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Bernstein theorems for minimal cones
with weak stability

CAIYAN L1

In this paper, we derive some rigidity results for minimal cones
under some weak stability conditions both in codimension 1 and
higher codimension.

1. Introduction

The classic papers [5] by Simons and [3] by Scheon-Simon-Yau contains
proofs of the fact that all n-dimensional minimal stable cones in R**! are
trivial for 2 <n < 6. The stability condition is [, |A[*¢* < [, [Vm&|? for
the second fundamental form of M™ C R™™! and all £ € C}(M). On the
other hand, the same stability inequality is unavailable for stable minimal
cones (also minimal surfaces) of high codimensions. Even for n-dimensional
stable normal flat cones - codimensional one surfaces are all automatically
normal flat - the stability inequality becomes a weaker one, % J M |A]2¢% <
S IVaé: In [8] by Xin, [7] by Xin-Yang, and [6] by Smocyk-Wang-Xin,
the authors obtained some Bernstein type results for higher codimensional
graph-like minimal submanifolds under certain restrictions of Gauss map
and/or normal flatness assumptions. For special Lagrangian graphical cones,
it is well-known that three dimensional ones are flat (cf. [9]). The flatness of
four dimensional ones follows from [2] by Nadirashvili-Vladuct.

In this paper, we study rigidity of minimal cones under a weaker stability
condition

(1.1) o /M APE < /M Vel

for a dimensional constant a < 1 and any ¢ € C}(M). Meanwhile, under a
stronger stability condition (o > 1), we could reach the rigidity of minimal
cones of higher dimensions than the known ones.
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Thetlem 1.1. Let M C R”“,n > 2 be an n-dimensional minimal cone
with M\ M = {0}. If (1.1) holds for

n 1+ (n—2)4/n
(12) S S

then M must be a hyperplane.

Remark 1.1. Particularly, for dimension n = 6, we just need a > 0.84.
This condition is weaker than o = 1 in [3]. And for n < 5, the corresponding
conditions are as follows: (1) if 0.134 < o < §,then2 <n < 3; (2)if 3 < a <
0.573, then 2 <n < 4; (3) if 0.573 < a < 0.840, then 2 < n < 5. Moreover,
ifn>7 weneed a>1.

Theorem 1.2. Let M C R?", n > 2 be an n-dimensional special Lagrangian
cone with M\ M = {0}. If (1.1) holds for

oo 31 ]

343 -1 2n—-1)—6(n—1)2(n+1)+9
(n—1)?

n+1-—

(1.3) %

}.

Remark 1.2. In particular, (1) if 0.375 < a <1, then 2 <n <3; (2) if
1 <a<1.219, then 2 <n <4; (3)if 1.219 < a < 1.32, then 2 <n < 5; (4)
if 1.32 < a < 1.375, then 2 <n <6.

then M must be a hyperplane.

Theorem 1.3. Let M C R*™™  n.m > 2 be an n-dimensional minimal
cone with M\ M = {0}. If (1.1) holds for

3 2+2y/m%(n—1)3 —mn(n—1) + 1
" m(n —1)

(1.4)

}.

In closing, we show that the weak stability condition is necessary cer-
tainly in Theorem 1.1 by simple examples. Consider the Simon’s type cones

then M must be a hyperplane.
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Cpq=1{(m,y) = (T1,.. ., Tp,Y1,...,yq) ERPTL: 2. -—1—;13127 =2+ -—|—y3}.
Claim. C,, is an n(=p + ¢ — 1)-dimensional minimal cone in R"! with
coefficient v < 1 in (1.1), when n < 6.

In fact, it’s easy to check that the mean curvature H =0, i.e. Cp is
minimal, and the norm of the second fundamental form of C), , satisfies
|A|? = 21, By the stationary assumption of M (= Cp ), the first variation
satisfies [, divyy X = 0 (see [4]), for any smooth vector X with compact sup-
port in M. Choose X = f—zx, where ¢ € C}(M), and x € M. Using Schwarz
inequality, we obtain

—92)2
[ to2es [ v

Note that |A|? = 251 thus

r

_9)2
a/M |A]2¢2 < /M |V ar&]?, where a = m

Particularly, we have that: (1) a = é, if n=3;

2. ifn=>5 (4) a=1%,ifn="6.
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2. Proof of codimension 1

In this section, we will prove the codimension 1 case, that is Theorem 1.1.
Suppose that M C R™! is an n-dimensional minimal embedded sub-
manifold. We denote the tangent bundle of M by TM. Choose a locally

defined orthonormal frame in TM, 7,...,7, and a unit normal vector v
of M. Then 7i,...,T,, v consist a basis of R"*!. The second fundamental
form refers to A = hyj7; @ 7;, where hyj = —(V,v,75),i,j =1,...,n. Now

the well-known Simons’ identity follows (see [3])
A (1\A|2> = hZ o — |A[* + hijH i; + Hhjjhmihm,
M 9 = 5k 54115 i 'tmailimy -

n
Furthermore, as M is minimal, the mean curvature vanishesi.e. H = h;; =

=1
0. Therefore, '

1
(2.5) AN <2|A|2> = |V A2 — A%
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Lemma 2.1. Suppose that M C Rt s an n-dimensional minimal cone
with M\ M = {0}, then

2 1
(2.6) VA2 > (1 + > IV ar| Al + 2 (1 - ) 2| Al
n—1 n—1

Proof. For a fixed point x € M, we choose a frame in T'M, denoted by
Tl,...,Tp, Where 7,, = | E and a unit normal vector v, such that I‘k =0, and

h,]—O i # j. Then,
(2.7) hm = 0, hij,n = —T_lhij, i,j = 1, N N

In view of (2.7), we compute

‘VMA,Q: Z h‘zyk— Z hl]k+3zhz]n

i,5,k=1 ,jk 1 3,0=1
—2 2
_ Z Wy +3r2 Y b
jk 1 ij=1
= Z hip +3r 2 AP
i,5,k=1
and,
n n—1
IValAl? =472 ( mm)
k=1 \i=1
n—1 /n—1 n—1 2
=|A|‘QZ<Zhuhl ) +14]72 (Zhh)
k=1 \i=1 =1
n—1 /n—1
= |A|2 ( hhk> +r72| AP
k=1 \i=1
Let
’vMA|n 1= Z hzy,lw
i,7,k=1
and

n—1 /n—1 2
IVl All7—y = A7 Z (Z hiihii,k> :
k=1 \i=1
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Here the subscript (n — 1) about |V, A|? and |V | A||? means that we com-
pute them in the sense of that M is an (n — 1)-dimensional submanifold.
Thus, the above two estimates show

(2.8) IVarAP > [VarAlL -y +3r72 AP,
and [Vl A|* = [Vl A|l7 -y + 777 AP.

In virtue of the minimal assumption of M and (2.7), we have E?:_ll hii =

—hpn = 0 which implies M is also an (n — 1)-dimensional minimal subman-
ifold. Thus

(2.9) VaAR > (1 ; ) VAR,

n—1
Combing with (2.8) and (2.9) gives (2.6). O
Now we start to prove Theorem 1.1.

Proof. Using (2.5) and (2.6),

(210) 2 <1 = 1) r AP < A <;|A!2>

n—1
n—1

2
- (1+ ) VAP + AL

Multiplying | A|?(@~1¢? with € € C}(M) and integrating over M on both
side, and using integration by parts, we arrive at

2<1_ 1 )/ r72|A’2a€2
n—1 M

< 9 /M AP (V ] Al, VE)

2
- (o= 14 25) [ 1ulaipiapee + [ japeng,
n—1 M M

On the other hand, applying (1.1) with |A|*¢ in place of £ gives

[ 14p0s9¢ <o [ wulagpiape-e
M M

to /M AP VE +2 /M (AP (V| Al VE).
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We continue

2(1— 1 >/ 2 APeg?
n—l M
2 _ 1 .
§—<a—1+> / IVl AlPARE e ¢ L / A2 VeP.
n—l M « M

Since v > 1 — —2- (by (1.2)), then

(2.11) 2(1— 1 )/ r_z\A|20‘§2<1/ |A]>|VE2
n—l M e} M

We claim that (2.11) holds for any £ € Lip(M) with

(2.12) / 2| APPYE? < oo
M

In fact, substituting £ by &7, in (2.11) and letting € — 0 and using (2.12), we
can conclude. Here, 7. satisfies n.(x) = n.(|z]) € [0, 1], |Vne|(z) < ‘i—', ne(x) =
1, for |z] € (71, €), and n.(|z|) = 0,for |2| < §,0r |z] > 2.

Take & = ri=2To%e2€ in (2.11), where 71 = maz{l,r} and let § =
Js [A%, where ¥ = M N S™~!, we obtain

(213) 2 (1 S )9/ IR dr < Z/ R Ve dr
0 0

n—1

After an easy computation, we get

1 1 [e%s}
2 (1 _ > 0 |:/ 7”_1+26d7' +/ 7“_1_26d7':| 7
n—1 0 1
0 2 rl 2 [oo
< — |:(1—n+04+6> / r*1+26d7“+<1—ﬁ+a—6) / 7‘126de| .
« 2 0 2 1

If =0, ie. |[A] =0, then we can conclude. Otherwise, when

n?—n—2-2(n-2)n n?—n—-2+2(n-2)n
2(n — 1) sas 2(n — 1) ’

we can choose a suitable € > 0, such that

2 1
(1—g+aie> <2a<1—n_1>.
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There is a contradiction to (2.16). For a > nitn-2iAn-2)yvn, clearly (1.1)

) 2(n—1)
holds for some g, with nz—n—22(;3(1n)—2)\/ﬁ <ap < "2_"_22(23(3_2)ﬁ. By the
above discussion, we can conclude. O

3. Proof of special Lagrangian submanifolds

Let M C R™ x R", n > 2 be an n-dimensional special Lagrangian subman-
ifold. TM and NM refer to the tangent and normal bundle of M respec-
tively. Take an orthonormal frame in T'M, denoted by 7,...,7,. Clearly,
JT11,...,J71, is a frame in NM, and 71,..., 7Ty, J71,...,J7, consist a basis
of R?", where J is the complex structure in C"* = R" + /—1R", satisfying
JO, = 0y and JO, = —0,. The second fundamental form of M is defined as
follows:

<B(Ti,7'j), JTk> = (AJTk’(Ti),Tj>,hijk = <v7iTj,JTk>7
B(TZ',TJ') = hiijTk, 1 S i,j,k S n,

(V1 B)(13,7j) = hijrgJ e, 1 <4,5,1 <n.

Then we know all the subscripts of h are symmetric and the Codazzi equa-
tions are as below

(314) hijk,l = hijl,kv i,j,k‘,l = 1,...,n.

Cause M is minimal, the mean curvature satisfies
n

(3.15) H =) hij; =0, i=1,...,n.
j=1

Lemma 3.1. Let M be an n-dimensional special Lagrangian submanifold
in R2", then

3
(3.16) VA2 > (1 + n2> |V ar| Al %

Proof. Choose an orthonormal frame in TM, 7,...,7,. Again, we see that
TlyeeosTnyJT1, ..., JTy is a basis of R?™. Denote A® = A/™ then |A%? =
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2
Z'L] 51,]7 a‘nd |v]\4|148||2 |A3| -2 ij (ZZ] hSZthZ] k}) b 1 S S S n. Wlth'
out loss of generality, we assume that

IVarlA)? = max V| A% 2.
<s<n

Furthermore, by choosing a suitable frame 7,...,7, in TM, we suppose
that
(3.17) hiij =0, i # j,

By the above assumptions, we compute

2

|VM|AH2 - ‘A‘_Q Z Z hsijhsij,k

k=1 \s,,j=1

2
< Zgzl Ezzl (ZZ]’:I hsijhsij,k)
<n

D ey 1A

n

< n]Al —2 Z Z hlijhlij,k

k=1 \i,j=1

n n 2
= n|Al 2 Z (Z hliihlii,k)
< nzhluk’ _nzhlzzz+nzhlzzk

2

i#k
n
=n) >y +nzh1uk
i=1 \ j#i i#k
n_ 1 Zh1]]z+nzh1mk _nzzhlmk?
1#£] i#£k i#£k

here we also used (3.14) and (3.15).
On the other hand, by Schwarz inequality and (3.17), we obtain

2
|VM|AH2 ‘A| QZ Z hSith’iLk SZ Z hsz]k+3 Z hlzzka

k=1 \s,i,j=1 k=1 s,i,j=2 i,k=1
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Finally, we arrive at

’VMA|2— ‘VM’AHz >3zzh 1zk+3z Z hlz]k’ = 2 z hlz]k

k i>1 k i#5>1 %5,k

Zhlljl+zhlljj _32h122k> Q‘VM‘A||2

] i ik
1#£] 1#£] 7 0

Lemma 3.2. Suppose that M C R?", n > 2 is an n-dimensional special
Lagrangian cone with M \ M = {0}, then

3 1
3.18 AP > (14 ——— AP +3(1 - — ) r 2|42
019 = (14 525 ) Tl +3 (1= 5 )
Proof. For a fixed point © € M, we choose a locally orthonormal frame in

TM, denoted by m,...,7, where 7, = é—‘ Again, 7,..., 7, J711,...,J7T
consist a basis of R?", and

(3.19) hijn =0, hijkn =1 "hijk, i,5,k=1,...,n

Using (3.19), we compute

|VMA|22 Z hzgkl+4 Z hz]kn_ Z hzgkl+4r ? Z hz]k

i,5,k,l=1 1,5,k=1 Jkl 1 1,5,k=1
Z hz]kl+4r_2|A|2'
,7,k,l=1
Also,
_ 2 2
IVarlAll? = A7 22 7 higghiger | 1A D higkhijen
i.jk=1 i.j,k=1
2
n—1 n—1
=AY | D0 hugphigea |+ A Z hij
I=1 \ijk=1 ig.k=1
2
n—1 n—1
=AY | D0 hiphigea |+ AP
=1

,7,k=1
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Denote
n—1
2 2
IVMmAl, 1 = E hijk,b
i»j)kylzl
and

2

n—1 n—1
IVal Al =AY D hijehijig
=1 \i,jk=1

Then the above inequalities imply

(3.20) IVar A2 > |VarAPZ_ +4r 2| A%
and V| Al = [V |Al[_y +772|A]%

Since M is minimal, we have
n—1

(3.21) > hijj=—hipn =0, i=1,...,n.
j=1

Hence M is an (n — 1)-dimensional minimal submanifold. And by
Lemma 3.1,

3
(3.22) |VMA|i_1 > (1 + (n_1)2> |VM|AH31—1.

Our Lemma follows from (3.20) and (3.22). O
Finally, we are ready to prove Theorem 1.2.

Proof. Using Lemma 3.2 and the fact for higher codimensional minimal sub-
manifolds (see [1])

(3.23) YANY: <;’A‘2> > |VMA|2 _ g’AH
we obtain
(324) 3(1- _t AP < Ay 1IAI2

) (n—1)2 - 2

3 2 3 4
(1+ (n_1)2> VarlAIP + Sl
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Multiplying |A2GoD¢2 with ¢ € C3(M) and integrating over M on
both side, and applying integration by parts, we arrive at

(1= ) o

> 9 / Al 15<vM\A| ve) + / APGatig
4

Using (1.1) with ]Aﬁof in place of £ gives

24 da 24
[ 1aptene < 2 [ vy lap iaptene
M 9 Jm
1 14 4 da
+/ Al |V§|2+/ [A[5 (V| Al VE).
@ Sy 3 Jm

In conjunction with this, we continue

1 4
1 _ —2 A ga 2
s < (n— 1)2> /MT Al
(26143 _ / VAl 2|ARGe g2 ¢ 3 / A% Ve,
- 3 (n — 1)2 M 20( M

Since %a -1+ ﬁ >0 (by (1.3)),

1 _ 4, 3 4,
25 3(1- ) [ < [ g

Similarly, as discussed in the proof of Theorem 1.1, we know that (3.25)
holds also for any 5 € Lz'p(M ) with [j, 7 2[A[5¥¢? < oo

Choose & = rl=3+3ate, %€ in (3.25). Let r1 and 0 be defined in Section 1.
Then

1 & 4 1 o 1
(326) <1 - (’n—]_)2> 0/(; T'n737§a€2dr S 2a0/(; Tnilfga]VﬂQdT.
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Again, we only consider the case

3 ) 3+3n—142n—1)—6(n—1)2(n+1)+9
|t (n—1)?
e §[n+ L3 V3(n —1)4(2n (—nl_) I)26(n —1)2(n+1) +9].

Then, we can choose € > 0, so that (1 -5+ %oz + 6)2 <2« (1 — (n_%)z)
This leads |A| = 0.

4. Proof of general higher codimension

This section is almost as same as section 3. In this section, M C
R m > 2 refers to be an n-dimensional minimal submanifold. T'M
and NM are same as in section 3. Take a frame in TM, 71,...,7,, and
a frame in NM, vy,...,v,. In the sequel, if without specification, we agree
1<i,j,k<n, 1<a,B<m and summation convention. The second fun-
damental form becomes

A= hm'jﬂ' X Tj & Va, hm‘j = <v7—i’7‘j,l/a>, 1<,7<8n, 1 <alm.

Then hm‘j = haji-

Lemma 4.1. Suppose that M C R*™™  n,m > 2 is an n-dimensional min-
imal cone with M \ M = {0}, then

(4.27) VA2 > (1 + m(n2_1)

+2 <1 - m(n11)> 2| A2

Proof. For a fixed point x € M, we choose a locally defined orthonormal

basis of T'M, denoted by 71, ..., 7, where 7,, = % and vq,..., U, aframe in
NM. Then

) IVl Al

(4.28) hain =0, haijn = —1""haij.
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Using (4.28), we compute

n—1 n—1
(4.29) VAP > Z Z haijp + 32 Z haijn

a k=1 a ij=1
n—1 n—1
=D D Man 30 Y b
a igk=1 a ij=1
n—1
=D D> hogat3r?AR
a k=1
Also we have
2 2
n—1 n—1 n—1
IValAIP=1A2Y (D0 D Baijhaiin | + 1A | D0 hadjhaijn
k=1 \ « ij=1 o =1
2
n—1 n—1 n—1
=AY D2 D haishaign |+ AT 30 D A
k=1 \ a ij=1 o ij=1
2
n—1 n—1
430) =AY A0 hagjhain | +r2AR
Let
n—1
|VMA|72171 = Z Z hiij,ka
a 4,5,k=1
and
2
n—1 n—1
IVarl AL = A7 (D 0 haijhaije
=1 \ a ij=1
Combing with (4.29) and (4.30) gives
(4.31) VAP > [V AlL_y + 3r 2 AP,
and [Var|A||* = [VulAl[_y +r72AP.
Similarly, we see Z?:_ll haii = —hann =0, a=1,...,m. Then M is also an

(n — 1)-dimensional minimal submanifold in R"~D+™_ From [7], we derive

2
(4.32) VA2 | > (1 +
m

(n_1)> IVarlAll7 -
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Our Lemma follows from the (4.31) and (4.32). O
Similarly, we prove Theorem 1.2.

Proof. Using Lemma 4.1 and (3.23), we obtain

(4.33) 2 (1 - m(n1—1)> 2| AP

1 3
< Au(zlaP) - (1+ ) [9lalP + Jlar

2
m(n —1)

Exactly similar to section 3, we derive for any & € Lip(M) with [, r~2|A] sog2
< 00

1 -2 %a 2 i %a 2
sy (1) [ormaiee < 2 [ g

_n42 —
Choose ¢ = rl=2t5otey ¢ Then

1 > 4 3 > 4
4. 1——— |60 n=3—3a¢2 4. < 9/ n—l=3a1y7¢124r.
(4.35) ( m(n — 1)) /0 " &hdr < da Jo " Vel dr

Similarly in the proof of Theorem 1.2, we only consider the case

3 2+2y/1+m2(n—1)3 —mn(n —1)
" m(n—1)
3 2—-21+m2(n—1)3 —mn(n—1)

We can choose € > 0, so that (1 -5+ %aie)z < %a <1 - m) Thus
|A| = 0. O
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