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In [CVX3], we have established a Springer theory for the symmet-
ric pair (SL(N), SO(N)). In this setting we obtain representations
of (the Tits extension) of the braid group rather than just Weyl
group representations. These representations arise from cohomol-
ogy of families of certain (Hessenberg) varieties. In this paper we
determine the Springer correspondence explicitly for IC sheaves
supported on order 2 nilpotent orbits. In this process we encounter
universal families of hyperelliptic curves. As an application we cal-
culate the cohomolgy of Fano varieties of k-planes in the smooth in-
tersection of two quadrics in an even dimensional projective space.
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1. Introduction

In [CVX3] we have established a Springer correspondence for the symmetric
pairs (SL(N), SO(N)). More precisely, let G = SL(N), g = LieG = sl(N),
and θ an involution of G such that K = Gθ = SO(N). The involution θ gives
rise to a decomposition g = g0 ⊕ g1, where dθ|gi

= (−1)i, i = 0, 1. Let N be
the nilpotent cone of g and let N1 = N ∩ g1. In [CVX3] we determine the
set of Fourier transforms of all irreducible K-equivariant perverse sheaves
on N1, i.e., the set of Fourier transforms F(IC(O,E)), where O is a nilpotent
K-orbit in N1, E is an irreducible K-equivariant local system on O, and
F : PervK(g1) → PervK(g1) is the Fourier transform functor (where we have
identified g1 with g∗1 via the Killing form). Several things remain to be done.
For example, we do not know the Fourier transform of a specific IC(O,E)
in general, although we have some partial conjectures [CVX3, Conjecture
7.1]. Also, very little is known about the geometric properties of the Fourier
transforms F(IC(O,E)) (i.e. the character sheaves) and the work in loc. cit.
suggests that the geometric properties of F(IC(O,E)) are very different from
those in the group case.

In this paper we explore the geometry of the Fourier transforms
F(IC(O,E)) in the simplest nontrivial case, that is, in the case when O is
an order 2 nilpotent orbit 1. We show that those Fourier transforms involve
cohomology of a beautiful family of non-rational varieties and we use the
geometry of those varieties to determine F(IC(O,E)) for all order 2 nilpotent
orbits O. As an application, we compute the cohomology of Fano varieties of
k-planes in the smooth intersection of two quadrics in an even dimensional
projective space. When the ambient projective space is odd dimensional, the
cohomology of such Fano varieties has been computed in [CVX2] making use
of the Springer correspondence in the case of N even.

Let us assume that N = 2n+ 1. We show that for trivial local systems
on order 2 nilpotent orbits the Fourier transforms are IC sheaves arising from
representations of the Tits group A[2]⋊ SN , which do not factor through
SN ; see Theorem 2.2. Here A[2] is the set of order 2 elements in a fixed
maximal θ-split torus A of G. In the case of non-trivial local systems the
Fourier transforms are IC sheaves arising from representations of the braid
group BN on the cohomology of a universal family of hyperelliptic curves;
see Theorem 2.3.

As an application we obtain an explicit formula for the cohomology of
the Fano varieties Fano2ni of i-planes in the smooth complete intersection of

1A nonzero nilpotent orbit O is called of order 2 if x2 = 0 for all x ∈ O.
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two quadrics in an even dimensional projective space P2n. This is an example
of the following general strategy (see also [CVX2]). Consider pairs of maps
(π, π̌) and diagrams as follows:

(1.1)

X −−−−→ X̌

π

y
yπ̌

N1 −−−−→ g1

where X and X̌ are certain families of Hessenberg varieties, see [CVX1].
In particular, X and X̌ are orthogonal vector bundles over a partial flag
manifold P of K in the trivial bundle P× g1 so that, by functoriality of the
Fourier transform, we have

(1.2) F(π∗CX) ∼= π̌∗CX̌
(up to shift).

In general the fibers of π̌ are more complicated than those of π. We make
use of the following strategy:

(1.3)

The computation of the cohomology of the general fiber of X̌

can be reduced, via the Fourier transform, to the analysis of

the boundary family X.

For this to work, we need to know the Fourier transforms of the IC sheaves
that occur in the decomposition of π∗CX. In our setting we observe that
the Fano varieties Fano2ni appear as general fibers of a certain families of
Hessenberg varieties X̌ and by applying the principle above we obtain the
following theorem. Let us write

gk,m(q) =

∏m
l=m−k+1(1− ql)
∏k

l=1(1− ql)

for the Poincare polynomial of the Grassmannian of k-dimensional subspaces
in Cm. Then:

Theorem 1.1 (Theorem 6.1). We have

H2k+1(Fano2ni−1,C) = 0,

H2k(Fano2ni−1,C)
∼=

i⊕

j=0

L
⊕Mi(k,j)
j ,
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where Mi(k, j) is the coefficient of qk−j(n−i) in gi−j,2n−i−j(q) and the Lj are
vector spaces of dimension

(
2n+1

j

)
.

Remark 1.2. It follows from the proof that there are natural actions of
the braid group on the cohomology H2k(Fano2ni−1,C) and the vector space
Lj and the isomorphism in the theorem is compatible with those actions.

Remark 1.3. The Fano varieties Fano2ni have a concrete interpretation as
moduli space of parabolic vector bundles (with extra structure) on P1 (see
[C]). Thus the theorem above provides a method to compute the cohomology
of those moduli spaces.

To prove our main theorems we establish and make use of an interesting
isomorphism of the cohomology of the stalks of IC sheaves attached to nilpo-
tent orbits of order 2 and the cohomology of stalks of IC sheaves attached
to nilpotent orbits in the symplectic Lie algebra sp(2n) in the classical case.
This is done in ➜5. The proofs of the results in this section are independent
of the other sections and the results are used in ➜4 and in ➜6.

2. Springer correspondence

In this section we state our main results on Fourier transforms of IC com-
plexes supported on nilpotent orbits of order two.

2.1. Notations

Let G=SL(N,C) and θ : G→G an involution such that K=Gθ=SO(N,C).
We also write (G,K) = (SL(V ), SO(V,Q)), where dim V = N . We think of
Q concretely as a non-degenerate quadratic form on V and we write ⟨ , ⟩Q
for the non-degenerate bilinear form on V associated to Q. The involution θ
induces a grading on g = Lie G, i.e. g = g0 ⊕ g1, where dθ|gi

= (−1)i. If we
diagonalize Q then the Cartan involution θ is given by g 7→ (gt)−1 and g1
consists of symmetric matrices.

We write A for a maximal θ-split torus of G, where θ-split means that
θ(t) = t−1 for t ∈ A. The pair (G,K) is a split pair, i.e., A is a maximal
torus of G. We write grs for the regular semi-simple elements in g and we
let grs1 = g1 ∩ grs. Furthermore, let a = LieA and ars = a ∩ grs. Then a is a
maximal abelian subspace in g1.

Let us write N for the nilpotent cone of g and we let N1 = N ∩ g1 stand
for the nilpotent cone of g1. Assume that N = 2n+ 1. The K-orbits on
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N1 are parametrized by partitions λ of 2n+ 1 and we write Oλ for the K-
orbit corresponding to λ (see [S]). For i ∈ [0, n], let 2i12n+1−2i denote the
partition where the part 2 has multiplicity i, and the part 1 has multiplicity
2n+ 1− 2i. The order 2 nilpotent orbits are O2i12n+1−2i , i ∈ [1, n]. For x ∈
O2i12n+1−2i , i ∈ [1, n], we have that AK(x) := ZK(x)/ZK(x)0 = Z/2Z. Thus
each orbit O2i12n+1−2i carries a unique non-trivial irreducible K-equivariant
local system, i ∈ [1, n]; we denote it by Ei.

By [CVX3, Corollary 4.9], both

F(IC(O2i12n+1−2i ,C)) and F(IC(O2i12n+1−2i ,Ei))

are of the form IC(g1,−), where − is an irreducible K-equivariant local
system on grs1 corresponding to an irreducible representation of πK

1 (grs1 ) =
πK
1 (grs1 , a), a ∈ ars, the equivariant fundamental group.

2.2. The equivariant fundamental group

Let us describe the equivariant fundamental group πK
1 (grs1 , a) concretely. In

this subsection N is arbitrary.
Let W1 = NK(A)/ZK(A) be the ‘baby Weyl group’. Recall that we have

Lemma 2.1 ([KR]). The natural inclusion a →֒ g1 induces an isomor-
phism k[a]W1 = k[g1]

K . We have the relative Chevalley map

f : g1 → g1//K ≃ a/W1 := c.

Let W be the Weyl group of G. In our setting, we have W1 = W = SN .
Let us write c ∈ crs for the image of a under ars → crs = ars/W . Now, BW :=
π1(c

rs, c) = BN is the classical braid group. Then the relative Chevalley map
f : g1 → c gives rise to the following commutative diagram with exact rows:

(2.1)

0 −−−−→ ZK(a) −−−−→ πK
1 (grs1 , a) −−−−→ BW −−−−→ 0

∥∥∥
y

y

0 −−−−→ ZK(a) −−−−→ W̃ = NK(A) −−−−→ W −−−−→ 0 .

Note that W̃ is the Tits group. The group BW acts on ZK(a) through
the quotient BW → W . We have that ZK(a) ≃ A[2], the group of order 2
elements in the split torus A. Choosing a section we can split the short exact



✐

✐

“2-ChenTH” — 2021/1/5 — 1:58 — page 1286 — #6
✐

✐

✐

✐

✐

✐

1286 T.-H. Chen, K. Vilonen, and T. Xue

sequence in the first row and obtain

πK
1 (grs1 , a) ≃ A[2]⋊BW .

However, note that the second row in the diagram is not split in general. In
the case when N is odd the lower exact sequence also splits and we have

W̃ = NK(A) ≃ A[2]⋊ SN .

For the rest of the paper, we will assume N is odd.

2.3. The local systems Li and Fi and the statements of theorems

The local systems on grs1 which are obtained from the Fourier transforms

of IC(O2i12n−2i+1 ,C) turn out to be representations of the Tits group W̃ .
They are the irreducible representations which occur in C[A[2]] viewed as

a representation of W̃ . First, let us write Lχ for the representation of A[2]
associated to the character χ ∈ A[2]∨ and so we have

C[A[2]] =
⊕

χ∈A[2]∨

Lχ

The space A[2]∨ breaks into orbits {Λi}i=0,...,n under the action of W = SN ,
where we have numbered the orbits so that |Λi| =

(
2n+1

i

)
. Note that here it is

crucial that N = 2n+ 1 is odd. Concretely, the Λi consists of characters that
attain the value −1 ∈ Gm precisely i times if i is even and 2n+ 1− i times if
i is odd2. Thus, for each i = 0, . . . , n we obtain an irreducible representation
of W̃ as follows

(2.2) Li =
⊕

χ∈Λi

Lχ .

We write Li for the irreducible K-equivariant local system on grs1 corre-

sponding to the representation Li via the map πK
1 (grs1 , a) → W̃ .

Theorem 2.2. We have F(IC(O2i12n−2i+1 ,C)) = IC(g1,Li), i = 0, . . . , n.

We will now define irreducible K-equivariant local systems Fi on grs1
which are obtained from the Fourier transforms of IC(O2i12n−2i+1 ,Ei)’s. These

2We have chosen this parametrization to get a clean statement for our theorem
below.
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local systems arise as representations of π1(c
rs, a) = BN . To this end we

consider the following universal family C of hyperelliptic curves of genus n:

To each a = (a1, . . . , a2n+1) ∈ ars we associate the hyperelliptic

curve Ca which ramifies at {a1, . . . , a2n+1,∞} .

(Here we have chosen a Cartan subspace a of g1 such that it consists
of diagonal matrices.) This family gives us a monodromy representation
BN → Sp(H1(Ca,C)). Note that, by [A] (see also [KaS]) this monodromy
representation has a Zariski dense image, in particular, the monodromy is
infinite. From this we get a monodromy representation on the Jacobian of
Ca which we break into primitive parts:

BN → H i(Jac(Ca),C)prim ≃ (∧iH1(Ca,C))prim i ∈ [1, n] .

Associated to this representation we obtain a local system Fi on grs1 . Note
that the part A[2] of πK

1 (grs1 ) acts trivially on Fi.

Theorem 2.3. We have F(IC(O2i12n+1−2i ,Ei)) = IC(g1,Fi), i = 1, . . . , n.

3. Bijection of sets

In this section we show that

Proposition 3.1. There is a permutation s of the set {0, . . . , n} such that

F(IC(O2k12n−2k+1 ,C)) ≃ IC(g1,Ls(k))

for k ∈ {0, . . . , n}.

Proposition 3.2. There is a permutation s ∈ Sn such that

F(IC(O2i12n−2i+1 ,Ei)) ≃ IC(g1,Fs(i)), i ∈ [1, n].

Let us denote by OGr(s, 2n+ 1) the variety of s-dimensional isotropic
subspaces in C2n+1 with respect to a non-degenerate bilinear form. We
write Vi for a vector subspace of V = C2n+1 of dimension i and V ⊥

i = {x ∈
V | ⟨x, Vi⟩Q = 0}.
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3.1. Proof of Proposition 3.1

Let P be the parabolic subgroup in G that stabilizes the partial flag 0 ⊂
V 0
n ⊂ V 0⊥

n ⊂ V , where V 0
n = span{e1, . . . , en} (here (ei) is a basis of V such

that ⟨ei, ej⟩Q = δi+j,2n+2). Let PK = K ∩ P and

E = {x ∈ g1 |xV
0⊥
n = 0}.

By Reeder [R], we have the following resolution of singularities of Ō2n1

(3.1)

π2n1 : K ×PK E ∼= {(x, 0 ⊂ Vn ⊂ V ⊥
n ⊂ V ) |x ∈ g1, xV

⊥
n = 0} // Ō2n1.

Lemma 3.3. The map π2n1 is semi-small and we have

(3.2) π2n1∗C[−] ∼=

n⊕

k=0

IC(O2k12n−2k+1 ,C).

Proof. Let x ∈ O2k12n−2k+1 . Suppose that Vn ∈ π−1
2n1(x). Then Imx ⊂ Vn and

dim Imx = k. We have that

π−1
2n1(x)

∼= {n− k dimensional isotropic subspaces of (Im x)⊥/ Im x}
∼= OGr(n− k, 2n− 2k + 1).

Thus π−1
2n1(x) is irreducible and it is easy to check that

2 dimπ−1
2n1(x) = (n− k)(n− k + 1) = codimŌ2n1

O2k12n−2k+1 .

In the last equation we use the fact that dimO2k12n−2k+1 = k(2n+ 1− k).
The lemma follows from the decomposition theorem. □

Consider the map

π̌2n1 : K ×PK E⊥ ∼= {(x, 0 ⊂ Vn ⊂ V ⊥
n ⊂ V ) |x ∈ g1, xVn ⊂ V ⊥

n }(3.3)

−→ g1,

where E⊥ denotes the orthogonal complement of E in g1 with respect to
the non-degenerate form on g1 (given by the restriction of the Killing form
on g). For x ∈ g1, we have

π̌−1
2n1(x) = {Vn maximal isotropic subspace in V |xVn ⊂ V ⊥

n }.

For x ∈ grs1 there are 22n such maximal isotropic subspaces in V and the
centralizer ZK(x) acts simply-transitively on those subspaces (see [Re, BG]).
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Consider the K-equivariant local system L = (π̌2n1)∗C|grs
1
of rank 22n on

grs1 . Our first goal is to describe this local system. Fix a ∈ ars. The stalk L :=
La carries an action of the K-equivariant fundamental group πK

1 (grs1 , a) =
ZK(a)⋊BN . As ZK(a) acts simply transitively on π̌−1

2n1(x), as was remarked
above, we can identify L with C[ZK(a)] = C[A[2]]. Furthermore, the action

of πK
1 (grs1 , a) factors through the Tits group W̃ and it coincides with the

canonical representation of W̃ on C[A[2]]. Let us recall the irreducible K-
equivariant local systems Li from ➜2 and then

(3.4) L =

n⊕

i=0

Li.

Lemma 3.4. We have

(3.5) (π̌2n1)∗C[−] = IC(g1,L) =

n⊕

i=0

IC(g1,Li).

In particular, the map π̌2n1 is small.

Proof. By the decomposition theorem,
⊕n

i=0 IC(g1,Li) is a direct summand
of (π̌2n1)∗C[−]. On the other hand, since, by the functoriality of the Fourier
transform,

(3.6) F((π2n1)∗C[−]) ≃ (π̌2n1)∗C[−],

the decomposition in (3.2) implies that (π̌2n1)∗C[−] has exactly n+ 1 irre-
ducible summands. The lemma follows from (3.4). □

Proposition 3.1 follows from (3.2), (3.5) and (3.6).

3.2. Proof of Proposition 3.2

Let V = C2n+1 and W = V ⊕ C. For any x ∈ g1, consider the following two
quadrics in P(W ):

Q̃(v, a) = ⟨v, v⟩Q = 0 and Q̃x(v, a) = ⟨v, xv⟩Q + a2 = 0.

Define

(3.7) F = {(x,Wn ⊂ W ) |x ∈ g1, dimWn = n, P(Wn) ⊂ Q̃ ∩ Q̃x}.
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The map W → W given by (v, a) 7→ (v,−a) induces an involution σ on F
and the set F σ of fixed points is equal to

F σ = {(x, Vn ⊂ V ) |x ∈ g1, Vn maximal isotropic, xVn ⊂ V ⊥
n }

∼= K ×PK E⊥ (see (3.3)).

Note that for x ∈ grs1 , the pencil of quadrics spanned by Q̃ and Q̃x is
non-degenerate and contains exactly 2n+ 2 singular elements, namely, the
quadric Q̃ at infinity and the 2n+ 1 quadrics λiQ̃− Q̃x, where λ1, . . . , λ2n+1

are the roots of p(t) = det(t · id− x).
We denote by π : F → g1 the natural projection. The fiber Fx = π−1(x)

of π over x ∈ grs1 is the Fano variety of (n− 1)-dimensional subspaces con-
tained in the smooth complete intersection Q̃ ∩ Q̃x. According to [Re], Fx is
a torsor over Jac(Cx), where Cx is the smooth projective hyperelliptic curve
with affine equation:

y2 =

2n+1∏

i=1

(t− λi).

Moreover, the action of the involution σ on Fx is compatible with the in-
version on Jac(Cx). In particular, the set F σ

x of fixed points is a Jac(Cx)[2]-
torsor, where Jac(Cx)[2] consists of 2-torsion points of Jac(Cx).

The discussion above has the following relative version. Namely, let
πC : C → grs1 be the family of curves Cx and let Jac(C) → grs1 denote the
corresponding relative Jacobian. Let F |grs

1
→ grs1 be the family of Fano va-

rieties of (n− 1)-dimensional subspaces contained in the smooth complete
intersection Q̃ ∩ Q̃x. Then Jac(C) acts naturally on F |grs

1
, and F |grs

1
is a

Jac(C)-torsor under this action. Similarly, Jac(C)[2] acts on F σ, and F σ is
a Jac(C)[2]-torsor under this action. We have the following observation.

Lemma 3.5. (1) The action map Jac(C)×grs
1
F σ|grs

1
→ F |grs

1
factors

through an isomorphism

(Jac(C)×grs
1
F σ|grs

1
)/Jac(C)[2] ≃ F |grs

1
.

Here Jac(C)[2] acts on Jac(C)×grs
1
F σ|grs

1
via the diagonal action.

(2) For any a ∈ grs1 , there is a canonical isomorphism

H i(Jac(Ca),C) ≃ H i((Jac(Ca)× F σ
a )/Jac(Ca)[2],C)

compatible with the monodromy actions of πK
1 (grs1 , a) on both sides.
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Proof. (1) is clear. For (2), we observe that, by Künneth formula, we have

H i((Jac(Ca)× F σ
a )/Jac(Ca)[2],C)(3.8)

≃ (H i(Jac(Ca),C)⊗H0(F σ
a ,C))

Jac(Ca)[2]

where the right hand side is the (Jac(Ca)[2])-fixed vectors in

H i(Jac(Ca),C)⊗H0(F σ
a ,C).

Since the action of Jac(Ca)[2] on H i(Jac(Ca),C) is trivial
3 we have

(3.9) (H i(Jac(Ca),C)⊗H0(F σ
a ,C))

Jac(Ca)[2] ≃ H i(Jac(Ca),C),

Combining (3.8) and (3.9), we obtain a canonical isomorphism

(3.10) H i((Jac(Ca)× F σ
a )/Jac(Ca)[2],C) ≃ H i(Jac(Ca),C).

Since the isomorphisms in (3.8), (3.9) are compatible with the monodromy
actions, so is the composition in (3.10). Thus (2) follows. □

It follows immediately that

Corollary 3.6. There is a canonical isomorphism

H i(Fa,C) ≃ H i(Jac(Ca),C)

compatible with the monodromy actions of πK
1 (grs1 , a).

We use the corollary above to study the monodormy of the family
of Fano varieties F |grs

1
→ grs1 . To begin with, we observe that over the

Kostant section κ : crs →֒ grs1 , the family πC : C → grs1 is the universal fam-
ily of hyperelliptic curves of genus n. As mentioned before, the monodromy
representation of πK

1 (grs1 , a) on H1(Ca,C) is irreducible and the image of
πK
1 (grs1 , a) → Sp(H1(Ca,C)) is Zariski dense. This fact together with the

corollary above implies that the monodromy representation of πK
1 (grs1 , a) on

H i(Fa,C)prim ≃ H i(Jac(Ca),C)prim ≃ (∧iH1(Ca,C))prim

is irreducible for i = 1, . . . , n, moreover, the corresponding monodromy group
is infinite. Thus the corresponding irreducible K-equivariant local systems

3To see this, we observe that the action of Jac(Ca)[2] on Hi(Jac(Ca)) is the
restriction of the action of Jac(Ca) on Hi(Jac(Ca)). Since Jac(Ca) is connected the
latter action is trivial.



✐

✐

“2-ChenTH” — 2021/1/5 — 1:58 — page 1292 — #12
✐

✐

✐

✐

✐

✐

1292 T.-H. Chen, K. Vilonen, and T. Xue

on grs1 are

(3.11) (Ri π∗C|grs
1
)prim = Fi

where Fi is the local system defined in ➜2.3. We have

dimFi =

(
2n

i

)
−

(
2n

i− 2

)

and Fi ≇ Fj for i ̸= j.
Recall the local systems {Li}i=0,...,n defined in ➜2.3. Since each Li has

finite monodromy, we have Fi ≇ Lj for all i, j. As there is only one non-
trivial irreducible K-equivariant local system Ei on each O2i12n−2i+1 (i ≥ 1),
Proposition 3.2 follows from Proposition 3.1 and the following proposition

Proposition 3.7. For i = 1, . . . , n, F(IC(g1,Fi)) is supported on Ō2n1.

Proof. To begin with, we show that the variety F defined in (3.7) is isomor-
phic to

{(x, Vn, α) |x ∈ g1, Vn maximal isotropic in V, α ∈ V ∗
n ,(3.12)

⟨v, xv′⟩+ α(v)α(v′) = 0 for all v, v′ ∈ Vn}.

Consider the projection maps p1 : W = V ⊕ C → V and p2 : W = V ⊕ C →
C. Let (x,Wn) ∈ F and let Vn = p1(Wn). It is easy to see that p1|Wn

: Wn →
Vn is an isomorphism. Moreover Vn ⊂ V ⊥

n ⊂ V . Let α : Vn → C be defined
by α(v) = p2 ◦ (p1|Wn

)−1v. One checks readily that (x, Vn, α) belongs to the
set in (3.12). Conversely, given (x, Vn, α), we let Wn = {(v, α(v)) | v ∈ Vn}.
Then (x,Wn) ∈ F . It follows that F is smooth.

Since π : F → g1 is proper, the decomposition theorem and (3.11) imply
that IC(g1,Fi) (up to shift) is a summand of π∗CF , i = 1, . . . , n. Thus it is
enough to show that F(π∗CF ) is supported on Ō2n1.

Recall the maps π2n1 : K ×PK E → Ō2n1 and π̌2n1 : K ×PK E⊥ defined
in (3.1) and (3.3). Let q : K/PK × g1 ≃ K ×PK g1 → K ×PK (g1/E

⊥) denote
the quotient map. Note that the non-degenerate invariant form on g1 induces
isomorphisms E ≃ (g1/E

⊥)∗, g1 ≃ g∗1, and under these isomorphisms, the
dual map of q can be identified with the natural embedding

q̌ : K ×PK E → K ×PK g1.
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Let

F̄ = {(x̄, Vn, α) | x̄ ∈ g1/{x ∈ g1 |xVn ⊂ V ⊥
n }, Vn maximal isotropic in V,

α ∈ V ∗
n , ⟨v, xv′⟩+ α(v)α(v′) = 0

for all v, v′ ∈ Vn and x ∈ g1 any lift of x̄}.

We have the following Cartesian diagram:

F
q̄

//

u
��

F̄

ū
��

K ×PK g1
q

// K ×PK (g1/E
⊥) ,

where u : (x, Vn, α) 7→ (Vn, x), q̄ : (x, Vn, α) 7→ (x̄, Vn, α) and ū : (x̄, Vn, α) 7→
(Vn, x̄).

Let us write pr : K ×PK g1 → g1 for the natural projection. We have
that, by functoriality of the Fourier transform,

F(π∗CF ) = F(pr∗u∗CF ) = F(pr∗u∗q̄
∗CF̄ ) = F(pr∗q

∗ū∗CF̄ )

= pr∗q̌∗F(ū∗CF̄ ) = π2n1∗F(ū∗CF̄ ).

It follows that F(π∗CF ) is supported on Ō2n1. □

4. Proof of the main theorems

In this section we prove Theorem 2.2 below, but give a proof of Theorem 2.3
only for orbits O2i12n+1−2i when i is even. We defer the case of odd i to [CVX1,
Proposition 5.4].

4.1. Proof of Theorem 2.3 for i even

Consider the maps

υ : {(x, 0 ⊂ Vn−1 ⊂ Vn ⊂ V ⊥
n ⊂ V ⊥

n−1 ⊂ V = C2n+1) |

x ∈ g1, xV
⊥
n = 0, x V ⊥

n−1 ⊂ Vn−1} := Y → N1,

υ̌ : {(x, 0 ⊂ Vn−1 ⊂ Vn ⊂ V ⊥
n ⊂ V ⊥

n−1 ⊂ V = C2n+1) |

x ∈ g1, xVn−1 ⊂ V ⊥
n } → g1.

We have that

dim Y = n2 + 2n− 2, Im υ = Ō2n1
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and

F(υ∗C[−]) = υ̌∗C[−].

In the following we prove the theorem by studying the decompositions of
υ∗C[−] and υ̌∗C[−].

We first study the decomposition of υ̌∗C[−]. Since in the decomposi-
tion of υ∗C[−] only IC complexes supported on O2i12n+1−2i appear and the
Fourier transform of such complexes all have full support (see Proposition
3.1 and Proposition 3.2), we conclude that all IC complexes appearing in
the decomposition of υ̌∗C[−] are supported on all of g1.

Let F be the smooth variety introduced in (3.7). Recall its equivalent
definition in (3.12) and the involution σ on F . Let

Z = {(x, 0 ⊂ Vn ⊂ V ⊥
n ⊂ V ) |x ∈ g1, rank(x̄ : Vn → V/V ⊥

n ) ≤ 1}

and

Z0 = {(x, 0 ⊂ Vn ⊂ V ⊥
n ⊂ V ) |x ∈ g1, rank(x̄ : Vn → V/V ⊥

n ) = 0}.

We have dimZ = dim g1 + n and dimZ0 = dim g1. Consider the map

(4.1) f : F → Z, (x, Vn, α) 7→ (x, Vn).

Then f is a branched double cover with branch locus Z0
4. Let Z0 := Z − Z0.

Then f0 := f |Z0 : F ×Z Z0 → Z0 is a double cover and we have f0
∗C = C⊕

E, where E = (f0
∗C)

σ=−id is a rank one local system on Z0. It follows that

(4.2) f∗CF [dimF ] = IC(Z,C)⊕ IC(Z,E).

Let a ∈ ars and let pr : Z → g1 be the natural projection. By (4.2), we have

pr∗IC(Z,C)[− dimF ]|a ≃ H∗(Fa,C)
σ=id,

pr∗IC(Z,E)[− dimF ]|a ≃ H∗(Fa,C)
σ=−id.

Choosing an isomorphism Jac(Ca) ≃ Fa, we may identify σ with the inver-
sion on Jac(Ca). Therefore

H∗(Fa,C)
σ=id ≃

⊕

i=2j

∧iH1(Ca,C)[−i],

H∗(Fa,C)
σ=−id ≃

⊕

i=2j+1

∧iH1(Ca,C)[−i].

4In fact, the map f : F → Z realizes Z as the (GIT) quotient F/σ.



✐

✐

“2-ChenTH” — 2021/1/5 — 1:58 — page 1295 — #15
✐

✐

✐

✐

✐

✐

Springer correspondence and cohomology of Fano varieties 1295

This implies that

IC(g1,⊕i=2j ⊕
j
k=0 F2k[−i]) (resp. IC(g1,⊕i=2j+1 ⊕

j
k=0 F2k+1[−i])(4.3)

appears in pr∗IC(Z,C) (resp. pr∗IC(Z,E))

as a direct summand (up to shift).

Moreover, these are the only IC complexes with full support appearing in
the decomposition.

We have the following factorization of υ̌

{(x, 0 ⊂ Vn−1 ⊂ Vn ⊂ V ⊥
n ⊂ V ⊥

n−1 ⊂ V = C2n+1) |xVn−1 ⊂ V ⊥
n }

υ̌1−→ Z
υ̌2−→ g1,

where υ̌1 : (x, Vn−1 ⊂ Vn) 7→ (x, Vn) and υ̌2 : (x, Vn) 7→ x. Note that υ̌2|Z0
:

Z0 → g1 is equal to the map π̌2n1 in (3.3).
The map υ̌1 is one-to-one over Z − Z0

5 and is a Pn−1-bundle over Z0. It
follows that

υ̌1∗C[−] = IC(Z,C)⊕

n−2⊕

a=0

CZ0
[−][n− 2− 2a].

Since all IC complexes appearing in the decomposition of υ̌∗C[−] are sup-
ported on all of g1, Lemma 3.4 and (4.3) imply that

υ̌∗C[−] ∼= υ̌2∗υ̌1∗C[−] ∼=

[n
2
]⊕

k=0

IC

(
g1,

k⊕

s=0

F2s

)
[±(n− 2k)](4.4)

⊕

n−2⊕

a=0

IC

(
g1,

n⊕

s=0

Ls

)
[n− 2− 2a],

here F0 = C.

5The inverse is given by (x, Vn) → (x, Vn−1 ⊂ Vn) where Vn−1 := Ker(x̄ : Vn →
V/V ⊥

n
).
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We now study the decomposition of υ∗C[−]. Our goal is to prove the
following

υ∗C[n
2 + 2n− 2] ∼=

n−2⊕

a=0

n⊕

i=0

IC(O2i12n−2i+1 ,C)[n− 2− 2a](4.5)

⊕

[n
2
]⊕

i=1

n−2i⊕

ai=0

IC(O22i12n+1−4i ,E2i)[n− 2i− 2ai]

⊕

n⊕

a=0

IC(O12n+1 ,C)[n− 2a].

Taking Fourier transform of (4.4) and using Proposition 3.1, we see that

F(

n−2⊕

a=0

IC

(
g1,

n⊕

s=0

Ls

)
[n− 2− 2a])(4.6)

≃

n−2⊕

a=0

n⊕

i=0

IC(O2i12n−2i+1 ,C)[n− 2− 2a]

is a direct summand of υ∗C[−].

Moreover, these contain all the IC(O2i12n−2i+1 ,C), i ≥ 1, that appears in the
decomposition of υ∗C[−]. Now we determine those IC(O2i12n−2i+1 ,Ei), i ≥ 1,
that appears in the decomposition of υ∗C[−].

Let xi ∈ O2i12n−2i+1 , i ∈ [1, n]. We have that υ−1(xi) is a quadric bun-
dle over υ−1

0 (xi) ∼= OGr(n− i, 2n− 2i+ 1), with fibers quadric of the form∑i
k=1 a

2
k = 0 in Pn−1 = {[a1 : · · · : an]}, and

2 dim υ−1(xi) = codimE Oxi
+ n− 2 = 2(n− 2) + (n− i)(n− i+ 1).

Here υ0 = π2n1 is the map defined in (3.1). We have that (see (3.2))

υ0∗C[n
2 + n] ∼=

n⊕

i=0

IC(O2i12n−2i+1 ,C),

which implies that

(4.7) Hk(υ−1
0 (xj),C) ∼= H

k−n2−n
xj

(
n⊕

i=0

IC(O2i12n−2i+1 ,C)

)
.



✐

✐

“2-ChenTH” — 2021/1/5 — 1:58 — page 1297 — #17
✐

✐

✐

✐

✐

✐

Springer correspondence and cohomology of Fano varieties 1297

We have Hodd(υ−1
0 (xj),C) = Hodd(υ−1(xj),C) = 0 and

H2k(υ−1(xj),C) ∼=

n−2⊕

a=0

H2a(Qj ,C)⊗H2k−2a(υ−1
0 (xj),C),

where Qj is a quadric of the form
∑j

s=1 a
2
s = 0 in Pn−1 = {[a1 : · · · : an]}.

Note that H2a(Qj ,C) = C for 0 ≤ a ≤ n− 2 if j is odd, or if j is even and

2a ̸= 2n− j − 2, and for j even, H2n−j−2(Qj ,C) ∼= C⊕H2n−j−2
prim (Qj ,C),

where dimH2n−j−2
prim (Qj ,C) = 1. Thus

H2k(υ−1(xj),C) ∼=

n−2⊕

a=0

H2k−2a(υ−1
0 (xj),C) if j is odd(4.8)

H2k(υ−1(xj),C) ∼=

n−2⊕

a=0

H2k−2a(υ−1
0 (xj),C)(4.9)

⊕H2k−2n+j+2(υ−1
0 (xj),C) if j is even

It follows from (4.7) that

H
2k−n2−2n+2
xj

n−2⊕

a=0

n⊕

i=0

IC(O2i12n−2i+1 ,C)[n− 2− 2a](4.10)

∼=

n−2⊕

a=0

H2k−2a(υ−1
0 (xj),C).

Thus (4.10) together with (4.8) implies that if j is odd, then

H
2k
xj

n−2⊕

a=0

n⊕

i=0

IC(O2i12n−2i+1 ,C)[n− 2− 2a] ∼= H
2k
xj
(υ∗C[−]).

In view of (4.6), we conclude that IC(O2j12n+1−2j ,Ej), j odd, does not appear
in the decomposition of υ∗C[−].

By the discussion above, we can assume that

υ∗C[−] =

n−2⊕

a=0

n⊕

i=0

IC(O2i12n−2i+1 ,C)[n− 2− 2a](4.11)

⊕

[n
2
]⊕

i=1

ki⊕

ai=0

IC(O22i12n+1−4i ,E
⊕mi

ai

2i )[ki − 2ai]⊕ · · ·
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where the mi
ai
’s are to be determined and · · · is a sum of C{0}[−]. We show

that

(4.12) ki = n− 2i, mi
0 = mi

n−2i = 1.

Note that in (4.9), H2k−2n+j+2(υ−1
0 (xj),C) ̸= 0 if and only if 0 ≤ 2k − 2n+

j + 2 ≤ (n− j)(n− j + 1), i.e. if and only if

2n− j − 2 ≤ 2k ≤ (n− j)(n− j + 1) + 2n− j − 2,

since dim υ−1
0 (xj) = (n− j)(n− j − 1)/2. Thus for all l > (n− 2i)(n− 2i+

1) + 2n− 2i− 2, we must have

H
l−n2−2n+2
x2i

ki⊕

ai=0

IC(O22i12n+1−4i ,E
⊕mi

ai

2i )[ki − 2ai] = 0,

i.e. for all l > n− 2i− dimO22i12n+1−4i , Hl
x2i

⊕ki

ai=0 IC(O22i12n+1−4i ,E
⊕mi

ai

2i )×
[ki − 2ai] = 0. Thus ki ≤ n− 2i. It remains to show that

mi
0 = mi

n−2i = 1.

We argue using induction on 1 ≤ i ≤ [n2 ]. Consider i = [n2 ]. If n is even, then
it is easy to see that IC(O2n1,En) is a direct summand. Assume that n is odd.
Take j = n− 1 in (4.9) we get H2k−2n+j+2(υ−1

0 (xj),C) ̸= 0 if and only if
2k = n+ 1, n− 1 (we have υ−1

0 (xn−1) is a nonsingular quadric in P2) and
H2k−2n+j+2(υ−1

0 (xj),C) gives us a one-dimensional non-trivial local system
when 2k = n+ 1, n− 1. In view of (4.6), (4.10) and (4.9) we conclude that

IC(O2n−113 ,En−1)[−1]⊕ IC(O2n−113 ,En−1)[1]

is a direct summand of υ∗C[−].

This proves (4.12) for i = [n2 ]. By induction hypothesis, suppose that (4.12)
holds for all j < i. Let 2k = (n− 2i)(n− 2i+ 1) + 2n− 2i− 2. Take the
stalk at x2i of H

2k−n2−2n+2 in (4.11), we get

dimH
2k−n2−2n+2
x2i

ki⊕

ai=0

IC(O22i12n+1−4i ,E
⊕mi

ai

2i )[ki − 2ai] = 1,

i.e. dimH
n−2i−dimO22i12n+1−4i

x2i

ki⊕

ai=0

IC(O22i12n+1−4i ,E
⊕mi

ai

2i )[ki − 2ai] = 1,
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here we use (4.9), (4.10) and the fact that

dimH
2k−n2−2n+2
x2i

[n
2
]⊕

j=i+1

n−2j⊕

aj=0

IC(O22j12n+1−4j ,E
⊕mj

aj

2j )[n− 2j − 2aj ] = 0,

as

2k − n2 − 2n+ 2 + 2j(2n+ 1− 2j) + n− 2j − 2aj

≥ 4(j − i)(n+ 1− i− j) > 0.

Thus we can conclude now that mi
n−2i = 1 which implies mi

0 = 1. This com-
pletes the proof of (4.12).

Comparing with (4.4), we conclude that

F(IC(O22i12n+1−4i ,E2i)) = IC(g1,F2i)

and mi
ai

= 1 for all 0 ≤ ai ≤ n− 2i. This finishes the proof of Theorem 2.3.
Finally taking Fourier transform of (4.11) we obtain the decomposition

in (4.5).

Corollary 4.1.

1) We have Hk
xj
IC(O2i12n−2i+1 ,C) = 0 for k odd and j ≤ i.

2) We have Hk
xj
IC(O22i12n−4i+1 ,E2i) = 0 for k odd and j ≤ i.

Proof. (1) follows from equation (4.7), the fact that n2 + n is even and the
fact that Hodd(υ−1

0 (xj),C) = 0. Taking Hk
xj

on both sides of the equation

(4.5), we see that (2) follows from the fact that n2 + n is even and the fact
that Hodd(υ−1(xj),C) = 0. □

Remark 4.2. For x ∈ grs1 , the fibers

Zx := υ̌−1
2 (x) = {(0 ⊂ Vn ⊂ V ⊥

n ⊂ V ) | rank(x̄ : Vn → V/V ⊥
n ) ≤ 1}

are the over-generalized Kummer varieties introduced in [Re, p.80]. For ex-
ample, when n = 2, the map fx : Fx → Zx in (4.1) realizes Zx as the quotient
Fx/σ of the Fano variety Fx of lines in the complete intersection Q̃ ∩ Q̃x of
2 quadrics in P5 by the involution σ (see ➜3.2). There are 16 fixed points of
σ on Fx corresponding to 16 singular points of Zx ≃ Fx/σ. The Hessenberg
variety Hx := υ̌−1(x) is the blow up of Zx at those singular points, which is
isomorphic to the Kummer K3 surface coming from the Jac(Cx)-torsor Fx

together with the involution σ.
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4.2. Proof of Theorem 2.2

Let us start with the matching for the IC(O2i12n−2i+1 ,C)’s with i odd.

Proposition 4.3. If i is odd, then F(IC(O2i12n−2i+1 ,C)) = IC(g1,Li).

Proof. Assume that 2m ≤ n+ 1. Let us write Om = O3m−12112n−3m+2 . Con-
sider the following resolution map τm : Õm → Ōm, where

Õm = {(x, 0 ⊂ Vm−1 ⊂ Vm ⊂ V ⊥
m ⊂ V ⊥

m−1 ⊂ V = C2n+1) |

x ∈ g1, xVm = 0, xV ⊥
m ⊂ Vm−1}.

We show that

(4.13) IC(O22m−112n−4m+3 ,C) is a direct summand of τm∗C[−].

Recall that Oλ ⊂ Ōµ if and only if µ ≥ λ if and only if λt ≥ µt. Thus we
have

Ō3i2j12n+1−3i−2j ⊃ O3i′2j′12n+1−3i′−2j′ if and only if i ≥ i′, 2i+ j ≥ 2i′ + j′.

In particular, O22m−112n−4m+3 ⊂ Ō3i2j12n+1−3i+2j ⊂ Ōm if and only if i ≤ m− 1
and 2i+ j = 2m− 1.

We show in [CVX1, Lemma 2.4], independently of this paper, that for
i ∈ [0,m− 1] and xi ∈ O3i22m−1−2i12n−4m+3+i , τ−1

m (xi) ∼= OGr(m− 1− i, 2m−
1− 2i). It is then easy to check that

(4.14) 2 dim τ−1
m (xi) = codimŌm

Oxi
= (m− i− 1)(m− i).

Thus (4.13) follows from the discussion above, (4.14) and the decomposition
theorem.

Consider the map

τ̌m : {(x, 0 ⊂ Vm−1 ⊂ Vm ⊂ V ⊥
m ⊂ V ⊥

m−1 ⊂ C2n+1) |

x ∈ g1, xVm−1 ⊂ Vm, xVm ⊂ V ⊥
m } → g1.

We have that

(4.15) F(τm∗C[−]) ∼= τ̌m∗C[−].

By Proposition 3.1, F(IC(O22m−112n−4m+3 ,C)) = IC(g1,Li) for some i ∈ [1, n].
We show in [CVX1, Remark 4.9], again independently of this paper, that
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among the IC(g1,Li)’s (i ≥ 1), only IC(g1,L2j−1), 1 ≤ j ≤ m, appear in the
decomposition of τ̌m∗C[−]. Thus by induction on m, (4.13) and (4.15) imply
that

F(IC(O22m−112n−4m+3 ,C)) = IC(g1,L2m−1).

□

So Theorem 2.2 is now reduced to the statement that for even i,

F(IC(O2i12n−2i+1 ,C)) = IC(g1,Li).

For this we observe that dimLi ̸= dimLj for i ̸= j, hence it suffices to show
that the generic rank of F(IC(O2i12n−2i+1 ,C)) is equal to dimLi.

We make use of the theory of characteristic cycles to compute the generic
rank of F(IC(O2i12n−2i+1 ,C)). Recall the following facts about characteristic
cycles (see [KS]):

1) The Fourier transform preserves the characteristic cycle of conic
sheaves.

2) Let F be an irreducible perverse sheave on g1 and let r be the generic
rank of F. Then the characteristic cycle of F, denoted by CC(F), sat-
isfies

CC(F) = r · (T ∗
g1
g1) + · · ·

We will prove the following equality of characteristic cycles.

Proposition 4.4. Assume that i is even. We have

CC(IC(O2i12n−2i+1 ,C)) = CC(IC(O2i12n−2i+1 ,Ei)) + CC(IC(O2i−112n−2i+3 ,C)).

In Theorem 2.3 we have shown that for even i, the generic rank of
F(IC(O2i12n−2i+1 ,Ei)) is dimFi. This together with the equality above im-
ply Theorem 2.2. Indeed, using Propositions 4.3 and 4.4 we see that

CC(F(IC(O2i12n−2i+1 ,C))) = CC(F(IC(O2i12n−2i+1 ,Ei)))

+ CC(F(IC(O2i−112n−2i+3 ,C)))

= CC(IC(g1,Fi)) + CC(IC(g1,Li−1))

= r · (T ∗
g1
g1) + · · ·
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where

r = dimFi + dimLi−1

=

(
2n

i

)
−

(
2n

i− 2

)
+

(
2n+ 1

i− 1

)
=

(
2n+ 1

i

)
= dimLi.

Hence the generic rank of F(IC(O2i12n−2i+1 ,C)) is equal to dimLi, and the
theorem follows.

It remains to prove Proposition 4.4. The proof is given in the next sub-
section.

4.3. Proof of Proposition 4.4

Recall that for any variety X and F ∈ D(X) we can consider the correspond-
ing local Euler characteristic function

χ(F) : X → Z

defined by

χ(F)x =
∑

(−1)i dim(Hi
xF).

We have the following fact

Fact 4.5 ([KS], Theorem 9.7.11). Let F1,F2 ∈ D(X). Then CC(F1) =
CC(F2) if and only if χ(F1) = χ(F2).

By the fact above we are reduced to show the following:

Proposition 4.6. For even i, we have

χ(IC(O2i12n−2i ,C)) = χ(IC(O2i12n−2i ,Ei)) + χ(IC(O2i−112n−2i+2 ,C)).

In ➜5 Theorem 5.1 and Theorem 5.2, we show that

χ(IC(O2i12n−2i+1 ,C)) = χ(IC(O′
2i12n−2i ,C)) for all i(4.16)

χ(IC(O2i12n−2i+1 ,Ei)) = χ(IC(O′
2i12n−2i ,E′

i)) for even i,(4.17)

where O′
2i12n−2i is the nilpotent Sp(2n)-orbit in sp(2n) corresponding to

the partition 2i12n−2i and E′
i is the unique non-trivial irreducible Sp(2n)-

equivariant local system on O′
2i12n−2i .

As such, we prove the proposition above making use of the classical
Springer correspondence for symplectic group Sp(2n). As discussed earlier,
this will complete the proof of Theorem 2.2.
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Proof of Proposition 4.6. The proof is reduced to proving the following: for
even i, j ≤ i, and x′j ∈ O′

2j12n−2j we have

χ(IC(O′
2i12n−2i ,C))x′

j
= χ(IC(O′

2i12n−2i ,E′
i))x′

j
(4.18)

+ χ(IC(O′
2i−112n−2i+2 ,C))x′

j
.

We will show that

χ(IC(O′
2i12n−2i ,C))x′

j
= χ(IC(O′

2i−j12n−2i ,C))0(4.19)

χ(IC(O′
2i−j12n−2i ,C))0 =

(
n− j

[ i−j
2 ]

)
(4.20)

χ(IC(O′
22i12n−4i ,E2i))x′

j
=

(
n− j

i− j
2

)
−

(
n− j

i− j
2 − 1

)
if j is even,(4.21)

χ(IC(O′
22i12n−4i ,E′

2i))x′
j
= 0 if j is odd.(4.22)

The equality (4.18) follows. □

Proof of (4.19). The equality (4.19) follows from (4.16) and Proposition 5.3

(see ➜5), which states that Hk
xIC(O2i12n−2i+1 ,C) = H

k+sj
0 IC(O2i−j12n−2i+1 ,C),

sj = j(2n+ 1− j). Indeed, since sj is even, we have

χ(IC(O′
2i12n−2i ,C))x′

j
=
∑

(−1)k dimH
k
x′
j
IC(O′

2i12n−2i ,C)

=
∑

(−1)k+sj dimH
k+sj
0 IC(O′

2i−j12n−2i ,C)

= χ(IC(O′
2i−j12n−2i ,C))0.

□

Proof of (4.20) and (4.21). We work in the classical Springer correspon-
dence setting for sp(2n). Let N = Nsp(2n) and G = Sp(2n) in this proof.

Recall that we have the Springer resolution φ : Ñ → N and

(4.23) φ∗C[−] ∼=
⊕

(O,E)

IC(O,E)⊗ VO,E.

Here (O,E) runs through the pairs consisting of a nilpotent G-orbit O ⊂ N

and an irreducible G-equivarant local system on O, that appear in the
Springer correspondence. Moreover VO,E denotes the irreducible Weyl group
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representation corresponding to the pair (O,E) under Springer correspon-
dence. It follows that

(4.24) χ(IC(O,E))x = [VO,E : H∗(Bx,C)]

for x ∈ Ō. Here Bx = φ−1(x) is the Springer fiber and [VO,E : H∗(Bx,C)]
denotes the multiplicity of VO,E in the Weyl group representationH∗(Bx,C).

Let us denote the Weyl group of type Cn by Wn. It is well known that
the irreducible representations of Wn are parametrized by pairs of partitions
(α)(β) such that |α|+ |β| = n. Lusztig in [L1] has computed the (general-
ized) Springer correspondence explicitly. In our case, we have

V(O′
22i12n−4i ,C)

= (1i)(1n−i), V(O′
22i−112n−4i+2 ,C)

= (1n−i+1)(1i−1),(4.25)

V(O′
22i12n−4i ,E

′
2i)

= (0)(2i1n−2i),(4.26)

and IC(O′
22i−112n−4i+2 ,E′

2i−1) does not appear in the decomposition of φ∗C[−].
It follows from (4.24) and (4.25) that

χ(IC(O′
2i12n−2i ,C))0 = [V(O′

2i12n−2i ,C)
: H∗(B,C)]

= dimV(O′
2i12n−2i ,C)

=

(
n

[ i2 ]

)
.

This proves (4.20).
We prove (4.21). Recall that Hodd(Bx,C) = 0 (see [CLP]) and if x ∈

LieL is regular nilpotent, we have (see [L3])

(4.27)
∑

H2k(Bx,C) = IndWn

WL
C,

where L is a Levi subgroup of G and WL is the Weyl group of L.
Consider our elements x′j ∈ O′

2j12n−2j , where j ≤ 2i. Assume that j =
2j0. We can find a Levi subgroup L ⊂ Sp(2n) such that L ∼= GL(2)× · · · ×
GL(2) (j0 copies) ⊂ L0 = GL(n), and x′j ∈ LieL is regular, where L0 is a
Levi subgroup of a maximal parabolic subgroup. We have WL

∼= S2 × · · · ×
S2 (j0 copies) ⊂ Sn. Thus

χ(IC(O′
22i12n−4i ,E′

2i))x′
j

(4.24)
= [V(O′

22i12n−4i ,E
′
2i)
, H∗(Bx′

j
,C)]

(4.26) (4.27)
= [(0)(2i1n−2i), IndWn

WL
C]

= [(0)(2i1n−2i), IndWn

Sn
IndSn

WL
C]

= [ResWn

Sn
(0)(2i1n−2i), IndSn

WL
C]Sn
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= [(2i1n−2i), IndSn

WL
C]Sn

= [2i1n−2i, H∗(B
GL(n)
2j01n−2j0

,C)]Sn

= χ(IC(O2i1n−2i ,C))
GL(n)
2j01n−2j0

.

Here in the last two equalities, B
GL(n)
2j01n−2j0

denotes the Springer fiber of an
element in the nilpotent orbit corresponding to the partition 2j01n−2j0 in

gl(n), and χ(IC(O2i1n−2i ,C))
GL(n)
2j01n−2j0

is defined analogously in GL(n). Now
it follows from the classical result for GL(n) that

χ(IC(O2i1n−2i ,C))
GL(n)
2j01n−2j0

= K2i1n−2i,2j01n−2j0 = K2i−j01n−2i,1n−2j0

=

(
n− 2j0
i− j0

)
−

(
n− 2j0
i− j0 − 1

)
,

where Kλ,µ denotes the Kostka number. This proves (4.21). □

Proof of (4.22). Let xj ∈ O2j12n−2j+1 , where j is odd. In view of (4.17), it
suffices to show that χ(IC(O22i12n−4i+1 ,E2i))xj

= 0. We prove this using the
decomposition in (4.5) (see ➜4.1)

υ∗C[n
2 + 2n− 2] ∼=

n−2⊕

a=0

n⊕

i=0

IC(O2i12n−2i+1 ,C)[n− 2− 2a]

⊕

[n
2
]⊕

i=1

n−2i⊕

ai=0

IC(O22i12n+1−4i ,E2i)[n− 2i− 2ai]

⊕

n⊕

a=0

IC(O12n+1 ,C)[n− 2a].

Note that Hodd
xj

IC(O2i12n+1−2i ,C) = Hodd
xj

IC(O22i12n+1−4i ,E2i) = 0 (see Corol-
lary 4.1). Thus χ(IC(O22i12n+1−4i ,E2i))xj

≥ 0. It follows from the decompo-
sition above that

χ(H∗(υ−1(xj),C) = (n− 1)

n∑

i=j

χ(IC(O2i12n+1−2i ,C))xj

+
∑

j≤2i≤n

χ(IC(O22i12n+1−4i ,E2i))xj
.

We have χ(H∗(υ−1(xj),C) = (n− 1)2n−j (here υ−1(xj) is a quadric bundle
over OGr(n− j, 2n− 2j + 1) with fibers having euler characteristic n− 1,
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see ➜4.1). Thus equations (4.16) and (4.20) imply that

n∑

i=j

χ(IC(O2i12n+1−2i ,C))xj
=

n∑

i=j

(
n− j

[ i−j
2 ]

)
= 2n−j .

It follows that χ(IC(O22i12n+1−4i ,E2i))xj
= 0. □

The proof of Proposition 4.4 is complete. This completes the proof of
Theorem 2.2.

5. Stalks of the IC sheaves

In this section we establish an interesting isomorphism between stalks of
the IC sheaves supported on nilpotent orbits of order two and stalks of
the IC sheaves supported on nilpotent orbits of order two in sp(2n). More
precisely, let Nsp(2n) denote the nilpotent cone of sp(2n). Let O′

2i12n−2i ⊂
Nsp(2n) denote the nilpotent orbit corresponding to the partition 2i12n−2i.
We have dimO′

2i12n−2i = dimO2i12n−2i+1 = i(2n+ 1− i), and for each i ≥ 1,
there exists a unique nontrivial irreducible Sp(2n)-equivariant local system
E′
i on O′

2i12n−2i .
We have the following theorems, which were used in the proof of Theo-

rem 2.2 in ➜4. We remark that the proofs of these theorems are independent
of ➜4.

Theorem 5.1. For x ∈ O2j12n−2j+1 and x′ ∈ O′
2j12n−2j , we have

H
k
xIC(O2i12n−2i+1 ,C) ≃ H

k
x′IC(O′

2i12n−2i ,C).

Theorem 5.2. Assume that i is even. For x ∈ O2j12n−2j+1 and x′ ∈ O′
2j12n−2j ,

we have

H
k
xIC(O2i12n−2i+1 ,Ei) ≃ H

k
x′IC(O′

2i12n−2i ,E′
i).

The following proposition was used in the proof of (4.19).

Proposition 5.3. Let j ≤ i and set

sj = dimO2i12n−2i+1 − dimO2i−j12n−2i+1 = j(2n+ 1− j).

Then for x ∈ O2j12n−2j+1, we have

H
k
xIC(O2i12n−2i+1 ,C) = H

k+sj
0 IC(O2i−j12n−2i+1 ,C).
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Remark 5.4. Note that, in general, the singularities for Ō2i12n−2i+1 and
Ō′
2i12n−2i are non-isomorphic. For example, the Euler obstruction Eu(0,O′

min)
for the minimal orbit O′

min := O′
2112n−2 is zero (see [EM]). On the other hand,

using

CC(IC(Omin,C)) = CC(F((IC(Omin,C))) = CC(IC(g1,L1))

and dimL1 = 2n+ 1 (see Theorem 2.2), one can check that Eu(0,Omin) =
2n, where Omin := O2112n−1 .

5.1. Resolutions

For the proof of Theorem 5.1 and Theorem 5.2 we need several prelimi-
nary steps. We begin with the construction of resolutions of Ō2i12n+1−2i and
Ō′
2i12n−2i .
For the orbit O2i12n+1−2i ⊂ N1, 1 ≤ i ≤ n, consider Reeder’s resolution

map of Ō2i12n+1−2i ,

σi : {(x, 0 ⊂ Vi ⊂ V ⊥
i ⊂ V = C2n+1) |x ∈ g1, xV ⊂ Vi} → Ō2i12n+1−2i .

For the orbit O′
2i12n−2i ⊂ Nsp(2n), we have the following resolution map for

Ō′
2i12n−2i ([He])

τi : {(x, 0 ⊂ Ui ⊂ U⊥
i ⊂ U = C2n) |x ∈ sp(2n), xU ⊂ Ui} → Ō

′
2i12n−i .

Here U is a 2n-dimensional vector space equipped with a non-degenerate
symplectic form ⟨, ⟩ such that sp(2n) = sp(U, ⟨, ⟩), dimUi = i and U⊥

i = {u ∈
U | ⟨u, Ui⟩ = 0}.

We show that for x ∈ O2j12n−2j+1 and x′ ∈ O′
2j12n−2j , j ≤ i,

We have dimσ−1
i (x) = dim τ−1

i (x′).(5.1)

Moreover, H∗(σ−1
i (x),C) ≃ H∗(τ−1

i (x′),C).

The action of A(x) := ZK(x)/ZK(x)0(5.2)

(resp. A′(x′) := ZSp(2n)(x
′)/ZSp(2n)(x

′)0)

on H∗(σ−1
i (x),C) (resp. H∗(τ−1

i (x′),C)) is trivial.

Let

sij = 2dim(σ−1
i (xj))− codimŌ2i12n−2i+1

O2j12n−2j+1 = 2(i− j)(n− i),

where xj ∈ O2j12n−2j+1 . It follows from (5.1) and (5.2) that
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Lemma 5.5. We have

(σi)∗C[−] =

i⊕

j=0

sij⊕

k=0

IC(O2j12n−2j+1 ,Ctijk)[±k](5.3)

(τi)∗C[−] =

i⊕

j=0

sij⊕

k=0

IC(O′
2j12n−2j ,C(tijk)

′

)[±k],(5.4)

here tiik = (tiik)
′ = δk,0.

We prove (5.1) and (5.2). For (5.1), we show that

σ−1
i (x) ∼= OGr(i− j, 2n− 2j + 1)(5.5)

and τ−1
i (x′) ∼= SpGr(i− j, 2n− 2j).

For (5.2), we show that the action of A(x) (resp. A′(x′)) on σ−1
i (x) (resp.

τ−1
i (x′)) is trival, thus inducing a trivial action on H∗(σ−1

i (x),C) (resp.
H∗(τ−1

i (x′),C)).
Let us consider the case of x ∈ O2j12n+1−2j first. The following lemma

allows us to choose convenient basis for V .

Lemma 5.6. Let x ∈ Oλ ⊂ N1, where λ = (λ1, λ2, . . . , λs) ∈ P(2n+ 1).
There exist vi ∈ V , i ∈ [1, s] such that V = Span{xaivi, ai ∈ [0, λi − 1], i ∈
[1, s]} and

xλivi = 0, ⟨xaivi, x
bjvj⟩Q = δi,jδai+bj ,λi−1, i, j ∈ [1, s].

Proof. We prove that the lemma holds also for even dimensional V (the fact
that some orbits when dimV is even are parametrized by the same parti-
tion does not affect the proof). We prove by induction on dim V . It is clear
when dim V = 1. Assume that dim V > 1. One checks easily that there ex-
ists v ∈ V such that ⟨v, xλ1−1v⟩Q ̸= 0. We can assume that ⟨v, xλ1−1v⟩Q = 1.
We have xλ1v = 0 and v, xv, . . . , xλ1−1v are linearly independent. Let W =
Span{v, xv, . . . , xλ1−1v}. Then V = W ⊕W⊥ as ⟨, ⟩Q|W is non-degenerate.
Note that W⊥ is x-stable and x|W⊥ ∈ Oλ′ , where λ′ = (λ2, . . . , λs). The
lemma follows by induction. □

Take a basis {vl, xvl, l ∈ [1, j], ws, s ∈ [1, 2n+ 1− 2j]} of V as in Lemma
5.6. In terms of this basis, the fiber σ−1

i (x) can be described as follows. It con-
sists of the flags 0 ⊂ Vi ⊂ V ⊥

i ⊂ C2n+1, where Vi = Span{xvk, k ∈ [1, j]} ⊕
Wi−j and Wi−j ⊂ Span{ws, s ∈ [1, 2n+ 1− 2j]} is such that Wi−j ⊂ W⊥

i−j .
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Thus (5.5) holds in this case. Define g ∈ ZK(x) as follows. When j is odd, let
gvk = −vk, gws = ws; when j is even, let gv1 = v2, gv2 = v1, gvk = vk, k ̸=
1, 2, gws = ws. (Note that the actions of g on other basis vectors are deter-
mined by the property that g ∈ ZK(x).) It is easy to see that g /∈ ZK(x)0.
Thus we can identify A(x) with {g, 1}. Now it is easy to see that A(x) fixes
each flag in σ−1

i (x), thus acting trivially.
The proof for the case of x′ ∈ O′

2j12n−2j is entirely similar. There exist vec-
tors v′1, . . . , v

′
j , w

′
1, . . . , w

′
n−j , u

′
1, . . . , u

′
n−j ∈ U = C2n such that x

′2v′l = 0, l ∈
[1, j], x′w′

s = x′u′s = 0, s ∈ [1, n− j], U = Span{v′l, x
′v′l, l ∈ [1, j], w′

s, u
′
s, s ∈

[1, n− j]}, and

⟨v′k, v
′
l⟩ = ⟨v′k, w

′
s⟩ = ⟨v′k, u

′
s⟩ = ⟨w′

s, w
′
t⟩ = ⟨u′s, u

′
t⟩ = 0,

⟨v′k, x
′v′l⟩ = δk,l, ⟨w′

s, u
′
t⟩ = δs,t.

(Note that ⟨x′v, w⟩ = −⟨v, x′w⟩ as x′ ∈ sp(2n).) In terms of this basis, the
fiber τ−1

i (x′) can be described as follows. It consists of the flags 0 ⊂
Ui ⊂ U⊥

i ⊂ C2n, where Ui = Span{x′v′k, 1 ≤ k ≤ j} ⊕W ′
i−j and W ′

i−j ⊂

Span{w′
s, u

′
s, 1≤s≤n− j} is such that W ′

i−j⊂W
′⊥
i−j . Define g′∈ZSp(2n)(x

′)
as follows. When j is odd, let g′v′k = −v′k, gw′

s = w′
s, gu′s = u′s; when j is

even, let g′v′1 = v′2, g′v′2 = v′1, g′v′k = v′k, k
′ ̸= 1, 2, g′w′

s = w′
s, g

′u′s = u′s. As
before we can identify A′(x′) with {g′, 1}and it is easy to see that A′(x′)
fixes each flag in τ−1

i (x′), thus acting trivially.

5.2. The maps σ̃i and τ̃i

We preserve the notations from ➜5.1. For the proof of Theorem 5.2, we need
the following auxiliary maps.

For O2i12n−2i+1 ⊂ N1, consider the map

σ̃i : {(x, 0 ⊂ Vi−1 ⊂ Vi ⊂ V ⊥
i ⊂ V ⊥

i−1 ⊂ V ) |x ∈ g1,

xV ⊂ Vi, xV ⊥
i−1 ⊂ Vi−1} → Ō2i12n+1−2i .

For O′
2i12n−2i ⊂ Nsp(2n), consider the following map

τ̃i : {(x
′, 0 ⊂ Ui−1 ⊂ Ui ⊂ U⊥

i ⊂ U⊥
i−1 ⊂ U) |x′ ∈ sp2n,

x′U ⊂ Ui, x
′U⊥

i−1 ⊂ Ui−1} → Ō
′
2i12n−2i .
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We show that for x ∈ O2j12n−2j+1 and x′ ∈ O′
2j12n−2j , j ≤ i,

dim σ̃−1
i (x) = dim τ̃−1

i (x′), H∗(σ̃−1
i (x),C) ≃ H∗(τ̃−1

i (x′),C),(5.6)

and the latter isomorphism is compatible

with the actions of A(x) and A′(x′).

A(x) (resp. A′(x′)) acts trivially on H∗(σ̃−1
i (x),C)(5.7)

(resp. H∗(τ̃−1
i (x′),C)), i odd.

It follows that

Lemma 5.7. We have

(σ̃i)∗C[−] =
⊕

j,k≥0

IC(O2j12n−2j+1 ,Cmi
jk)[±k](5.8)

⊕
⊕

j even, k≥0

IC(O2j12n−2j+1 ,E
ai
jk

j )[±k]

(τ̃i)∗C[−] =
⊕

j,k≥0

IC(O′
2j12n−2j ,C(mi

jk)
′

)[±k](5.9)

⊕
⊕

j even, k≥0

IC(O′
2j12n−2j , (E′

j)
(ai

jk)
′

)[±k].

We prove (5.6) and (5.7) in the reminder of this subsection.
The fiber σ̃−1

i (x) is a quadric bundle over σ−1
i (x) ∼= OGr(i− j, 2n− 2j +

1) with fibers a quadric
∑j

s=1 b
2
s = 0 in Pi−1 = {[b1 : b2 : · · · : bi]}. More pre-

cisely, we have an obvious map π : σ̃−1
i (x) → σ−1

i (x),

(0 ⊂ Vi−1 ⊂ Vi ⊂ V ⊥
i ⊂ V ⊥

i−1 ⊂ V )

:= (Vi−1 ⊂ Vi) 7→ (0 ⊂ Vi ⊂ V ⊥
i ⊂ V ) := (Vi)

by forgetting Vi−1. Now we describe the fibers of π. Recall that if (Vi) ∈
σ−1
i (x), then there exists Wi−j ⊂ Span{wk, k ∈ [1, 2n+ 1− 2j]} with

Wi−j ⊂ W⊥
i−j such that Vi = Span{xvk, k ∈ [1, j]} ⊕Wi−j . Let [b1 : b2 : · · · :

bi] be the homogenous coordinates of P(Vi) given by the basis {xvk, k ∈
[1, j], w̃l, l ∈ [1, i− j]} of Vi, where {w̃l} is a basis of Wi−j . It is easy to

check that the fibers of π are isomorphic to the quadric Q :
∑j

s=1 b
2
s = 0 in

P(Vi) ∼= Pi−1. It follows that

H∗(σ̃−1
i (x),C) ∼= H∗(Q,C)⊗H∗(σ−1

i (x),C).
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We describe the action of A(x) on H∗(σ̃−1
i (x),C). As we have shown that

A(x) acts trivially on H∗(σ−1
i (x),C), it suffices to describe the action of

A(x) on H∗(Q,C).
We claim that if j is odd, then A(x) acts on H∗(Q,C) trivially, thus act-

ing trivially on H∗(σ̃−1
i (x),C), and if j is even, then A(x) acts on H2k(Q,C)

trivially if 2k ̸= 2i− j − 2 andH2i−j−2(Q,C) ∼= C⊕ E. This follows from the
following lemma.

Lemma 5.8. Let Q be the quadric given by the equation
∑k

i=1 a
2
i = 0 in

Pn−1 with coordinates [a1, . . . , an] and consider the automorphism γ of Pn−1

given by γ[a1, a2, a3, . . . , an] = [a2, a1, a3, . . . , an]. If k is odd, then γ acts
trivially on H∗(Q,C). If k is even, γ acts trivially on H2j(Q) for j ̸=
2n− k − 2 and the action on the two dimensional space H2n−k−2(Q,C) has
eigenvalues 1 and −1.

Proof. The quadric Q is the join of the nonsingular quadric Q̃ in Pk−1 ⊂
Pn−1 given by

∑k
i=1 a

2
i = 0 and the linear subspace L of dimension n− k − 1

given by a1 = · · · = ak = 0. Now Q− L is an affine space bundle over Q̃ of
fiber dimension n− k. Thus, H i

c(Q− L,C) = H i−2n+2k(Q̃,C). As Q̃ and L
only have (compactly supported) cohomology in even degrees we conclude
that

H i(Q,C) = H i−2n+2k(Q̃,C)⊕H i(L,C)

The automorphism γ of course acts trivially on the cohomology of Pn−1 and
hence it acts trivially on the cohomology of L (it even acts trivially on L
itself). Thus we are reduced to consider the action of γ on the cohomology
of Q̃. The action on the non-primitive cohomology is trivial and so the only
possibly nontrivial action is on Hk−2

prim(Q̃,C). If k is odd, this group is zero
and so we are reduced to the case of k even.

Assume that k is even and k = 2k0. The variety of (k0 − 1)-planes con-
tained in Q̃ has two disjoint irreducible components, which can be identi-
fied with the two disjoint irreducible components of the variety of maximal
isotropic spaces in C2k0 (equipped with the standard bilinear form). It is
clear that γ, regarded as an element in O2k0

− SO2k0
, interchanges these

two irreducible components. Now Reid in [Re, Theorem 1.12] has shown
that Hk−2(Q̃,C) = span(a, b), where a and b are the classes of (k0 − 1)-
planes from the two families respectively. Thus our lemma follows. □

The fiber τ̃−1
i (x′) is a quadric bundle over τ−1

i (x′) ∼= SpGr(i− j, 2n−

2j) with fibers a quadric
∑j

s=1 b
2
s = 0 in Pi−1. The action of A′(x′) on
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H∗(τ̃−1
i (x′),C) is entirely similar. One checks readily that (5.6) and (5.7)

hold.

5.3. Proof of Theorem 5.1, Theorem 5.2 and Proposition 5.3

The proofs are based on some well-known principle by making use of the
resolutions σi, τi of Ō2i12n−2i+1 , Ō′

2i12n−2i defined in ➜5.1, and the maps σ̃i, τ̃i
introduced in ➜5.2 for i even. We give the detailed proof for Theorem 5.1 in
the following. The proofs of Theorem 5.2 and Proposition 5.3 are entirely
similar and we leave that to the readers. We mention only that the proof of
Proposition 5.3 indicates the following

(5.10) (til,k)n = (ti−j
l−j,k)n−j for j ≤ l < i.

Here the numbers are written as (til,k)n to indicate that the ambient sym-
metric pair is (SL(2n+ 1), SO(2n+ 1)) and they are defined in (5.3).

To prove Theorem 5.1, we begin with the following lemma.

Lemma 5.9. Let i ∈ [1, n]. Assume that ti
′

jk = (ti
′

jk)
′ for all j, k, and all

i′ ≤ i in (5.3) and (5.4). Then we have

H
l
xIC(O2i12n−2i+1 ,C) ≃ H

l
x′IC(O′

2i12n−2i ,C)

for x ∈ O2j12n−2j+1, x′ ∈ O′
2j12n−2j and j ≤ i.

Proof. We prove the lemma by induction on i. The case when i = 1 is clear.
In fact, we only need to check the conclusion of the lemma for j = 0. We
have

(σ1)∗C[−] = IC(O2112n−1 ,C)⊕
⊕

k≥0

IC(O12n+1 ,Ct10k)[±k].

(τ1)∗C[−] = IC(O′
2112n−2 ,C)⊕

⊕

k≥0

IC(O12n ,C(t10k)′[±k].

It is clear that Hl
0IC(O2112n−1 ,C) ∼= Hl

0IC(O
′
2112n−2 ,C) as they are deter-

mined by the cohomology of σ−1
1 (0) ∼= τ−1

1 (0) and the numbers (t10k) = (t10k)
′

in the same way.
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By induction hypothesis, we can assume that for s < i

(5.11) H
k
xIC(O2s12n−2s+1 ,C) ≃ H

k
x′IC(O′

2s12n−2s ,C).

Recall that

(σi)∗C[−] = IC(O2i12n−2i+1 ,C)⊕
⊕

s<i

IC(O2s12n−2s+1 ,Ctisk)[±k].

This implies that the stalks of IC(O2i12n−2i+1 ,C) are uniquely determined
by the stalks of IC(O2s12n−2s+1 ,C) for s < i, the cohomology groups of the
fibers of the map σi, and the numbers tisk, s < i. Similarly, the stalks of
IC(O′

2i12n−2i ,C) are uniquely determined, in the same way, by the stalks of
IC(O′

2s12n−2s ,C) for s < i, the cohomology groups of the fibers of the map
τi, and the numbers (tisk)

′, s < i. Now the desired claim follows form (5.11),
(5.1), and the assumption that tijk = (tijk)

′. □

By the lemma above, to prove Theorem 5.1, it suffices to show the fol-
lowing

Lemma 5.10. We have tijk = (tijk)
′.

Proof. We argue by induction on i. The case when i = 1 is easy to check,
i.e. we have that t10,k = (t10,k)

′ = 1 when k ∈ [0, s1j ] and k is even, and t10k =

(t10k)
′ = 0 otherwise.
So by induction hypothesis we can assume that for all s < i, tsjk = (tsjk)

′.
By lemma 5.9, we have for s < i,

(5.12) H
k
xIC(O2s12n−2s+1 ,C) ≃ H

k
x′IC(O′

2s12n−2s ,C)

for x ∈ O2j12n−2j+1 , x′ ∈ O′
2j12n−2j and j ≤ s.

We show that tijk = (tijk)
′ by induction on j. The case j = i is clear. So

by induction, we can assume that tij′k = (tij′k)
′ holds for j < j′ ≤ i. Then,

for xj ∈ O2j12n−2j+1 , we have

(σi)∗C[−]|xj
= IC(O2i12n−2i+1 ,C)|xj

(5.13)

⊕
⊕

j≤j′<i

IC(O2j′12n−2j′+1 ,Cti
j′k)[±k]|xj

.

Since the stalk IC(O2i12n−2i+1 ,C)|xj
is concentrated in degree <

− dimO2j12n−2j+1 and IC(O2j12n−2j+1 ,Ctijk)[−k] is concentrated in degree ≥
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− dimO2j12n−2j+1 , the decomposition in (5.13) implies the multiplicity num-
bers tijk are uniquely determined by the cohomology of σ−1

i (xj) and the

stalks IC(O2j′12n−2j′+1 ,Cti
j′k)|xj

for j < j′ < i. The numbers (tijk)
′ are deter-

mined, in the same manner, by the corresponding data. Now since tij′k =

(tij′k)
′ for j′ > j (by induction) the desired equality tijk = (tijk)

′ follows from
(5.12). □

6. Cohomology of Fano varieties

In this section we compute the cohomology of Fano varieties of k-planes in
the smooth complete intersection of two quadrics in P2n. We denote these
Fano varieties by Fano2nk . Note that Fano2n0 is the smooth complete inter-
section of two quadrics in P2n.

Let Gr(k, n) denote the Grassmannian variety of k-dimensional sub-
spaces in Cn. Let

gk,n(q) :=
∑

dim H2l(Gr(k, n),C) ql =

∏n
l=n−k+1(1− ql)
∏k

l=1(1− ql)

be the Poincare polynomial of Gr(k, n).
Recall the monodromy representations Li which were defined in ➜2.3.

The cohomology of the Fano variety Fano2ni−1 is described as follows.

Theorem 6.1. We have

H2k+1(Fano2ni−1,C) = 0,(6.1)

H2k(Fano2ni−1,C)
∼=

i⊕

j=0

L
⊕Mi(k,j)
j ,(6.2)

where Mi(k, j) is the coefficient of qk−j(n−i) in gi−j,2n−i−j(q).

6.1. Fano varieties and resolutions for Ō2i12n−2i+1

We start with the following simple observation, which is a direct consequence
of Theorem 2.2.

Let π : Σ → grs1 be a family of smooth projective varieties over grs1 and let
Rkπ∗C be the corresponding local system on grs1 . Suppose that the Fourier
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transform of IC(g1, R
kπ∗C) is supported on Ō2n1 and is given by

F(IC(g1, R
kπ∗C)) =

n⊕

j=0

IC(O2j12n−2j+1 ,Cmkj ).

Then the cohomology of the fiber Σx := π−1(x) over x ∈ grs1 satisfies

Hk(Σx,C) ∼=

n⊕

j=0

L
⊕mkj

j .

Moreover, the isomorphism above is compatible with the monodromy ac-
tions.

Let us apply this observation to the following situation. Consider the
maps

σ̌i : {(x, 0 ⊂ Vi ⊂ V ⊥
i ⊂ C2n+1) |x ∈ g1, xVi ⊂ V ⊥

i } → g1.

Note that for x ∈ grs1 , we have σ̌−1
i (x) ∼= Fano2ni−1, the Fano variety of (i− 1)-

planes in the smooth complete intersection of two quadrics Q(v) = 0 and
⟨xv, v⟩Q = 0 in P2n.

Let us consider πi = σ̌i|σ̌−1
i (grs

1 ), which is a smooth family of Fano vari-

eties, and consider the corresponding local system Rkπi∗C. Recall that we
have Reeder’s resolutions σi for Ō2i12n−2i+1 (see ➜5.1) and

(6.3) σi∗C[i(2n+ 1− i)] =

i⊕

j=0

2(i−j)(n−i)⊕

k=0

IC(O2j12n−2j+1 ,Ctijk)[±k].

Since the Fourier transform of IC(O2j12n−2j+1 ,C) is supported on all of g1 for
all j (Theorem 2.2), the equation

F(σ̌i∗C[−]) ∼= σi∗C[−]

implies that

F(σ̌i∗C[−]) ∼=

4i(n−i)⊕

k=0

F(IC(g1, R
kπi∗C)[−k + 2i(n− i)])

∼=

i⊕

j=0

2(i−j)(n−i)⊕

k=0

IC(O2j12n−2j+1 ,Ctijk)[±k].

here 2i(n− i) = dim σ̌−1
i (x) = dimFano2ni−1, for x ∈ grs1 .
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Hence we see that F(IC(g1, R
kπi∗C)) is supported on Ō2i12n−2i+1 , and has

the form

F(IC(g1, R
kπi∗C)) =

i⊕

j=0

IC(O2j12n−2j+1 ,Cti
j,|2i(n−i)−k|).

So by the observation above and Theorem 2.2, we deduce that the cohomol-
ogy of the Fano varieties Fano2ni−1 is given by

(6.4) Hk(Fano2ni−1,C)
∼=

i⊕

j=0

L
⊕ti

j,|2i(n−i)−k|

j .

6.2. The numbers tijk

In this subsection let us again use the notation (tijk)n for the numbers

(tijk) in (6.3) to indicate that the ambient symmetric pair is (SL(2n+ 1),
SO(2n+ 1)).

Lemma 6.2. We have (tijk)n = 0 for odd k.

Proof. In the decomposition (6.3), we take the stalk Hl
xj

on both sides for
odd l, where xj ∈ O2j12n+1−2j . Since i(2n− i+ 1) is even and

Hodd(σ−1
i (xj),C) = 0,

we have that Hl
xj
σi∗C[i(2n+ 1− i)] = 0 for all odd l. Suppose that there

exists k odd such that tijk ̸= 0, then there exists an odd k such that

H
l
xj
IC(O2j12n−2j+1 ,Ctijk)[±k] ̸= 0

(note that H
−j(2n−j+1)
xj

IC(O2j12n−2j+1 ,C) ̸= 0). This is a contradiction. Thus
the lemma is proved. □

Recall from (5.10) that we have (til,k)n = (ti−j
l−j,k)n−j for j ≤ l < i. This

implies, in particular, that (tijk)n = (ti−j
0,k )n−j for j ≥ 1. Since (tii,k)n = δ0,k,

the determination of (tijk)n are reduced to that of (ti0,k)n. In the following we
describe how to determine the latter numbers inductively. The dimensions
of the stalks Hk

0IC(O2i12n+1−2i ,C) can be determined simultaneously (in ➜6.3
we determine these dimensions directly, see (6.8)).
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Recall thatHodd
0 IC(O2j12n−2j+1 ,C) = 0 (see Corollary 4.1). Note also that

H2k
0 IC(O2j12n−2j+1 ,C) ̸= 0 implies that − dimO2j12n−2j+1 ≤ 2k ≤ −1. Let us

write

mj = (dimO2j12n−2j+1)/2 = j(2n− j + 1)/2,

fj(q) =

−1∑

k=−mj

(dimH
2k
0 IC(O2j12n−2j+1 ,C)) qk,

and ogj,2n+1(q) =

dj∑

k=0

dimH2k(OGr(j, 2n+ 1),C) qk,

where

dj = dimOGr(j, 2n+ 1) = j(4n− 3j + 1)/2.

The polynomials ogj,2n+1(q) are known, i.e.

ogi,2n+1(q) =
(1− q2(n−i+1))(1− q2(n−i+2)) · · · (1− q2n)

(1− q)(1− q2) · · · (1− qi)
.

Note that σ−1
i (0) ∼= OGr(i, 2n+ 1). In view of Lemma 6.2, the decomposi-

tion (6.3) implies that

ogi,2n+1(q) q
−i(2n−i+1)/2 = fi(q) +

i−1∑

j=1

fj(q)

(i−j)(n−i)∑

k=0

(tij,2k)n q
±k(6.5)

+

i(n−i)∑

k=0

(ti0,2k)n q
±k.

Note that f0(q) = 1. It is easy to check using (6.5) that

(t10,2k)n = 1 for 0 ≤ k ≤ n− 1, (t10,2k)n = 0 otherwise, and f1(q) = q−n.

This completes the determination of the numbers (tijk)n and fi(q)’s for n =
1, and for all n and i = 1. By induction on n, we can assume that the
numbers (tijk)n′ have been determined for all n′ < n. This implies that (tijk)n
for j ≥ 1 have been determined. We determine now the numbers (ti0k)n by
induction on i. We can assume that all fi′(q), i

′ < i, has been determined.
Note that fi(q) is concentrated in negative degrees. Thus we can determine
the numbers (ti0,2k)n from (6.5) and then determine fi(q). We have shown
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that

the equations (6.5) determine fi(q)’s(6.6)

and

(
i(n−i)∑

k=0

(ti0,2k)n q
±k

)
’s uniquely.

6.3. The functions fi(q)

In fact, the functions fi(q) can be determined directly making use of our
identification of Hk

0IC(O2i12n+1−2i ,C) with Hk
0IC(O

′
2i12n−2i ,C) (see Theorem

5.1), where O′
2i12n−2i ⊂ Nsp(2n), and the classical Springer correspondence.

Lemma 6.3. We have that

(6.7) fi(q) = q−i(2n−i+1)/2 g[i/2],n(q
2),

where [i/2] is the integer part of i/2. Namely

dimH
k−i(2n−i+1)
0 IC(O2i 12n−2i+1 ,C)(6.8)

= dimHk/2(Gr([
i

2
], n),C) if k ≡ 0 (mod 4),

dimH
k−i(2n−i+1)
0 IC(O2i 12n−2i+1 ,C) = 0 otherwise.

Proof. We have

dimH
k
0IC(O2i 12n−2i+1 ,C) = dimH

k
0IC(O

′
2i 12n−2i ,C)

(4.23)
= [V(O′

2i12n−2i ,C)
: Hk+2n2

(B,C)],

where V(O′
2i12n−2i ,C)

is the representation of Wn attached to the pair

(O′
2i12n−2i ,C) under Springer correspondence (see ➜4.3). The numbers

[V(O′
2i12n−2i ,C)

: Hk+2n2

(B,C)] are the so-called fake degrees and they have

been computed explicitly by Lusztig in [L2]. In fact, let us write

Pi(q) =
∑

[V(O′
2i12n−2i ,C)

: H2k(B,C)] qk.

Using (4.25) and [L2], we see that

Pi(q) = qn
2−ni+i(i−1)/2g[i/2],n(q

2).
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Now dimH
k−i(2n−i+1)
0 IC(O2i 12n−2i+1 ,C) is the coefficient of q

k−i(2n−i+1)+2n2

2

in Pi(q), which is the coefficient of qk/2 in g[i/2],n(q
2). The equation (6.8)

follows. □

6.4. Proof of Theorem 6.1

The equation (6.1) in the theorem follows from (6.4) and Lemma 6.2. The
equation (6.2) in the theorem follows from (6.4) and the following statement
about the numbers tij,2k.

Proposition 6.4. We have

(i−j)(n−i)∑

k=0

(tij,2k)nq
±k = q−(i−j)(n−i)gi−j,2n−i−j(q).

In view of (6.6), the proposition above follows from (6.5), (6.7), and the
following equation
(6.9)

ogi,2n+1(q) =

i∑

j=0

q(i−j)(i−j+1)/2 g[j/2],n(q
2) gi−j,2n−i−j(q), where g0,n(q) = 1.

Proof of (6.9). The proof given here was kindly supplied to us by Dennis
Stanton.

Define (A; q)l :=
∏l−1

k=0(1−Aqk) and

[
n

j

]

q

:=
(q; q)n

(q; q)j(q; q)n−j
. Let us

write

S =

i∑

j=0

q(i−j)(i−j+1)/2 g[j/2],n(q
2) gi−j,2n−i−j(q).

We have

S =

[i/2]∑

j=0

q(i−2j−1)(i−2j)/2

[
n

j

]

q2

([
2n− i− 2j − 1

i− 2j − 1

]

q

+ qi−2j

[
2n− i− 2j

i− 2j

]

q

)

=
q(

i

2) (q; q)2n−i−1

(q; q)2n−2i (q; q)i

×

[i/2]∑

j=0

(−1)j
(q−2n; q2)j (q

−i; q)j (q
1−i; q)j q

j(j+2i−2n+4)

(q2; q2)j (q−2n+i+1; q2)j (q−2n+i+2; q2)j
(1− q2n−4j).
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Consider the terminating very well-poised basic hypergeometric series which,
by definition, is given by

6ϕ5

(
a, q2a1/2, −q2a1/2, b, c, q−2m

a1/2, −a1/2, aq2/b, aq2/c, aq2m+2 ; q2,
aq2m+2

bc

)

=

∞∑

j=0

(a; q2)j (q
2a1/2; q2)j (−q2a1/2; q2)j (b; q

2)j (c; q
2)j (q

−2m; q2)j

(q2; q2)j (a1/2; q2)j (−a1/2; q2)j (
aq2

b ; q2)j (
aq2

c ; q2)j (aq2m+2; q2)j

×

(
aq2m+2

bc

)j

.

Note that if m > 0, then (q−2m; q2)j = 0 for j > m and thus the sum above
is finite. Take

a = q−2n; m = i/2 and b = q1−i for even i;

and m = (i− 1)/2, b = q−i for odd i.

One checks that

S = (1− q2n)
q(

i

2)(q; q)2n−i−1

(q; q)2n−2i (q; q)i

× · lim
c→∞

6ϕ5

(
a, q2a1/2, −q2a1/2, b, c, q−2m

a1/2, −a1/2, aq2

b , aq2

c , aq2m+2 ; q2,
aq2m+2

bc

)
.

Now use the summation formula (see [GR, Appendix (II.21)])

6ϕ5

(
a, q2a1/2, −q2a1/2, b, c, q−2m

a1/2, −a1/2, aq2/b, aq2/c, aq2m+2 ; q2,
aq2m+2

bc

)

=
(aq2; q2)m (aq2/bc; q2)m
(aq2/b; q2)m (aq2/c; q2)m

we get

lim
c→∞

6ϕ5

(
a, q2a1/2, −q2a1/2, b, c, q−2m

a1/2, −a1/2, aq2/b, aq2/c, aq2m+2 ; q2,
aq2m+2

bc

)

=
(aq2; q2)m
(aq2/b; q2)m

.

Thus

S = (1− q2n)
q(

i

2) (q; q)2n−i−1 (aq
2; q2)m

(q; q)2n−2i (q; q)i (aq2/b; q2)m
= ogi,2n+1(q).

□
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Example 6.5 (Cohomology of Fano2n1 ). The cohomology of Fano2n1 , the
Fano variety of lines in the smooth complete intersection of two quadrics in
P2n, can be described as follows:

H2k+1(Fano2n1 ,C) = 0

H2(4n−8−k)(Fano2n1 ,C) = H2k(Fano2n1 ,C)

=





C[ k+2

2
] if 0 ≤ k ≤ n− 3

C[ k+2

2
] ⊕ L1 if n− 2 ≤ k ≤ 2n− 5

C[ k+2

2
] ⊕ L1 ⊕ L2 if k = 2n− 4.

Acknowledgements

We thank Carl Mautner for useful discussions at the beginning of the project.
We also thank the Max Planck Institute for Mathematics in Bonn and the
Mathematical Sciences Research Institute in Berkeley for support, hospi-
tality, and nice research environment. Furthermore KV and TX thank the
Research Institute for Mathematical Sciences in Kyoto for support, hospi-
tality, and nice research environment. We also thank Cheng-Chiang Tsai,
Zhiwei Yun and Xinwen Zhu for their interest in this work. In addition, TX
would like to thank George Lusztig for suggesting her to study the topics
in this paper and for helpful discussions about fake degrees. The authors
would also like to thank the anonymous referees for helpful comments. Fi-
nally, special thanks are due to Dennis Stanton for suppling a combinatorial
argument used in section 6.

References

[A] N. A’Campo, Tresses, monodromie et le groupe symplectique, Com-
ment. Math. Helv. 54 (1979), no. 2, 318–327.

[BG] M. Bhargava and B. H. Gross, The average size of the 2-Selmer
group of Jacobians of hyperelliptic curves having a rational Weier-
strass point, in: Automorphic Representations and L-Functions,
pp. 23–91, Tata Inst. Fundam. Res. Stud. Math. 22, Tata Inst.
Fund. Res., Mumbai, (2013).

[C] C. Casagrande, Rank 2 quasiparabolic vector bundles on P1 and
the variety of linear subspaces contained in two odd-dimensional
quadrics, Mathematische Zeitschrift 280 (2015), no. 3-4, 981–988.



✐

✐

“2-ChenTH” — 2021/1/5 — 1:58 — page 1322 — #42
✐

✐

✐

✐

✐

✐

1322 T.-H. Chen, K. Vilonen, and T. Xue

[CVX1] T. H. Chen, K. Vilonen, and T. Xue, Hessenberg varieties, intersec-
tions of quadrics, and the Springer correspondence, Trans. Amer.
Math. Soc. 373 (2020), no. 4, 2427–2461.

[CVX2] T. H. Chen, K. Vilonen, and T. Xue, On the cohomology of Fano
varieties and the Springer correspondence (with an appendix by
Dennis Stanton), Adv. in Math. 318 (2017), 515–533.

[CVX3] T. H. Chen, K. Vilonen, and T. Xue, Springer correspondence for
the split symmetric pair in type A, Compos. Math. 154 (2018),
no. 11, 2403–2425.

[CLP] C. De Concini, G. Lusztig, and C. Procesi, Homology of the zero-set
of a nilpotent vector field on a flag manifold, J. Amer. Math. Soc.
1 (1988), no. 1, 15–34.
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