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On the radius of analyticity of solutions
to semi-linear parabolic systems

JEAN-YVES CHEMIN, ISABELLE GALLAGHER, AND PING ZHANG

We study the radius of analyticity R(t) in space, of strong solu-
tions to systems of scale-invariant semi-linear parabolic equations.
It is well-known that near the initial time, R(¢)t~2 is bounded
from below by a positive constant. In this paper we prove that
lig iélf R(t)t™2 = 0o, and assuming higher regularity for the ini-
tial data, we obtain an improved lower bound near time zero.
As an application, we prove that for any global solution w« in
C([O,oo);H%QR‘g)) of the Navier-Stokes equations, there holds
liminf R(t)t™2 = oo.

t—o0

1. Introduction

We consider the following system of N equations on RT x R%:

U — AU = P(U) with
def ..
(SP) Py(U) = ZﬁNZ Aj (D)UY for jin {1,...,N},

Ult=o0 = Uo,

where A; (D) are homogeneous Fourier multipliers of degree 3 € [0, 2[, and
U = (Uj)i<j<n- The order of the nonlinearity is £ > 2 and we have writ-
N

ten U’ = H Ufj . An important property of a such a system is its scaling
j=1

invariance: if a function U satisfies (SP) on a time interval [0,7] with the

initial data Uy, then the function U, defined by

Un(t, 2) € acr (02, az)

1631



1632 J.-Y. Chemin, I. Gallagher, and P. Zhang

satisfies (SP) on the time interval [0, A\™27] with the initial data U\ def

AUp(A-) for
w26
kE—1
Note that « is positive, and in the following we shall assume that o < d/k.
For example for the Navier-Stokes equations there holds § =1 and k = 2,
while for the cubic heat equation there holds 8 =0 and k= 3. In both

cases a = 1. The scaling invariant Sobolev space for the initial data is

H Serie (Rd), with Sepit dlef g — a, recalling that H S(Rd) is defined by the fol-

lowing norm, for s < d/2:

w2 ([ l6PIFPag)

where f: F f is the Fourier transform of f.

The question of solving the Cauchy problem for systems such as (SP) in
scale invariant spaces has been widely studied. We shall make no attempt at
listing all the results on the subject but simply recall the typical so-called
Kato-type theorem, which may be proved by a Banach fixed point argument
(see for instance [I], [7, @, 13| [14] among others as well as the estimates in
the proof of Lemma [2.1| below).

Theorem 1.1. Assume « € |1/k,d/k] and define Scit d:efd/Q —a. Let p
be given, in the interval | max(2/a, k), oo[. Then, for any § € [0, «[, for any
initial data Uy belonging to H+ 9 (RY), a positive time T exists such that
the system (SP) has a unique solution U in the Kato space KY. such that

def 1
(1.1) Uz = supt |[U@)] .2 < 00
t<T

_2
Moreover, if § is positve, a constant ¢ exists such that T > c[|Ugl| ;2,45

The goal of this article is to analyze the instantaneous smoothing effect
of (SP). Let us start by recalling some well-known facts in the case of the
Navier-Stokes equations.

ou+u-Vu—Au+Vp=0, (t,z) € Rt x R?,
(NS) divu =0,

Ulg—0 = ug ,
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where v = (u!, ..., u%) denotes the velocity of the fluid and p is the scalar
pressure function. In [5], the analyticity of smooth periodic solutions to
the Navier-Stokes equations (NS) is proved, in the sense that if v solves
(NS) then e?V~t3y(¢) is a smooth function for some ¢ > 0. This result was
extended in [3], 8, 11l [12] where it is proved for instance that

2 T
/lsl (supeﬁ'flﬁ(tf)o d£+/ / €2 (VA 53¢, €)))* dedt < oo,
R3 t<T 0 R3

which shows that the radius of analyticity R(t) of v(t) is bounded from below
by v/t. Note that the above condition is equivalent to the fact that eV *2u(t)
belongs to EZ N E%, where E% denotes the space of vector fields V' such that

def |1.j(1+2
Vg = H2’<2+q>HAJVHLq<[o,T1;L2<R3>)Hez(Z)-

This type of result is also known to hold in the more general context of (SP)
(see [4, [10] for instance) and may be stated as follows.

Theorem 1.2. The solution constructed in Theorem is analytic for
positive t with radius of analyticity R(t) greater than \/t.

The purpose of this work is the proof of the following improved theorem.

Theorem 1.3. (a) If§ satisfies max(2/a, k) < 2/0 < oo, the solution con-
structed in Theorem[L.1] satisfies

t
fmint R(t) 2 > V26
— 1 5
t2 \/— log(tHUOH;—IScrit"'a)

(b) If 6 =0, then, for any small enough, positive € and for any p in
|max(2/a, k), oo[ we have

lim inf - E(t) >2V1 —«¢.
O [ log([lemA U cp)
In particular lim R(lt) = 00
t—0 2

We remark that in the case of three-dimensional incompressible Navier-
Stokes system (NS), part (a) of Theorem coincides with Theorem 1.3



1634 J.-Y. Chemin, I. Gallagher, and P. Zhang

of [8]. Moreover, the main idea used to prove Theorem can be applied
to investigate the radius of analyticity of any global solution of (NS). More
precisely we can prove the following result.

Corollary 1.1. Let u € C(][0, oo);H%(]R‘?)) be a global solution of (NS).
Then one has

(1.2) lim inf R(lt) =00
t—o00 t2

2. Proof of Theorem [1.3|

We shall perform all our computations on the approximated system

oU — AU = P, (U
(SP,,) ! @)
U‘t:o = UO )
. def
with P j(U) € Y 10 (D)A;(D)(UY)
LeNN
|¢]=k
for jin {1,..., N}, and where we have written 1p( ) for the characteristic

function of the ball B(0,n) def {¢ € R% |¢] <n}. The system (SP,) is an

ordinary differential equation in all Sobolev spaces. All the quantities we
shall write are defined in this case, and we neglect the index n in all that
follows. We also skip the final stage of passing to the limit when n tends to
infinity.

Let us consider three positive real numbers 7', A and € which will be
chosen later on in the proof. Motivated by [§], we define

(2.1) Ua(t,z)

A2 ¢ t ~
Fi(emam T HO L g)).
The main point is that the function U, behaves like a solution of a modified

system (SP) where the viscosity is ¢ instead of 1 and the non-linear term
A2(k—1
has a factor e +«0-= . We shall make this idea more precise in what follows.

The key ingredient used to prove Theorem will be the following
lemma.
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Lemma 2.1. Let U, be defined by (2.1). Then for any p in |max(2/a, k), oo[,
there exists a positive constant Cy, . such that

etA - k=1
22 Uallig < 1€ Usllig + Cre (e 1Walliz) Wallcy -
Proof. A solution of (SP,)) satisfies
(2.3) (O8] < e |To(9)]

+c/¥<t”*m%@wnw~*@wm§M%
0

k times

Let us observe that

XZ 1.

Thus by definition (2.1)), we infer from ([2.3)) that
t v
ﬁa(tvﬁ) Se—st§|2|ﬁ0(€)‘+o/e—s(t—t’)£|26 T S ALl
0

< [P ()| % T ()

k times

)(€)dt’.

J

Notice that

k
(|ﬁ(t/)|**|ﬁ(t/)|)(§) /Z . (H t ,&0) )dfl...dfk,

k times

k
and using that, for any (£;)i1<j< in (R%)* such that Zgj = &, there holds
=1
i J
elél < H e‘gjl, we infer that

Jj=1

A2(k—1 t Nlel2
(24) Ua<t, 5) S 6_Et|§|2‘UO(€>‘ + 064(2_5))/ e_E(t_t )IE‘ ’é"ﬁ
0

x (Ua(t') %% Ua(t)) (€)dt" .

k times

Let us recall the following result on products in Sobolev spaces: for any
positive real number s, smaller than d/2 and greater than d/2 — d/k, there
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holds

k

Lo

(=1

k
(2.5) < Cx [ laxlla- -
/=1

Hks—(k—l)%
Now let us choose p in [1, o] such that

2 2 d 2
(2.6) 0< —<a«a and set spd:efscrit—l—f:f+f—a.
P p 2 p

Notice that
Ua(t') - % Ua (') = (2m)F(UF ().

~~

k times

The assumption that a < % implies that o < % + % and s, > g — %, so (|2.5)
ensures that

(Oa(t') 5% Ta()) (€) < M DG i )0, 1y,

g

k times

with [[£()] ey = 1.
As a(k — 1) = 2 — 3, plugging the above inequality in (2.4) gives
A2 (k—1) t 5
0
x [ 720 (1, ) |Ua(t) o dt

By multiplication of this inequality by tv |€]°» and by definition of the norm
| - |z in (L.1)), we get, for any ¢ in the interval [0, 77,

tr|€57 Ua(t, &) < v |€|*re =P Ty (€)]

A2(k—1 1 t , 5
+ O Uyt [0 Celef ) s g
0

If we assume that p is greater than k, the function ye [0, co] — y' e e
is bounded, we infer that for any ¢ in the interval [0, 77,

to|€5 Ua(t, €) <t |¢|> =P | Ty (£))]

k 1 ! 1 1 / /
\Uallgzt? ﬁﬁf@af)dt
0 (t—t/) p tr

A2(k—1)
+ Ck,z-:e 1(1—¢)
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Taking the L? norm with respect to the variable ¢ gives, for any ¢ in the
interval [0, 77,

5 L etA A2(k—1)
o |Ua ()| 2o < t7 €200 w4 Cce 0o

k
|Ua||K;f;’

Taking the supremum with respect to ¢ in the interval [0, 7] gives (2.2)). O
Let us now turn to the proof of Theorem

Proof of Theorem[L.3] Let U and U, be determined respectively by (SP,)
and ([2.1)). We make the following induction hypothesis where p is any real
number in Jmax(2/a, k), o0[

A% 1
2.7) Uallir < cree @5 with e & — 2
(4Ck75) k—1

with Cj . being determined by Lemma As long as this induction hy-
pothesis is satisfied, Inequality (2.2]) becomes

4. eta
(2.8) Uall iz < 3l1e"*Uollx
Now let us distinguish the case when Uy belongs to the space H%i from
the case when Uy belongs only to the critical space H®it.

(a) The case when Uy belongs to the space HeritH?,

We first observe that p < %
s
(2.9) eVl sy, < CopT2|Uo | s

Let us define

2

def _z2 ) def [ Cre \°
To(Uo) = nel|Uol 2. th ne = {55 ") -
5( 0) n&” 0||H crig+s W1 Nl <2C§7p>

By definition of T.(Uy), we have that for any T' < T (Up),
s
2067pT2 ||UOHH5cric+5 S Ck’{.:.

Now let us define

AT def V26(1 —¢) log? (77E> :

2
THU0||;{Scm+5
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Then for T' < T.(Uy), we deduce from the Ineqalities (2.8]) and (2.9) that

2
AT

4 s s _
||Ua||K§Z S gcé,pTQ ||U0||Hsmt+6 < 2057PT2 ||U0||H5cric+5 = Ck@e 4(l-e) |

This in turn shows that (2.7]) holds for T < T.(Up). Furthermore, according
to (1.1) and (£2.1]), there holds

T3 (| VTP s < ke

2
As § is less than «, taking p = 5 ensures that
VT < To(Uo), R(T) > \/26(1 — )T’ log? <’7>
T”U()H;]Scriﬁ‘;

This inequality means exactly that

R(T)

li{rn i{)lf 3 Z V201 —¢).
— 1 3
T3> \/— lOg(THUOHEScm+5)

Due to the fact that e is arbitrary, we conclude the proof of part (a) of
Theorem [T.3

(b) The case when Uy belongs to the critical space H®r.
Let us use the fact that in this case
2.10 lim [|e*"2Up||x» = 0.
(210) Jim [T
Then we consider T, (Up) such that
(2.11) 12 Ullicz,_ . ) < Che -

For any T' < T.(Uyp), let us define

def 1 1 Ck.e
Ar o — ¢ 210g2<’>.
(=€) o™ | Sty

Then it follows from Inequality (2.8)) that

A2

4 __T
[Uallgz < §||€6tAU0||K; < 2||e" 2 Up|| gp = cp e 0.
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This shows that (2.7]) indeed holds for T' < T, (Uy). Furthermore, according
to (L.1]) and (2.1)), there holds

Ts

eAT\/T\DIU(T)HHSmﬁ% < Che -
By definition of Ay this means in particular that

Cke

ot ke
o8 (2|reftAUo||K;>

This inequality means exactly that for any small strictly positive €, we have
R(T
lim inf - - (T)
70 TE\/_IOgE(HestAUO”Kg)

. log ¢y ?
> lim 2(1 — ¢ 1-— : ,
— T—0 ( ) ( 10g(2||€5tAU0HK;)

which together with (2.10) ensures part (b) of of Theorem This com-
pletes the proof of the theorem. O

o=

T

=

VT < To(Up), R(T) > 2(1 —¢)

=

3. Proof of Corollary

Let u € C([0, 00); Hz (R?)) be a global solution of the Navier-Stokes system
(NS) with initial data ug. Then it follows from [2] that this solution is unique,
so that applying Theorem 2.1 of [6] yields

(3.1) lim [|u()]],,3 = 0.

t—o00
Moreover, for any tg > 0, u verifies
u+u-Vu—Au+Vp=0, (t,z) €]ty, co[xR3,
(NS,) divu =0,

u‘t:to = U(to)

Similar to (2.1) we denote

(3.2) tagy (8, z) & F1 (e TN G ),

and

def 1
lullg,, < sup (= t0)7 fu(®)l] 30
teto,to+T)
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Then along the same lines as the proof of Lemma [2.1] we deduce that for
p € 2,00

—1o)A = 2
(3.3) laollicr, . < || e5(t—t) u(to)|| k7, , + Cee ™ Juagy ey -
By (3.1)), we can choose tg so large that

Ce

t 1 <

with K. being determined by || ugl| gz < Kelluol| ;1
Let us make the induction assumption that
-2 . def 1

(3.4) Hua,tOHKfoj <cece 079 with ¢ = 4—08

Then as long as the induction assumption is satisfied, we infer from (3.3
that

4 _
lago iz, < 2152 ulto) |,
0 3 0

< 2"6€(t_t0)Au(t0)||Kfo,T < QKEHU(to)HH% < ce.

Then defining for any T > 0

def 1 1 Ce
Ar 21 —e)ilog [ oo ),
2K, [[u(to)ll ;1

we have

2
AT

[waollir . < 2Kc[ulto)ll 4 < cce 5079,

H

This in turn shows that (3.4 holds for any 7" > 0, and (3.4 in particular
implies that

T

eATﬁ|D|u(t0 + T)HH%+% <ece.

As a result, there holds

W =

1 1 C
VT, R(to+T) >2(1 —¢)2T2log> [ ——1—— |,
( 2Kc[lu(to)l 41
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from which we infer that

R(to+T R(to+T 1 1
liminf(oi—i_) :liminfM > 2(1 —¢)z log? . .
Tooo g+ T T /T 2K lu(to) |l 1

This together with (3.1) ensures (1.2]). This finishes the proof of Corol-
lary [L.1] O
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