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On the stability of the Schwartz class
under the magnetic Schrodinger flow

G. BoiL, N. RAYMOND, AND S. VU NGoc

We prove that the Schwartz class is stable under the magnetic
Schrodinger flow when the magnetic 2-form is non-degenerate and
does not oscillate too much at infinity.

1. Introduction
1.1. Motivation and context

This paper is devoted to describing the solutions to the magnetic Schrédinger
equation. Let B be a smooth and closed 2-form on R?. Let A : R* — R? be
a 1-form (identified with a vector field) such that dA = B. The magnetic
Schrodinger operator is the essentially self-adjoint (see [4, Theorem 1.2.2])
differential operator

d
Ly = (—ihV — AP => L2,
j=1
where h > 0 and, for all j € {1,...,j}, L; = —ih0; — A;. Its domain is given
by
Dom(.%;,) = {¢ € L}(RY) : (—ihV — A)y € L*(RY),
(—ihV — A)?y € LA(R?)}

= {¢ € L*(RY) : (—ihV — A)*¢p € L*(RY)}.
The time dependent magnetic Schrédinger equation is given by
(1.1) — thoyw) = L, 1/)(0) =1 € Dom(,i”h).

By Stone’s theorem, this Cauchy problem admits a unique solution, evolving
in the domain of .%},, and it is given by

it

VEER, (t)=e .
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By unitarity of the flow, we have

vteR, Y@ = llvoll, [I<Luv®I = [|ILntboll,

where || - || denotes the usual norm on L2(R?). This norm controls the rough
phase space localization of the quantum state v (¢); a natural question is to
know to which extent a strong phase space localization of g is preserved
by the flow. More precisely, this paper was inspired by the following rather
naive question. Is it true that

(1.2) Yo € S(RY) = WteR, o(t)e.sRY) ?

If so, what kind of explicit control do we have in terms of the Schwartz
semi-norms?

These questions are motivated by the recent investigation of the propaga-
tion of coherent states by the magnetic Hamiltonian flow in two dimensions
(see the Ph. D. thesis of the first author [2]). The present paper gives a
positive answer to . Our explicit estimates of the Schwartz semi-norms
(in terms of the semiclassical parameter h), combined with the use of the
Birkhoff normal form from [14], turn out to be the key ingredients in the
study by [3] of the propagation of coherent states up to times of order A=,
for all N € N. This gives a quantum analog to the low energy (say of order ¢)
classical propagation for times of order e~ (see [14, Theorem 1.2]). Taking
into account the analysis of [6], one can even hope to extend these results to
three dimensions where the classical dynamics has a more complex behavior.

Independently of this motivation, the answer to has an interest of
its own, especially because it lives at the confluence of two closely related
domains: hypoellipticity and semiclassical analysis with magnetic fields. On
these vast subjects, the literature is enormous, and we only refer to [4}, [7, O~
11}, 13| 16, 17]. In this paper, we will use many classical ideas from these two
contexts, and provide an elementary and self-contained presentation.

1.2. Main results

Let us now describe our assumptions and results.
Let & be the class defined by

P ={p € €°RY) :Va € N I(C,m) e Ry x Ry,
Vo € R |0%| < Clz)™}.
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The following assumption will hold throughout the paper, where we
identify B with its antisymmetric matrix obtained in the usual basis (dz; A
dzg;j < ]{7)

Assumption 1.1. We assume that

(i) A belongs to & (in particular B € &),
(ii) there exists by > 0 such that, for all z € R,

Tr™B(x) > b,

where Tr"B(x) denotes the sum of the moduli of the eigenvalues with
positive imaginary part of the matrix B(x),

(iii) for all & € N, there exists C' > 0 such that, for all z € R%, ||0°B(x)]|| <
C||B(z)]|, where || - || denotes a norm on the space of matrices.

Assumption [1.1] is stronger than really necessary as we can see in our
proofs.

A basic example of magnetic field satisfying Assumption when d = 2
is given by

3
1

2
+ x517.
3

A =0, Ax(ri,x0) =11+

In this case, the magnetic field is a function
B(zy,22) = Tt B(z) = 1 + 23 + 22 > 1.

More generally, in two dimensions, a magnetic field is identified with a scalar
function, and it satisfies if and only if its absolute value if bounded from
below by a positive constant. In three dimensions, B can be seen as a vector
field through Euclidean duality and Tr*B = ||B||. Thus, the assumption
just means that ||B|| is bounded from below by a positive constant. The
positivity of item has an important consequence on the semiclassical
behavior of the ground-energy (the infimum of the spectrum), as shown by
the following lemma (see [8, Theorem 2.2]).

Lemma 1.2. We have

infsp(Z,) =h inﬂg TrB(z) + o(h).
rER?
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In particular, there exist C >0 and hg > 0, such that, for all h € (0, hg),
&, is bijective and

1 < e

In the following, we will always assume that h is small enough and such
that .2, is invertible.

Definition 1.3. For all n € N, we let
Dom(Z) = {¢ € L*(R?) : VL € {1,...,n} : LI € Dom (%)}
The operator .} is defined by induction by
V¢ € Dom(Zy), L = Lu( L ).

The operator (Dom(.Z}"), Z}") is self-adjoint and invertible. The follow-
ing theorem proves some magnetic elliptic estimates, showing that iterations
of the magnetic laplacian .4}, control iterations of the magnetic derivatives
(Lj)1<j<d- This will be an important tool on the proof of the main result of
the paper.

Theorem 1.4. Let Assumption[I.] hold. Let n € N. There exist hg > 0 and
C > 0 such that, for all h € (0, ho), and all ¢ € Dom(.Z}"),

(1.3) > Loyl < ChTIME Ly,

oceA(2n)

where, for k€N, Ql(k:) =Up k{1, dy Pt and for peN, for o€
{1,... ,d}{17---,p}, Ly := Loy - LU( ), with the convention Ly = 1d.

In the case where A is bounded, Theorem is closely related to [10,
Theorem 3], which deals with the context of general Garding inequalities.

Definition 1.5. For all k € N and all ¢ € .7 (R?), we let

= ma 2298
pe(w) = max 7070

lel+IBI<k

We can now state the main result of this paper.
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Theorem 1.6. Let Assumption hold. For all t € R, we have

ity

e n S (RY c SR,

More precisely, for all M € N*, for all k € N, there exist hg >0, C' > 0,
N € N* and K € N, such that, for all h € (0, hq), and for all ¥y € .7 (R?),
and all t € [0, h~M],

ity

pr(e o) < Ch™Vp ().

Theorem is related to the (pseudo-differential) analysis in [17), Sec-
tion 7]. In this work, under the assumption that the derivatives of order two
or higher of the symbol of the propagator should be bounded, a parametrix
of the evolution operator was constructed. Closely related is also the pa-
per [15, Corollary 2.11], based on the analysis of coherent states, where
the derivatives of order three or higher of the symbol have to be bounded.
Our approach here is more directly related to the structure of the mag-
netic Laplacian, and is reminiscent of the analysis in [11] of the ellipticity of
certain algebras of non-commuting vector fields.

Finally, it would be quite interesting to explore time-dependent magnetic
fields. In order to tackle this problem, we should first analyse what happens
in finite time by means of the results of [I12]. However, our method, which
is based on estimates of the iterates of .2, and their commutation with the
evolution ei%‘%‘, would need to be refined in order to apply to the the time
dependent case.

1.3. Organisation of the proofs
In Section [2| we prove Theorem by using a regularization argument

involving exponentially weighted estimates and commutator estimates. In
Section [3] we apply our magnetic elliptic estimates to prove Theorem

2. Magnetic elliptic estimates

This section is devoted to the proof of Theorem

2.1. Density argument

Let us explain here why it is sufficient to prove Theorem for ¢ € .7(R%).
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Let us consider f € L?(R?). There is a unique ¢ € Dom(.%}") such that
Ly = f. Consider f;, € 65° (RY) converging to f in L?(R%) and consider
the unique v, € Dom (%)) such that .£"y, = fi. Note that, by continuity
of (Z)~1, ¥y converges to ¥ in L2(R?).

Lemma 2.1. We let

HZ (RY) = {¢ € L2(RY) : Vo € N4, 38 > 0: 2@ 9% € L2(RY)}.

exp

Consider f € HZ (R?). Then, the unique solution u € Dom(%,) to Lhu =

exp

f satisfies u € HX (R?).

exp
Proof. The proof follows from the classical Agmon estimates (see [II, []).

Consider >0 such that e®® f € L?(R?). Let £ >0 and ®. =B min((z),e1).
We have the Agmon formula (see [13], Section 4.2]):

Re (Lu, e2P=u) (—ihV — A)e®eu

2dz — h2||VP.e®u?.

=/ |
Rd

In particular,

(2.1) —ihV — A)e®=ul?dz — B2h%||e®ul® < |[e® f||le®-u

I(
Rd

On the other hand, by Lemma [1.2] we get, for some ¢ > 0,

(he — B2h?)||e®<u 2dz — B2h2||e®eul®

1> < / |(—ihV — A)e®u
Rd
Choosing 8 small enough, we get, for some C(h) > 0 independent of ¢,

| <OM)le f

||eq>fu

Then, we take the limit ¢ — 0 and apply Fatou’s Lemma to find
(2.2) le” | < C(h) ][ £

Coming back to (2.1]), and replacing 3 by B < B, we get

€< (—ihV — A — ihV®,)ul2dz — 32h2||e®u
]Rd

2 < lle® fllle®u
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Thus,
h’2 ] 2 P [} 221,21 P 2
5 [l Tulda < e pllle®ul + 3Rl
+2||(ihV @, + A)ePeul?
< Jle® fllle®=ull + B*h* e ul®
+ 4[| VOePeu? + 4] Ae®ul?.

Using that A € &2, (2.2)), and Fatou’s Lemma, we get By e L?(R%).
Considering the equation Zu = f, we get, in the sense of tempered
distributions,

(2.3) —h?Au=f— |APu—ih(V - A)u — 2ih(A - V)u.

Noticing that we have just controlled the terms of order at most one, we
deduce that, for some 5 > 0,

A Ay e L2(RY),
and also
A (eﬁmu) € L*(RY).
By Fourier transform, we get
Ay e HA(RY),
which implies that, for all o € N¢ with |a| < 2,
P@ oy e L2(RY).

The higher order derivatives can be controlled by induction (taking succes-
sive derivatives of (2.3)). O

Remark 2.2. By the Sobolev embeddings, we have HZZ (R?) € & (R?).

By Lemma we see that ¢y, € . (R?). Assume that holds for
any ¢ € . (RY), with ¢ = 1y, — 1)y, for all (k,¢) € N2, this shows that, for all
o € A(2n), (LyWn)nen is a Cauchy sequence in L?(R?). Thus, in the sense
of distributions, L,1 € L?(RY). It remains to use again with ¢ = ¢y
and to take the limit kK — 4-oc0.
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2.2. Preliminary lemmas

Lemma 2.3. For all ¢ € Dom(.%},), we have
- o _ L, 9
I(=ihV = A)g” < S,

where [[¢|%, = [¥11° + | Zwl>.

Proof. We recall that, by definition of the domain, for all ¢ € Dom(.%,),

(L, ¥) = (=ihV — A)y|* = ZHLWHQ

so that

d
D L) < )Ll .
j=1

Lemma 2.4. There exist C > 0 and hg > 0 such that, for all ¢ € .7(R%)
and all h € (0, hy),

(2.4) [(BYI| + [|(B)2 (—ihV — A)y|| < Ch™ ]|,
Moreover, for all ¢ € Dom(.%4},), we have

By € L2 (R and |B|z(—ihV — A)yp € LA(RY),
and holds for ¢ € Dom(.%%,).
Proof. By integration by parts and using Assumption ,

(2.5) /Rd<B>|(—ihV — A)2dz = ((B)(—ihV — A)i, (—ihV — A)Y)

<L, B)Y) + Cl[B)Y[[[(=ihV — A)d|
<CIB)Y Iz,

Then, we have

/|hB| W= Y /|hBH| [2de

(k,0)e{1,...,



On the stability of the Schwartz class 9

and we write

3 /\th WPdr= S [{[La Lt hBiet)]
}2

(k,0)€efl,...d (k,0)e{1,...,d}?
< Ch[[(B)y[[[[(=ihV — A)||

+Ch | (B)|(—ihV — A)i|dz,
Rd

where we used an integration by parts and Assumption
By (2.5)), it follows

| 1BEIwRdz < ch Byl

and then
1Byl < ChH[¢] 2,
Using again ([2.5)), the conclusion follows. Il

2.3. Casen=1

The estimate of Theorem [1.4] is obvious when n = 0. Let us consider the
case when n = 1 to explain the principle producing these estimates.

Lemma 2.5. There exist C > 0, hg > 0 such that, for all 1 € ./ (R%) and
all h € (0, ho),

IL3 )+ 1L39 ] + 1L Lol + | L2Lawpl] < CR™H| L.
Proof. Let us consider ¢ € .7 (R%) and let
2 = f.
Consider j € {1,...,d}. We have
Lh(Lj) = Lif + [, L],

and
[(—ihV — A)(Ly0)||> = (L;f, Ljyy) + ([Zh, Lil, L),
We have

d d
(L, Li) = > (L3, L] = (L, L] Lg + Li[Ly, Lj]) -
k=1 k=1
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Thus,
([, L, L) | < ClIBY[|[|(=ihV — A)p]|
+ c/ IB||(—ihV — A)yp|dz.
Rd
We have, for all € € (0,1),
(L f, L) < el L3el® + Cell f11%,
and then, for € small enough,
I(=ihV — A) (L) |* < CIfIP + CIBYII| (~ihV — A)y|
+ c/ IB||(—ihV — A)tp|*dz.
Rd
With Lemma noting that [[¢[|%, < C(1+h7?)|If||?, we find

1(=ihV — A)(L;)|2 < Ch3| £]1% O

2.4. Induction

Let n € N*. Let us assume that, for all k € {1,...,n}, the ellipticity property
(T.3) is true. Let us consider f,¢ € .7 (R?) such that

L = f.

Consider o € 2A(2n). Since the functions are in the Schwartz class, all the
following computations are justified.
We have

tha¢ = Laf + [.ﬁ/ﬂh, La]wa
and then

(2'6) <ZhLa'¢)7 La'¢> = <Laf7 La¢> + <[$hv LO’]¢7 La¢>'

By using the Cauchy-Schwarz inequality and the induction assumption, we
have for all £ € (0,1),

(Lo f, Lo¥)| < ORI Il | < CR™2R | 1 + Ch=>r |21
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so that, by Lemma |1.2
(Lo f, Lot)| < Ch™CmD| gty

Let us now deal with ([%},, Ly |¢, Ls). The commutator [%},, L] is the sum
of various terms. Each of them is the composition of at most 2n — 2 of the
L; and with exactly one of the By, o. By commuting the By, ¢ to put it on the
left, and using Assumption [I.T} we get

I[%h Lolll <C Y7 I(B)L¥l.

TEA(2n—2)

By applying Lemma [2.4], and then the induction assumption, we get

%, Loltbl| < Ch™Y D" |ILe]lg, < Ch™ D2 L)
TEA(2n—2)

Thus, we deduce

(LhLath, Loth)| < Ch™3" 12| g2,
This shows that, for all v € 2(2n + 1),
(2.7) 1Lyl < ORGP0 | Zntlap).

Now, we want to get the control for v € A(2n + 2). Let 0 € 2A(2n+ 1). We
consider again ([2.6]). By integration by parts, we can write

<L0f7 LU¢> = <L5'f) L&¢>7

with & € 2(2n) and ¢ € A(2n + 2). Thus, by Cauchy-Schwarz, and the in-
duction assumption, for all € > 0, there exists C' > 0 such that

(2.8) (Lo f, Lo¥)| < el| Lows||* + Ch™*" /2| L0+ |17,
As previously, we have

1L Lol <C D (1B)Ls]).

TEA(2n—1)

We use Lemma and (2.7) to find

1% Lol S CR™" Y ILe]l g, < CR™ G2 gty
TEA(2n—1)
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Then, with Cauchy-Schwarz and (2.7, we get
(2.9) ([ Zhs Lo, Loth)| < Ch™ G| gty |12,

From (2.6), (2.8), and (2.9), summing over o € 2(2n + 1), and choosing ¢
small enough, we get (1.3) with n replaced by n + 1.

This achieves the proof of Theorem [1.4]when ¢ € .#(R%) and it remains
to use the discussion of Section 2.1 when 1) € Dom(.Z}").

3. Application to the evolution problem

We can now prove Theorem Let vy € 7 (RY). We denote by v(-) the
solution to the Schrédinger equation (|1.1]).

Notation. For k, A € N, we define II,; \ the set of the operators P that are

composition of operators taken among (L;)i1<j<q and and (xy)1<k<d With &

occurences of x and A occurences of L. We also set Il = U IT,; 5.
(k,\)EN?

The aim of this section is to prove the following proposition.

Proposition 3.1. Let (k,\) € N? and consider P € IL; x . There exist hg >
0, C >0 and N € N such that, for all t >0, and all 1y € .7 (R?), for A <
2n < A+ 1,

1Py(#)]] < Ch™N (1 + ) > 13 %ol

la|<ki|al+v<k+n

This proposition implies the control of the Schwartz semi-norms and
achieves the proof of Theorem Indeed, from Sobolev embeddings, for all
k € N, there exists K € N such that for all f € .7 (R%),

pe(f) < max |z@0°f|.
1)< a0

Using now that 9; = (—ih) " (L; + 4;), and A € 2, there exists C' > 0 and
N € N such that, for all f € L?(R%), if |Pf| < +oc for all P €1, then
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208 f € L*(R?) for all o, B € N, and

lz*0° fIl < Ch=N Y T |IPf,
PeR

where R is a finite part of II. Then, Proposition [3.1] implies, for NV, x and n
large enough,

lz*0%p()| < ChN Y | Py@)|| < CRN@+ ) YT G aTll.

PER [vI<K,vI<n
Finally, we conclude by
1L 2ol < Cl(1 + 2*)™ Ly %Yol 0 < Cpi (v0),

for m, K large enough.

3.1. Case when kK =0

For all ¢t > 0, we have, by definition,

h(t) = enPhafy.

For all / € N, we get
Lip(t) = en D L.

Applying Theorem [I.4] this establishes the estimate of Proposition [3.I] when
Kk =0.

3.2. Case when k =1

Before starting the induction procedure, let us understand first the mecha-
nism with only one occurence of z. Let j € {1,...,d}. We have

—ihoy(z5) = Lp(x9) + (x5, Lh]ib.
Note that [x;, 23] = 2hL;. With the Duhamel formula, we have, for all t > 0,

i(t

. t _s
(3.1) zb(t) = % (ap00) + /0 e T AL 1 (s)ds.
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With Lemma [2.3] we get
t t
e Oll < llaytoll +2 [ IEw(e)lds < laywoll+ V2 [ is(s) .
Since the evolution is unitary, we get, for all t > 0,
t
g (®ll < llzginl +2 [ 1205} 1ds < Lol + 2ol
More generally, with (3.1]), we have, for all £ € N,

it

it t —s
f,f:z‘jd}(t) = elhfg"f,f(xﬂbo) +/ e = )‘Z”Q.,Ef,ijw(s)ds.
0

so that
t
| Lz (t)|| < 11Z (z5e00) | +2/0 1L Ljb(s)||ds

t
<L)l + ChN / |25 (s) s
< 1L (e 00)| + CthN | ZE .

It remains to apply Theorem and to commute the z; with the Ly.
3.3. Induction

Let us now end the proof of Proposition by induction. We set the fol-
lowing two induction assumptions. For k € N, let

2, :VneN, Vae N |a| =k, IN € Nsit.
1L ey ()] < 1 La ol + C > 1.2y PN (1 + t5) 5

|BI<k—1:|B|+v<r+n
and
PoVP e, IPUOI<C S [ Zaollh N (1 + %),

la|<k:|al+v<k+n
forA<2n <A+ 1.

We have proved propositions &y, 2y and 2;. We assume now that for a
given k € N*, for any k < k, &y and & hold, and we prove Z.; and
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Dyv1. We begin with 2,,1. Let a € N¢, with |a| = x4+ 1 and n € N. We
have

—ihoy (L'w (1)) = Ly a®y(t) + L 2%, Ll ().
Then, noting that
[xo‘, fh] = hP1

with P; a sum of elements in II, 1, we get from the Duhamel formula
it t -t—s
Llap(t) = en D Loy +i / e L P (s)ds.
0

As Z;' Py is a sum of elements in I1,; (9,41), We can apply &, and integrating
in time and using the unitariness of ei%”%, we find, for some integer N € N

|l < L Lrevoll + Ch N ST a1+ )
|Bl<k:|Bl+v<Rrtnt]

that proves 2,11. It remains to prove &,,1. We consider so some P €
IT;4+1,x, for a given A € N. Then, because of the commutation relation of the
(z1)1<k<a with the (Lj)1<j<a, that is [zy, Lj] = —ihdy;, there is a € N%
|a] = K + 1 such that

P =P+ Pyz®
with P a sum of elements in II,; \_; and P3 € IIp 5. So
[Py @) < [Py ()| + ([P (t) |-

Then, applying &, we get, for some integer N € N

(3.2) 1Py ()| < Ch™N (1 + ) > [BZ|
18<k:|BlHv<rtn

and applying Theorem along with 2,1, for some integer N € N, and
for A <2n < A+ 1, we have

[1Psz(8)[| < Ch™"|| L7z (#)]]

(33) <oVt leretwl+ >0 4|
|8<k:|Bl+v<rt+n+1
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Now, gathering (3.2) and (3.3]), we find, for some integer NN,

| Pp(t)|] < Ch™N(1 + 1) Z 1LY 2P|
|B|<K+1:|Bl+v<r+ntl

that proves &1 and achieves the proof of Proposition

Acknowledgments

The authors are grateful to Karel Pravda-Starov for sharing useful refer-
ences.

1]

References

S. Agmon, Bounds on exponential decay of eigenfunctions of Schro-
dinger operators, in: Schrodinger operators (Como, 1984), Vol. 1159 of
Lecture Notes in Math., 1-38, Springer, Berlin (1985).

G. Boil, Propagation quantique en temps longs d’états cohérents dans un
champ magnétique fort, Ph. D. Thesis, Université de Rennes 1 (2018).

G. Boil and S. Vu Ngoc, Long time dynamics of coherent states in strong
magnetic fields, preprint (2018).

S. Fournais and B. Helffer, Spectral Methods in Surface Supercon-
ductivity, Vol. 77 of Progress in Nonlinear Differential Equations and
Their Applications, Birkhduser Boston, Inc., Boston, MA (2010), ISBN
978-0-8176-4796-4.

B. Helffer, Semi-Classical Analysis for the Schrodinger Operator and
Applications, Vol. 1336 of Lecture Notes in Mathematics, Springer-
Verlag, Berlin (1988), ISBN 3-540-50076-6.

B. Helffer, Y. Kordyukov, N. Raymond, and S. Vi Ngoc, Magnetic wells
in dimension three, Anal. PDE 9 (2016), no. 7, 1575-1608.

B. Helffer and A. Mohamed, Caractérisation du spectre essentiel de
DVopérateur de Schridinger avec un champ magnétique, Ann. Inst.
Fourier (Grenoble) 38 (1988), no. 2, 95-112.

B. Helffer and A. Mohamed, Semiclassical analysis for the ground state
energy of a Schrodinger operator with magnetic wells, J. Funct. Anal.
138 (1996), no. 1, 40-81.



On the stability of the Schwartz class 17

[9] B. Helffer and J. Nourrigat, Hypoellipticité Maximale pour des
Opérateurs Polyndémes de Champs de Vecteurs, Vol. 58 of Progress
in Mathematics, Birkhduser Boston, Inc., Boston, MA (1985), ISBN
0-8176-3310-3.

[10] B. Helffer and J. Nourrigat, Décroissance a l'infini des fonctions pro-
pres de l'opérateur de Schrodinger avec champ électromagnétique poly-
nomial, J. Anal. Math. 58 (1992), 263-275. Festschrift on the occasion
of the 70th birthday of Shmuel Agmon.

[11] L. Hormander, Hypoelliptic second order differential equations, Acta
Math. 119 (1967), 147-171.

. Maspero an . Robert, On time dependent Schrodinger equations:
12] A. M d D. Rob 0 d dent Schréd
global well-posedness and growth of Sobolev norms, J. Funct. Anal. 273
(2017), no. 2, 721-781.

[13] N. Raymond, Bound States of the Magnetic Schrédinger Operator,
Vol. 27 of EMS Tracts in Mathematics, European Mathematical So-
ciety (EMS), Ziirich (2017), ISBN 978-3-03719-169-9.

[14] N. Raymond and S. Vi Ngoc, Geometry and spectrum in 2D magnetic
wells, Ann. Inst. Fourier (Grenoble) 65 (2015), no. 1, 137-169.

[15] D. Robert, Propagation of coherent states in quantum mechanics and
applications, in: Partial differential equations and applications, Vol. 15
of Sémin. Congr., 181-252, Soc. Math. France, Paris (2007).

[16] D. Tataru, On the Fefferman-Phong inequality and related problems,
Comm. Partial Differential Equations 27 (2002), no. 11-12, 2101-2138.

[17] D. Tataru, Phase space transforms and microlocal analysis, in: Phase
Space Analysis of Partial Differential Equations, Vol. II, Pubbl. Cent.
Ric. Mat. Ennio Giorgi, 505-524, Scuola Norm. Sup., Pisa (2004).



18 G. Boil, N. Raymond, and S. Vi Ngoc

IRMAR, UNIVERSITE DE RENNES 1
CAMPUS DE BEAULIEU, F-35042 RENNES CEDEX, FRANCE
E-mail address: gregory.boil@univ-rennesl.fr

UNIVERSITE D’ANGERS, FACULTE DES SCIENCES
DEPARTEMENT DE MATHEMATIQUES, 2 BOULEVARD LAVOISIER
49045 ANGERS CEDEX 01, FRANCE

E-mail address: nicolas.raymond@univ-angers.fr

IRMAR, UNIVERSITE DE RENNES 1
CAMPUS DE BEAULIEU, F-35042 RENNES CEDEX, FRANCE
E-mail address: san.vu-ngocQuniv-rennesl.fr

RECEIVED MAY 17, 2018
AcceEPTED OCTOBER 31, 2018



	Introduction
	Magnetic elliptic estimates
	Application to the evolution problem
	References

