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Weight modules of quantum
Weyl algebras

We develop a general framework for studying relative weight repre-
sentations for certain pairs consisting of an associative algebra and
a commutative subalgebra. Using these tools we describe projec-
tive and simple weight modules for a common localisation of two
quantum versions of Weyl algebras, one by Maltsiniotis and the
other one by Akhavizadegan and Jordan, for generic values of the

deformation parameters.
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There is a natural interest in the representation theory of Weyl algebras,
both of finite and infinite rank, as the simplest deformations of polyno-
mial rings with numerous applications in different areas of mathematics and
physics. A systematic study of weight representations of Weyl algebras was
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undertaken in [BBF] following the results of [Bl], [Ba], [BO], [DGO], [BB]
among others. Generalizations of Weyl algebras — infinite rank, generalized,
modular, quantum etc. — were studied in many papers, see for example [Bal,
[M], [MT, [H], [FGM], [C], [E1], [AJ], [LMZ].

Representations of interest in all papers mentioned above are those on
which a certain commutative subalgebra acts in a locally finite way. General
Harish-Chandra categories of such representations for a pair (R, A) con-
sisting of an associative algebra A and a commutative subalgebra R were
introduced and studied in [DFO1]. These categories play a very important
role in representation theory, in particular in the study of Gelfand-Tsetlin
modules for the Lie algebra gl,, [DFO2, [O].

In this paper we consider a general framework for subcategories of Harish-
Chandra categories consisting of relative weight representations for a pair
(R, A) on which R is diagonalizable.

The pairs (R, A) of our interest are so-called of strongly-free type. For
such pairs we describe projective and simple relative weight representations
in Section 1. This approach allows us to address weight representations of the
above mentioned algebras in a systematic way. We hope that the technique
developed here will be useful in the study of the representation theory of
many types of algebras.

As an application we focus in this paper on the representations of quan-
tum Weyl algebras, motivated by their strong connections with representa-
tions of quantum universal enveloping algebras, — see [LZZ], [FKZ] — and
quantum affine Lie algebras [FHW]. We consider two versions of quantum
Weyl algebras. The first one was introduced by G. Maltsiniotis (see [M]) in
his attempt to develop a quantum differential calculus on the standard de-
formation of the affine space. Though its definition makes it a very natural
ring of skew differential operators on the quantum affine space (where clas-
sical partial derivatives are replaced by so-called Jackson operators, which
are multiplicative analogues) it has the drawback of being a non-simple al-
gebra, hence losing a major property of the classical Weyl algebra. This
observation leads to the seek of a simple localisation of this algebra and was
the original motivation for the works [AJ] and [J] of M. Akhavizadegan and
D. Jordan. In these works, the authors introduced a slightly different defor-
mation of the Weyl algebra, technically easier to handle and then showed
that the two quantum analogues actually share a common simple localisa-
tion which, in a sense, is a better quantum analogue of the classical Weyl
algebra. These algebras depend on an n-tuple of deformation parameters
7= (q1,---,qn) € (k*)" and an n x n skew symmetric matrix A = (\;;) for
some 7n.
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Denote by BZ’A the common simple localisation of both versions of quan-
tum Weyl algebras above. For a certain commutative Laurent polynomial
subalgebra R° of B the pair (R°, BZ’A) is of strongly-free type. We apply
the above results to describe the projective B%’A—modules in Section 3. In
Section 4 we obtain one of our main results: a classification of simple rela-
tively weight B -modules for generic values of deformation parameters and
special matrix A with all entries equal to 1 (Theorem [4.2.2)). In order to deal
with the general matrix A we use Zhang twists [Z] and show in Section 5
how the general case can be reduced to the special case when all entries of
matrix A equal to 1. It leads in Section 6 to our main result - classification
and construction of simple weight BZ’A—modules. We note that the case of
rank two quantum Weyl algebra and arbitrary deformation parameters was
considered in [[H], Theorem 6.14].

We fix a field k. Whenever the symbol & is used, it stands for the tensor
product over k of k-vector spaces, while M ® 4 N will denote the tensor
product of a right module M and a left module IV over a ring A and if A is
a k-algebra, Auty(A) denotes its group of k-algebra automorphisms.

We will denote by N the set of non negative integers and by N* the
subset of positive integers.

1. A general setting for weight categories

The aim of this section is to study the following context, which turns out
to appear very often in representation theory. Consider a k-algebra A con-
taining a commutative subalgebra R. One may consider (left) A-modules
on which the subalgebra R acts in a semisimple way. That is, A-modules
M which can be decomposed as a direct sum of subspaces indexed by char-
acters of R on which any element of R acts by scalar multiplication by its
image by the relevant character. Clearly, such generalised eigenspaces must
be R-submodules and, if the connection between A and R is close enough,
such a decomposition can provide a good understanding of the A-module
structure of M.

We are particularly interested by the case in which (A, R) is a strongly-
free extension. Roughly speaking, this means that there is a subset b of
A which is a basis of A both as a right and as a left module with the
additional property that commutation relations between R and elements of
b are controlled by automorphisms of the k-algebra R.

In the first subsection, we recall useful results on weight modules over a
commutative k-algebra. These are modules on which R acts in a semisimple
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way — in the above sense. In the second subsection, given a pair (A, R)
consisting of a k-algebra A and a commutative subalgebra R, we introduce
the notion of relative weight A-module, that is A-modules which are weight
modules relative to R. In particular, we show that if the extension R C A
is strongly-free, then the natural induction from R to A preserves projective
modules. This provides a natural process to construct A-modules which are
projective in the category of relative weight A-modules as we show in Sub-
section 3. Subsection 4 then is devoted to the study of the simple objects in
the above category. It turns out that they all are quotients of the aforemen-
tioned projective objects. The last subsection is of a more technical nature:
we focus on tensor products of strongly-free extensions and study how the
projective and simple objects discussed above behave in this case.

1.1. Weight modules over commutative algebras

In this subsection, unless otherwise specified, R denotes a commutative k-
algebra.

Definition 1.1.1. A weight of R is a morphism of k-algebras from R to k.
The set of weights of R will be denoted R.

Let Max(R) be the set of maximal ideals of R. There is a map
R — Max(R)
¢ +—  ker(¢).

The link between a weight of R and its kernel will be useful in the sequel.
We make it clear in the following remark.

Remark 1.1.2. Recall the natural morphism of algebras k — R, A —
Alg.

1) Notice that, for all r € R and for all ¢ € R, the element r — o(r).1r
belongs to ker(¢). From this, it follows at once that
R =k.1p @ ker(¢).
In particular, the map R— Max(R) mentioned above is injective. Of
course, it does not need be surjective.

2) Let now o be an automorphism of the k-algebra R.
a) It is straightforward to verify that ker(¢) = o(ker(¢ o 0)).
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b) It follows, using the first item, that

o(ker(¢)) = ker(¢) <= ¢poo = ¢.

Remark 1.1.3. It is clear that there is a right action of the group Auty(R)
of k-algebra automorphisms of R on R as follows :

R x Auty(R) — R
(p,0) — ¢oo.

Example 1.1.4. The case where R is a polynomial algebra or a Laurent
polynomial algebra will be of particular importance.

1) Let R =K[z1,..., 2], with n € N*. There is a commutative diagram
}’% 1:1 k™
Max(R)

where the horizontal map sends ¢ € Rto the n-tuple (¢(21), ..., ¢(2n)),
while the left hand side map sends ¢ € R to its kernel and the right
hand side map sends (aq,...,an) to (21 — a1,..., 2, — ).

Clearly, the horizontal map is bijective, while the other two are injec-

tive (see Remark [1.1.2)).

2) There is a similar diagram for the Laurent polynomial algebra in the
indeterminates z1, ..., zn, n € N*, replacing k by k*.

Definition 1.1.5. Let M be an R-module. Given ¢ € ﬁ, we say that m €
M is an element of weight ¢ if, for all r € R, r.m = (ﬁ(rlm. We say that an
element m € M is a weight element if there exists ¢ € R such that m is an
element of weight ¢. Further, for ¢ € R, we set

M(p) ={m € M |r.m = ¢(r)m, ¥Vr € R}.

Remark 1.1.6. Let f: M — N be a morphism of R-modules. For all
¢ € R, f(M(¢)) € N(¢).

Proposition 1.1.7. Let M be an R-module.
1) For all ¢ € R, M (o) is an R-submodule of M.
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2) Let n € N*. If ¢1,...,¢n are pairwise distinct elements of R and, for
1<i<n,m; € M(p;), then Zlgign m; = 0 if and only if m; =0, for
all 1 <i < n. That is, the sum Z¢€§ M (@) is direct.

Proof. The proof of the first item is straightforward. Let n € N*. We prove
the second statement by induction on n, the case n =1 being trivial. As-
sume the results holds for some n € N*. Suppose now that ¢1, ..., ¢n41 are
pairwise distinct elements of R and, for 1 <7 <n+ 1, consider elements
m; € M(¢;) such that » ;... m; = 0. For all » € R, we have that

0=r. Z m; | = Z rom; = Z oi(r).m;.

1<i<n+1 1<i<n+1 1<i<n+1

It follows that, for all r € R,

Z (Pns1(r) — ¢i(r)).m; = 0.

1<i<n

The inductive hypothesis yields that, for all7 € Rand 1 < i < n, (¢n41(r) —
¢i(r)).m; = 0. But, the ¢;’s being pairwise distinct, we have m; =--- =
my, = 0 and therefore my1 = 0. This finishes the induction. The result is
thus proved. O

Definition 1.1.8. Let M be an R-module. For ¢ € ﬁ, we will call M(¢)
the weight subspace of M of weight ¢. Further, we say that M is a weight
module provided it is the (direct) sum of its weight subspaces

M =@ M)
#eR

We denote by R — wMod the full subcategory of R — Mod whose objects are
the weight R-modules.

Proposition 1.1.9. Let M be an R-module and let L be an R-submodule
of M.

1) Forall ¢ € R, L(¢) = LN M(5).
2) If M is a weight module, then so is L.

Proof. The first item is obvious. Next, suppose m is a non-zero element of
L. There exists n € N* and pairwise distinct elements ¢1, ..., ¢, of R such
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that

(1) m = Z m;

1<i<n

with m; € M(¢;) \ {0} for all 1 <i < n. So,

2)  VreR,  rm—ou(rym= > (i(r) — ¢u(r))m; € L.

1<i<n

Further, if n > 1, then for all 1 < i < n — 1, we may choose r; € R such that
¢i(ri) # ¢n(rs), and hence r;.m — ¢, (r;)m € L\ {0} by Proposition [1.1.7]
We are now ready to prove the second item. Suppose L is not a weight
submodule. This means that there exists a non-zero element in L such that
at least one of its weight summands is not in L. Among such elements, let
us choose m with a minimal number n of non-zero weight summands. Write
m as in in such a way that m,, ¢ L. Notice in addition that we must
have n > 1. Due to the minimality of n, the argument above based on
shows that, for all 1 <7 <n —1, m; € L. It follows that m,, € L. This is a
contradiction. Hence L must be a weight submodule. O

Next, we consider the case where R is a tensor product of commutative
algebras, that is R = R} ® - - - ® R, for some s € N*| where Ry,..., R, are
commutative k-algebras.

Proposition 1.1.10. Let s € N*, let Ry, ..., Rs be commutative k-algebras
and consider the k-algebra R = R1 ® -+ @ Rs.

1) For 1 <i<s, let ¢; € j%\, The k-linear map

1 b R — k
1@ Qs = or(x1) - Ps(x)

1s a morphism of k-algebras. Furthermore, we have that

ker((z)l e ¢s) =W

where

W =ker(¢1) ® Ry @ -+ ® Rs + R1 @ ker(¢2) ® - - - @ Ry
+ + R @ @ Re_1 @ ker(¢s).
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2) The map

b1 s
18 bijective.

Proof. In order to prove the first statement, set ¢ = ¢1 - ¢s. It is easy
to see that W C ker(¢). According to Remark given 1 <i<s, R, =
k.1r, @ ker(¢;). Hence, R =k.1p & W. It follows that if r is an element
of R, then there exist A € k and w € W such that r = A\.1g + w, and, since
W C ker(¢), we have A = ¢(r). It is now clear that if r € ker(¢), thenr € W.
The previous point gives rise to a map

— ~

R\lx-~-st — R

(1,...,0s) =  d1---0s

Now, for 1 < ¢ < s, identify R; with its canonical image in R under the injec-
tive algebra morphism r— 1® -+ ®1®r®1®---® 1 (r in ith position).
We may define the map

R — Rix- xR,
¢

(¢|R17 o "QS\RS)'

The two precedent maps are inverse to each other, so that they are bijective.
O

1.2. Relative weight modules

In this subsection, we fix a pair (R, A) where A is a k-algebra and R a
commutative k-subalgebra of A.

Any A-module M is an R-module by restriction of scalars. Hence, if
¢ € R, we may speak of elements of M of weight ¢.

Let A — Mod be the category of left A-modules. We denote by A — wMod
the full subcategory of A — Mod whose objects are weight R-modules. We
call such modules relative weight modules. We have the following restriction
of scalars functors
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A — Mod Res R — Mod
Res
A — wMod R — wMod

Of course, there is also an induction functor Ind = A ® g — from R — Mod
to A — Mod. In order to be able to induce weight modules from R to A, we
need the pair (R, A) to satisfy some additional hypotheses.

Definition 1.2.1. We say that the pair (R, A) is of strongly-free type if
there exists a subset b of A such that:

1) 1 €b;
2) b is a basis of A as a left R-module;

3) Vb € b, there exists an algebra automorphism o3, of R such that, Vr €
R, rb = boy(r).

Remark 1.2.2. If the pair (R, A) is of strongly-free type, then, there exists
a subset of A which is an R-basis of A both as left and as right module over R.

Lemma 1.2.3. Assume the pair (R, A) is of strongly-free type. Let ¢ € R
and suppose M is an R-module. Then,

1) for allm € M(¢), for allbe b, b@rm € (Ind(M))(¢ o op);
2) if M is a weight R-module, then Ind(M) is an object of A —wMod.

Proof. The proof of the first item is straightforward. The second one follows
from the first since b generates A as left R-module. O
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As a consequence of Lemma there is a commutative diagram for
the induction functors:

A — Mod R — Mod
Ind
A — wMod — R — wMod

Corollary 1.2.4. Assume the pair (R, A) is of strongly-free type. The pair
(Ind, Res) is an adjoint pair of functors between A —wMod and R — wMod.
In particular, if M is a relative weight A-module and N is a weight R-
module, then there is an isomorphism of abelian groups as follows:

Hom 4 _wMod (Ind(N'), M) = Hompg_ymod (I, Res(M)).

Proof. Tt is well known that the pair (Ind, Res) is an adjoint pair of functors
between A — Mod and R — Mod. The proof follows immediately from this
fact. O

Corollary 1.2.5. Assume the pair (R, A) is of strongly-free type. The func-
tor Ind : R —wMod — A — wMod preserves projective objects.

Proof. This is an immediate consequence of Corollary since Res is
exact. U

1.3. A class of projective weight A-modules

Let R be a commutative k-algebra. Consider ¢ € R. The R-module R / ker(¢)
is clearly an object of R — wMod. More precisely, we have that any element
of this module is of weight ¢, that is R/ker(¢) = (R/ker(¢)) (¢). In the
sequel, we will denote it by kg.

Lemma 1.3.1. Given ¢ € f?, the module k¢ 1s a projective object in the
category R — wMod.
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Proof. Consider the diagram

ke

J{f

N1L>N2*>O

in R — wMod with exact horizontal row. Using Prop.[1.1.7] we get that there
is an element z of weight ¢ in N such that 7(z) = f(1g). Since kg is a one
dimensional k-vector space, there is a unique k-linear map g : ky — IVq
sending 1r to z. Thus, the diagram

z

N147F>N24>0

is commutative. It is easy to see that g is actually a map in R —wMod,
since z has weight ¢. (Here, we use Remark point 1.) Hence, kg is
projective. O

For the rest of this section, let (R, A) be a pair as in the introduction
to section assume (R, A) is of strongly-free type and let b be a basis of
the R-module A as in Definition [.2.7]

Let ¢ € R. Set P, =Ind(kg). We already know that Py is an object of
A — wMod.

Corollary 1.3.2. For any ¢ € ﬁ, the module Py is a projective object in
the category A — wMod.

Proof. This is immediate by Lemma and Corollary (

Now we collect some properties of the A-modules Py, ¢ € E, that will
be useful later.

Remark 1.3.3 (Structure of P,, ¢ € R). Recall that we assume (R, A)
is of strongly-free type and let b be a basis of the R-module A as in Defini-
tion Fix ¢ € R. For all 7 € R, we put 7 = r + ker(¢) € kg.

1) Fix b € b. We have that Rb = bR C A. Further, Rb is a direct sum-
mand of A both as a left and as a right R-submodule. Now, consider
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the following subset of Pj:
b®Rk¢ = {b@RF, r e R} - P¢.

Clearly, b ®p ky is the left R-submodule of P, generated by b @p 1 as
well as the k-subspace of P, generated by b ®p 1 (see Remark [1.1.2)).
On the other hand, it is the image of the natural left R-linear map

bR ks 8 P,

But, bR being a direct summand of A as a right R-submodule, the
above map must be injective. Hence, it identifies bR ® g ky and b ® g kg,
as left R-modules.

In addition, there are obvious k-linear maps as follows:

k¢ — bR®3k¢ bR@Rk¢ — k¢
5 — b®gs ’ br ®grs +— 1§

which are inverse to each other. As a consequence, bR ®r kg is a one
dimensional k-vector space with basis b ®p 1.

At this stage, it is interesting to notice that the maps are not left
R-linear. However, if we denote by kg the left R module obtained by
twisting the left action of R on k, by the automorphism oy, then the
maps induce a left R-linear isomorphism

bR ®pr k¢ — Ubk¢.

We are now in position to give a very explicit description of Py. Indeed,
by standard results, we have an isomorphism of left R-modules as
follows:

Py=A®pky = (@bR) ®rks = DOR @R k.
beb beb

Thus, taking into account the first point, we end up with a k-vector
space isomorphism

Py = @k.b ®r 1,
beb

where, for all b € b, dimy(k.b ® 1) = 1. In particular, P, is non-zero
and {b®r 1,b € b} is a basis of P, as a k-vector space.
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3) The weight structure of Py, however, is not yet completely clear. In-
deed, we have that,

Vbeb, kb®rlC (Py)(pooy).

But, the above inclusion may be strict. Actually, it is the case if and
only if there exists b’ € b, b # ¥/, such that ¢ ooy, = ¢ o op. We will
come back to this problem in Remark

1.4. Simple objects in A — wMod

All along this section, we fix a pair (R, A) as in the introduction to Sec-
tion assume (R, A) is of strongly-free type and let b be a basis of the
R-module A as in Definition Our aim is to study the simple objects
of A —wMod.

Definition 1.4.1. An object S in A — wMod is simple provided it is non-
zero and it has no non-trivial weight A-submodule.

Remark 1.4.2. By Proposition an object M in A — wMod is simple
if and only if it is simple as an object of A — Mod.

The following result shows that any simple object in A — wMod arises
as a simple quotient of some Py, with ¢ € R.

Proposition 1.4.3. Given a simple object S of A —wMod, there exists
¢ € R such that S is isomorphic in A —wMod to a simple quotient of F.

Proof. Let S be a simple object of A —wMod. Since S is not zero, there
exists ¢ € R such that S(¢) #0. Let = be a non-zero element in S(¢).
There exists a non-zero R-linear map R — S such that 1 — x € S(¢). But,
since x € S(¢), the above map induces a non-zero R-linear map ky — S.
This shows that Hompg_wmod(ke,S) # 0. It follows from Corollary
that Homa_wMod(Pp, S) # 0. Hence, there exists a map ¢ : Py — S in
A — wMod which is non-zero. But, of course, the image of ¢ is a non-zero
subobject of S, so ¢ must be surjective. The rest is clear. O

Proposition [1.4.3] shows the importance of understanding the non-zero
simple quotients of the modules Py. The following remark deals with the
easiest case.
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Remark 1.4.4. Recall the hypotheses of the beginning of this section.
Notice that, clearly, o1 =id. Fix ¢ € R. Assume, further, that the map
b — R, given by b +— ¢ o 0} is injective (see Remark . It follows from
Remark [I.3.3] that the weight subspace of Py of weight ¢ is:

Py(¢) = k1 @p (1 + ker(4)).

Let M be a strict weight A-submodule of F. Since P, is generated by its
weight subspace Py(¢) of weight ¢, and since the latter is a one dimensional
k-vector space, we must have Py(¢) N M = {0}, which leads to:

M C P Ps().
Vo

It follows that the sum of all strict submodules of P, in the category A —
wMod is again a strict submodule. That is, there is a strict submodule of
P, in A —wMod maximum among strict submodules of P4 in A —wMod.
We denote this maximum submodule by Ng. Of course, the corresponding
quotient

S = Ps/No

is a simple object in A —wMod and it is the unique simple quotient of Py in
A — wMod. Note that the above applies to P, seen as an object of A — Mod,
by Proposition [1.1.9

1.5. Tensor product of strongly-free extensions

Let n € N*. For each i, 1 <i <n, let (R;, A;) be a pair of strongly-free type
and let b; be a subset of A; as in Definition Let

R= () R, A= (X A
1<i<n 1<i<n

and identify R canonically with its image in A. (In the sequel, we will make

extensive use of Proposition [1.1.10})

Suppose in addition that, for 1 < i <n, M; is an object of A; — wMod.
Clearly, @<, M; is an object of A —wMod.
Lemma 1.5.1. The pair (R, A) is of strongly-free type.

Proof. It is clear that the subset b = @), ,,, bi of A satisfies the conditions
of Definition [[.2.7] - O
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Remark 1.5.2. Retain the notation above and, forall 1 <i < mn, let ¢; be
an element of R;. Set ¢ = ¢1 - - - ¢p,. Recall the description of ker(¢) given in
Proposition |[1.1.10} There is an obvious surjective morphism

in R — Mod such that its kernel contains ker(¢). Hence, there is a surjective
morphism in R — Mod :

]k¢ — ® k@.

1<i<n
which must be an isomorphism since its source and target are both one
dimensional vector spaces over k.

The following theorem provides a description of the projective objects
in A —wMod as tensor products of projectives.

Theorem 1.5.3. Using the previous notation, let ¢; be an element of/ﬁ?i
forall1 <i<n, and put ¢ = ¢1--- ¢n. There is an isomorphism

Py = K Py,
1<i<n

i A — wMod.

Proof. It is enough to show that there is an isomorphism in A — Mod:
Py = R Ps.
1<i<n

This is a standard fact; indeed, by classical results, we have an isomorphism
of k-vector spaces

Q) Ps= Q) (Aicrky)=| Q) A ®r| K ke,

1<i<n 1<i<n 1<i<n 1<i<n

I

®Az ®Rk¢gA®Rk¢:P¢

1<i<n
where the first isomorphism is given by

R1<i<n (a; R, ki) = (@1<i<n;) R (D1<i<nki)
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and the second isomorphism is given by Remark ([

Now we analyse simple modules in A — wMod.

Lemma 1.5.4. If, for 1 <4 <mn, S; is a simple object in A; — wMod such
that dimy S;(¢) < 1 for any ¢ € R;, then S} ® --- ® S, is a simple object in
A — wMod.

Proof. Suppose that dimg(5;)(¢) < 1 for any ¢ € j%\i, i=1,...,n. It follows
from Proposition that the weight spaces of the A-module S1 ® -+ ®
Sy are also at most one dimensional k-vector spaces, generated by elemen-
tary tensors. Now, let W be a non-zero (weight) submodule of S1 ® - - - ® S,.
Then, W contains a non-zero weight element which, by the above, must be
an elementary tensor. Let w = w1 ® - - - ® w,, be such an element. For all ¢
such that 1 <4 <n, w; is a non-zero element of S; which, hence, generates
the A;-module S;. Therefore, w generates the A-module S; ® ---® S, and
W=5®:-®5,. The statement is proved. O

Remark 1.5.5. If we suppose that End 4,(S) = k for any simple object S
in A; —wMod, i =1,...,n — 1, then for any collection of simple objects S;
in A4; —wMod, i =1,...,n, the A-module 51 ® ---® S, is simple. Indeed,
under this hypothesis, we have that A; is Schurian and tensor-simple [B],
which implies the statement.

Let S be a simple object in A —wMod. By Proposition there exists
¢ € R such that S is a quotient of Py, that is S ~ Py/N. We have the
following result.

Corollary 1.5.6. Let ¢ € R be such that all weight subspaces of Py have
dimension at most 1. Fori=1,...,n, let ¢; € R; be such that ¢ = ¢1--- ¢y,.

1) The map b — R given by b— ¢ ooy is injective. Further, the mod-
ule Py has a unique mazimal strict submodule Ny and unique simple
quotient Sy = Py /Ne.

2) For all 1 <i <mn, The map b; — E given by b — ¢; o oy, is injective.
Further, the module Py, has a unique maximal strict submodule Ny,
and unique simple quotient Sy, = Py, /Ny, .

3) There is an isomorphism

Sp =54, ® -+ @Sy,
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i A — wMod.

Proof. We start by recalling that such ¢;’s exist due to Proposition [1.1.10

)
2)

This follows immediately from Remarks and

We know from Theorem that there is an isomorphism ¢ : Py —
Py, ®---® P, . Hence, since all weight spaces of P, have dimension
1, by Proposition the same must hold for Py, for i =1,...,n.
The statement follows as in the first point.

Observe that for all 4, Sy, must also have weight spaces of dimension
at most one. Thus, we are in the hypotheses of the previous lemma;
so that Sy, ® -+ ® Sy, is a simple object in A — wMod.

Now, consider the following submodule of Py, ® ---® Py :

X =Ny, @ Py, @@ Py, + Py, @ Ny, @@ Py,
+- 0+ Py, @ Q@ Py, Ny,

We have an obvious surjective map
Py~Py ®@---Q@Fy, Sy, @---®8,
whose kernel contains :~1(X), hence a surjective map
P/t (X) = Sp, @+ ® S,

We now proceed to show that the latter must be an isomorphism. In-
deed, taking Proposition [I.1.10]into account, the hypotheses on the di-
mensions of weight spaces prove that the weights of Sy, ® --- ® Sy, are
the products 91 - - - ¥y, where 1; is a weight of Py, that is not a weight
of Ny,. Analogously, the weights of X are the products 11 - - - 9, where
Y, is a weight of Py, and, for some j € {1,...,n}, ¥, is a weight of
Ng,.

It follows that both Ps;/.71(X) and Sy, ® --- ® Sy, have the same
set of weights. Since, in addition, these modules have one dimensional
weight spaces, the surjective map must be an isomorphism. But, as
quoted above, Sy, ® -+ ® Sg, is simple, which implies Ny = 1(X).
This proves the statement. O
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2. Quantum Weyl algebras

In this section we will consider two versions of quantum Weyl algebras.
For a short account on the description of these quantum Weyl algebras as
rings of skew differential operators, see Section [0l In the first subsection, we
recall Maltsiniotis’ quantum Weyl algebra. In the second we introduce the
version of Akhavizadegan and Jordan. In the last subsection, we recall the
isomorphism between the convenient localisations of these algebras.

For this, we need to introduce quantum integers. The reader is referred
to [AJ] and [J] for a detailed exposition. Some complements may be found
in [R1J.

Let ¢ € k*. For any integer ¢ € N*, we let
(D)g=1+q+-+q",
and extend this definition by (0), = 0. Further, for j € Z \ N, we set
(g =~ (=f)g=— (¢ +¢" +--+4¢7").

These scalars will be called quantum integers associated to q or, for simplicity,
g-integers.

Remark 2.1. 1) If ¢ = 1, then, for all i € Z, (i)q = 1.
2) If g # 1, then,

1—
VieZ (i)g=-—L.

Recall that an n x n matrix (\;;) with entries in k* is called skew-
symmetric provided A\; = 1 and A;; = )\j_il, forall 1 <4i,5 <n.

2.1. The quantum Weyl algebra of G. Maltsiniotis

Definition 2.1.1. Let n € N*. To any n-tuple § = (q1,...,¢,) € (k*)" and
any n X n_skew symmetric matrix A = ()\;;) € M, (k), we associate the k-
algebra A%’A with generators y1,...,Yn, 21, ..., %, and relations:

V(i,j) eN?, 1<i<j<n, xx;= )\z’jlqile‘i, Yiyj = Aijﬁlyjyila
Ty = Nj YiTi,  Yily = NG Ty

(4)
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(5)  VieN, 1<i<n, ay—qyiri =1+ Y0 (g5 — Dyja.
Further, we put zp = 1 and, for 1 < i < n,
Zi = TiYi — Yils-
The family {z1,...,2z,} will play a central role in computations.
Remark 2.1.2. It is easy to see that for all 7, 1 <17 < n:
(6) zi=1+ 23‘:1(%’ - Dy,x; and  z = zi—1 + (¢ — 1)yiz;.

As a consequence, relations read:

(7) Vi, 1 <i<n, 2y — GYiTi = Zi—1

Proposition 2.1.3. The algebra A?_{A s a noetherian integral domain. In
addition, the family {y{'=t -yl iy, (j1,91,- .. jn,in) € N*"} is a PBW
basis of AL™

Proof. See [R1, Remarque 2.1.3] and [AJ], 1.9]. O

Proposition 2.1.4. Foralll <i <n, z is a normal element ofAz’A. More
precisely, we have:

o foralli,j, 1<i<j<n, zxj=x2 and zy; =Yz,

o foralli,j, 1<j<i<n, zx;= 4 1CL‘jZi and  zy; = QY5 %,
o foralli,j,1<i,j<n, zz =z

Proof. See [J, p. 285]. O
As pointed out above, the multiplicative set generated by the elements

zi, 1 <14 < n, consists of normal elements. It follows that it is an Ore set
and that we may form the corresponding localisation.

Definition 2.1.5. We denote by BZ’A the localisation of AZ’A at the mul-
tiplicative set generated by the elements z;, 1 < i < n.
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. T . : : C e .
Since A% is an integral domain, there is a canonical injective morphism
of k-algebras

A can.inj. F
ATA CR) pah,

In the sequel, we will often identify an element of ATA with its image in
a,A Lo
By under the above canonical injection. ) )
Denote by R (resp R°) the k-subalgebra of AZ* (resp. BZ*) generated
by z1,...,2, (resp. z1,..., z, and their inverses). Hence, R and R° are com-
mutative k-algebras.

Proposition 2.1.6. Assume q; # 1 for all 1 <1i <n. The elements z1,. ..,
zn are algebraically independent in R. Moreover, the set

n

b= {ylal - yrair, (it jnin) € N2, igjy = 0, V1 <k < n}

is a basis of A?;’A regarded as a left or as a right R-module. Further, b is a
basis of BZ’A both as a left and as a right R°-module.

Proof. We leave the detailed proof to the interested reader. All the state-
ments follow from a careful use of the above relations and Proposition [2.1.3]
O

2.2. The quantum Weyl algebra of M. Akhavizadegan
and D. Jordan

Definition 2.2.1. Let n € N*. To any n-tuple ¢ = (q1, - ..,qn) € (k*)™ and
any n x n skew symmetric matrix A = (\;;) € M, (k), we associate the k-
QA o

algebra A}" with generators y1,...,Yyn, T1,. .., 2, and relations:

(8) V(i,j) eN?, 1<i<j<n, zwz;= )\ijlflfjwz‘, Yiy; = Az‘j?leyz‘,
TiY; = Ny YiTi, Wiy = Nj Tl

9) Vi e N, 1<i<n, vy — qyiz; = 1.

Let us also define zg = 1 and, for 7 such that 1 <+¢ < n,

2 = TiYi — Yili.

As before, these elements will play a crucial role.
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Remark 2.2.2. It is easy to see that the four relations in actually hold
for all (7,) € N2 such that 1 <4 # j < n and that:

Vi, 1<i<n, zi = 14 (¢ — Dyix;.

Two results analogous to Propositions [2.1.4] and 2.1.6] are also true in
this case.

Proposition 2.2.3. The algebra A%A is a noetherian integral domain. In
addilﬁjxn, the family {y]'z} -y al, (1,01, -, Jn, in) € N?"} is a k-basis
of AL™.

Proof. See [AJ] 1.9]. O

In particular, the family {z1, ..., z,} verifies properties similar to those
of the previous subsection.

Proposition 2.2.4. Foralll <i <n, z; is a normal element ofA?;A. More
precisely, we have:

o foralli,j, 1 <i#j<n, zzj=zz and 2Yyj=yY;z,
o foralli, 1 <i<n, zw=q 'mz and 2y = qyi%,
o foralli,j,1<i,j<n, zz =z

Proof. See [AJ, p. 286]. O

As pointed out before, the multiplicative set generated by all the z;’s
consists of normal elements. Hence, it is an Ore set and thus we may form
the corresponding localisation.

Definition 2.2.5. We denote by B?{A the localisation of AZ’A at the mul-
tiplicative set generated by the elements z;, 1 < i < n.

Notice that, again, the fact that AZ’A is an integral domain implies that
the canonical morphism of k-algebras

g A can.inj. a
.A%’A . B%’A

is injective, and we will identify any element of AL™ with its image in BIA
under this injection.

Denote by R (resp R°) the k-subalgebra of AZ* (resp. BL") generated
by z1,..., 2, (resp. and their inverses).
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Proposition 2.2.6. Assume q; # 1 for all 1 <1i <n. The elements z1,...,
zn are algebraically independent in R. Further, the set

b= {y{lxif . yflx’ (J1,015 -+ Jnyin) € N2 pje =0, V1 < k < n}.

n

is a basis of AZ’A regarded as a left and as a right R-module. Moreover, b is

also a basis of B%’A as a left and as a right R°-module.

Proof. It is similar to the proof of Prop.[2.1.6 (]
2.3. A common localisation for quantum Weyl algebras

We finish this section by recalling a result which states that the localisations
of both versions of quantum Weyl algebras are isomorphic.

Theorem 2.3.1. Let n € N*. For any n-tuple ¢ = (q1,...,q,) € (k*)" and
any n X n skew symmetric matric A = (N;;) € My(k), the map defined by:

o : B — B
Yi = Y
Ty = oz llxi
zi vz 112i

is an isomorphism of k-algebras.

Proof. See p. 287 of [A]]. O
3. Weight modules for quantum Weyl algebras

In this section, we fix an n-tuple § = (¢1,...,¢,) € (k*)™ and an n x n skew
symmetric matrix A = (\;;) € M, (k) and we associate to this data the al-
gebra BZ’A introduced in Section |2l We consider the context of Section
for the pair (R°, BZ’A), where R° is the k-subalgebra of BZ’A generated by
the z;’s and their inverses. As a consequence of Proposition R° is a
commutative Laurent polynomial k-algebra in the indeterminates 21, ..., z,.

As we will see, the situation will heavily depend on whether some ¢; is a
root of unity in k or not. We will say that the n-tuple q is generic whenever,
for all integer ¢, 1 < i < mn, ¢; is not a root of unity. )

In the first subsection, we show that the pair (RO,B%’A) is indeed a
strongly-free extension. We also consider the action of the canonical genera-
tors of B%’A on the basis attached to this extension. From that basis arises in
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a natural way an action of the group Z™ on the weights. We investigate this
action in the second subsection and show for example that it is free if and
only if no ¢; is a root of unity. As we discussed in the first section, each char-
acter ¢ of R° gives rise to a projective weight BZ’A—module Py. The structure
of these modules is the subject of the last subsection. We investigate their
weights in connection with the above group action, the dimension of their
weight spaces, characterise their simplicity and start to discuss whether two
such modules are isomorphic or not.

3.1. Basic results on the pair (R°, B4)

By Proposition [2.2.6]

b= {y{‘xzf . yﬁlavZ (J1,015 -+ Jn,in) € Nzn, ik =0, Vk, 1 <k < n} .

n o

is a basis of BI* regarded either as a left or as a right R°-module. It
will be convenient to write this basis in a slightly different way. Let k =
(k1,...,kn) € Z™. We denote

k. .
) x;" if k>0
by, = H br,i where, for 1 <i <mn, br; = { 2k e
1<i<n ‘ '

With this notation, we have
b = {bs, k € Z"}.
Given k € Z", let o be the k-algebra automorphism of R° such that
Vi, 1 <i<mn, op(z)= qz-_k’izi.
From the relations in Proposition [2.2.4] we get that
VkeZ", NreR°, rby="bgor(r).

In the notation of Definition [I.2.1} this means that, for all k € Z", oy, = oy,
These facts afford the following lemma.

Lemma 3.1.1. The pair (RO,BZ’A) s of strongly-free type.

We finish this subsection by examining how multiplication by generators
modify the elements of b. From now on, we let {e1,...,e,} stand for the
canonical basis of Z".
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Lemma 3.1.2. Assume ¢; # 1 for all1 <i <n. Given k € Z" and i such
that 1 < i <n,

k, .
H Aij | Okt if ki >0,
l’zbk _ 1<j5<4 .
Ry 1
IT Mo | brre 222 if k<0
Sici qi — 1
<j<i
and
( - kit 1
. e
I A bk_eiql'ill if k>0,
1<j<i E
Yibp = 1
IT ] b if k <0.
1<5<1

Proof. This is straightforward using relation , @D and the equalities of
Remark and Proposition [l

3.2. Action of Z™ on weights arising from the basis b

Recall from Remark the right action of Auty(R°) on R°. On the other
hand, we have group morphisms as follows

€: 2" — (k*)" (k1y .- kn) = (67", g ™)
and
0: (k)" — Autg(R°) ALy An) = (20 = Nizi) 1 cicp -
Now, composing these maps gives rise to a left action of (k*)" on R® and
a left action of Z™ on R° given by
(k)" -2 Auty(R°) — S(R°)  and
Zn 5 (k)" -2 Aute(R°) — S(R?),

where 6(]/%73) is the group of permutations of the set Re. Alternatively, the
latter may be described as follows:

Z”x]/%\o — 1/%\0

(10) (k6) — oo
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These actions verify some easily proven properties that we list in the
following lemma.

Lemma 3.2.1. Using the notation above, the following holds:
1) the left action of (k*)™ on R® is faithful;
2) the morphism € : 2" — (k*)" is injective if and only if q is generic;

3) the left action of Z™ on Re is faithful if and only if G is generic.
Fixing ¢ € ]/:i\o, we obtain a map Z" — Re.

Lemma 3.2.2. Let ¢ € R°. The map 7" — 7" .¢ C Re sending k to ¢ o oy,
1s injective if and only if § is generic.

Proof. Let k € Z". By definition, given 4 such that 1 < ¢ < n, we know that
poop(z)= q;kgb(zz) But, z; being an invertible element of BI™", o(z;) is
necessarily non-zero. The result follows. ]

Corollary 3.2.3. The following conditions are equivalent:
1) q is generic;
2) there exists ¢ € R° such that stabzn (¢) = {0z };
3) for all ¢ € R, stabzn (¢) = {0z}, in other words the action of Z" on
Re° is free.

Proof. This is an immediate consequence of Lemma [3.2.2] O

3.3. Structure of P, for ¢ € RO

Let ¢ € R°. Recall that Py = BY" @po kg, where kg = R°/ker(¢). Given
k € 7™, set
v = b QR 1.

By Remark the set {vy, k € Z"}, is a k-basis of Py and
(11) Vk e Z", kv C Py(¢pooy).

Hence, P, is a weight module of BI™ and the set of weights of P, is the
Z™-orbit of ¢, that is Z".¢.
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Proposition 3.3.1. Let ¢ € Re. If q is generic, then, for allk € 2", kvy, =
Py(¢ o o). In particular, the weight decomposition of the weight B?L’A-module
P¢ 18!

P¢ = @ k’(}k = @ P¢(¢00k).

kezn kezn

Proof. Given k € Z", we know from the previous discussion that kv C
Py(¢ o o). The result is thus an obvious consequence of Lemma O

Remark 3.3.2. We may actually strengthen Proposition as follows.
Let ¢ € Re°. The following statements are equivalent:

(i) q is generic;
(ii) the map b J/%\O, b+ ¢ o gy is injective;
(iii) the weight spaces of Py all have dimension at most one.

This follows from the above discussion taking Lemma [3.2.2] and the inclu-
sion into account.

Remark 3.3.3. Supposing that ¢ is generic, the hypotheses of Remark
are fulfilled. Hence, we know that, for all ¢ € }/%\O, the module Py has
a maximum strict weight BZ’A—submodule Ny and a unique simple quotient
S¢ = Py/Ne.

We continue by giving explicit expressions for the action of x; and y; on
basis vectors of Py. Recall that {eq,...,e,} is the canonical basis of Z".

Lemma 3.3.4. Assume q; # 1 for all 1 <i<mn. Let ¢ € R.Letl<i<n
and let k € 7™ :

1) the action of x; on vy is given by :

k; ’
H >\1]J Vk+e; if ki z 0,
(12) Ti UV = 1:J<Z
—kigp(s) — 1 .
fwﬂﬂl IT 2 | okse, if ki <0
q; — 1<j<i
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2) the action of y; on vy is given by :

-1

.

— ki1

g 9z) -1 ks .

i | 11_I<i >‘ij Vk—e,; if k; >0,

(13)  wivg = N
I ) wee if ki <0.

1<5<i

Proof. 1t is an immediate consequence of Lemma, [3.1.2 O

It is clear after Lemma3.3.4]that a key feature of P, depends on whether
the scalars appearing in relations and may vanish or not, which
motivates the next definition.

Definition 3.3.5. Let ¢ € R°. We define the complexity of ¢ as the set

comp(p) ={i € {1,...,n}|o(z) € (g;)}

Remark 3.3.6. Any two elements of R° in the same Z"-orbit have the
same complexity.

Recall that, after Proposition any submodule of P, is a weight
submodule. The next proposition shows that weights with empty complexity
give rise to simple modules.

Proposition 3.3.7. Suppose that § is generic. If ¢ € 1{2\0, the following are
equivalent:

1) the complexity of ¢ is empty,
2) Py is a simple object both of BI* — Mod and of BI* — wMod.

Proof. By Proposition m, it is enough to consider the simplicity of P, as
an object of BZ’A — wMod.

Suppose M is a non-zero subobject of P, in the category B — wMod.
By Proposition [3.3.1] it must contain one of the v;’s with k € Z™. This in
turn implies, using Lemma that if the complexity of ¢ is empty, then
vg € M and thus M = Py.

Conversely, suppose the complexity of ¢ is not empty and let ¢ be an
integer belonging to comp(¢). Thus, ¢(z;) = qf for some £ € Z. Suppose first
that ¢ < 0. It follows from Lemma that z;.v;, = 0 whenever k; = £. As
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a consequence, @y i, <ckvy is a strict BZ’A—submodule of Py,. Suppose now
that ¢ > 0. In this case, it follows from Lemma that y;.v;, = 0 when-
ever k; = £ + 1. Consequently, @, ,>¢+1kvy, is a strict B?;A—submodule of Py.
Hence, in all cases, P is not simple. O

In the next statement, we analyse the link between Py and Pyo,,, for an
integer ¢ such that 1 < £ < n. Recall that e; stands for the i-th vector of the
canonical basis of Z".

Proposition 3.3.8. Suppose q; # 1 for all 1 <1i < n. Fiz an integer { such
that 1 < ¢ <n and ¢ € R°.

1) If Mo)rezr € k%) satisfies the following conditions:

a) M = Mgey, if ko # —1;
b) Ak: _ (ZS(ZZ) —

1

" Niters W ke =—1;
q@—1

C) /\k = )\k-Jrei, ifZ < é;

d) Mo = N Nosers if i > L,

then, the k-linear map

Pe“ﬁ — P¢
Wi AkUkde,s

where (wg)gezn and (vi)kezn are respectively the canonical bases of

P,, s and Py — as defined at the beginning of this subsection — is a
y y. qvA

morphism in By~ — wMod.

2) Assume in addition that ¢(2¢) # 1. Then, P, 4 is isomorphic to Py in
B — wMod.

Proof. The first item is a lengthy straightforward verification. The second
item follows directly from the first one. O

4. Examples: the case where all the entries of A equal 1

As it will be shown in Section [5} it turns out that the study of simple weight
modules of the extension (R°, B%’A) may be reduced to the case where the
skew-symmetric matrix A has all its entries equal to 1. For this reason we
concentrate, in the present section, to this special case. It is easier to handle
since under this hypothesis, BZ’A is a tensor product of n copies of Bg’A.
Hence, we first investigate the case where n = 1. We give a complete
and explicit description of the projective weight modules Py attached to
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each character ¢ of R°. From this we deduce a complete description of the
simple weight modules and classify them. The second subsection comes back
to the case of an arbitrary integer n. It is shown that simple weight modules
in this case may be explicitly described using simple weight modules arising
in the case n = 1. This is illustrated in the third subsection where the case
n = 2 is studied in full details using very intuitive graphs to describe the
modules Py.

In this section, we suppose that g is generic. We also assume that all the
entries of the skew-symmetric matrix A equal 1. Under this last hypothesis,
there is an isomorphism of k-algebras

BIY — BI'®.. @B

that sends each x; to the elementary tensor 1 ® --- ® 1 ® -- - ® 1, and each
Yi to 1®--- Ry ®---® 1, where x; and y; are, respectively, in the i-th
position, where, for ¢ € k*, we put Bf = B?’A with § = (¢) and A = (1) .
This isomorphism clearly induces in turn the isomorphism

k[zfﬁl, el zil] — k[zfd] R ® k[zfd].

n

We are now ready to apply the results of Proposition [1.1.10| and Subsec-
tion

From now on, we denote by 1 the unique element of k[zfcl, el szl] that
sends z1,...,z, to 1.

4.1. The casen =1

The observations in the Introduction show that one can build simple weight
modules of B,‘{’A from those appearing in the case n = 1. So we start by
studying this case. In this subsection, we suppose n = 1.

Remark 4.1.1. Let ¢ € R°. Tt is clear that the following statements are
equivalent:

1) comp(¢) = {1};
2) 1€ Z.¢;
3) Z.6 = Z.1.

Fix now an element ¢ € R°. As a consequence of Proposition and
Corollary the set of weights of P is Z.¢, with Z.¢ being equipotent
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to Z and each weight space of Py is one dimensional over k.

According to Proposition W P, is simple if and only if the complexity
of ¢ is empty, that is if and only if ¢ is in the orbit of 1 under the action of
Z (cf. Remark . We thus analyse these two cases.

In order to visualize the action under consideration, we represent it by
a graph as follows. The vectors of the canonical basis of Py are displayed
horizontally along a line and constitute the set of vertices of the graph. By
Lemma x1 (resp. y1) acts on a given v, sending it to a scalar multiple
of Vo41 (resp. vo—1). In case the corresponding scalar is non-zero, we draw an
arrow, labeled by the corresponding generator, from vy t0 vo41 (resp. va—1);
in case it is zero, we do not draw any arrow. A careful observation allows
us to ”see” in this graph the unique maximal submodule and corresponding
simple quotient.

Example 4.1.2. Suppose ¢ ¢ Z.1 or, equivalently, comp(¢) = 0.

1) By Proposition m Py is a simple B?’A—Weight module. Its corre-
sponding scheme is as follows:

MQ@QQM

v ~__— Mva 1o .&_/Ua+1$_/va+2<_/
Y1 Y1 y1 Y1 Y1 Y1

where we have added in the scheme the action of z; for the sake of
completeness.

2) By Proposmon u for all ¥ € Z.¢, P, and Py are isomorphic in
Bq’ — wMod.

Recall from Remark the submodule Ny of Py.

Example 4.1.3. Suppose ¢ € Z.1.

1) First case: ¢ € (—N).1. In this case there exists a unique non negative
integer a such that ¢ = (—a)1, or equivalently such that ¢(z1) = ¢f'.
a) The action of 1, y1, 21 can be pictured as follows:

M/ﬂﬂ Q Q le

~  ~  ~_ Va1 _ Va+1 Ua+2 -
Y1 Y1 Y1 yl Y1 Y1
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b) Applying Proposition one gets at once that

In particular the set of weights of Ny is N*.1.
c) It follows that the set of weights of Sy is (=N).1.

2) Second case: ¢ € N*.1. In this case there exists a unique positive inte-
ger [ such that ¢ = .1, or equivalently such that ¢(z1) = ¢; 8,
a) The action of z1, y1, 21 can be pictured as follows:

~_ U-p- 1<_/U B U- ,3+1_<_/\/\/\/
Y1 Y1 Y1 Y1 Y1
b) Arguing as in the first case, Ny = ®k<—5 k.vi. Hence, the set of
weights of Ny is (—N).1.
c) As a consequence, the set of weights of Sy is N*.1.

3) By Proposition we get that:
a) for all p,v € (—N).1, P, and P, are isomorphic in Bq’ — wMod;

b) for all p,¢ € N*.1, P, and Py, are isomorphic in Bq’ — wMod.

c¢) Now, consider p € (— N) 1 and ¥ € N*.1. From the analysis of the
first two cases, it follows that the sets of weights of N, and Ny, are
N*.1 and (—N).1, respectively. Since we are in the generic setting,
these sets are not equal. Hence, N, and IV, are not isomorphic,
implying that P, and P, are not isomorphic, neither. Using again
both previous cases, the sets of weights of S, and Sy, are (—N).1
and N*.1, respectively. Thus, S, and Sy, are not isomorphic.

The next two theorems provide a description in terms of orbits of the
isomorphism classes of projective and simple weight modules, respectively.

Theorem 4.1.4. Let ¢,v € Re.

1) If the modules Py and Py are isomorphic, either in B‘lj’A —wMod or
in BT — Mod, then Z.¢ = Z.1).

2) If 2. = ZLap # Z 1, then Py and Py are isomorphic, both in BqA
wMod and in BY* — Mod.

3) If 2.¢ = Z.+yp = 2.1, then Py and Py, are isomorphic if and only if both
¢ and 1 belong to (—N).1 or they both belong to N*.1.
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Proof. The proof of the first item is clear since Z.¢ and Z.1) are the sets of
weights of Py and Py, respectively. The other statements have already been
proved. O

Theorem 4.1.5. Let ¢,¢ € Re.

1) If Sy and Sy, are isomorphic, either in B?’A — wMod or in B?’A — Mod,
then Z.¢ = Z.9.

2) If Z.p = Z.ap # 7.1, then Sy and Sy, are isomorphic.

3) If Z.¢ = Zap = 7.1, then Sy and Sy, are isomorphic if and only if both
¢ and v belong to (—N).1 or both of them belong to N*.1.

Proof. Again the proof of the first item is clear since, by the previous results,
the sets of weights of S4; and Sy, are, respectively, subsets of Z.¢ and Z.1.
All the rest has already been proved. U

Corollary 4.1.6. Let ¢,y € R°. The following are equivalent:
1) S4 and Sy are isomorphic either in B?A —wMod or in B?’A — Mod;
2) Sy and Sy have the same set of weights.

Proof. Clearly, the first statement implies the second one. Now, let w(S)
and w(Sy) be the sets of weights of S, and Sy, respectively, and suppose
w(Sy) = w(Sy). There are different possible cases:

First case: ¢ ¢ Z1. Example shows that Sy = Py and Z¢ = w(Sy) =
w(Sy). But ¢ € w(Sy), hence Z¢$ = Z1p and Theorem proves that S
and Sy are isomorphic.

Second case: ¢ € (—N)1. By Example[d.1.3] (—N)1 = w(Sy) = w(S,). Hence,
¥ € (—N)1 and Z¢ = Z1. Finally, Theorem proves that Sy and Sy, are
isomorphic.

Third case: ¢ € N*1. The same argument as in the second case applies to
prove that Sy and Sy, are isomorphic. O

4.2. Simple weight modules for arbitrary n

Recall from the introduction of this section that BZ’A is identified to the n-
fold tensor product of algebras BY' @ --- ® BY" and that, likewise, R° iden-
tifies to the tensor product of n copies of k[zi!]. In the rest of this section,
we will freely use these identifications.

Notice further that we are in position to apply Proposition [1.1.10)
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Let ¢ € Re. By Proposition|1.1.10, under th/eibove identification, there

is a unique n-tuple (¢1, .. ., ¢p) of elements of k[2!] such that ¢ = ¢y - - - by
We are interested in two weight B%’A—modules7 namely Sy and Ss, ®
e ® Sd)n'

—

Lemma 4.2.1. Let (¢1,...,¢n) be a n-tuple of elements of k[zlﬂ]. The
BIA module Sp, @ -+ ® Sy, is simple.

Proof. Since q is generic, according to Proposition 3.3.1], for any ¢, 1 < i < n,
the weight spaces of the Bf*-module P,, are at most one dimensional k-
subspaces; hence, the same holds for the quotient Sg,. Hence, the statement
follows from Lemma [.5.4] O

Theorem 4.2.2. Suppose A is the skew-symmetric n X n-matriz with all
entries equal to 1 and suppose q s generic.

1) For all n-tuple (¢1,...,0n) of elements of k[zfd], the B?;’A—moc{ule
Sp, @ ---® 8y, 15 a simple weight module and any simple weight B?L’A-
module is of that form.

2) Let (¢1,...,0n) and (1, ...,1y) be elements of (k[zfﬂ) . The BIA-
modules Sy, @ -+ ® Sy, and Sy, @ --- ® Sy, are isomorphic as weight
modules if and only if, for all 1 < i <mn, Sy, and Sy, are isomorphic
in B — wMod.

Proof. The proof of the first item follows from Lemma Proposition
and Corollary We now prove the second statement. The if
part of the equivalence is evident. Suppose now that Sy, ®---® Sy, and
Sy, ® -+ ® Sy, are isomorphic. Given ¢ such that 1 <14 < n, let w(Sy,) and
w(Sy,) be the sets of weights of Sy, and Sy, , respectively. It is clear that
the set of weights of Sy, ® ---® Sy, is the image under the bijective map

n

k[ziﬂ] — R\O, (X1s---3sXn) > X1+ Xn — as defined in the second item

of Proposition [1.1.10] — of the subset w(Sg,) x - -+ X w(Sy,). Of course, the
same holds for Sy, ® ---® Sy, . Hence, these images must be equal since
Sp, @---® 84, and Sy, ®---® Sy, are isomorphic. But that latter map
is bijective. So, for 1 <i < n, w(Sy,) = w(Sy,). Corollary yields the
desired conclusion. dJ
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4.3. The case n = 2

In this short section we concentrate on the case n = 2. Our aim is to il-
lustrate how the case of an arbitrary n can be understood on the basis of
the case n =1. We do this by using graphs attached to the modules un-
der consideration, following the approach of Section The action of x; is
displayed horizontaly from left to right, the action of y; is displayed horizon-
tally from right to left, the action of xo is displayed vertically from bottom
to top and the action of yy is displayed vertically from top to bottom.

Example 4.3.1. Let ¢ k[zfﬂ, zQﬂ] and suppose comp(¢) = {.
In this case, the action of x1, y1, T2, yo can be pictured as follows:
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It is clear that in this graph, there is a path going from any vertex to
the vertex vg. It follows that any non-trivial submodule of Py must contain
vo and hence must coincide with Py. So, Py is simple.
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Example 4.3.2. Let ¢ € k[21!, 25!] and suppose comp(¢) = {1}. In this
case, there exists an integer oy such that ¢(z1) = ¢7".

Let us suppose that «; € N. The action of x1, y1, x2, y2 can be pictured
as follows:
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The graph above is clearly divided into two parts, delimited by the ver-
tical line intersecting the z-axis at z = oy + 1/2. From any vertex located
at the left hand side of this line, there is a path to vy. Hence, any submodule
containing one such vertex must coincide with Py. In addition, the k-vector
space with basis the vertices located to the right of this line is a proper
submodule of Py4. It follows that this subspace must be maximum among
non-trivial submodules. That is, we have:

N¢ = @ k.’l)k.

{k[k1>an}
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We let the interested reader deal with the case where a; < 0. Clearly, the
case where comp(¢) = {2} is similar, interchanging horizontal and vertical
directions.

Example 4.3.3. Let ¢ € k[zfﬁl, z2il] and suppose comp(¢) = {1, 2}. In this
case, there exist integers a; and ag such that ¢(z1) = ¢, and ¢(22) = ¢5*.

Let us suppose that a1, as € N. Then, the action of x1, y1, x2, y2 can be
pictured as follows, where a = (a1, s
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In this case, the graph is again divided into two parts, delimited by the
vertical line intersecting the z-axis at * = o + 1/2 and the horizontal line
intersecting the y-axis at y = ag + 1/2.

From any vertex located at the left hand side of the vertical line and
below the horizontal one, there is a path to vg. Hence, any submodule con-
taining one such vertex must coincide with Py. In addition, the k-vector
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space with basis the vertices located either to the right of the vertical line or
above the horizontal one is a submodule of Py. It follows that this subspace
must be maximum among non-trivial submodules. That is, we have:

N¢ = @ k.?}k.

{k|k1>ai0orke>as}

5. Quantum Weyl algebras and Zhang twists

The aim of this section is to show how weight modules of the extension
(R°, B%’A) may be described using their analogues of the special case where
A has all its entries equal to 1. The method that we use to reduce the general
case to this special case is based on the notion of Zhang twist as introduced
in [Z].

We first recall this notion, then show that BZ’A is indeed a Zhang twist
of Bz’(l) and finally establish that all simple weight modules over BIM are

in fact obtained as Zhang twists of simple weight modules over BZ’(I).

For all this section, we fix ¢ = (q1,...,¢n) € (k*)" and a skew-symmetric

n x n matrix A = ();;). It is clear from the definition of AZN that it is Zn-
graded by

deg(z;) =¢;  and  deg(y;)) = —e;.

From Proposition we get that the homogeneous part of degree 0 with
respect to this grading is reduced to

R =Kk[z1,...,2n];

the subalgebra of AZ’A generated by z;, 1 <i <n, the latter being alge-
braically independent.

5.1. Some k-algebra automorphisms of .A;I_;(l)

Denote by (1) the n x n skew-symmetric matrix with all entries equal to
1. It is straightforward to check that, for 1 <i < n, there are k-algebra
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automorphisms 7; of AZ’(I) such that

7,(1 g,(1

S Ag{( ) .A%’( )
xj whenever 1 < j <i,
Tj = -1 . .
A;j ©j  whenever i <j < mn.

Yj whenever 1 < j <1,

Y = .
Aijyj whenever i <j <n.

Clearly, the above automorphisms pairwise commute. Hence, there is a mor-
phism of groups as follows

7" — Autg (.A?_{(l)>

€; — Ti

It is also clear that the automorphisms 7; are homogeneous of degree 0 with
respect to the Z™-grading of AZ’(I) defined in this section.

From now on, given g € Z", we let 7, denote the k-algebra automorphism
— Z™-homogeneous of degree 0 — that is the image of ¢ under the above
group morphism. More precisely, if g = (g1,...,9n) € Z™, we have that

=79 9
Tg = T{ T,

5.2. Twisting of AZ’(l)

This subsection relies on Zhang twists as defined in [Z]. However, we are in-
terested in left modules rather than in right ones. So, the convenient context
for us is that of [RZ]; we will follow it. We will thus consider left twists (see
[RZ, Def. 1.2.1)).

Clearly, 7 = (74)gez is a normalised left twisting system of Az’(l) in the
sense of [RZ]. Thus, we may associate to 7 and A?;(l) the graded k-algebra
T <Az’(1)). As a graded k-vector space, ™ Az’(l) = Az’(l), but the algebra
structure is given by a new associative product, that we denote %, which is

defined by:

y*z="14(y)z
whenever z is an homogeneous element of degree g of the vector space .A?_L’(l)
and y is any element of .A?L’(l). This new product has the same unit as the
original one and (T (A?L’(l)) ,*) is a Z™-graded k-algebra with respect to
the original grading.
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At this stage, we have the following result.

Theorem 5.2.1. There is a k-algebra isomorphism AZ’A — 7 <AZ’(1))
such that x; — x; and y; — v;.

Proof. We first check that there is a k-algebra homomorphism as desired.
Let 1 <14 < j <n. We have that:
Ty *Tj — )\ijxj * Ty = Tj(a:i)xj — /\ijn(a:j)xi
= :Ui$j — )\ij>\j¢l‘jl‘i = xiilij — ."L‘jl‘i = 0;
Yi Y5 — Mgy * v = 75 W)y — AT (05)vi
Yiyj — NijAji¥iVi = Yiyi — Y = 0;

i %y — Njiyy * o =75 (@)Y — Ajimi(yy )

Ty — Njidijyi®i = Tiyj — Y = 0;

Yi kw5 — Niwg o+ g = 75(y)wg — NjaTi ()

= YiTj — Ajidij Ty = Yarj — T5y; = 0.
Now, given 1 <17 < n:
zixyi — qyi * v — =1, (23)yi — qimi(yi)wi — 1 = 2iy; — qiyiwi — 1 = 0.

This establishes the existence of such a k-algebra homomorphism. Note that
this homomorphism sends the PBW basis of the k-vector space AZ’A to the
PBW basis of the k-vector space Az’(l). As a consequence, it is an isomor-
phism. O

5.3. Twisting of BZ’(I).

In this subsection, we extend the results of Subsection [5.2] to the localisation
B%’(l) of .A%’(l). Let 1 <7 < n. In the notation of paragraph it is clear that

7i(2j) = zj, for all 1 < j < n. It follows that the automorphism 7; extends to

)

an automorphism — still denoted 7; — of Bz’(l
of groups

. Hence, we get a morphism

zr — Aut (BEY)
e T

The same construction as in Subsection leads to the following result.
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Theorem 5.3.1. There is a k-algebra isomorphism Bz’A — 7 (B,q;’(l)) such
that x; — x; and y; — ¥;.

5.4. The Z"-grading of P,

Let ¢ € k[zifh, ..., 21

Recall from Subsection [3.3{that P, has a k-basis {vy, k € Z"}. Consider the
Z"-grading of the k-vector space Py whose k-th component is kv;,. We know,
after Lemma that this grading is also a grading of the Bg’A—module
P,. Hence, we can define the twist "(F,) of the BEM module Py. See [RZ]
for the definition of the twist of a module. It is worth mentioning at this
point the following general fact: for any Z™-graded Bz’(l)—module M, M and
"M have the same lattice of Z"-graded submodules. Using Theorem [5.2.1
we get that 7(Pp,)is naturally endowed with a structure of B%A—module, by
restriction of scalars.

Now, suppose that § is generic. By Prop.[3.3.1] the weight decomposition

of Py is
Py= P ko
kezn

and each line k.v, is the weight space of Py of weight ¢ o 0. That is: the
weight decomposition of Py and its Z"-grading coincide. On the other hand,
any submodule of Py is a weight submodule — cf. Proposition It
follows that any submodule or quotient of P, is Z"-homogeneous. As a
consequence, the quotient Sy is again Z"-graded and we can define its twist
7(S4). Using Theorem we get that 7(S,) is naturally endowed with a
structure of Bz’A—module, by restriction of scalars.

5.5. An isomorphism of BZ’A—modules

In this subsection we want to consider simultaneously Bz’(l)—modules and
B%’A—modules. Hence, to avoid any ambiguity, we introduce the following

notation. For all ¢ € k[zfﬂ, ... ,z,jfl] = R°, let

P =Bt @pky  and P} =B ore k.

Likewise, we denote by {vugl), k € Z"} the k-basis of qul) introduced in Sub-

section and by (v), k € Z") the corresponding k-basis of Pdf)\. Let us
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consider the k-vector space morphism ¢4 such that

w oo T(RY) — P

(1) A
’Uk — /U]k .

A direct application of Lemma [3.3.4] gives the following result.
Theorem 5.5.1. The map 4 is an isomorphism of BZ’A—modules.

Suppose now that ¢ is generic. Analogously, we denote by Sf; the unique
simple quotient of Pqé\ and by Sd()l) the unique simple quotient of qul). Using
the previous theorem, we have the following composition of Bg’A—linear maps

T (Pd()l)) ~% P} — S5,

where the second map is the canonical projection. This composition is sur-
jective, hence its kernel is a maximal strict B?L’A—submodule of 7 (P(z()l)). But

the lattice of submodules of the ™ (BZ’(I))—module T (Pq(sl)) coincides with
the lattice of submodules of the BZ’(l)—module qul). Hence, the kernel of the

above map is Nél) — using an obvious notation. As a consequence, we get
that S(/; is isomorphic to ™ (Pé”) /Nd()l) as a BI™-module. That is, we have
proved the following theorem.

Theorem 5.5.2. Suppose that q is generic. There is an isomorphism of
B?L’A-modules between S;} and ™ (Sél))

We finish this section with an easy but useful observation.

Remark 5.5.3. Let M be a Z™-graded Bg’(l)—module. Then, for all ¢ €

]k[zfd, ..., zit1], we have an equality

("M)(¢) = M(¢).

This is obvious since the automorphisms of the twisting system 7 all act
trivially on 21, ..., 2.

It follows that the set of weights of "M coincides with the set of weights
of M.
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6. Classification of simple weight modules of BZ* in
the generic case

In this final section, we collect the results of the previous ones to give an
explicit description and a classification of the simple weight modules of the
extension (R°, BZ’A) when ¢ is generic.

We also show that the natural representation of BZ’A by skew differential
operators on the convenient quantum affine space is a simple weight module.

For all this section, we fix § = (q1, ..., ¢qn) € (k*)" that we assume generic
and a skew-symmetric matrix A = ();;) with entries in k*. We let 7 be the
normalised left twisting system associated to A, as defined in Sections [5.2

and .31
As proven in Section there is an algebra isomorphism B%’A —

T <Bz’(1)) such that z; — x; and y; — y;. Notice that, under the above iso-
morphism, the subalgebra of BZ’A generated by z1,..., 2, and their inverses

(1)

is in one-to-one correspondence with the subalgebra of 7 BY ) generated

by 21,...,2, and their inverses. Further, the latter subalgebra is in one-to-
one correspondence with the subalgebra of Bg’(l) generated by 21, ..., 2, by
means of the identity map. Both subalgebras are Laurent polynomial alge-
bras in z1, ..., z,. By abuse of notation, we all denote them by R°.

We keep the notation of Section [5.5

Construction of simple weight modules. Let S be a simple weight
module of B,

By Proposition m there exists ¢ € R° such that
~Y A
On the other hand, we deduce from Section that

gh oo T (Sél))

and SA and StV have the same set of weights.

Further, by Theorem m (see also Corollary i (P1,. .o, ) is
the unique n-tuple of elements of k[zfl] such that ¢ = ¢1 - - - ¢, then

sP=sle ..ol
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It is clear, in addition, that the set of weights of Sé)ll) R ® Séﬁi) is the image
under the map of Proposition|1.1.10(2) of w (S(l)> X oo X W (S(l)), where,

¢1 ¢n
forl1 <i<n,w S (1 ) denotes the set of weights of S (D) These last weight

spaces are descrlbed in Examples [£.1.2) and [£.1.3] accordlng to whether ¢; is
or not in the Z-orbit of 1.

Denote by BIN — wSimple the set of simple weight BZ*-modules — note
that the previous discussion shows this collection is actually a set — and by
~ the equivalence relation on this set defined by isomorphism. We deduce
from the arguments above that there is a surjective map

Fim @ RO — BIA — wSimple — (B3 — wSimple)/ ~
that sends any ¢ € R° to the isomorphism class of the BI* -module 7 <S$)>.

Isomorphisms between simple weight modules. Our final aim is to
describe the ﬁbers of the map k.
Let ¢, ¢ € R°. Since weight spaces and Z"-grading coincide for S ) and

Sl(p ), the BZ( )_modules S(; ) and Si(b ) are isomorphic if and only if the BZ’A—
modules 7 <Sél)> and 7 (Sfﬁ) are isomorphic. But, the former occur if and

only if S (D) and SV have the same set of weights (see, in particular, Corollary
and Theorem {4.2.2)). It follows from this that ¢ and 1 have the same
(1)

image under k, if and only if the corresponding simple modules S b and

Sq(pl) have the same set of weights.

Example 6.1. The natural representation of BIA. As already dis-
cussed, B~ may be seen as a ring of g¢-difference operators on quantum
spaces. We now describe this representation and show it is a simple weight
module. For this, we follow [R2, Sec. 4.1]. Let EX be the k-algebra generated
by yi, 1 < i < nsubject to the relations y;y; = A\ijy;y;, forall 1 <7 < j <n.
This is a noetherian integral domain and we denote by Fé\ its skew-field of
fractions. It is easy to check that, for 1 < i < n, there is an automorphism
of k-algebra as follows

& o BN — F;’?
yi gy
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and that this automorphism restrict to an automorphism of E;} Further, for
1 <i < n, we consider the following k-vector space endomorphisms of Ffl\:

m; : EFMN — FA and o : FY — FA

fo= uf £ (a—Dy &) - )

It is easy to see that, actually, the operators m; and 9; stabilise EX. It turns
out that we have a k-algebra morphism as follows:

BT —  Endy(F})
Z; — 82~
Yi = my
zi =&

(see [R2, Prop. 4.1.3]) which defines an action of BI™ on F2A and, by restric-
tion, an action of B on EA.

For k = (ki1,...,ky) € N* let y* = yfl <oyl e EAL As it is well known,
the family {yx, k¥ € N"} is a basis of the vector space E2. Further, for k € N,
it is easy to see that y* is a weight vector of weight —k1, in the notation
of Section and of the introduction to Section [4] It is also easy to verify
that E is simple.

But, on the other hand, we know that the set of weights of 51 is (—N)"1.
This shows that E{Ix and SgA) are two simple weight modules of BZ’A with
the same set of weights. Hence, they are isomorphic.
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