>°)) denote
the projective limits of the local units congruent to 1 modulo the primes
above p, the completion of global units, and the completion of elliptic units,
respectively (see [31), Sections 1 and 4]).

Theorem 5.9 ([33], Theorem 1.1). For each irreducible character x of
G,
chary (€0 /Coo)y = charp _ y Aoo -
Through Op[G] — [], Or[x], there are maps Eoo/Coo — HX(EOO/aw)x

and As — [], Aoo,x, and since Op[G] — [], Op[x] has a trivial kernel and
a cokernel of finite index,
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chary _ € /Coo = p® chary (H(goo/coo)x>

X
chary_ Ao = p” chary__ <H Am7x)
X

for some «, § € Z. Combining Theorem [5.9 with the following exact sequence
from class field theory,

0= Ex0/Coo = Uso/Coo = Xoo — Ao — 0,
we have
(5.2) chary__ Xoo = p” charpy_ Uso/Coo
for some v € Z.

Definition 5.10. Recall that I' is a subgroup of G, isomorphic to Z}%. Let
K'be K C K' C K(fp*) so that Gal(K (fp>°)/K') = T.

There is K[ satisfying K’ C K., C K(fp>°) such that Gal(K. /K') =
Zp, and every prime above p is totally ramified over K /K’ and unramified
over K (fp*°)/K.,. Let I'' = Gal(K (fp>°) /K. ) (= Zy).

Finally, for any subgroup H of G, let I(H) be the ideal of Ay, generated
by {y — 1|~ € H}. Define

Ap = Aoo/I(H) = Ofp[[G/H]],

and for any A..-module Y, define

Y =Y/I(H)Y =Y ®@x_ Ay.

In particular, if H = Gal(K (fp>°)/L), we let Az, and Y7, denote Ay and Yy,
respectively.

Proposition 5.11. (a) The kernel of the natural map
S(K', A($)) = S(E (1), A(x)) S 0P/ED

is finite.
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(b) The kernel of the natural map
S(K, A(y)) = S(K(fp™), A(y)) SR TP=/E)
s finite.

Proof. (a) Recall that IV = Gal(K (fp>°)/K.,). First, we study the kernel of
the natural map

S(KL,, A()) = S(K(5p™), Aw)"".

Considering the definition of S(L, A(¢))), the kernel of this map is contained
in

Ker (' (KL, A@)) — B (K (), A@)")
which is

H' (K (1) /Kb, A()“<07) = HY (I, A(¥))

by the Hochschild-Serre spectral sequence. Choose a topological generator
~" of I. By a generalization of Tate’s lemma on cyclic cohomological groups
(see 29, Lemma B.2.8]), we have

HY (I, A®)) = A(W) /(7 = DA),

which is finite since I acts non-trivially on A(v)).
Second, and similarly, the kernel of the natural map

S(K', A(W) = S(Kle, A(p)) 1)
is contained in H' (K’ /K’, A(¢))%<%). Since A(1))“*% is finite, this group
is finite. Thus we obtain (a)).
(b) Since
ker ((S(K, A(W)) = S(K, A()) @199

is contained in H'(K'/K, A(4)%x"), which is finite, the claim follows from

(@ 0

Proposition 5.12. Suppose that L(1), k) # 0. Then

char,, (Xoo(@b_1¢l§y_(:l)Kéo) = (charAm Xoow_léf)gjcl))&o.
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Proof. Recall that the evaluation of f € Ay by a character x of G is given
by g € Goo — x(g). Suppose that chary_ Xoo = (f) and charpy Us/Coo =
(f). By (5.2), f =p" - u- ' for some v € Z and a unit u of As. Note that
by a generalization of the theorem of Coates and Wiles ([7], [L0, Chapter 2,
Theorem 4.14]), ¢z, k+1(f") # 0 if and only if L(¢), k) # 0 (we should note
that ¢f /1 = wgbcy’g“) Since 1o (f') # 0 if and only if Yo 1 (f) # 0,
we have that wgbcy’zﬂ(f) # 0 if and only if L(¢, k) # 0.

Let chary_  Xoo(9™ qﬁcyc ) = (g). If ¢ denotes the trivial character, then
(1(9)) = (Yoot (f)) as an ideal of Op. Thus, if L(1, k) # 0, then g # 0,
which also implies that Xo (19 1)k, is a torsion Ags -module. Thus,
by [31, Lemma 6.2] and Theorem we have

chary,, (Xoo(zbf1 l(f;cl)Kgo) = (Char/\oc Koo (W™ ¢cyc ))

O

We are now in a position to prove the following result which implies
Theorem [L.5l

Theorem 5.13. If L(1, k) # 0, then Sel,(A(¢y)/K) is finite.
Proof. There is a short exact sequence

0_>C/—)Xoo(’¢ ]gycl K/ —)HAK/ fl —>C—>O

for some f; € Ak, with

(H,ﬂ-) = (ehar, Xoow™05)

(by Proposition , and some pseudo-null Ag, -modules C,C’ (in this
case, it simply means that C,C’ are finite modules).

If Yis a As-module, K C L C K(fp*°), and H = Gal(K (fp>)/L), then
recall that Y7, denotes Y/I(H )Y By a long exact sequence of cohomology
groups, we can see that Xoo (1~ qSCyC )i is finite if and only if

HAK/(mK = H Or/ (u(f))

is finite (as above, ¢ is the trivial character).
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It is clear that [[, Op/ (¢(fi)) is finite if and only if +([] fi) # 0. Also,
recall that

(H f,-> — (chary.. Xoolv™" ’Z;J))Kéc-

As we saw in the proof of Proposition (combined with the above
discussion in this proof),

L (chaerc Xoo(p™t ZLI)) = W,?y";“ (charpy . Xoo) # (0)

if and only if L(3,k) # 0. Thus, by the discussion immediately above and
Proposition Xoo(yp™1 ’C“y_CI)K is finite if and only if L(v, k) # 0.
By (5.1),

S(K (fp™), A(¢))Gal(K(fpm)/K)

is the Pontryagin dual of X (K (fp™))(¢ "¢k, )k, and by Proposition
S(K, A(v)) is finite if

S(K (1), A(3)) S0/

is finite. Thus, if L(,k) # 0, then S(K, A(x)) is finite. It follows from
Proposition that Sel,(A(v)/K) is finite, which completes the proof. [J
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