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Springer correspondence, hyperelliptic
curves, and cohomology of Fano varieties

TsAao-HsiEN CHEN, KARI VILONEN, AND TING XUE

In [CVX3], we have established a Springer theory for the symmet-
ric pair (SL(N),SO(N)). In this setting we obtain representations
of (the Tits extension) of the braid group rather than just Weyl
group representations. These representations arise from cohomol-
ogy of families of certain (Hessenberg) varieties. In this paper we
determine the Springer correspondence explicitly for IC sheaves
supported on order 2 nilpotent orbits. In this process we encounter
universal families of hyperelliptic curves. As an application we cal-
culate the cohomolgy of Fano varieties of k-planes in the smooth in-
tersection of two quadrics in an even dimensional projective space.
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1. Introduction

In [CVX3] we have established a Springer correspondence for the symmetric
pairs (SL(NV),SO(N)). More precisely, let G = SL(N), g = LieG = sl(N),
and 6 an involution of G such that K = G? = SO(N). The involution 6 gives
rise to a decomposition g = go & g1, where df|y, = (—1)?, i = 0,1. Let N be
the nilpotent cone of g and let Ny = NNg;. In [CVX3|] we determine the
set of Fourier transforms of all irreducible K-equivariant perverse sheaves
on N1, i.e., the set of Fourier transforms §(IC(0O, £)), where O is a nilpotent
K-orbit in Ny, € is an irreducible K-equivariant local system on O, and
§ : Pervi(g1) — Pervi(g1) is the Fourier transform functor (where we have
identified g; with g} via the Killing form). Several things remain to be done.
For example, we do not know the Fourier transform of a specific IC(O, €)
in general, although we have some partial conjectures [CVX3, Conjecture
7.1]. Also, very little is known about the geometric properties of the Fourier
transforms §(IC(O, €)) (i.e. the character sheaves) and the work in loc. cit.
suggests that the geometric properties of F(IC(0O, £)) are very different from
those in the group case.

In this paper we explore the geometry of the Fourier transforms
F(IC(0,¢&)) in the simplest nontrivial case, that is, in the case when O is
an order 2 nilpotent orbit [[] We show that those Fourier transforms involve
cohomology of a beautiful family of non-rational varieties and we use the
geometry of those varieties to determine §(IC(0O, €)) for all order 2 nilpotent
orbits O. As an application, we compute the cohomology of Fano varieties of
k-planes in the smooth intersection of two quadrics in an even dimensional
projective space. When the ambient projective space is odd dimensional, the
cohomology of such Fano varieties has been computed in [CVX2] making use
of the Springer correspondence in the case of N even.

Let us assume that N = 2n 4+ 1. We show that for trivial local systems
on order 2 nilpotent orbits the Fourier transforms are IC sheaves arising from
representations of the Tits group A[2] X Sy, which do not factor through
Sn; see Theorem Here A[2] is the set of order 2 elements in a fixed
maximal 6-split torus A of G. In the case of non-trivial local systems the
Fourier transforms are IC sheaves arising from representations of the braid
group By on the cohomology of a universal family of hyperelliptic curves;
see Theorem 2.3

As an application we obtain an explicit formula for the cohomology of
the Fano varieties Fano%” of i-planes in the smooth complete intersection of

LA nonzero nilpotent orbit O is called of order 2 if 22 = 0 for all z € O.
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two quadrics in an even dimensional projective space P2". This is an example
of the following general strategy (see also [CVX2]). Consider pairs of maps
(m,7r) and diagrams as follows:

X —— X

(1.1) wl lfr

Ni — ¢

where X and X are certain families of Hessenberg varieties, see [CVXI].
In particular, X and X are orthogonal vector bundles over a partial flag
manifold P of K in the trivial bundle P x g; so that, by functoriality of the
Fourier transform, we have

(1.2) §(mCx) = 7, Cq (up to shift).

In general the fibers of 7 are more complicated than those of 7. We make
use of the following strategy:

The computation of the cohomology of the general fiber of X
(1.3) can be reduced, via the Fourier transform, to the analysis of

the boundary family X.

For this to work, we need to know the Fourier transforms of the IC sheaves
that occur in the decomposition of 7m,Cx. In our setting we observe that
the Fano varieties Fano?” appear as general fibers of a certain families of
Hessenberg varieties X and by applying the principle above we obtain the
following theorem. Let us write

_ Hln;m—k—i-l(l - ql)
2l = - g

for the Poincare polynomial of the Grassmannian of k-dimensional subspaces
in C™. Then:

Theorem 1.1 (Theorem [6.1)). We have

H**(Fano?,,C) = 0,

(2
H(Fano?™y,C) = @ L"),
§=0
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where M;(k, ) is the coefficient of ¢*=7(=% in Gi—jon—i—j(q) and the L; are
vector spaces of dimension (2";'1) .

Remark 1.2. It follows from the proof that there are natural actions of
the braid group on the cohomology H?*(Fano?";,C) and the vector space
L; and the isomorphism in the theorem is compatible with those actions.

Remark 1.3. The Fano varieties Fano?” have a concrete interpretation as
moduli space of parabolic vector bundles (with extra structure) on P! (see
[C]). Thus the theorem above provides a method to compute the cohomology
of those moduli spaces.

To prove our main theorems we establish and make use of an interesting
isomorphism of the cohomology of the stalks of IC sheaves attached to nilpo-
tent orbits of order 2 and the cohomology of stalks of IC sheaves attached
to nilpotent orbits in the symplectic Lie algebra sp(2n) in the classical case.
This is done in The proofs of the results in this section are independent
of the other sections and the results are used in §4] and in

2. Springer correspondence

In this section we state our main results on Fourier transforms of IC com-
plexes supported on nilpotent orbits of order two.

2.1. Notations

Let G=SL(N,C) and 6 : G — G an involution such that K =G?=SO(N, C).
We also write (G, K) = (SL(V),SO(V,Q)), where dim V' = N. We think of
(@) concretely as a non-degenerate quadratic form on V' and we write ( ,)q
for the non-degenerate bilinear form on V associated to ). The involution 6
induces a grading on g = Lie G, i.e. g = go & g1, where dfl|4, = (—1)". If we
diagonalize @ then the Cartan involution 6 is given by g — (¢*)~! and g
consists of symmetric matrices.

We write A for a maximal #-split torus of G, where 6-split means that
0(t) =t! for t € A. The pair (G, K) is a split pair, i.e., A is a maximal
torus of G. We write g™ for the regular semi-simple elements in g and we
let g7 = g1 N g"®. Furthermore, let a = Lie A and a™® = aNg"™. Then ais a
maximal abelian subspace in g;.

Let us write N for the nilpotent cone of g and we let N1 = N N gy stand
for the nilpotent cone of g;. Assume that NV =2n + 1. The K-orbits on
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N1 are parametrized by partitions A of 2n + 1 and we write Oy for the K-
orbit corresponding to A (see [S]). For i € [0,n], let 201271720 denote the
partition where the part 2 has multiplicity ¢, and the part 1 has multiplicity
2n + 1 — 2i. The order 2 nilpotent orbits are Ogizn+1-2:, ¢ € [1,n]. For z €
Ogiznt1-26, i € [1,n], we have that Ak (z) := Zk(2)/Zk(x)? = Z/2Z. Thus
each orbit Ogijzn+1-2i carries a unique non-trivial irreducible K-equivariant
local system, i € [1,n]; we denote it by &;.
By [CVX3, Corollary 4.9], both

3(1C(Ogilzn+1—2i,C)) and S(IC(OQQ%H—M,EZ‘))

are of the form IC(g;,—), where — is an irreducible K-equivariant local
system on g}° corresponding to an irreducible representation of 7rf( (g71%) =
75(gt*, a), a € a™*, the equivariant fundamental group.

2.2. The equivariant fundamental group

Let us describe the equivariant fundamental group & (g7*, a) concretely. In
this subsection N is arbitrary.
Let Wy = Nk (A)/Zk(A) be the ‘baby Weyl group’. Recall that we have

Lemma 2.1 ([KR]). The natural inclusion a — g1 induces an isomor-
phism k[a]WVr = k[g1]%. We have the relative Chevalley map

fio1 = o1//K ~a/Wy:=c.

Let W be the Weyl group of G. In our setting, we have Wy = W = Sy.
Let us write ¢ € ¢ for the image of a under a™ — ¢"* = a”*/W. Now, By :=
m1(c"%, ¢) = By is the classical braid group. Then the relative Chevalley map
f 1 g1 — c gives rise to the following commutative diagram with exact rows:

0 —— Zg(a) —— aK(g7%,a) —— By —— 0

= | L

0 —— Zkg(a) —— W:NK(A) — W —— 0.

Note that W is the Tits group. The group By acts on Zg(a) through
the quotient By — W. We have that Zx(a) ~ A[2], the group of order 2
elements in the split torus A. Choosing a section we can split the short exact
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sequence in the first row and obtain
K rs

However, note that the second row in the diagram is not split in general. In
the case when N is odd the lower exact sequence also splits and we have

W = NK(A) ~ A[Q] A SN.
For the rest of the paper, we will assume N is odd.
2.3. The local systems £; and F; and the statements of theorems

The local systems on gj* which are obtained from the Fourier transforms
of IC(Ogi12n-2i41,C) turn out to be representations of the Tits group W.
They are the irreducible representations which occur in C[A[2]] viewed as
a representation of W. First, let us write L, for the representation of A[2]
associated to the character x € A[2]Y and so we have

ClAR] = P Ly

XEA[2]Y

The space A[2]" breaks into orbits {A;}i=o,..» under the action of W = Sy,
where we have numbered the orbits so that |A;| = (Z"Z.H). Note that here it is
crucial that N = 2n + 1 is odd. Concretely, the A; consists of characters that
attain the value —1 € Gy, precisely ¢ times if 7 is even and 2n + 1 — ¢ times if
1is /gddﬂ Thus, for each ¢ = 0,...,n we obtain an irreducible representation

of W as follows

(2.2) L = @ L.

XEA;

We write £; for the irreducible K-equivariant local system on gj® corre-
sponding to the representation L; via the map 7 (g7% a) — W.

Theorem 2.2. We have §(IC(Ogiq2n-2i41,C)) =1C(g1,£L;), i =0,...,n.

We will now define irreducible K-equivariant local systems J; on g7°
which are obtained from the Fourier transforms of IC(Ogij2n-2i+1, €;)’s. These

2We have chosen this parametrization to get a clean statement for our theorem
below.
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local systems arise as representations of 71(¢"®,a) = By. To this end we
consider the following universal family C' of hyperelliptic curves of genus n:

To each a = (ai,...,a2,+1) € a”® we associate the hyperelliptic

curve C, which ramifies at {a1, ..., a2,41,00} .

(Here we have chosen a Cartan subspace a of g; such that it consists
of diagonal matrices.) This family gives us a monodromy representation
By — Sp(H'(C,,C)). Note that, by [A] (see also [KaS]) this monodromy
representation has a Zariski dense image, in particular, the monodromy is
infinite. From this we get a monodromy representation on the Jacobian of
C, which we break into primitive parts:

By — H'(Jac(Cy), C)prim =~ (NH (Cuy C))prim i € [1,7].

Associated to this representation we obtain a local system JF; on g7®. Note
that the part A[2] of 7 (g}*) acts trivially on J;.

Theorem 2.3. We have §F(IC(Ogiyzn+1-2:,E;)) =1C(g1,Fi), i =1,...,n.
3. Bijection of sets
In this section we show that
Proposition 3.1. There is a permutation s of the set {0,...,n} such that
FIC(Ogr120-2r41, C)) = IC(g1, Lsry))

for k€ {0,...,n}.

Proposition 3.2. There is a permutation s € S, such that
FAC(Ogi120-2141, &;)) = IC(g1, Fy(3)), @ € [1, 7).

Let us denote by OGr(s,2n + 1) the variety of s-dimensional isotropic
subspaces in C?"*! with respect to a non-degenerate bilinear form. We
write V; for a vector subspace of V = C2"*+! of dimension i and V;* = {x €
V|{z,Vi)q = 0}.
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3.1. Proof of Proposition (3.1

Let P be the parabolic subgroup in G that stabilizes the partial flag 0 C
V9 c VO c V, where V) = span{ey, ..., e,} (here (e;) is a basis of V such
that <€i,6]’>Q = 6i+j,2n+2)~ Let Pk = KNP and

E={zcg |2V =0}

By Reeder [R], we have the following resolution of singularities of Ogn1
(3.1)
Tony ¢ K xPrx | o {(x,O cV,C VnJ' C V) |$ < g1, l’VnJ' = 0} H@in.

Lemma 3.3. The map mwon1 is semi-small and we have

(3.2) 301C[~] 2 @HIC(Oge121-2041, C).
k=0

Proof. Let © € Ogiiza-2x41. Suppose that V;, € w55 (x). Then Im2 C V,, and
dimImx = k. We have that
7@}1 (z) 2 {n — k dimensional isotropic subspaces of (Im :L‘)L /Im x}
= OGr(n—k,2n — 2k +1).

Thus 75, () is irreducible and it is easy to check that

2dimmy, () = (n—k)(n—k+1) = codimg,, Ogrizn-—2xt1.
In the last equation we use the fact that dim Ogrjzn—2t+1 = k(2n + 1 — k).
The lemma follows from the decomposition theorem. [l
Consider the map

(3.3)  do K x B 2{(x,0CV,CcV;icV)|zecg,aV,C V)
— 91,

where E1 denotes the orthogonal complement of F in g; with respect to
the non-degenerate form on g; (given by the restriction of the Killing form
on g). For z € g1, we have

Ty () = {V}, maximal isotropic subspace in V|2V, C Vii}.

For x € g|® there are 227 such maximal isotropic subspaces in V and the
centralizer Zx (z) acts simply-transitively on those subspaces (see [Re, BGI).
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Consider the K-equivariant local system £ = (#241)+C|q;+ of rank 22" on
g71°. Our first goal is to describe this local system. Fix a € a"®. The stalk L :=
L, carries an action of the K-equivariant fundamental group ¥ (g%, a) =
Zx(a) x By. As Zx(a) acts simply transitively on 75, (), as was remarked
above, we can identify L with C[Zk (a)] = C[A[2]]. Furthermore, the action
of W{( (91%,a) factors through the Tits group W and it coincides with the
canonical representation of W on C[A[2]]. Let us recall the irreducible K-
equivariant local systems £; from §2| and then

(3.4) L= éz
=0

Lemma 3.4. We have
(3.5) (721)«C[~] = IC(g1, £) = @D IC(g1, £s).
i=0

In particular, the map 7ony is small.

Proof. By the decomposition theorem, @;" ,IC(g1, £;) is a direct summand
of (72n1)+C[—]. On the other hand, since, by the functoriality of the Fourier
transform,

(3.6) F((m201)+C[=]) = (7r201)+C[—],

the decomposition in (3.2]) implies that (7rg=1).C[—] has exactly n + 1 irre-
ducible summands. The lemma follows from ((3.4)). O

Propositionfollows from (3.2)), (3.5)) and (3.6]).
3.2. Proof of Proposition

Let V =C?"*! and W = V @ C. For any x € g1, consider the following two
quadrics in P(W):

Q(v,a) = (v,v)9g =0 and Qz(v,a) = (v, 2v)q + a® = 0.

(3.7)  F={(z,W,cW)|zegi, dmW, =n, P(W,)CQNQ,}.
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The map W — W given by (v,a) — (v, —a) induces an involution o on F
and the set F'¢ of fixed points is equal to

F° ={(z,V, CV)|z € g1, V,, maximal isotropic, 2V, C V;.-}
~ K xP B (see (3.3)).

Note that for z € g°, the pencil of quadrics spanned by @ and @x is
non-degenerate and contains exactly 2n + 2 singular elements, namely, the
quadric @ at infinity and the 2n + 1 quadrics \;@Q — @, where A1, ..., Aopt1
are the roots of p(t) = det(t - id — z).

We denote by 7 : F' — g1 the natural projection. The fiber F, = 7~ !(z)
of ™ over z € gi° is the Fano variety of (n — 1)-dimensional subspaces con-
tained in the smooth complete intersection @ N Q. According to [Re], F, is
a torsor over Jac(Cy), where C,, is the smooth projective hyperelliptic curve
with affine equation:

2n+1
y2 = H (t - )‘z)
i=1
Moreover, the action of the involution ¢ on F, is compatible with the in-
version on Jac(Cy). In particular, the set F of fixed points is a Jac(Cy)[2]-
torsor, where Jac(Cy)[2] consists of 2-torsion points of Jac(Cy).

The discussion above has the following relative version. Namely, let
7¢ . C — g}* be the family of curves C, and let Jac(C) — g}* denote the
corresponding relative Jacobian. Let F'|gr= — g7° be the family of Fano va-
rieties of (n — 1)-dimensional subspaces contained in the smooth complete
intersection @ N Q.. Then Jac(C) acts naturally on F|g, and F|g- is a
Jac(C')-torsor under this action. Similarly, Jac(C)[2] acts on F?, and F is
a Jac(C')[2]-torsor under this action. We have the following observation.

Lemma 3.5. (1) The action map Jac(C) Xgrs F7|grs — F|grs  factors
through an isomorphism

(Jac(C) xgpe F7[gp:)/Jac(C)[2] ~ Flg;-.

Here Jac(C)[2] acts on Jac(C') x grs F7|grs via the diagonal action.
(2) For any a € g}*, there is a canonical isomorphism

H(Jac(C,),C) ~ H'((Jac(Cy) x F7)/Jac(Cy)[2],C)

compatible with the monodromy actions of ﬂf((gqs,a) on both sides.
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Proof. (1) is clear. For (2), we observe that, by Kiinneth formula, we have

(3.8) Hi((Jac(Cyp) x F2)/Jac(Ca)[2],C)
~ (Hi(Jac(Ca),(C) ® HO(Fg,C))JaC(C“)[Z]

where the right hand side is the (Jac(Cy)[2])-fixed vectors in
H'(Jac(C,),C) @ HY(F?,C).

Since the action of Jac(C,)[2] on H'(Jac(C,),C) is trivia]ﬂ we have

(3.9) (H'(Jac(C,),C) ® HO(F?,C))"2(Cll ~ Hi(Jac(C,),C),

Combining (3.8]) and , we obtain a canonical isomorphism

(3.10) H'((Jac(Cy) x F7)/Jac(C,)[2],C) ~ H'(Jac(C,), C).

Since the isomorphisms in (3.8)), (3.9 are compatible with the monodromy
actions, so is the composition in (3.10). Thus (2) follows. O

It follows immediately that

Corollary 3.6. There is a canonical isomorphism
HY(F,,C) ~ H'(Jac(C,),C)

compatible with the monodromy actions of ﬂf(g’l's, a.

We use the corollary above to study the monodormy of the family
of Fano varieties F|gr« — g7°. To begin with, we observe that over the
Kostant section & : ¢"* < g%, the family 7€ : C' — g} is the universal fam-
ily of hyperelliptic curves of genus n. As mentioned before, the monodromy
representation of 7 (g%, a) on H'(C,,C) is irreducible and the image of
78 (g7%,a) — Sp(H'(C,,C)) is Zariski dense. This fact together with the
corollary above implies that the monodromy representation of 7T{< (g7%,a) on

H(Fy, C)prim ~ H (Jac(Cy), C)prim =~ (NH(Cay C)) prim

isirreducible for ¢ = 1, ..., n, moreover, the corresponding monodromy group
is infinite. Thus the corresponding irreducible K-equivariant local systems

3To see this, we observe that the action of Jac(C,)[2] on H%(Jac(C,)) is the
restriction of the action of Jac(C,) on H'(Jac(C,)). Since Jac(C,) is connected the
latter action is trivial.
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on g}® are
(3.11) (Ri TClgye )prim = Fi

where J; is the local system defined in We have
r(3)-(2)
) 1—2
and J; 2 F; for ¢ # j.

Recall the local systems {£;}i—o,...n defined in Since each £; has
finite monodromy, we have JF; 22 £; for all ¢,j. As there is only one non-
trivial irreducible K-equivariant local system &; on each Ogijzn-2i41 (i > 1),
Proposition follows from Proposition 3.1} and the following proposition

Proposition 3.7. Fori=1,...,n, §IC(g1,T;)) is supported on Oany.

Proof. To begin with, we show that the variety F' defined in (3.7)) is isomor-
phic to

(3.12) {(z, Vo, @) |z € g1, Vi, maximal isotropic in V, a € V7,
(v, 20"y + a(v)a(v') = 0 for all v,v" € V,}.

Consider the projection maps p1 : W =VdC—->Vandps : W=VaC—
C. Let (xz,W,,) € F and let V,, = p;(W,,). It is easy to see that pi|w, : W,, —
V, is an isomorphism. Moreover V,, C VnL Cc V. Let a:V, = C be defined
by a(v) = pa o (p1|w,) 'v. One checks readily that (, V;,, ) belongs to the
set in (3.12)). Conversely, given (z, Vy,a), we let W, = {(v,a(v)) |v € V,.}.
Then (z, W,) € F. It follows that F' is smooth.

Since 7 : F' — g is proper, the decomposition theorem and imply
that IC(g1,J;) (up to shift) is a summand of 7,Cp, i = 1,...,n. Thus it is
enough to show that §(m.Cr) is supported on Ogn.

Recall the maps monq : K xP% E — Ogny and 7ronq : K xPx EL defined
in and . Let ¢ : K/Py x g1 ~ K xPx gy — K xPx (g1 /E+) denote
the quotient map. Note that the non-degenerate invariant form on g; induces
isomorphisms E ~ (g1/E+)*, g1 ~ g%, and under these isomorphisms, the
dual map of ¢ can be identified with the natural embedding

§: K x'm B — K xPr g
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Let

F={(z,Vn,a) |7 € g1/{z € g1 |2V,, C V;;'}, V;, maximal isotropic in V,
a€eVy, (v,zv) + a(w)alv) =0
for all v,v" € V,, and x € gy any lift of z}.

We have the following Cartesian diagram:

q

F

|+

K xPx g —1 5 K xPx gl/EL

<;"ij\

where u : (z,Vy, ) —= Vi, ), G : (z, Vyp, ) — (2, Vi, ) and @ : (Z, Vi, ) —
(Vi, T).

Let us write pr: K xPx g; — g; for the natural projection. We have
that, by functoriality of the Fourier transform,

F(mCr) = §(prvusCr) = F(prvu«qg*Cp) = F(pr«q*u.Cp)
= pT*qv*S(ﬂ*Cp) = 7T2"1*8:(U*(Cﬁ)-

It follows that §(m.Cr) is supported on Ogn1. O
4. Proof of the main theorems

In this section we prove Theorem [2.2 below, but give a proof of Theorem
only for orbits Ogiqzn+1-2i when i is even. We defer the case of odd i to [CVXT],
Proposition 5.4].

4.1. Proof of Theorem [2.3] for ¢ even

Consider the maps

v:{(z,0C V-1 CV, C an- C VnJll cv :(C2n+1)’
zeg, eV, =02V, C Vo)=Y = Ny,

0:{(z,0C V.1 CV,CVEcCcVE, cv=Cm
T € g1, xVp—1 C an‘} — g1

We have that
dimY =n?+2n—2, Imv = Oy
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and

§(v.C[-]) = 0.C[—].
In the following we prove the theorem by studying the decompositions of
v.C[—] and v,C[—].

We first study the decomposition of 0,C[—]. Since in the decomposi-
tion of v,C[—] only IC complexes supported on Ogiq2nt1-2: appear and the
Fourier transform of such complexes all have full support (see Proposition
and Proposition , we conclude that all IC complexes appearing in
the decomposition of v,C[—] are supported on all of g;.

Let F' be the smooth variety introduced in . Recall its equivalent
definition in and the involution ¢ on F'. Let

Z={(z,0CV, CcV}:cV)|zeg,rank(z:V, - V/V) <1}
and

Zo={(z,0CV,, CV;} cV)|z € gy,rank(z : V;, — V/V;;) = 0}.
We have dim Z = dim gy + n and dim Zy = dim g;. Consider the map
(4.1) fF—=Z (x,Vp,a)— (x,V,).

Then f is a branched double cover with branch locus Z ﬁ Let 20 := Z — Z,.
Then f9:= f|z0 : F xz Z° — Z% is a double cover and we have f'C = C ®
€, where & = (f2C)?=~ is a rank one local system on Z°. It follows that

(4.2) f+Cp[dim F| =1C(Z,C) ¢ IC(Z, &).

Let a € a™ and let pr : Z — g1 be the natural projection. By (4.2)), we have
prIC(Z,C)[— dim F]|, ~ H*(F,,C)7~,
prIC(Z, &)[—dim F)|, ~ H*(F,,C)"=%,

Choosing an isomorphism Jac(C,) ~ Fy, we may identify ¢ with the inver-
sion on Jac(C,). Therefore

H*(F,,C)"=" ~ @) N'H' (C4, C)[—],
i=2j

H*(F,,C)’=""~  AH'(C,,C)[-i].
i=2j+1

4In fact, the map f: F — Z realizes Z as the (GIT) quotient F/o.
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This implies that

(4.3)  IC(g1, Bi=2j @izo For[—i]) (resp. IC(g1, Di=2j+1 @izo Fory1[—1])
appears in pr.IC(Z,C) (resp. prC(Z, £))

as a direct summand (up to shift).

Moreover, these are the only IC complexes with full support appearing in
the decomposition.
We have the following factorization of ©

2,0CV,1CV,cVtcvt, cv=Cc™Y|zV,_y Cc V"
n n—1 n

0 0
—1>Z—2)gl,

where 01 : (2, V-1 C V3) — (2,V,) and 09 : (2, V},) — z. Note that 03|z, :
Zy — g1 is equal to the map 7on1 in .
The map ¥, is one-to-one over Z — ZOE| and is a P~ !-bundle over Z,. It
follows that
n—2
01.C[-] =1C(Z,C) & ) Cg,[~In — 2 — 24].
a=0

Since all IC complexes appearing in the decomposition of ©0,C[—] are sup-
ported on all of g;, Lemma and (4.3) imply that

(4.4) 0,C[—] = 001, C @Ic (gl, @923> (n — 2K)]
@@Ic (gl,@z ) n—2 - 2d,

here Fy = C.

®The inverse is given by (z,V,) = (z,V,_1 C V,,) where V,,_; := Ker(z : V,, —
V/Vih).
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We now study the decomposition of v,C[—]. Our goal is to prove the
following

n—2 n
(45)  wCn® +2n— 2] = P EPIC(Ogi12n-201,C)n — 2 — 2a]

a=0 i=0
[ n—2i

&b @ @ IC O22L127‘L+1 4 821)[71 — 21— 2&1]
i=1 a;=0

® IC(Olznﬂ,C) [n — 20,].
a=0

Taking Fourier transform of (4.4) and using Proposition we see that

n—2
(4.6) IC (gl,@5> [n—2—2da])
a:O
n—2 n
~ @ IC(O21’127L—275+17(C) [n —2— 2(1]
=0 =0

is a direct summand of v, C[—].
Moreover, these contain all the IC(Ogi120-2i+1,C), i > 1, that appears in the
decomposition of v.C[—]. Now we determine those IC(OQgijzn-2i+1,E;), 7 > 1,
that appears in the decomposition of v,C[—].

Let z; € Ogig2n-2i11, i € [1,n]. We have that v=!(z;) is a quadric bun-
dle over vy (i) =2 OGr(n — i,2n — 2i + 1), with fibers quadric of the form
Shepaz=0in P! ={[ay:--:a,]}, and

2dimv~(z;) = codimp Oy, +n —2=2(n—2) + (n —4)(n —i+1).

Here vg = mgn1 is the map defined in (3.1). We have that (see (3.2))
v C n +n @IC Ogi12n—2i+1, (C)

which implies that

(4.7) Hk (Ual(x3)7 C) g 9{:’;]_”2_” (@ IC(O21 12n72i+1 ) (C)) .

1=0
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We have H° (v (z;),C) = H(v=Y(z;),C) = 0 and

n—2
H2k(vil(ajj)7(c) = @H2G(Qj7(c) ® H2k72a(vo_l(xj)7 ©),
a=0
where @; is a quadric of the form Zizl a?=0in P! ={[a;: - :a,]}.

Note that H?*(Q;,C) = C for 0 < a <n — 2 if j is odd, or if j is even and
2a #2n—j—2, and for j even, H*772(Q;,C) 2 Ce Hﬁg;ﬂ_Q(Qj,C),
where dim H2n7j72(Qj, C) = 1. Thus

prim
n—2
(4.8) H* (v~ ! (x5),C) = @ H™**(vy (), C) if j is odd
a=0
n—2
(4.9) H* (v~ (x5),C) = @ H* (v ! (27),C)
a=0

o HQk_2n+j+2(U0_1(33j)7(C) if 7 is even

It follows from (4.7]) that

n—2 n

(4.10) HZEm 2042 (B (B IC(Ogiq20-241, C) [ — 2 — 20
a=0 =0
n—2
~ (D H222 (15 (), C).
a=0

Thus (4.10) together with (4.8) implies that if j is odd, then

n—2 n

g—fi’j @ @ IC(OQi12n72i+l 5 C)[n — 2 - 2&] = j{;%]j(v*(c[_])
a=0 =0

In view of (4.6)), we conclude that IC(Ogsi2n+1-2;, €5), j odd, does not appear
in the decomposition of v,C[—].
By the discussion above, we can assume that

n—2 n
(411) U*(C[_] == @ @ IC(OQilzn—ZiJrl,(C)[n -2 - 2@]
a=0 i=0
(5] & .
@ @ @ IC(Og2igznsr-si, &y ) [ki — 2ai] & - --

=1 ai:O
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where the m/, ’s are to be determined and - - - is a sum of Cyoy[—]. We show
that
(4.12) ki =n—2i, my=ml_o = 1.

Note that in (&9), H?*~2"++2(v; ! (x;),C) # 0 if and only if 0 < 2k — 2n +
j+2< (n—j)(n—j+1),ie. if and only if

2n —j—2<2k<(n—j)(n—j+1)+2n—j-2,

since dim vy () = (n — j)(n — j — 1)/2. Thus for all I > (n — 2i)(n — 2i +
1) +2n — 2i — 2, we must have

K3
Smy,

ks
J‘fé;nz_2n+2 @ IC(Og2i12n+1-4i, Eq; ki — 2a;] =0,
a,-:O
. . . I k; omi,
ie. foralll >n — 2i — dim Ogziq2nt1-4i, j’fx% eaa,;:() IC(0221127L+174i7 822' 1) X
[k; — 2a;] = 0. Thus k; < n — 2i. It remains to show that

We argue using induction on 1 <4 < [3]. Consider i = [§]. If n is even, then
it is easy to see that IC(O2n1, &,,) is a direct summand. Assume that n is odd.
Take j=n—1 in we get HZF=2nti+2(y(2;),C) # 0 if and only if
2k =n+1,n—1 (we have vy ' (2,_1) is a nonsingular quadric in P?) and
H2k=2045%2(y 7 (25), C) gives us a one-dimensional non-trivial local system

when 2k =n+ 1,n — 1. In view of (4.6), (4.10) and (4.9) we conclude that
IC(Ogn-113, Ep—1)[—1] B IC(Ogn-113, Ep—1)[1]

is a direct summand of v,C[—].

This proves (4.12)) for 7 = [3]. By induction hypothesis, suppose that (4.12))
holds for all j <i. Let 2k = (n —2i)(n — 20 + 1) 4+ 2n — 2i — 2. Take the
stalk at xg; of HZF—""=2n+2 i ([ T1)), we get

k3
Smg,

ki
. —n2_—
dim g’fi’; n—2n+2 @ IC(OinanA—M, 822» )[kz - 2ai] = 1,
ai=0
k}i .
. . n—2i—dim O,2i 2n+1—4i ®my,
ie. dim ¥}, A O TC(Ogeigansioas, Egp ) [ki — 2a5] = 1,

(17;20
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here we use (4.9), (4.10) and the fact that

[n] n—2j )
bm .
dim G222 (1 @ IC(Og2sy2nin-as, &g )0 — 25 — 2a5] = 0,
Jj=i+1la;=

as
2k —n? —2n +2+2j(2n+ 1 — 25) +n — 2j — 2a;
>4(j—i)(n+1—i—7)>0.
Thus we can conclude now that m _9; = 1 which implies m0 = 1. This com-

pletes the proof of (4.12]
Comparing with (4. 1 ) we conclude that

S(IC(Og2ig2nt1-ai, E95)) = IC(g1, T2s)

and mfl =1 for all 0 < a; < n — 2¢. This finishes the proof of Theorem
Finally taking Fourier transform of (4.11]) we obtain the decomposition

in (@3).
Corollary 4.1.
1) We have g‘fl;jIC(quzn—%ﬂ,(C) =0 for k odd and j <i.
2) We have %’;jIC(ngqzwuﬂ, €2i) =0 for k odd and j < i.

Proof. (1) follows from equation (4.7)), the fact that n? + n is even and the
fact that H°%(vy!(z;),C) = 0. Takmg J-Ck on both sides of the equation
([4.5), we see that (2) follows from the fact that n? +n is even and the fact
that H°d4(v=1(z;),C) = 0. O

Remark 4.2. For x € g'°, the fibers
Zy =0, Yx) ={(0C V, CV}t CV)|rank(z : V,, = V/V}) <1}

are the over-generalized Kummer varieties introduced in [Rel, p.80]. For ex-
ample when n = 2, the map f, : F, — Z, in . 4.1)) realizes Z, as the quotient

F./o of the Fano variety F} of lines in the complete intersection Q N Q, of
2 quadrics in P° by the involution o (see §3 . There are 16 fixed points of
o on F, corresponding to 16 singular points of Z, ~ F, /0. The Hessenberg
variety H, := 0~ !(x) is the blow up of Z, at those singular points, which is
isomorphic to the Kummer K3 surface coming from the Jac(C,)-torsor F
together with the involution o.
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4.2. Proof of Theorem 2.2]

Let us start with the matching for the IC(Ogiq2n-2i+1, C)’s with i odd.
Proposition 4.3. Ifi is odd, then F(IC(Ogi12n—2i+1,C)) = IC(g1, L:).

Proof. Assume that 2m <n + 1. Let us write Oy, = Ogm-191120-3m+2. Con-
sider the following resolution map 7, : O, — O,,, where

6m = {(.’IJ,O C Vm_1 C Vm C V,ri‘ C VHJI_—l C V — (C2n+1)|
2 € g1, Vi =0, 2V C Vipa ).
We show that
(4.13) IC(O92m-1120-am+3, C) is a direct summand of 7,,.C[—].

Recall that Oy C O, if and only if © > X if and only if A* > uf. Thus we
have

©3i2j12n+1—3i72j D) 031-/2]’127&173'5’72]'/ if and OIlly if 4 2 i/, 21 +j Z 22/ —|—j/

In particular, (922m,—112n—47n+3 (- ©3i2j12n,+1—3i+2j C (Dm if and only ifi<m-—1
and 2¢ + 5 =2m — 1.

We show in [CVX1 Lemma 2.4], independently of this paper, that for
i €0,m — 1] and z; € Ozi92m—1-2i120-1msti, Tyt (25) = OGr(m — 1 — i, 2m —
1 — 2). It is then easy to check that

(4.14) 2dim,,' (z;) = codimg,_ Oy, = (m —i — 1)(m — i).

Thus (4.13) follows from the discussion above, (4.14]) and the decomposition
theorem.
Consider the map

Fm (2,0 C Vit C Vi CVECVE | c O
z € g1,V 1 C Vin, Vi C VY = gy

We have that

I

(4.15) §(Tm+C[—])

By Proposition 3.1} F(IC(Og2m-1120-sm+s, C)) = IC(g1, £;) for some i € [1,n].
We show in [CVXI, Remark 4.9], again independently of this paper, that

mxC[=].
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among the 1,L;)s (2 > on 1,L9i 1 < 3 < m, appear in the

decomposition of 7,,.C[—]. Thus by induction on m, (4.13)) and (4.15) imply
that

F(IC(Og2m-112n-1m+s, C)) = IC(g1, Lam—1)-

So Theorem is now reduced to the statement that for even 4,
FIC(Ogi12n-2141,C)) = 1C(g1, £4).

For this we observe that dim £; # dim £; for 7 # j, hence it suffices to show
that the generic rank of F(IC(Ogiqzn-2i+1,C)) is equal to dim £;.

We make use of the theory of characteristic cycles to compute the generic
rank of F(IC(Ogi12n-2i+1,C)). Recall the following facts about characteristic
cycles (see [K9)]):

1) The Fourier transform preserves the characteristic cycle of conic

sheaves.

2) Let F be an irreducible perverse sheave on g; and let r be the generic
rank of F. Then the characteristic cycle of &, denoted by CC(F), sat-
isfies

CC(F)=r-(Tg 1)+~

We will prove the following equality of characteristic cycles.

Proposition 4.4. Assume that i is even. We have
CC(IC(0Ogi12n-2i41,C)) = CC(IC(Ogiqzn-2i+1, &;)) + CC(IC(Ogi-112n-2i13, C)).

In Theorem [2.3] we have shown that for ewven 4, the generic rank of
S(IC(Ogi120-2i+1, €;)) is dim F;. This together with the equality above im-
ply Theorem Indeed, using Propositions [4.3] and [4.4] we see that

OC(FIC(Oy 1221, C))) = CCFIC(O 221, 1))
+ CC(FIC(O 1102005, C))
= CC(IC(g1, %)) + CCIC(g1, Li-1))
:T‘(T§191)+"'
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where

r=dm%F; +dim L;_,

= (%) - <.2n ) + <2?1+1> = <2n.+1> — dim £;.
) 1 — 2 1—1 7

Hence the generic rank of F(IC(Ogij2n—2i+1,C)) is equal to dim £;, and the
theorem follows.

It remains to prove Proposition 4.4} The proof is given in the next sub-
section.

4.3. Proof of Proposition [4.4

Recall that for any variety X and F € D(X) we can consider the correspond-
ing local Euler characteristic function

XF): X =7

defined by
X(F)z =D (—1)" dim(3¢.F).
We have the following fact

Fact 4.5 ([KS], Theorem 9.7.11). Let F,%3 € D(X). Then CC(F;) =
CC(F2) if and only if x(F1) = x(F2).

By the fact above we are reduced to show the following:
Proposition 4.6. For even i, we have

A(IC(Ogig20-26, €)) = X(AC(Oi g, 1)) + X(IC(Oicsyorsics, ).

In §5] Theorem [5.1] and Theorem we show that

(4.16) X(IC(0gi12n-2i4+1,C)) = X(IC(O/Qi12n—2i7 C)) for all 4
(4.17) X(AC(Ogi12n-2i41, E;)) = X(IC(Ohiq2n-2:, E})) for even i,

where O, 2., is the nilpotent Sp(2n)-orbit in sp(2n) corresponding to
the partition 211272 and €&/ is the unique non-trivial irreducible Sp(2n)-
equivariant local system on 0%z,

As such, we prove the proposition above making use of the classical
Springer correspondence for symplectic group Sp(2n). As discussed earlier,
this will complete the proof of Theorem
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Proof of Proposition[4.6. The proof is reduced to proving the following: for
even i, 7 < i, and a:; € 05,1202, We have

(418) X(IC( ,2i12n—2i7 (C))x; = X(IC(O/211271—21, 8;))33;
+ X(IC(O’zi—112n—21+2’C))J;;.

We will show that

(419) X(IC( 121'127172757@))23’_ = (IC( /2i7j12n72i,c))0

J

X

(420)  X(IC(O%i-s120-2:,C))o = <n";j>
(
0

n - . n - ] . ..
(4.21) X (IC( ’22112%4“82@'))% = j) - ( j J 1) if j is even,
17— 5 1 — 5 =

(4.22)  X(IC(O%2iq20-1i, €5;))ay = 0 if j is odd.
The equality (4.18]) follows. O

Proof of (4.19). The equality (4.19)) follows from (4.16)) and Proposition
(see §5), which states that HEIC(Ogijan—sicr, C) = Hp 2 IC(Ogi—sq2n2iar, C),
sj = j(2n 4+ 1 — j). Indeed, since s; is even, we have

X(IC( /211271721,@))1; = Z(-l)k dim }C’;;IC( /27;1211721‘,((:)
= Z(—l)kJrsj dlm g—fg+5jIC( /2i—j12n—2i,c)

= X(IC(O%i-s12n-2:, C))o.
g

Proof of (4.20) and (4.21). We work in the classical Springer correspon-
dence setting for sp(2n). Let N = Ny,(2,,) and G = Sp(2n) in this proof.
Recall that we have the Springer resolution ¢ : N — N and

(4.23) 0.Cl-1= P 1C(0,8) @ Voe.
(0,€)

Here (O, €) runs through the pairs consisting of a nilpotent G-orbit O C N
and an irreducible G-equivarant local system on O, that appear in the
Springer correspondence. Moreover Vy ¢ denotes the irreducible Weyl group
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representation corresponding to the pair (O, ) under Springer correspon-
dence. It follows that

(4.24) X(IC(0,€))e = [Vo,e : H*(Ba, C)]

for z € O. Here B, = ¢~ !(x) is the Springer fiber and [V ¢ : H*(B,,C)]
denotes the multiplicity of Viy ¢ in the Weyl group representation H*(B,, C).

Let us denote the Weyl group of type C,, by W,. It is well known that
the irreducible representations of W,, are parametrized by pairs of partitions
(a)(B) such that || + |5| = n. Lusztig in [L1] has computed the (general-
ized) Springer correspondence explicitly. In our case, we have

(425) ‘/(O;Z'iﬂnflki’(c) - (1i)(1n_i)’ 1/(0/221_7112”74”2,@ = (1n—i+1)(17j—1)’
(426)  Vior,, o uneh) = (0)(2°1"7),

and IC(O%si—1q2n—4i+2, 5,1 ) does not appear in the decomposition of ¢, C[—].

It follows from (4.24]) and (4.25) that
VAC(O 20, C))o = Vior, ey 5 H(B,0)]

= dim‘/(o', 5 2.7(3) - <7Z>
Zesmest [5]
This proves (4.20]).
We prove ([4.21). Recall that H°4(B, C) =0 (see [CLP]) and if = €
Lie L is regular nilpotent, we have (see [L3])

(4.27) > H*(B,,C) =Indy" C,

where L is a Levi subgroup of G and Wy, is the Weyl group of L.

Consider our elements 7 € 0, 2,2;, Where j < 2i. Assume that j =
2j0. We can find a Levi subgroup L C Sp(2n) such that L =2 GL(2) x --- x
GL(2) (jo copies) C Lo = GL(n), and z; € Lie L is regular, where Lo is a
Levi subgroup of a maximal parabolic subgroup. We have Wy, = Sy x - -+ X
Sa (jo copies) C Sy,. Thus

@24)
X(IC( /221'12"741'7 /21))95; = [‘/(0;21‘1271741':8/21')7H*(Bx;’(c)]
: [(0)(21‘171—21')’ IndIIj‘V/ZC]

= [(0)(2'1"7%),Ind ¥ Ind}y, C]
= [Resg " (0)(2'1"%), Ind}y Clg

n
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= [(21"7%), Ind}y, CJs,
= (21", HY(Bg, {2, O)ls,

2701m—230

— X(IC(Ogipn2:, C) T, .

Here in the last two equalities, BQJU§ ),2]0 denotes the Springer fiber of an
element in the nilpotent orbit corresponding to the partition 27017~2% in
gl(n), and X(IC(OQiln—’H,C))ggfﬁ),gjo is defined analogously in GL(n). Now
it follows from the classical result for GL(n) that

GL
X(IC(OQH”*Z"?C))Qjoft}zzm = K2i1n72i72j01n—2]‘0 = K211—j01n—2i71n—2j0
_ <n2j0> < n — 2jo )
i —Jo i—jo—1)
where K ,, denotes the Kostka number. This proves (4.21)). O

Proof of (4.22)). Let x; € Ogjq20-2j+1, where j is odd. In view of (4.17)), it
suffices to show that x(IC(Ogziq2n-ai+1, E2;))s, = 0. We prove this using the

decomposition in (4.5 (see

n—2 n
0, C[n? +2n — 2] = IC(Ogi2n—2i11,C)[n — 2 — 2d]
a=0 =0
(5] n—2i
b @ IC(OQZilZnJrl—ALi’ 821)[71 — 21 — 20,,']
=1 a;=0
n

D IC(Olan,C)[TL — 20,].

a

Il
=)

Note that %g?dIC(quan—m,C) = J-Cg?dIC(Ozfzian—u, &€2i) = 0 (see Corol-
lary [.1). Thus x(IC(Og2i12ns1-41, €9;))z, > 0. Tt follows from the decompo-
sition above that

X(H*(U—l(mj),(:) TL — 1 ZX IC (92 i12n+1-2i C))
1=j

—+ Z IC 022 i12n+1—4i 82@)):13

1<2i<n

We have x(H*(v~!(z;),C) = (n —1)2"7 (here v~!(x;) is a quadric bundle
over OGr(n — j,2n — 2j + 1) with fibers having euler characteristic n — 1,
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see §4.1)). Thus equations (4.16)) and (4.20]) imply that
S 1O O, = 3 () 2

i=j i=j 2
It follows that X(IC(022i12n+1—4i, 82i))xj =0. O

The proof of Proposition [4.4] is complete. This completes the proof of
Theorem [2.2

5. Stalks of the IC sheaves

In this section we establish an interesting isomorphism between stalks of
the IC sheaves supported on nilpotent orbits of order two and stalks of
the IC sheaves supported on nilpotent orbits of order two in sp(2n). More
precisely, let Nyp(2,) denote the nilpotent cone of sp(2n). Let O qzn-2: C
Nep(2n) denote the nilpotent orbit corresponding to the partition 2112n—2,
We have dim Of; 5,2 = dim Ogiq20-2i41 = i(2n + 1 — i), and for each i > 1,
there exists a unique nontrivial irreducible Sp(2n)-equivariant local system
€l on O an-2i.

We have the following theorems, which were used in the proof of Theo-
rem in We remark that the proofs of these theorems are independent

of
Theorem 5.1. For z € Ogiq2n—201 and &' € Ol 2._»;, we have
?C’;IC(OQilZH72i+17(C) ~ %];/IC( /27;1211721‘,@).

Theorem 5.2. Assume that i is even. For x € Ogjjzn—201 and 2’ € O, .05,
we have

HEIC(Ogigzn-2i01, €;) = FHEIC(Ohij2n-2:, 7).
The following proposition was used in the proof of .
Proposition 5.3. Let j < i and set
s = dim Ogigzn—2i11 — dim Ogi—jj2n-2i41 = j(2n + 1 — j).
Then for x € Ogiq2n-2i+1, we have

FHEIC(Ogigzn-2it1,C) = HETHIC(Ogicsy2n-2i41, C).
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Remark 5.4. Note that, in general, the singularities for Ogij2n—2:41 and

0% 12n—2: are non-isomorphic. For example, the Euler obstruction Eu(0, 0/, . )

for the minimal orbit O] . := 0%, .. is zero (see [EM]). On the other hand,
using

CCIC(Omin, C)) = CC(F(C(Omin, C))) = CC(IC(g1, £1))

and dim £1 = 2n + 1 (see Theorem , one can check that Eu(0, Q) =
2n, where Opin := Og1120-1.

5.1. Resolutions

For the proof of Theorem and Theorem we need several prelimi-
nary steps. We begin with the construction of resolutions of Og:ij2ni1-2: and
O,Qi12n—2i-

For the orbit Ogijzn+1-20 C N1, 1 < i <n, consider Reeder’s resolution
map Of 621:12714—1—27‘,7

g;: {($,0 cV, C ‘/iL cV = C2n+1) | T < g1, zV C VZ} — 627712n+1—271.

For the orbit O%iqzn-2s C Nesp(2n), we have the following resolution map for
O p2n-a: ([Hel)

7i:{(z,0C Uy CU+ cU=C?) |z €sp(2n), 2U C U} = Obijans.

Here U is a 2n-dimensional vector space equipped with a non-degenerate
symplectic form (,) such that sp(2n) = sp(U, (,)), dimU; = i and U;- = {u €
U|(u,U;) = 0}.

We show that for € Ogiq2a-2+1 and 2’ € O, 12025, § < 1,

(5.1) We have dim o; *(z) = dim 7, ().
Moreover, H*(o; ! (z),C) ~ H*(r; *(2'),C).
(5.2) The action of A(z) := Zk(2)/Zx (x)°

(resp. A,(CC ) - ZSp Qn)( )/ZSp (2n) (l,/)O)
on H*(o;(2),C) (vesp. H*(1; *(2'),C)) is trivial.
Let
= 2dim(o; (z;)) — codimg Ogigzn—2+1 = 2(1 — j)(n —10),

2i12n—2i+1

where z; € Ogj12n-2+1. It follows from (5.1]) and ( . ) that
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Lemma 5.5. We have

(5.3) (0:)+C[~] = D EPIC(Ons 1202141, Cliv) [£K]
j=0 k=0

(5.4) (1:)Cl[—] = IC(0%; 12n-2;, CU#)) (],
j=0 k=0

here tﬁk = (tﬁk)’ = 0k 0-

We prove (5.1) and (5.2)). For (5.1), we show that

(5.5) o; () = OGr(i - j,2n — 2j + 1)
and 7; (') =2 SpGr(i — 7,2n — 2j).

For (5.2)), we show that the action of A(z) (resp. A’'(z')) on ;' (z) (resp.

O-’L
7. Y(2")) is trival, thus inducing a trivial action on H*(o; *(x),C) (resp.

H* (7, (2"),C)).
Let us consider the case of x € Ogjq2n+1-2; first. The following lemma

allows us to choose convenient basis for V.

i

Lemma 5.6. Let € Oy C Ny, where A= (A1, e,...,\s) € P(2n+1).
There exist v; € V, i € [1,s]| such that V = Span{z%wv;, a; € [0,\; — 1], i €
[1,s]} and

xAivi =0, <xaiv,~, xijj>Q = 5i7j6ai+bj,)\i*17 1,] € [1, S].

Proof. We prove that the lemma holds also for even dimensional V' (the fact
that some orbits when dim V' is even are parametrized by the same parti-
tion does not affect the proof). We prove by induction on dim V. It is clear
when dim V = 1. Assume that dim V' > 1. One checks easily that there ex-
ists v € V such that (v, 2% ~1v)g # 0. We can assume that (v, 2} 1) g = 1.
We have 2Mv =0 and v, zv, ...,z v are linearly independent. Let W =
Span{v, v, ...,z "v}. Then V=W @ W as (,)g|w is non-degenerate.
Note that W+ is z-stable and x|y € Oy, where N = (X\a,..., ;). The
lemma follows by induction. O

Take a basis {v;, zv;, [ € [1,]], ws, s € [1,2n+ 1 — 24|} of V as in Lemma
In terms of this basis, the fiber o; () can be described as follows. It con-
sists of the flags 0 C V; € V;& € C*"*L| where V; = Span{wzvy, k € [1,5]} @
Wi_; and W;_; C Span{ws, s € [1,2n + 1 — 2]} is such that W;_; C Wzl_]
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Thus holds in this case. Define g € Zk (z) as follows. When j is odd, let
gur = —U, gws = Ws; when 7 is even, let gv; = va, gus = vy, U = Uk, k #
1,2, gws = ws. (Note that the actions of g on other basis vectors are deter-
mined by the property that g € Zx (z).) It is easy to see that g & Zx(x)°.
Thus we can identify A(z) with {g,1}. Now it is easy to see that A(z) fixes
each flag in o, (), thus acting trivially.

The proof for the case of 2’ € O}, ..., is entirely similar. There exist vec-
tors vy, ... ,v;-,w’l, .. .,w%_j,u’l, .. ,uﬁl_j € U = C?" such that :c’%l’ =0,1l¢
[1,7], 2'w, = 2'ul, =0, s € [1,n — j|, U = Span{uv, 2'v}, | € [1, j],w},ul,s €
[1,n —j]|}, and

(Vg 1)) = (v, wg) = (v, ug) = (Wi, wy) = (g, up) = 0,
(v),, 2'v]) = Okl (wh,uy) = g4

(Note that (z'v,w) = —(v,2'w) as 2’ € sp(2n).) In terms of this basis, the
fiber 7, '(2') can be described as follows. It consists of the flags 0 C
U; C U+ C C?, where U; = Span{z/v},1<k<j}& W/ _; and W/ ; C
Span{w}, u},1<s<n — j} is such that W/_ CT/V/L Define g’EZSp(Qn) (2)
as follows. When J is odd, let g'v) = —uvy, gw = w L, gul, = ul; when j is
even, let g'v] = vy, g'vy =0, gv, = v, K #1,2, g'w) —ws,gu’ =ul. As
before we can identify A’(z') with {¢/,1}and it is easy to see that A’ (x')
fixes each flag in 7; ' (2'), thus acting trivially.

5.2. The maps o; and 7;
We preserve the notations from For the proof of Theorem we need

the following auxiliary maps.
For Ogiy2n-2i1 C Ny, consider the map

i {(x,0cViCcV,cVicVt cV)lzeag,
xV C 'V, l’V -, CVio 1}—)@21%4—1 2i.

For 0%;2,-2: C Ngp(2n), consider the following map

7i:{(@,0Cc Ui, CcU cU+cU+ cU)|z €spy,,
2'U C U, 2'Ut | C U1} — Oigon_ai.
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We show that for x € 02j1271—2j+1 and z’ € OIZJ'12"*21'7 J < Z',

(5.6) dima; ! (z) = dim 7 ! (2), H* (6, (2),C) ~ H*(7 (), C),
and the latter isomorphism is compatible
with the actions of A(z) and A’(2').
(5.7) A(z) (resp. A'(x")) acts trivially on H*(5; '(x),C)
(resp. H*(7;1(2'),C)), i odd.

It follows that
Lemma 5.7. We have

(5.8) (6:)+C[—] = @D 1C(Og 120251, C™5x ) [:A]
3,k=0
T @ IC(O2j12n,2j+1,8?3’“)[ik]
j even, k>0
(5.9) (7)«C[-] = @ IC(Oy20-2, CU™)") (K]
J,k>0

& P IC(Ohyzna, () 4))[Lk].

j even, k>0

We prove and in the reminder of this subsection.

The fiber 5; " (z) is a quadric bundle over o (x) 2 OGr(i — j,2n — 25 +
1) with fibers a quadric >>7_; b2 = 0in P=1 = {[by : by : - - - : b;]}. More pre-
cisely, we have an obvious map 7 : 5; '(z) — o, !(2),

OcViicVicVitcvt cv)
=ViacV)—=(0cV,cVitcV):=W)

by forgetting V;_;. Now we describe the fibers of 7. Recall that if (V;) €
o7 (), then there exists W;_; C Span{wy, k € [1,2n+1—2j]} with
Wi_j C Wit such that V; = Span{zuy, k € [1, 4]} ®@ Wi_j. Let [by : by : -
b;] be the homogenous coordinates of P(V;) given by the basis {zuv, k €
(1, 4], @y, L€ [1,i—j]} of Vi, where {0} is a basis of W;_;. It is easy to
check that the fibers of 7 are isomorphic to the quadric Q@ : >>7_, 42 = 0 in
P(V;) = P*~L. Tt follows that

H*(5;(2),C) = H*(Q,C) ® H* (0, (x),C).

7 7
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We describe the action of A(x) on H*(5; '(z),C). As we have shown that
A(z) acts trivially on H*(o; (), C), it suffices to describe the action of
A(z) on H*(Q,C).

We claim that if j is odd, then A(z) acts on H*(Q, C) trivially, thus act-
ing trivially on H*(G; (), C), and if j is even, then A(z) acts on H?*(Q,C)
trivially if 2k # 2i — j — 2 and H*~772(Q,C) = C @ €. This follows from the
following lemma.

Lemma 5.8. Let Q be the quadric given by the equation Zle a? =0 in
P! with coordinates |ay,...,a,] and consider the automorphism ~y of P~
given by vlai,az,as, ..., ay) = lag,a1,as,...,a,]. If k is odd, then v acts

trivially on H*(Q,C). If k is even, v acts trivially on H?(Q) for j #
2n — k — 2 and the action on the two dimensional space H***=2(Q,C) has
etgenvalues 1 and —1.

Proof. The quadric @ is the join of the nonsingular quadric Q in P*~! ¢
P"~! given by Zle a? = 0 and the linear subspace L of dimension n — k — 1
given by a1 = - = a5 = 0. Now Q — L is an affine space bundle over Q of
fiber dimension n — k. Thus, H(Q — L,C) = Hi=2n+2k(Q) C). As Q and L
only have (compactly supported) cohomology in even degrees we conclude
that

H'(Q,C)=H">"""Q,C) & H'(L,C)

The automorphism v of course acts trivially on the cohomology of P*~! and
hence it acts trivially on the cohomology of L (it even acts trivially on L
itself). Thus we are reduced to consider the action of v on the cohomology
of Q. The action on the non-primitive cohomology is trivial and so the only
possibly nontrivial action is on Hgg;(@, C). If k is odd, this group is zero
and so we are reduced to the case of k even.

Assume that k is even and k = 2kg. The variety of (kg — 1)-planes con-
tained in @ has two disjoint irreducible components, which can be identi-
fied with the two disjoint irreducible components of the variety of maximal
isotropic spaces in C?* (equipped with the standard bilinear form). It is
clear that «, regarded as an element in Og, — SOy, interchanges these
two irreducible components. Now Reid in [Re, Theorem 1.12] has shown
that H*2(Q,C) = span(a, b), where a and b are the classes of (kg — 1)-

planes from the two families respectively. Thus our lemma follows. U

The fiber 7; '(2/) is a quadric bundle over 7, '(z') = SpGr(i — j,2n —
2j) with fibers a quadric >7_, 2 =0 in P!, The action of A’(z') on

s=1"s
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H*(771(2'),C) is entirely similar. One checks readily that (5.6) and (5.7)
hold.

5.3. Proof of Theorem Theorem and Proposition [5.3

The proofs are based on some well-known principle by making use of the
resolutions o;, 7; of Ogiqzn—z2it1, (5/21.12”_21. defined in and the maps 7;, 7;
introduced in for 7 even. We give the detailed proof for Theorem [5.1] in
the following. The proofs of Theorem and Proposition [5.3| are entirely
similar and we leave that to the readers. We mention only that the proof of
Proposition [5.3| indicates the following

(5.10) (tip)n = (£ )n—j for j <1 <.

Here the numbers are written as (¢{,), to indicate that the ambient sym-
metric pair is (SL(2n + 1), SO(2n + 1)) and they are defined in (5.3).
To prove Theorem we begin with the following lemma.

Lemma 5.9. Let i€ [1,n|. Assume that télk = (t?k)’ for all j,k, and all

i' <iin (5.3) and (5.4). Then we have
g-(::lL,IC(OQiIQ'n72i+17(C) ~ g‘dp/IC( I2i12n72i7 (C)
for @ € Ogipzn—2i1, &' € 04 2,0, and j <.

Proof. We prove the lemma by induction on i. The case when ¢ = 1 is clear.
In fact, we only need to check the conclusion of the lemma for j = 0. We
have

(01)+C[~] = IC(Og1120-1, C) & @D IC(Oy2041, Clov ) [£K].
k>0

(71)+C[~] = I1C(O 1202, C) & @D IC(Og2r, Clox)/[E].
k>0

It is clear that HLIC(Og120-1,C) 2 HEIC(Oh 1202, C) as they are deter-
mined by the cohomology of a7 *(0) 2 7,71(0) and the numbers (t},) = (t},.)’
in the same way.
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By induction hypothesis, we can assume that for s < 4
(511) }C’;IC(O% 12n—2s+1, (C) ~ }C];/IC( /25 12n—2s, C)
Recall that

(Uz)*(c[_] = IC(ng 12n—2i+1, (C) (&) @ IC(OQ.;lgn—zs-H , Cti")[ﬂ:k]

s<4

This implies that the stalks of IC(Ogiq2n-2i+1,C) are uniquely determined
by the stalks of IC(Og:q2n-2:41,C) for s < i, the cohomology groups of the
fibers of the map o;, and the numbers tik, s < ¢. Similarly, the stalks of
IC(0%i 20-2:, C) are uniquely determined, in the same way, by the stalks of
IC(0%.120-2:, C) for s < 7, the cohomology groups of the fibers of the map
7;, and the numbers (tik)’ , 8 < i. Now the desired claim follows form ,
(5-1), and the assumption that the = ()" O

By the lemma above, to prove Theorem it suffices to show the fol-
lowing

Lemma 5.10. We have t;k = (t;k)’

Proof. We argue by induction on i. The case when ¢ = 1 is easy to check,
i.e. we have that ttl),k = (té,k)’ =1 when k € [0, s1;] and k is even, and ¢}, =
(tdr)’ = 0 otherwise.

So by induction hypothesis we can assume that for all s <, 5, = (t‘;k)’ .
By lemma [5.9] we have for s < i,

(5.12) %];IC(O2S]_2TL—25+1,C) ~ J_C];/IC( ,25127172‘5,@)

for x € Ogiq2n-2i41, ' € 02,2, and j < s.

We show that ¢}, = (¢%;)" by induction on j. The case j =i is clear. So
by induction, we can assume that t;,k = (t;,k)’ holds for j < 5/ <. Then,
for T € Ogi12n—2j+1, we have

(5.13) (O‘i)*C[—sz = IC(Ogil2n,—2i+1,C)|mj
©® @ IC(O27'12W,—27"+1,Ct;/’“)[ﬂ:k‘”mj.

J<yI<i

Since the stalk IC(Ogijzn-2i41,C)[;; is concentrated in degree <
—dim Ogs12n-2i+1 and IC(Ogiq2n-2541, Clix)[—k] is concentrated in degree >
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— dim Ogj12n-2j+1, the decomposition in ([5.13) implies the multiplicity num-
bers t;k are uniquely determined by the cohomology of 0_1( ;) and the
stalks 1C(Og;r 1225741, CH #)|e, for j < j' <. The numbers (tl ) are deter-
mmed in the same manner, by the corresponding data. Now since t% e =

(t%,,) for j' > j (by induction) the desired equality t]k = () follows from
(15.12]). O

6. Cohomology of Fano varieties

In this section we compute the cohomology of Fano varieties of k-planes in
the smooth complete intersection of two quadrics in P?". We denote these
Fano varieties by Fano . Note that Fano is the smooth complete inter-
section of two quadrics in P?".

Let Gr(k,n) denote the Grassmannian variety of k-dimensional sub-
spaces in C". Let

H?:nkarl (1 - ql)
[T, (1—q)

Irn(q Zdlm H%(Gr(k,n),C)¢' =

be the Poincare polynomial of Gr(k,n).
Recall the monodromy representations L; which were defined in §2.3
The cohomology of the Fano variety Fano?"; is described as follows.

Theorem 6.1. We have

(6.1) H?**1(Fano?",,C) = 0,
i
(6.2) H* (Fano?",, C) = @) LM ),
j=0

where M;(k, j) is the coefficient of ¢"=—7("=9 in Gi—jon—i—j(q).

6.1. Fano varieties and resolutions for Ogiq2n—2i+1

We start with the following simple observation, which is a direct consequence
of Theorem 2.2

Let 7 : ¥ — g'° be a family of smooth projective varieties over g and let
RF7,C be the corresponding local system on g1°. Suppose that the Fourier
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transform of IC(gy, R*7,C) is supported on O and is given by

F(IC(g1, RMm.C)) = @D IC(Os120-201, C™9).

Then the cohomology of the fiber ¥, := 71 (z) over z € g}* satisfies

n

k ~Y @ J
H*(%,,C) = P LT™.
j=0
Moreover, the isomorphism above is compatible with the monodromy ac-
tions.
Let us apply this observation to the following situation. Consider the
maps

gi:{(x,0CcV;c Vit cC™Y |z e g, aV; CVit} — a1

Note that for z € g}*, we have &; !(z) = Fano?";, the Fano variety of (i — 1)-
planes in the smooth complete intersection of two quadrics Q(v) =0 and
(zv,v)g = 0 in P?".

Let us consider m; = ;] 571 (gre)? which is a smooth family of Fano vari-

eties, and consider the corresponding local system RF7;,C. Recall that we
have Reeder’s resolutions o; for Ogizn-2i+1 (see §5.1)) and

i 2(i—j)(n—i)
(6.3) 0ixCli(2n +1 — )] = IC(Ogs12n—25+1, Clir ) [£E].
j=0 k=0

Since the Fourier transform of IC(0g;q2n-2i+1, C) is supported on all of g; for
all j (Theorem , the equation

§(6:xC[—]) = 03 C[]
implies that

4i(n—i)

P 301C(g1, REminC)[—k + 2i(n — i)])
k=0
i 2(i—j)(n—i)

@ @ C((f)lezn—sz,(Ct;’”')[:tk].
7=0

here 2i(n — i) = dim &; () = dim Fano?",, for x € gi°.

12

3(6:C[-])

12
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Hence we see that F(IC(g1, RFm;«C)) is supported on Ogijzn-—2i+1, and has
the form

S(IC(QL Rkﬁi*(C)) = @ IC(02j12n—2j+1 , Ct;‘lz"("—“—k‘ )
§=0

So by the observation above and Theorem we deduce that the cohomol-
ogy of the Fano varieties Fano?"; is given by

¢ i
(6.4) HY(Fano?";,C) = @ L7700+,
=0

6.2. The numbers t;k

In this subsection let us again use the notation (t;k)n for the numbers
(t;k,) in (6.3) to indicate that the ambient symmetric pair is (SL(2n + 1),
SO(2n +1)).

Lemma 6.2. We have (t;k)n =0 for odd k.

Proof. In the decomposition (6.3)), we take the stalk ﬂ{fﬂj on both sides for
odd [, where z; € Ogjq2n+1-2;. Since i(2n — i + 1) is even and

H°Y (o7 (z),C) = 0,
we have that ﬂ{lmjai*(C[i(Zn +1—14)] =0 for all odd [. Suppose that there
exists k£ odd such that t;k # 0, then there exists an odd k such that

FHL 1C(Ogy2n-2ser, Cliv) [£k] # 0

(note that fH;]j(%_jH)IC(Ogj12n—2j+1,(C) # 0). This is a contradiction. Thus
the lemma is proved. [l

Recall from that we have (tfk)n = (tfl“:?’k)n_j for j <1 <. This
implies, in particular, that (t;k)n = (téjkj)n_j for 7 > 1. Since (t;k)n = 00,k
the determination of (té 1 )n are reduced to that of (f, ;). In the following we
describe how to determine the latter numbers inductively. The dimensions
of the stalks HAIC(Ogi2n+1-2:, C) can be determined simultaneously (in
we determine these dimensions directly, see (6.8)).
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Recall that HZIMIC(Ogs12n-2i+1,C) = 0 (see Corollary. Note also that
H%k10(02_7‘12n—2j+1,(:) # 0 implies that — dim Ogjq2n-2511 < 2k < —1. Let us
write

mj = (dim Ogj12n-2+1)/2 = j(2n — j+1)/2,
—1

fil)= D (AimHGTC(Og120-21,C)) ¢,

k=—m;
d;
and  ogjan1(g) = 3 dim H*(0Gr(j, 20 + 1),C) ¢,
k=0

where
dj = dim OGr(j,2n + 1) = j(4n — 35+ 1)/2.

The polynomials 0g;2,+1(gq) are known, i.e.

(1 _ q2(n—i+1))(1 _ q2(n—i+2)) . (1 _ q2n)
1-q)(1-¢)---(1-¢") '

Note that o; '(0) = OGr(i,2n + 1). In view of Lemma the decomposi-
tion (6.3]) implies that

09i,2n+1 (Q) =

(6.5)  0gignt1(q) g Y/ +ny ) Z G

i(n—1i)

+ Z (t6,2%)n

Note that fo(q) = 1. It is easy to check using (6.5)) that
(tégk)n =1lfor0<k<n-1, (t(l)’zk)n = 0 otherwise, and fi(q) =q ™.

This completes the determination of the numbers (t;k)n and f;(q)’s for n =
1, and for all n and ¢ = 1. By induction on n, we can assume that the
numbers (té-k)n/ have been determined for all n’ < n. This implies that (t;k)n
for j > 1 have been determined. We determine now the numbers (t{, ), by
induction on i. We can assume that all f;/(q), i < i, has been determined.
Note that f;(q) is concentrated in negative degrees. Thus we can determine
the numbers (t(")’%)n from and then determine f;(q). We have shown
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that
(6.6) the equations (6.5) determine f;(q)’s
i(n—i)
and ( Z (t672k)n qik> ’s uniquely.
k=0

6.3. The functions f;(q)

In fact, the functions f;(¢) can be determined directly making use of our
identification of HFIC(Ogitzn+1-21, C) with HEIC(Oh; 202, C) (see Theorem
, where 052,02, C Nsp(2n), and the classical Springer correspondence.

Lemma 6.3. We have that

(6.7) filg) = g D2 g0 (6P,
where [i/2] is the integer part of i/2. Namely

(6.8) dim H " HIIC(Ogi 202001, C)
— dim Hk/2(Gr([%],n), C) if k=0 (mod4),

dim g‘fg_i@n_i—’—l)IC(OQi 12n—2i+1, (C) = 0 otherwise.
Proof. We have

dim HEIC(Ogi 1202141, C) = dim HEIC(O: y20-2:, C)

(#.23) n2
- [‘/(O’ C) - Hk+2 (B,(C)],

2i12n—2i7

where ‘/(O;i12n—2iv(c) is the representation of W, attached to the pair
(O%iq2n-2:,C) under Springer correspondence (see §4.3). The numbers
Vior 0 : H*+20* (B, C)] are the so-called fake degrees and they have

2112n—24)

been computed explicitly by Lusztig in [L2]. In fact, let us write
Pz(Q) = Z[‘/’(O;i12n72i’c) : H2k(B’ (C)] qk
Using (4.25)) and [L2], we see that

Pi(q) = g™ 0020000 (07).
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Now dim g’(gii(QniZLFl)IC(OQi 12n-2i+1, C) is the coefficient of q’c e
in P;(q), which is the coefficient of ¢*/2 in g[i/g],n(q2). The equation
follows. g

6.4. Proof of Theorem [6.1]

The equation (6.1)) in the theorem follows from (6.4) and Lemma The
equation ((6.2)) in the theorem follows from (|6.4)) and the following statement
about the numbers té. ok

Proposition 6.4. We have

(i—=3)(n—i) ' o '
Z (t},%)nqik = qi(lij)(nil)gi—jﬁn—i—j(Q)~
k=0

In view of , the proposition above follows from (6.5)), (6.7), and the
following equation
(6.9)

ogion+1(q) = q T2 g0 (@) gimjon—i—j(q), where gon(q) =1.
=0

Proof of . The proof given here was kindly supplied to us by Dennis
Stanton.

- n (¢ @)n
Define (A;q); := [J.25(1 — A¢*) and {} = ———"———. Let us
k=0 ily " (@ 0)i(@a)n;
write

S = Z q =it/ 91j/2.0(@%) Gimj2n—i—j ().

We have

[i/2] ) )
S — Zq —2j-1)(i-25)/2 2n—1—-25 -1 bgY 2n —1—2j
Il 1—25—1 q 1—2j q

B q(?) (45 @)2n—i—1

(@3 9)2n—2i (Q'Q)'
[i/2] _ » » o
y Z g2 (07 q); (¢ q); U2t a
q q ) (q72n+l+1; q2)] (q72n+l+2; q2)]

2n74j)'

—dq
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Consider the terminating very well-poised basic hypergeometric series which,
by definition, is given by

¢ a, q a1/2’ _q2al/27 b7 c, q72m g aq2m+2

0% 1/2 a2, ag?/b, ag*/e, ag 21 T he

i 2012 ¢%); (—¢*a'/%; ¢%); (b; ¢2); (ciq 2); (a7 4%);
G s 5 B o,

2m+2
: (“q )
bc
Note that if m > 0, then (¢72™;¢?); = 0 for j > m and thus the sum above
is finite. Take
2n

a=q* m=1i/2and b= ¢' " for even i;
and m = (i —1)/2, b=q " for odd i.

One checks that

() (g .
_ _2n q ((L Q)Qn—z—l
§=0 )(Q; @)on—2i (¢:9)i

2.1/2 2,.1/2 —2 2 2
% - lim 6¢5 a, g-a / y —q a / ’ b7 ¢, q m . q2 aq mt
: 2 2
c—00 CL1/2, _a1/2’ %’ %’ aq2m+2 ’ ’ be

Now use the summation formula (see [GRl, Appendix (I1.21)])
p a, q a1/2 —?a? b, P 5 ag?
6%5 1/2’ —al ,aqz/b, ag?/e, ag®m+? A be
_ (a¢* ¢*)m (aq®/bc; ¢ )m
(ag?/b; ¢*)m (ag?/¢; ¢*)m

we get

lim 6¢5( 16;2(1 a1/2 QQQGUZ’ bé . q—zm 25 4 aq2m+2>
c—00 . —a'’?, ag? /b, aq®/c, ag®™t be
_ (ad%¢%)m

(aq?/b; ¢*)m

Thus

(;)( . ) . (a 2. 2)
S =(1—- 2n q q;4q)on—i—1aq~; 4" )m _— .
( ) (45 @)2n—2i (¢;9)i (aq?/b; ¢*)m 9,2 +1(Q) N
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Example 6.5 (Cohomology of Fano?"). The cohomology of Fano?", the
Fano variety of lines in the smooth complete intersection of two quadrics in
P?"_ can be described as follows:

H?**+1(Fano?™,C) = 0
H2(4”_8_k)(Fano%”, C) = H2k(Fano%”, C)
cl if0<k<n-3
={c5le 1, ifn—2<k<2n—5
cFlorn,e Ly ifk=2n—4
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