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On quaternionic rigid meromorphic
cocycles

LENNART GEHRMANN

Recently, Darmon and Vonk initiated the theory of rigid meromor-
phic cocycles for the group SLy(Z[1/p]). One of their major results
is the algebraicity of the divisor associated to such a cocycle. We
generalize the result to the setting of p-arithmetic subgroups of
inner forms of SLy over arbitrary number fields. The method of
proof differs from the one of Darmon and Vonk. Their proof relies
on an explicit description of the cohomology via modular symbols
and continued fractions, whereas our main tool is Bieri-Eckmann
duality for arithmetic groups.

Introduction

In [5] Darmon and Vonk initiate the theory of p-adic singular moduli for
real quadratic fields. In this theory classical modular functions such as the
j-invariant are replaced by so-called rigid meromorphic cocycles. These are
SLa(Z[1/p])-invariant modular symbols with values in rigid meromorphic
functions on Drinfeld’s p-adic upper half plane. One of their first results
(see Theorem 1 of loc. cit.) states that the divisor of a rigid meromorphic
cocycle is supported on finitely many SLo(Z[1/p])-orbits of real quadratic
points, i.e., points which generate real quadratic extensions of Q. This highly
suggests that rigid meromorphic cocyles are a real quadratic analogue of
Borcherds’ singular theta lifts of modular forms of weight 1/2.

It is a natural question to ask whether this result is true in more general
situations. For instance, one may replace the group SLo(Z[1/p]) by a p-
arithmetic congruence subgroup, consider arbitrary ground fields and inner
forms of SLs. The proof of Darmon and Vonk relies on rather explicit meth-
ods, i.e., it uses explicit generators of SLy(Z) to reduce the question to one
about continued fractions following an approach of Choie-Zagier (cf. [4]).
This approach does not generalize easily to a more general setup. The aim
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of this note is to prove the algebraicity of divisors in the before mentioned
general situation by purely cohomological methodsﬂ

The statement becomes a bit more involved: the divisor of a rigid mero-
morphic cocycle is still supported on finitely many orbits of quadratic points,
i.e., points that generate quadratic extension of the ground field. But their
splitting behaviour at infinity depends on the inner form of SLs and the
degree of cohomology we are working with. For example, let us suppose that
the ground F' is totally real and let {oo1, ..., 004} be the set of Archimedean
places of F. Assume that the inner form of SLs is split at coq,...,00, and
non-split at coy41,...,004. Then, the divisor of a meromorphic cocycle in
middle degree cohomology is supported on orbits of points, which generate
quadratic extensions in which oo, ..., 00, split and co,1, ..., 004 do not. If
we move beyond middle degree, quadratic extensions in which oo, ..., 0o,
are non-split appear as well.

As a by-product of our results we notice the following surprising fact: if
one wants to generalize Darmon and Vonk’s theory of singular moduli one
is forced to work with totally real ground fields.

We hope that our more conceptual approach will pave the way to a
generalization of the theory to groups beyond SLs.

Setup

We fix an algebraic number field F' and a finite place p of F' lying above the
rational prime p. Let F}, be the completion of F' at p with ring of integers O,,.
In addition, we fix a quaternion algebra B over F' that is split at p. Let
G be the the group of elements of reduced norm one of B viewed as an
algebraic group over F' and put G, = G(F}). We denote by P the Brauer-
Severi variety associated to B, i.e., for every field extension FE/F we have

Pp(E) ={I < B®p E left ideal | dimg I = 2} .

It is a smooth curve over F such that Pg(FE) # 0 if and only if F is a splitting
field of B. In that case we can choose compatible non-canonical isomorphisms
Pp g = IP’}E and Gg = SLy . If B is already split, we will identify Pp with
P};‘ and G with SL27F .

Let 71(B) be the number of real places of F' at which B is split and
ro the number of complex places of F' and put r = r1(B) + r2. Further, we

'The approach taken in this article is closely related to the classification of ra-
tional period functions by Ash (see [1]).
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put d =2-r1(B) + 3 - re. This is the real dimension of the symmetric space
associated to G(F ®g R).

1. The p-adic upper half plane
1.1. Divisors on the p-adic upper half plane

Let C, be the completion of a fixed algebraic closure of Fj,. Let us remind
ourselves that the p-adic upper half plane H, associated to Fj is the rigid
analytic space over C,, whose C,-valued points are given by

Hp(Cp) = IP)l(cp) N Pl(Fp)-

We will work with the following coordinate-free version: the p-adic upper
half plane Hp, associated to G, is the rigid analytic space over C, such
that

Hp,(Cp) =Pp(Cp) N Pp(F}).

It is non-canonically isomorphic to H, but carries a canonical action of the
group Gjp.

Given a rigid analytic subvariety X C Hp, we often also write X for the
set of C,-valued points of X.

Given a subset X C Hp, we denote by Div(X) the space of all maps
from X to Z with finite support. Further, we define DiVT(X) to be the space
of locally finite divisors on X, that is, the space of all maps D: X — Z such
that for every affinoid subvariety ¥ C Hp, the restriction D]( Xny) Is an
element of Div(X NY).

Let T = (V,€) be the unoriented Bruhat-Tits tree of Gy, i.e.,

e V7 is the set of maximal orders of B, and

e there is an edge in &7 connecting v, v’ € V if and only if the intersection
of the corresponding orders is an Eichler order of level p.

We denote by red: Hp,(Cp) = T the Gy-equivariant reduction map from
the p-adic upper half plane to the tree. Suppose D € DivT(HBp) is a locally
finite divisor on Hp,. Then D|,q4-1(,) (respectively Dl .q-1(.)) is an element
of Div(red™!(v)) (respectively Div(red1(e))) for any vertex v (respectively
edge e) of T. Given a vertex v (respectively edge e) of T we denote its
stabilizer by K, , (respectively K, ).
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Lemma 1. Let v and v be two adjacent vertices of T with connecting edge
e. There exists a canonical isomorphism of Gy-modules:
Divl(Hp,) 2 Coind? Div(red™'(v)) & Coind? Div(red™!())
@ Coind%’m Div(red ™! (e)).
Proof. Let us remind ourselves that the coinduction of Div(red~!(v)) from
Ky, to Gy is the space of all functions f: G, — Div(red ! (v)) such that

f(kg) = k.(f(g)) holds for all k € K, and g € G,. It is easy to see that the
map

Coind? Div(red™'(v)) — Divi(Hp,), fr— > g (f(9)
9E€K, ,\Gy

is well-defined, injective and G/p-equivariant. Similarly we can define injective
Gp-equivariant maps

Coindf(‘;j Div(red (7)) — DiVT(HBP)
and
Coindf? Div(red ™" (e)) — Divl(Hp,).

The claim follows since the set {v,v,e} is a fundamental domain for the
action of G, = SLy(F,) on T (see for example [11], Section II.1.4, Theo-
rem 2). O

1.2. Functions on the p-adic upper half plane

In this section we recall well-known facts about rigid analytic functions on
Hp, .- Let M the multiplicative group of rigid meromorphic functions on
Hp, and A C M* the subgroup of invertible rigid analytic functions. For
a meromorphic function f € M* and a point z € Hp,(C,) the order of
vanishing of f at z is denoted by ord,(f) € Z. The map

Div: M* — DiVT(HBp)7 [ [z ord.(f)]

is well-defined and G'p-equivariant with respect to the natural action on both
sides.
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Proposition 2. The sequence
0 — A* — M* — Divi(Hp,) — 0
18 exact.

Proof. This is Proposition 2.2 of [13]. O

Let X C Hp, be a subset. We define M*(X) C M* as the subgroup of
those functions whose divisor is supported on X. The following claim follows
immediately from the proposition above.

Corollary 3. The sequence
0 — A — MX(X) — Divi(X) — 0
18 exact.

We fix an orientation on the edges of 7. Note that the action of Gy
preserves any such orientation. Therefore, the surjective map

0: C(Er,Z) — COVRZ), fr—loems > fle)— . f(e)]
s(e)=v t(e)=v

is Gy-equivariant. Its kernel consists of the so-called Z-valued harmonic
cochains on the tree.
In [12], Section 1, van der Put constructs a Gy-equivariant map

A*/C) — C(E7,7)

and proves the following proposition (cf. [I2], Proposition 1.11. See also [6],
Theorem 2.7.11).

Proposition 4. The sequence
0 — AX/CX — C(&7,7) 25 C(V7,Z) — 0
of Gp-modules is exact.

Remark 5. The isomorphism of the space of invertible functions modulo
constants with a space of harmonic cochains on the Bruhat-Tits building
has recently been generalized by Gekeler to the case of Drinfeld’s upper half
space in higher dimension (see [7], Theorem 3.11).
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Let A be an abelian group equipped with the trivial action by G}. As
before, we fix an orientation on the edges of 7. We define the G-equivariant
homomorphism

d: C(Vr,A) — C(E7,A), fr—lem f(t(e)) — f(s(e))]-
Further, we consider the embedding
i:A— C(Vr,A4), ar— v+ al.

The following lemma can be deduced from the fact that the Bruhat—Tits
tree is contractible.

Lemma 6. The sequence
0— A CcWrA) -5 0ErA) —0
of Gyp-modules is exact.

Remark 7. Let v and v be two adjacent vertices of T with connecting edge
e. For every abelian group there are Gy-equivariant isomorphisms

C(Er, A) = Coind? A
and
C(Vr,A) = Coind5? A @ Coindy> A
) Ky o Kps ™™
2. Rigid meromorphic cocyles
2.1. Divisor valued cohomology classes
We define Ay as the kernel of the map
ZIPYF) =~ Z, > mpP— ) mp.
P P
The SLy(F)-action on P!(F) induces an action on Ag. Let T C G(F) be an
arbitrary subgroup and A a Z[I'J-module. If G is split, we put
Hi(T, A) = H~Y(I", Homgz(Ay, A)).

If G is non-split, we simply set H,(", A) = H'(T, A).



On quaternionic rigid meromorphic cocyles 1435

Let us fix a p-arithmetic congruence subgroup I' C G(F') and a I'’-
stable subset X C Hp, . For every I'P-orbit Iz C X the inclusion Div(I*z)
< Divl(X) induces a map

H(T%, Divi(I'Pz)) — HL(T?, Divi(#3,))
in cohomology.

Proposition 8. The canonical map

(+) @ HLIP,Divi(IPx)) — HL(I?, Divi(X)).
rrzel®\X

s an tsomorphism.

Proof. The action of I'y on VUE has only finitely many orbits. We de-
note these by o1,...,0, and put X; = X N red_l(oj) forje{l,...,h}. It is
enough to prove that the canonical map

@ H.(IP,Divi(IPz)) — HL(I?, Divi(X;))
TPzelP\X;
is an isomorphism for all j € {1,...,h}.
Let v; be an element of o; (note that v; is either a vertex or an edge).

We write I, for the stabilizer of v; in I'" and put X,, = X N redfl(vj). As
in the proof of Lemma [1| one can prove that there exists an isomorphism

Coind}” Div(X,,) — Divl(X;).
of T'P-modules. Therefore, Shapiro’s Lemma yields an isomorphism
Hi(T?, Divi (X)) — HL(T,,, Div(X,,)).

As a I',,-module the space of divisors Div(X,,) decomposes as follows

Div(X,,)= @5 Div(ly,a).
Lo z€l \Xo,

Since arithmetic groups are of type (VFL) by a theorem of Borel and Serre
(see [2], Section 11.1), the functor N — H(I',,, N) commutes with direct
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limits (cf. [I0], p. 101). Thus, the canonical map

o

@ H.T.,, Div(ly,x)) — HL(T,,, Div(X,,))
Lojz€l\ Xy,

is an isomorphism.
For every I'P-orbit in X; we may choose a representative x € X, . As
above Shapiro’s Lemma yields a canonical isomorphism

o)

@ HIPDivI(IPx) — H.(T,,, Div(T, ),
rrael?\ X, Ty, 2l \ X,

which proves the claim. O

Definition 9. Let D € Hi(I'®, Divl(H B,)) be a divisor-valued cohomology
class. Its support supp(D) is the union of all I'*-orbits I'"z C Hp, such that
the restriction of D to H:(I'", Divf(I'"z)) with respect to the decomposition

1S non-zero.

Note that from the decomposition we deduce that the support of a
divisor-valued cohomology class is always a finite union of I'"-orbits.
Given a subset X C Hp, we define

X9 = {z e X|zePp(F(z)) for some quadratic extension F(z)/F}.

The following lemma is probably a well-known statement. But since we
could not find it in the literature we included a proof.

Lemma 10. An element x € Hp, belongs to 7—[%(1 if and only if the stabi-
lizer G(F)y of x in G(F) has a non-torsion element. In that case we have:

(i) F(z) is a splitting field of B.
(ii) There exists an embedding F(x) — B, which induces an isomorphism
between the group of norm one elements of F(x) and G(F).

(11i) The prime p is non-split in F(x).

Proof. If x belongs to 7—[?3(1, then by definition F'(z) is a splitting field of B
(and p is non-split in F'(x)). The Weil restriction of Pp p(,) from F(z) to F
is a two-dimensional F-variety, on which the three-dimensional F-algebraic
group G acts algebraically. (Note that Pp, F(z) 18 non-canonically isomorphic
to }P’}v(x) .) Therefore, the stabilizer G, of x viewed as an F-algebraic group is
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at least one-dimensional. Since by definition z is not an element of Pg(F),
one deduces that G, has to be a non-split torus, which splits after base
change to F(z). Thus, it is isomorphic to the group of norm one elements
in F(z) and, hence, the group G(F'), has a non-torsion point.

Conversely, let us assume that G(F), has a non-torsion element ~. By
construction -y is neither unipotent nor an element of an F-split torus of G.
Thus, the quadratic extension F'(y) C B generated by « is a splitting field
of B. Hence, 7 is a non-torsion element inside a split torus inside Gp(,) =
SLj p(+) - It is easy to see (for example by conjugating to the diagonal torus)
that for any field extension F/F(x) the element v has exactly two fixed
points on Pp(F) = P}'“(v)(E) both of which are defined over F'(7). O

Let X be a subset of Hp, and x an element of X9, We write Soo,sp()
for the set of Archimedean places of F' which split in F'(x). Since F'(z) can be
embedded into B, it follows that S sp(z) is a subset of those Archimedean
places at which B is split. In particular, we have |Se sp(x)| < 7 = r1(B) + ro.
For integers s > s’ > 1 we define

x99~ fo € X9 |5 @) = s
and
qu,[s’,s] — {x € xad | |Soo,sp(x)| € [S/’S]}'

Proposition 11. Let I’ C G(F) be a p-arithmetic congruence subgroup.

(i) Let s > 1 be an integer and D € HE™*(T®, Divi(Hp,)) a divisor-valued
cohomology class. We have

supp(D) € 5.

In particular, HL(T®, DiVT(HBp)) =0fori<d—r=ri(B)+2-rs.
(ii) We have
HE (P, Divi(Hp,) = P Z
IR\ AT
(iii) In the range d—r <i<d—1 the torsion-free part of Hi(I'?, Divi(Hp,))

1s free of countably infinite rank.

Proof. The group I'P has a torsion-free, normal subgroup of finite index. By
applying the Hochschild-Serre spectral sequence all claims can be reduced to
the case of a torsion-free group, which is the content of the next lemma. [
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Lemma 12. Assume I'* is torsion-free. The natural map
HY* (07, Divi (W) — B (07, Divl (M, )

is an isomorphism for every s > 1. Moreover, there exists an up to sign
canonical isomorphism

HY=%(I", Divl (TP z)) = A%(ZY)
for every x € X9t 1 <t <r.

Proof. All claims are vacuous if d = 0. Thus, we may assume that d > 1.
We want to reduce the statement to one on arithmetic subgroups as in the
proof of Proposition [8] Note that in this case the orbits of the action of I'
on the Bruhat—Tits tree are easy to describe: the group G is F-simple and
simply-connected. Since G(F ®g R) is not compact, strong approximation
implies that I'? is dense in G}, (see for example [9], Theorem 7.12). So for
every vertex v of 7 we have an isomorphism

Coindf{'; ) Div(red ! (v)) = Coindll:i Div(red™*(v)),

where I';, is the intersection of I'" with K, ,. An analogous statement holds
if one replaces the vertex v by an edge e of 7. By Shapiro’s Lemma for
cohomology combined with Lemma [1| the claim can be deduced from the
lemma below. O

Lemma 13. Let I' C G(F) be a torsion-free arithmetic congruence sub-
group and X C H, a I'-stable subset. The natural map

Hgl—s(r7 DiV(qu’[s’r])) — Hg_s(l_‘7 DiV(X))

is an isomorphism for every s > 1. Moreover, there exists an up to sign
canonical isomorphism

HE*(D,Div(X9) = D A*(2")
I\ Xadt

for every 1 <t <r.

Proof. By [2], Theorem 11.4.2, the group I' is a Bieri-Eckmann duality group
(see for example [3], Chapter VIII.10, for more details on duality groups).
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If G is non-split, the dualizing module of I' is Z and its cohomological di-
mension is d. In the case G is split, the dualizing module of I" is Ag and its
cohomological dimension is d — 1. In any case, we have a canonical isomor-
phism

HE (T, M) = Hy(T, M)

for every Z[I'l-module M and therefore, in particular,
HY™ (T, Div(X)) = H;(T', Div(X)).

Let us choose a representative € X of every I'-orbit [z] =z in X and
write I'y, for the stabilizer of x in I'. Then, we have an isomorphism

Div(X) = P Z[T,\T]

[x]eT\ X

of Z[I'J-modules, which by Shapiro’s Lemma for homology implies that

H;(T,Div(X) = € Hi(T,Z[,\I))
[z]eT\ X

o @ H;(T,,7Z).

[z]el\ X

Thus, the higher cohomology vanishes if I", is trivial.

Let us now assume that ', is non-trivial. Since I'; is torsion-free, it
follows that G(F), has a non-torsion element. Lemma |10 then implies that
z is an element of X9 and the stabilizer G(F),, is isomorphic to the group of
elements of relative norm one in the quadratic extension F(z)/F. Thus, the
group I';, = ' N G(F), is isomorphic to a torsion-free finite index subgroup
of the elements of relative norm one in the ring of integers of F(z). By
Dirichlet’s unit theorem I'; is a free abelian group of rank t = S ().

By the standard computation of the homology of free abelian groups
(see for example [3], Chapter V, Theorem 6.4) there exists an isomorphism

HZ(Fx) = Ai(Zt)
for every i > 0, which proves the claim. O

2.2. Rigid meromorphic cocycles

We call an element J of HL(I'®, M*) a rigid meromorphic cocycle of degree
i (and level I'?).
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The following theorem is a generalization of [5], Theorem 1 (see also
Theorem 2.12 of loc. cit.).

Theorem 14. Let I'? C G(F) be a p-arithmetic congruence subgroup.

(i) Let J be a rigid meromorphic cocycle of degree d — r. Then supp(Div(J))
s a finite union of I'P-orbits in H%‘i’r.

(ii) For every I'P-stable subset X C Hp, the canonical map
HE (0P, MX(X)) — HE (TP, M%)

s injective. Its image consists of all rigid meromorphic cocycles J of
degree d — r with supp(Div(J)) C X. In particular, the map

HE~ (T%, MI(HELT)) = HET (TP, M)

is an isomorphism.

(i1i) The canonical map
H{(IP, AX) = Hy(T?, M)
is an isomorphism for alli < d —r =r1(B)+2-ra.
(iv) In the range d —r <i < d —1 the quotient
H(TP, M)/ H (TP, AX)
has countably infinite Z-rank.

Proof. The first claim is an immediate consequence of Proposition .
By definition we have a short exact sequence

0 — MXX) — M* — Divl (Hp,~X) — 0.
By Proposition we get an exact sequence in cohomology
0 — H"(IP, MX(X)) — H (TP, M*) — HY (TP, Divl (H g, \ X))
This proves the second claim.

The third claim follows similarly by considering the long exact sequence
associated to the short exact sequence of Proposition
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Via Proposition {4 and Lemma |§| one sees that HY(I'", AX) is a torsion-
module for an appropriate Hecke-algebra (e.g. one takes the Hecke algebra
generated by all Hecke operators away from p, the ramification set of B and
the primes q such that I'" is not maximal at ¢.) But it can be easily checked
that the torsion-free part of the module H:(I'?, Divi(Hp,)) is torsion-free
over the Hecke algebra. This implies the last claim. O

Remark 15. Often one is only interested in projective meromorphic cocy-
cles, i.e., cohomology classes with values in M*/C/. The space of projective
meromorphic cocycles is very closely related to the space of divisor valued
cohomology classes: using Propositionone can deduce that H.(T'P, A%/ Cy)
is finitely generated for all ¢ > 0 and, thus, the map

Hi(IP, M*/C)) — HL(T®, Divi(Hp,))
has finitely generated kernel and cokernel for all ¢ > 0.
2.3. Rigid meromorphic singular moduli

Let T® C G(F) be a p-arithmetic congruence subgroup and z € X4t 4
quadratic point. We assume for the moment that the stabilizer I'? of x
in I'? is torsion-free and, thus, a free abelian group of rank ¢. The point x
defines a I'P-equivariant map

fe: Z — Div(I'*z) C Div(Hp,)
and, therefore, a homomorphism
Jos: He(TP,Z) — Hy(T'?, Div(I'Px)).

The homology group on the left hand side is isomorphic to Z. We define ¢,
to be the image of a generator. (Thus, ¢, is unique up to a sign.)

Now let J be an element of H.(I'", M*(X)) for some I'P-stable subset
X CHp,. Let J be the image of .J in H (TP, M*(X)) and res,(J) its re-
striction to I'". If x ¢ X, we can define the value of J at z as

J(z) =resy(J) Nep € CF

The maximal ¢ one may choose is r = r1(B) + 2. But the divisor of a
meromorphic cocycle of degree t is trivial unless ¢ > r1(B) + 2 - 3 by part
of Proposition So, if one wants to consider rigid meromorphic singular
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moduli as in [5] one is forced to assume that the field F' is totally real.
In that case, the interesting - by which we mean genuinely meromorphic -
cocycles, which we can evaluate at quadratic points live in the middle degree
cohomology, i.e., t =r =ri(B).

So let us assume that F is totally real. In that case we can define the value
J(x) for any J € H"(I'", M) and any quadratic point x € X997 satisfying
x ¢ supp(Div(J)): the torsion of the stabilizer group I'! has order at most
two. If the torsion is non-trivial, we fix a torsion-free (and thus free abelian)
subgroup H, C I'? of index 2. Otherwise we simply put H, = I'?. As before,
we consider the class ¢; € H,(H, Div(I'’z)). By Theorem we can
view J as an element of H"(I'’, M*(supp(Div(J)))). In particular, the value
of J at x

J(x):jﬁcxe(cg

is well-defined. If T¥ is torsion-free, then the set {J(z),J(z)~'} is inde-
pendent of the choice of generator. If I'? is not torsion-free, then the set
{J(x)?, J(x)~?} is independent of all choices.

Remark 16. Analogues of the algebraicity conjecture (see [5], Conjec-
ture 3.5) for rigid meromorphic singular moduli in the case of quaternion
algebras over totally real number fields were formulated and numerically
verified by Guitart, Masdeu and Xarles (cf. [§]).
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