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Some applications of theta
correspondence to branching laws

HENGFEI LU

In this paper, we will use the local theta correspondences for the
dual pair (Sp(W),0(V)) to investigate some branching law prob-
lems.

1. Introduction

Let F' be a nonarchimedean local field of characteristic zero. Let G be a
reductive group defined over F. Assume that H is a closed subgroup of
G defined over F. Let 7 be an irreducible smooth representation of G(F).
There is a rich literature studying the restricted representation 7|z, called
the branching law problems, such as [5H7, 13| 24, 27] and so on. If

dim Hom gy (m,7) < 1

for any irreducible smooth representation 7 (resp. 7) of G(F') (resp. H(F)),
then the pair (G(F'), H(F)) is called multiplicity-free, such as (SO,,, SO,,—1).
If dim Homp gy (7, C) < 1 for any irreducible smooth representation 7 of
G(F), then the pair (G(F), H(F)) is called a Gelfand pair. If

Homp(p)(m,C) # 0,

then 7 is called H(F')-distinguished. The relative trace formula is a very
powerful tool that can be applied to deal with the distinction problems,
such as [27]. In this paper, we will use the local theta correspondence to
deal with the distinction problems, following [6] [13].

Let D be a 4-dimensional division quaternion algebra over F'. Let E =
F[4] be a quadratic field extension of F. Let Wg (resp. Wg) be the Weil
group of F' (resp. F). Let W Dp (resp. WDg) be the Weil-Deligne group of
F (resp. ). Fix a nontrivial additive character ¢ of F' and ¢ = ¢ o trgp.
Set 1o(e) = Yr(de) = Y(trg/p(de)). Then th|r is trivial.

There are 3 aspects in this paper:
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e to show that (GL; (D) x GL1(D), GSpin}l’l(F)) is multiplicity-free (see
$3);

e to compare the distinction problems for (Sps,(E),Spy,(F)) and
(O(V @F E), O(V))(see g) ;

e to classify all the tempered representations of SO(V'), distinguished by
SO(V'), where V' is a subspace of V' of codimension 1.

Let GSpin}l’l(F) = {(g1,92) € GL1(D)xGL1(D) : det(g1) = deg(g2)}, where
det(g1) = Np/r(g1)-

Theorem 1.1. Given an irreducible representation w= (m,m2) of
GL1(D) x GL1(D) and any irreducible representation T of GSpini’l(F), one
has

dim Hom g0y (m,7) < 1.

We would like to highlight the fact that Asgari-Choiy [I] have proved the
local Langlands conjectures for GSpin, = {(g1,92) € GLa x GLg2 : det(g1) =
det(g2)} and its inner forms. However, in [I, Remark 5.11], they claim that
\H(z,(GSpin}l’l(F))] = lif and only if m; = w2 ® x are dihedral with respect to
three nontrivial quadratic characters of F*| where x is any character of F'*.
In this case, they obtain the conclusion that the multiplicity in restriction
from GL1 (D) x GL1(D) to GSpiny™ (F) could be 2, which is false. In §3| we
will show that [IT,(GSpiny' (F))| = 4 instead of 1 if 7, = mp ® x are dihedral
with respect to three nontrivial quadratic characters of F*. On the other
hand, Dipendra Prasad gives an another proof of Theorem involving
pure algebras which will be presented at the end of

Theorem 1.2. Let E = F[0] be a quadratic field extension over a nonar-
chimedean local field F of characteristic zero. Let W, be a 2n-dimensional
symplectic vector space over F. Let T be a tempered representation of
Spo,(E). The local theta lift to O, (E) of T from Spy,(FE) is denoted by

012’:(7)
(i) Suppose that the local theta lift 9:;0"(7') =0. Then 7 is Sp(Wp)-
distinguished if and only if HZjl’nH(T) is nonzero and Oy 1 pt1(F)-
distinguished.

(ii) Suppose that 0:;2)"(7') is a mnonzero representation of Op,(E) and
that the local theta lift to Spy,_o(E) of 60,"(7) is zero. Then T is
Spay, (F)-distinguished if and only GZ;H(T) is O(V)-distinguished for
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a 2n-dimensional quadratic space V over F satisfying O(V @p E) =
Onn(E).

In [28], assuming p#2, Zhang showed that given a Sp,,, (F')-distinguished
regular supercuspidal representation 7 of Sp,,, (F), there exists a 2n-dimen-
sional quadratic space V' over F' such that the theta lift 0y, (7) is O(V)-
distinguished. Moreover, V ®pr E is unique. We extend Zhang’s result from
the regular supercuspidal representations to the tempered representations of
Opnn(E), whose first occurence index (defined in §2) is 2n in the Witt tower
{W,, ® E}, including the case when p = 2.

Finally, we use the twisted Jacquet modules of the Weil representation to
classify all the tempered representations of SO(V') distinguished by SO(V")
with dim(V/V’) = 1, which turns out to be the local theta lifts from SLy(F)
or Mp,y(F') to SO(V). The key ingredient is that the local theta lifts to
SO(V) from SLa(F') or Mps(F') must not be tempered when dim V' > 8. For
a small group SO(V') when dim V' < 7, the local theta lift from SLo(F') or
Mp,(F) can be written down explicitly in terms of the Langlands parameter
due to [2, Theorem 4.1]. And we give a proof to [5, Conjecture 2] in the case
of non-archimedean fields.

The paper is organized as follows. In §2, we set up the notation about
the local theta correspondence. We will review the results of Asgari-Chioy
and then use the local theta correspondence to prove Theorem in
Another proof of Theorem due to Dipendra Prasad will be given at the
end of §3| In §4] we will show that 7 is Sp,, (F')-distinguished if and only if
the local theta lift is O(V')-distinguished for a quadratic space V over F'. In
§5, we will classify all the tempered representations of SO(V') distinguished
by SO(V’) with dim(V/V’) =1 and then prove [5, Conjecture| in the case
of non-archimedean fields.

2. The local theta correspondence

In this section, we will briefly recall some results about the local theta cor-
respondence, following [14].

Let F' be a local field of characteristic zero. Consider the dual pair
O(V) x Sp(W). For simplicity, we may assume that dim V" is even. Fix a
nontrivial additive character ¢ of F. Let wy be the Weil representation for
O(V) x Sp(W). If  is an irreducible representation of O(V') (resp. Sp(W)),
the maximal m-isotypic quotient of the Weil representation w,, has the form

TR Oy ()
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for some smooth representation of Sp(W) (resp. some smooth representation
of O(V)). We call ©(m) the big theta lift of 7. Let 6, (7) be the maximal
semisimple quotient of © (), which is called the small theta lift of .

Theorem 2.1. [10, [11/ One has

(1) Oy () is irreducible whenever ©y () is non-zero.

(it) the map 7 — Oy (7) is injective on its domain.

It is called the Howe duality conjecture which has been proven by Wald-
spurger [26] when p # 2.

Then Roberts [23] extends the Weil representation to the case of simili-
tude groups GO(V') x GSp(W) (the similitude character Ay is surjective in
this paper).

Lemma 2.2. [9, Lemma 2.2] Let T be an irreducible representation of
GSp(W) and Tlspwy = @iTi- Then

O(7)low) = ®iOy (7).
2.1. First occurence indices for pairs of orthogonal Witt towers

Let W), be the 2n-dimensional symplectic vector space over F' with associ-
ated metaplectic group Sp(W),,) and consider the two towers of orthogonal
groups attached to the quadratic spaces with trivial discriminant. More pre-
cisely, let V, (resp. V) be the 2r-dimensional quadratic F-vector space
with trivial discriminant and Hasse invariant +1 (resp. —1). Denote the or-
thogonal groups by O(V,!) = O,,(F) (resp. O(V;,) = Opt2,—2(F)). For an
irreducible smooth representation 7 of Sp(W,,), one may consider the theta
lifts 9;’T(7r) and 9;”’“2(77) to O(V,!) and O(V;,) respectively, with respect
to a fixed non-trivial additive character 1. Set

{r+(7r) = inf{2r : 0;’7”(77) #0};
r—(m) = inf{2r : 9:;2’7"72(70 # 0}.

Then Kudla-Rallis [15] and Sun-Zhu [25] showed:

Theorem 2.3 (Conservation Relation). For any irreducible represen-
tation m of Sp(Wy,), we have

rH(m) + 77 (1) =4n+ 4 = 4 + 2dim W,.
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In [2], Atobe and Gan use md°"I(r) (resp. m"P(r)) to denote
min{r*(7),r~(7)} (resp. max{r*(m),r=(m)}).

2.2. The see-saw diagrams

A pair (G1, Hy) and (G, H2) of reductive dual pairs in a symplectic group
is called the see-saw pair if H1 C G and Hy C (.

Lemma 2.4. |21, Page 6] For a see-saw pair of reductive dual pairs (G, Hy)
and (Ge, Hy), let w1 (resp. w3) be a representation of Hy (resp. Hs). Then
we have the following isomorphism

(2.1) Homp, (Oy(m2), m1) =2 Homp, (©y(71), 72).

Dipendra Prasad proved that the see-saw identity ([2.1) holds for the
similitude groups as well.

3. The L-packet for GSpin,
This section focuses on the proof of Theorem Let
GSping (F) = {(g1, 92) € GLa(F) x GLy(F) : det(gq1) = det(g2)}
be a subgroup of GLa(F') x GLy(F'). Asgari-Choiy [1] used the restriction
from GL2 x GLy to GSpiny to set up the Langlands correspondence for the
generic representations of GSpin,. We summarize their results as follow.

Let 7 be an irreducible smooth generic representation of GSpiny(F').
There exists a unique enhanced L-parameter (¢, A) such that

¢ : WDp — LGSpin, = GO4(C),

where A is a character of the component group Sy = C(¢)/C°(¢), where
C(¢) is the centralizer of ¢ in GO4(C). Let 7 be a representation of GLa(F') x
GLa(F') such that 7|ggpin,(r) 2 7- Then the size of the L-packet Il is

Mgl = HO6x) : (6x) @7 =7}

where y : F* — C* is a quadratic character of F'*.
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For the inner forms of GSpin,, we consider the extended component
group S, where Sy sits in the following exact sequence

1—— o X g S¢ S¢) 1.

Let f4,§i’j be the characters of pe X p2, where (i,5) = (1,1),(1,2) or (2,1).
We may also regard &4 as 52’2 and GSpin, = GSpini’Q.

Theorem 3.1. [, Theorem 5.1] Given an L-parameter ¢ of GSpiny(F),
there exists a bijection

H¢(GSpinij) -~ Irr(§¢, {i’j)

where In,"(§¢=5ij) are the set of irreducible representations of §¢ which ex-
tends €57, g}?pin}l’z(F) = {(91,92) € GL1(D) x GL2(F) : det(g1) = det(g2)}
and GSpiny” (F) = {(g1,92) € GL2(F) x GL1(D) : det(g1) = det(g2)}-

Suppose that m = (71, m2) is a representation of GSpin}L’l(F) with ¢ =
(p1,92). If o1 = 2 ® X, then

I14(GSpiny)
1, if ¢; is primitive or nontrivial on SLy(C);
= < 2, if ¢1 is dihedral with repect to one quadratic character;

4, if ¢ is dihedral with respect to three quadratic characters.

If ¢1 # ¢2 ® x for any character x of F'*, then |II4(GSpiny)| < 2.
Consider
GLQ(F) X GLQ(F)
{(t,t),t € F*}

GSpiny (F)
{(t,t),t € F*}’

GSO22(F) = and SOg o(F)

Given a square-integrable representation p of GLy(F'), then the theta lift
0 (p) from GLa(F) to GSOg2(F) is isomorphic to p X p¥. Similarly, the
theta lift to GSOy4,0(F') from GLy(F) is

0y (p) = JL(p) ¥ (JL(p))"

where JL(p) is the Jacquet-Langlands correspondence representation of
GL1(D) associated to p and

GL;(D) x GLy(D)

GS0w(F) = = 5 7 e ey
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Now we start to prove Theorem

Proof of Theorem[I.1l Assume that m = (7, m2) is an irreducible represen-
tation of GL1 (D) x GL;(D) with L-parameter (¢1, ¢2). We divide them into
two cases:

o If [TI4(GSpiny)| < 2, then due to Schur orthogonal relation,
. 11
114 (GSpiny)| = [, (GSpiny™)| and W\Gspini=1(F)

is multiplicity free.

o If |II4(GSpiny)| = 4, then ¢1 = ¢ ® x for a character x of Wp. With-
out loss of generality, we assume that x = det ¢1. Then ¢ = ¢y. Thus
7 corresponds to a representation of GSO4(F') and m = 6y(JL(my)),
where JL(m1) is the Jacquet-Langlands lift of 7. If

Homggpintt () (7, 7) 7 0

for a representation 7 of GSpin}l’l(F ), then 7 is a representation of
SO4,0(F). Thanks to [12, Proposition 8.2.1], the restriction from GSO,,
to SO,, is multiplicity-free. Then dim HomGSpini*l(F) (m,7) = 1. In fact,

JL(m1)|st,(r) =1 @ T2 @ T3 O T4

and so 7| ggpint 1 () = Dip" (0 (73)), where p : GSping! (F) — S04 0(F)
is the natural projection and p* is the pull back. In general, assuming
that wy, is the central character of 7y,

W’GSpini’l(F) = @p*(9¢(7—z)) ® (17)(71 . le)’GSpini’l(F)'

Therefore |H¢(GSpin}1’1)| = 4 and 7|ggpin 1 (py 18 multiplicity-free. [

Remark 3.2. It is known that mi|gp,(p) = 270 is of multiplicity two if
71 is dihedral with respect to three quadratic character, where 7y is an
irreducible representation of SL;(D). However, the representation of two
copies of GL1(D) restricts to the subgroup GSpin}l’l(F) is multiplicity-free.
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Remark 3.3. One can use the theta correspondence for the similitude
quaternionic dual pair to show that

[T (GSping*(F))| = 1
when

®=x(P2®@ P2) = x B xx1 D xx2 D XX1X2 : WDE — GO4(C),

where x1 and y2 are quadratic characters of W In this case, let 7/ = (12 ®
X, JL(m2)) be a representation of GLj(D) x GLa(F'). Then the restricted
representation 7’ |GSpin}1’2( P) is of multiplicity two.

Remark 3.4. Let ¢ = ¢2 ® x and ¢ is dihedral with respect to three
quadratic characters. On the parameter side, Sy is a finite group of order 4.
The extended component group S’d) is isomorphic to (a) x Qg where a? =1
and Qg = {£1,+i,+j,+ij} is the quaternion group of order 8. The center
of Sy is (a) x (—1). Note that §i71(—1) =1 and fi’l(a) = —1. Then there
are four ways to extend the character fi’l to 5’¢ and so

|Irr(§¢, §i’1)\ = 4.

We give an another proof of Theorem due to Dipendra Prasad.

Another proof of Theorem[1.1l Recall that the essential case of the theo-
rem is to prove that if 7 ® 7 is an irreducible representation of GL;(D) x
GL1(D) where 7 is an irreducible representation of GL; (D) with two distinct
quadratic self-twists, then the restriction of 7 ® 7 to

GSping! (F) = {(g1,92) € GL1(D) x GL1(D)| det g1 = det go}
decomposes as a sum of 4 distinct irreducible representations of G:Spin}l’1 (F).
The representation 7w (with two distinct quadratic twists) will be fixed in
what follows. We begin by recalling what the standard theory says about
the restriction of 7 from GL;(D) to SL1(D).

It is known that 7 restricted to SLy(D) is 27’ for an irreducible repre-
sentation 7' of SL;(D). It follows that

Endgy, (p)(m) = M(C),

and the natural action of GL1(D) on Endgy, (p)(7) = M2(C), is via alge-
bra automorphisms of Ma(C), and thus gives a projective representation of
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GL1(D)/SLi(D) = F* — PGLy(C). This projective representation of F*
factors through the quotient of F'* by the common kernel of the quadratic
self-twists of 7, and thus GL;(D)/SL;(D) acts through a quotient which is
7)2 + Z]2, giving rise to a projective faithful representation of Z/2 + 7Z/2
into PGL2(C). Now there is a unique subgroup of PGL2(C) isomorphic to
7.)2 + Z]2, consisting of the image of the diagonal matrix (—1,1) in GLg(C),
and an element in the Weyl group of the diagonal torus. (The resulting
map from F* to PGLy(C) is the Langlands parameter of m with values in
PGLy(C), although this fact has no relevance for us here.)

The projective representation of GL1(D)/SLy(D) = F* into PGLy(C)
could be considered as the projective representation attached to the unique
2-dimensional irreducible representation V5 of QQg, the quaternionic group of
order 8.

Observe that

Endsy, (p)xsL, (p)(7 ® m) = Endgy, (p)(7) ® Endgr, (p)(7)
= M;(C) @ M»(C),

and that, Endgy, (p)xsw,(p)(m ® 7) comes equipped with an action of
GL1(D)/SL1(D) x GL1(D)/SLi(D) = F* x F* by algebra automorphisms,
which can be realized as the representation of Qg x (Js on the 4-dimensional
irreducible representation Vo X V5 of it.

To prove that m ® 7 restricted to GSpini’l(F ) decomposes as a sum of
4 distinct irreducible representations of GSpini’l(F ), we need to prove that

Endggpintypy(m@m) =C+C+C+C,

as algebras. However, Endgg,11(p) (m®@m) is simply AQs C Qs X Qg in-
variants in Endgy,, (p)xsr, (p)(m ® 7) which is now the commutant of the
action of AQg on the 4-dimensional representation V5 ® V5, which being
the sum of 4 characters of (Jg, the commutant is simply C+ C + C + C, as
desired. O

4. The distinction problems for Sp(W,,) and O(V)

In this section, we will study the distinction problems for Sp(W,,) and O(V)
over a quadratic field extension E/F. We will use Vg (resp. Vg or V) to
denote the quadratic space over E (resp. F).
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4.1. Local Siegel-Weil identity

Let (Vg,qr) be a quadratic vector space over E. Let Vp = Resg,pVE be
the same vector space but now thought of as a vector space over F' with a
quadratic form

1
(IF(’U) = itT'E/F (e] qE(’U)

If W, is a symplectic vector space over F' with symplectic group Sp,,, (F),
then W,, ® p E is a symplectic vector space over E with symplectic group
Spy, (E). Then we have the following isomorphism of symplectic spaces:

ReSE/F(VE @p (W, ®p E)) =W, ®p Vi =2 W.

The pair (O(Vg), Spy,(E)) and (O(VE), Spy,(F')) of dual pairs in Sp(W) is
a see-saw pair. Given an irreducible representation ¥ of O(Vg), one has

dim HomO(VE) (@w(l), 2) = dim Homsp%(p) (61115 (E), (C)

where ©y(1) (resp. Oy, (X)) is the big theta lift to O(Vr) (resp. Spy, (E))
of the trivial representation C (resp. the representation X) of Spy,, (F') (resp.
O(VE)). It is called the local Siegel-Weil identity which will be used in the
proof of Theorem [I.2] in the next subsection.

4.2. Proof of Theorem [1.2]

Now we can give the proof to Theorem

Proof of Theorem[I.2. Assume that 7 is a tempered representation of
Sps, (E). Let 7° be the conjugate representation of 7, i.e.

™ (9) = 7(g5 '995)

where gs € GSps,, (E) with similitude Ay (gs5) = 0.

(i) If HZ:FLnH(T) is zero, then QZ:—Q’n_Q(T) # 0 by the conservation re-
lation. (Moreover, mP(r) > 2n + 4 and m"P(7) > mI°WR(7) in this
case and so meWD(T) < 2n.) Suppose that Vg is a 2n-dimensional
quadratic space over E with non-quasi-split othogonal group O(Vg) =
On+2n—2(F). The theta lift to O(Vg) of 7 is nonzero. Due to [16),
Lemma 4.2.2], the discriminant of the 4n-dimensional F-vector space
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Vr = Resg/pVE is trivial and the Hasse invariant is —1. Consider the
following see-saw diagram

Spa, (E) O(Vr)

>

where O(Vr) = Ogp42.2n—2(F). By the conservation relation,

@?pn+2,2nf2(1) _ O

Then
dim Homgy, (p)(7,C) = dim HomO(VE)(Gin+2’2"72(1), ¥)=0,

where @73]2(2) = 7 is the theta lift to Sp,,(F) of . Hence 7 is not
Sp(W,,)-distinguished.
Suppose that QZ:”LTLH(T) is nonzero. Let us consider the following

see-saw diagrams

Ont1n+1(E) Spyn (F) Onn(E)

>

On+1,n+1(F) Sp2n(E) On+2,n72(F)

with ¥ = QZ:I’nH(T). By the assumptions,

GZ;H(T) = «9:;’;1(7'6) =0.

Note that GZ:L"H(T‘S) =Y = 03}:1’”“(7). There exists a short exact
sequence

0 Rn+1,n+1(1) 1(1/2) S Rn+2,n—2(1) 0

of Spy,(F)-modules, where R“J(1) is the big theta lift of the triv-
ial representation from O; ;(F') to Spy, (F') and I(s) is the degenerate
principal series of Spy, (F) (see [8, Proposition 7.2]) induced from a
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character |det |* on the Siegel parabolic subgroup @. Then
dim Homgy, (g (I(1/2),7 9 < dimHomg, .. (7 (3, C).
There exists a Sp,,, (F)-equivariant filtration
0C Io(s) CIi(s) T+ CIn-1(s) C In(s) = 1(8)|sp,, (k)

Sp,,, (E ~
of I(s )|Sp (g) such that Io(s )_zndS}inEF;C and I;(s)/I;—1(s) =

indgr>" (| det 577 @ 1) for i=1,2,...,n. Here Q= (GLi(E) x
Sp2n,2@(F)) (Matg; on—2i(F) x Symi(E)), where Maty, ,(F) is the
matrix space consisting of all m x n matrices and Sym‘(E) consists
of symmetric matrices in Mat;;(E). Since 7 is tempered, 7° is tem-
pered. Observe that Sps, (E) is the fixed point of an involution on
Sp4, (F'), which is given by the scalar matrix

g = S GSan(E) N Gsp4n(F)

acting on Spy,, (F') by inner conjugation. Thus Spy, (F')/Sps,(F) is a
spherical variety. Due to [3, Theorem 2.8|, the multiplicity

dim Homg,, (g (1(1/2),7 )

is at least dim Homg, (g)(o(1/2), 7%) where the submodule Iy(s) cor-
responds to the open orbits. More precisely,

dim Homgy, (p)(7,C) = dim Homgy, (g)(lo(1/2), 9)
< dim Homgy, (g)(I(1/2),7 %)
< dim Homg y(3,C).

nt1,n41(F

Then it suffices to show that

dim Homgy,, (p)(7,C) > dim Homg %, 0).

n+1,n+1(F)(

Due to [8, Proposition 7.2], there are two exact sequences

0—— R™"(1) @ R"2"2(1) — I(—-1/2) —— R"*1 (1) N R* 3771 (1) —0

and

0 Rn+1,n+1(1) N Rn+3,n71(1) Rn+1,n+1(1) Rn,n(l) 0
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of Spy,, (F)-modules. Then

dim Homgy, (g)(I(—1/2), %)
— dim Homsp2n(E)(Rn+1,n+1(1) N Rn+37n—1(1>7 7_6)

and

dim Homg,, () (R™1" (1) N R™04(1), 77)
Z dlm HomSp% (E) (Rn+1,n+1 (1)7 7—6)'

Note that 7° does not occur on the boundary of I(—1/2). If not, assum-
ing dim Homgy, (g (Ii(s0)/I;—1(s0), %) # 0 for some i and sg = —1/2,
then the second adjoint theorem due to Bernstein implies

Homgr, () (| det [527%, R, (%)) # 0

with sp+4/2 >0, where @} D Q; is a maximal parabolic subgroup
of Spy, (E) with Levi subgroup GL;(E) X Spy,_9;(E) and Ry, is the
Jacquet functor with respect to the opposite parabolic Q)}. Due to Cas-
selman’s criterion (see [, §4]) for the tempered representation 79, sg +
i/2 =0 and so i = 1. Moreover, Homgr,(g)(C, Rg, (7%)) # 0 implies
that 7 is not square-integrable and that the L-parameter of 7 is given by
2C & ¢ with ¢/ : WDpg — SOs,—1(C), which implies that 6:20”<7—) £0
by [2, Theorem 4.3]. It contradicts the assumption 912;"(7) = 0. There-
fore

dim Homg,, (py(7, C) = dim Homgy,_ (g)({o(—1/2), )
> dim Homg,, (g)(Io(—1/2),7°)

and so dim Homg, (z)(7,C) > dim Homg (7)(2,C). Thus

n+1l,n+1

dim Homg,, (p)(7,C) =dimHomg ., ., (r)(%,C).

(ii) If 6;,"(7) is nonzero, then one can consider

szn—2(E) O2n,2n(F) Sp2n(E)

> | >

SPay—a(F) Onn(E) Spa, (F)
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with 7 = @12[;(2) = @3;;(25). There exists a short exact sequence of
O2y,2n (F)-modules

00— R*™(1) ——17(1/2) — R**2(1) ® det ——=0

where R?"(1) is the big theta lift to Ogy, 2, (F) of the trivial representa-
tion from Spy,.(F'), det is the determinant map of Ogy, 2, (F') and Z(s)
is the Siegel degenerate principal series of Ogy, 2n(F). (See [8, Proposi-
tion 7.2].) Note that

On,n(E) C SOQnQn(F).
Then there is an inequality

dim Homg, (g (Z(1/2), 25) < dim Homyg, (r) (r,C)
+ dim Homg, ~(p (@12;372(2)’ C),

where ©7'%(X) is the big theta lift to Spy,_o(E) of ¥ of Oy n(E). By
the assumption @%_2(2) = 0, we can use the same idea to show that

dim Homg, (p)(7,C) = dimHomg, , () ((R*"(1) ® det) N R*"(1),%°)
= dimHomg, , (5)(Z(—1/2),%°)

which equals to the sum

(4.1) Z dim Homg (%, C)
\%

where V' runs over all 2n-dimensional quadratic spaces over F' such
that O(V ®p E) = Oy n(E). Therefore, 7 is Sp,, (F)-distinguished if
and only if ¥ = 0" (7) is O(V)-distinguished for some V.

This finishes the proof. O
Remark 4.1. If @3}2*2(2) is nonzero, then ¥ is O(V')-distinguished implies
that 7 is Sp(W,,)-distinguished. However, it is not obvious that whether 7 is

Spa, (F')-distinguished implies that ¥ is O(V')-distinguished for some certain
quadratic space V over F.

We give a conjecture to end this section.
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Conjecture 4.2. Assume that E is a quadratic field extension over F'. Let
T be a supercuspidal representation of Sp,, (E). Assume that 6(1) # 0 for
some Vg with discriminant algebra o quadratic extension of E which does
not come from F', and that 0(1) = 0 for all Vi with discriminant algebra a
quadratic extension of E which comes from F (in particular if the normalized
discriminant is trivial). Then T is not Spe, (F')-distinguished.

Remark 4.3. Due to the fact that the Prasad conjectures for the L-
parameters for theta liftings in [20] have been proved by Gan-Ichino in [8,
Appendix C], we can reformulate the above conjecture in terms of the L-
parameter of 7. Suppose that the L-parameter ¢, = Y ;_| ¢; where ¢; are
distinct irreducible orthogonal representations of W Dpg and that ¢, con-
tains at least one quadratic character x of E*. Assume that y;|px # 1 for
each 1-dimensional summand ¢; = x; (the quadratic characters of E*) of
¢-. Then 7 is not Sps,, (F)-distinguished. On the Galois side, there does not
exist any extension of ¢, from W Dpg to W D which can be seen as part of
the conjecture of Dipendra Prasad in [22, Conjecture 2] for Sp,,.

Remark 4.4. In fact, we have studied the case when O(Resg/pVg) =
O2n42.2n—2(F) in the proof of Theorem and have verified the conjec-
ture for n < 2 in [I8, [19].

5. The Sp,(F)-distinguished representation of SU,

In this section, we will show that there does not exist any tempered repre-
sentation of SUg o (E/F') distinguished by Sp4(F'), where E//F is a quadratic
field extension.

Let V be an n-dimensional quadratic space over F with n > 5. Let

G SLo(F) if n is even;
| Mpy(F) if nis odd.

We will consider the theta correspondence between the special orthogonal
group SO(V') and SLa(F') or Mp,(F'). Fix a unitary nontrivial additive char-
acter 1 of F. Let wy be the Weil representation of Mp,, (F). Given an
irreducible representation 3 of SO(V'), there exists a unique (genuine) rep-
resentation 7 of G such that the maximal Y-isotropic quotient of wy, is of
the form

XX T,
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where 7 is called the big theta lift of 3. Given a tempered representation ¥ of
SO(V'), assume that the small theta lift 6, () is a nonzero representation of
G. This means that the first occurence of ¥ is equal to 2, i.e. mdown(z) =
2 in the sense of [2]. We can use the theta correspondence for the pair
(SO(V), G) instead of the dual pair (O(V),G) if dimV > 3. (See [20} §5].)
Here dim V' is very small, so the local theta correspondence for (SO(V),G)
can be very explicit.

Theorem 5.1. Let V' CV be a subspace of V of codimension one and
dimp V' > 5. If there exists a tempered representation ¥ of SO(V') distin-
guished by SO(V'), then the rank of the subgroup SO(V') is less or equal to
1. Thus, the pair (SO(V),SO(V")) sits inside the following table

SO(V) | SO3(F) | SO41(F) | SO41(F) | SO42(F) | SO5.1(F) | SO5.4(F)
SO(V'") | SO3.1(F) | SO40(F) | SO51(F) | SO41(F) | SO41(F) | SO5.1(F)

)

Proof. Thanks to [0, Proposition 9], the assumption that ¥ is SO(V’)-
distinguished implies that the small theta lift 6,(X) from SO(V) to G
is nonzero and that the big theta lift 7 of ¥ is a t,-generic representa-
tion of G, where ¢, (x) = 9 (ax) is a nontrivial additive character of F' for
a € F*/F** Since 0,() # 0, we obtain mdOWI(¥) = 2 Due to [2, The-
orem 4.1] and [2, Theorem 4.5], there is an upper bound for the dimen-
sion of V,ie.dimV =n < 7.If n =dimV > 5 or the Langlands parameter
by, # 289 (where S, is the irreducible algebraic representation Sym”!(C)
of SLy(C)), then the Langlands parameter of ¥ contains S,,_3 with multi-
plicity one. [2, Proposition 5.4] implies that the big theta lift 7 = ©,(X) is
irreducible and tempered. So 7 = 6,(X) and

(5.1) dim Homy (7, %) = dim Homggy«) (%, C),

where N = F' is the unipotent subgroup in G and V' is the subspace of V.
If n =5 and ¢y = 255, then 0,(X) is a discrete series representation of G.
Moreover, all irreducible subquotients of 7 are tempered due to [2, Proposi-
tion 5.5] and so 7 = 0,(X). Furthermore, m"*P(7) = dim V. According to n,
there are a few cases:

(i). The case n = 5. There are two subcases.



Theta correspondence to branching laws 259

e If SO(V) = PGSp,(F) is split, then the subgroup SO(V’) may be
SO22(F') or SOz (F) = GLQ(E)h/FX, where

GLy(E)! = {g € GLy(E) : det(g) € F*} = GSpin(V").
If SO(V') 2 SO22(F) is split, then a = 1 and
dim Homgq ) (X, C) = dim Homy (7, %).

Since T participates in the theta correspondence between PD* and
Mpy(F), it is not -generic. Otherwise, if 7 is 1)-generic, then the
theta lift to PGLy(F') of 7 will be nonzero and tempered, which
implies that ¥ is not tempered. Hence the tempered representation
¥ can never be SOg 2(F')-distinguished. However, implies that
¥ is SOg,1 (F')-distinguished if and only if 7 is 1),-generic, where a =
e € F*\ NE* and SO(V*?) = SO3(F). Here the quadratic field
extension F/F depends on 7.

e If SO(V) = PGSp, ;(F) (the pure inner form of PGSp,(F)) is not
quasi-split, then 7 could be a tempered principal series representa-
tion of GG, which is both 1-generic and .-generic. In this case, %
could be both SOy o(F')-distinguished and SO3 1 (F)-distinguished.

(ii). The case n = 6. The theta lift from SLy(F") to the split special orthog-

onal group SO33(F) can never be a tempered representation. (See

[2, 84].) So we only study the cases SO(V) = SO42(F) or SO(V) =

SOs5.1(F'), where SO42(F) is the special orthogonal group (quasi-split)

of a 6-dimensional quadratic vector space with discriminant E and

Hasse invariant +1 and SOs 1 (F') is the special orthogonal group (non-

split) of a 6-dimensional quadratic vector space of trivial discriminant.

e If SO(V) = S0Os5,1(F), then 7 could be an irreducible principal series

I(x) of SLa(F). Then ¥ is SOy 1 (F')-distinguished with Langlands
parameter

¢n=x+1+x""+5;

o If SO(V) = SOy42(F'), then the representation 7 of SLa(F') is not -
generic but te-generic. So ¥ can never be SO3 o (F)-distinguished.
However, ¥ is SOy, (F')-distinguished once 6, (%) # 0.

(iii). The case m =7. The theta lift from Mpy(F) to the split group
SO43(F) =SO(V) must be nontempered. So we only need to con-
sider the case SO(V') = SOs o(F) which is non-split. There is only one
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case that ¢y, = Sy ® Sy and 7= Wy is the 1)-generic odd Weil rep-
resentation of Mpy(F'). Therefore, ¥ is SOj 1 (F')-distinguished where
a=1and SO(V*) =2 SO05:(F).

In a short summary, the rank of SO(V”) is less or equal to 1. Therefore, we
have finished the proof. O

Remark 5.2. Ifdimgp V = 4 or 3, then dimg V"’ is 3 or 2 respectively and so
the rank of SO(V”) is less or equal to 1 automatically. The case SOz < SOy
has been investigated in [17]. Thus we have proved [5, Conjecture 2] in the
case of non-archimedean fields.

Corollary 5.3. Assume that dimV =6 and SO(V) = SO42(F). There is
an isogeny SUg o — SO49 with kernel {£1}. (See [3, §6].) There are two
1sogeny diagrams

SUQQ —_— SO472 SU2,2 — SO4,2

Sp4 I Sgg’g and Spl,l —_— Sg471

where Spy ; is the unique inner form of Spy defined over F. Then

e There does not exist any tempered representation of SUso(E/F) dis-
tinguished by Spy(F).

o There do exist supercuspidal representations of SUao(E/F) distin-
guished by Spy 1 (F).

Remark 5.4. It generalizes the result of Dijols and Prasad in [5], §9] that
there does not exist any supercuspidal representation of SUjo(F) distin-
guished by Sp,(F).
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