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Abstract: Jeffrey and Kirwan [15] gave expressions for intersection pairings
on the reduced space of a particular Hamiltonian G-space in terms of iterated
residues. The definition of quasi-Hamiltonian spaces was introduced in [1].
In [2] a localization formula for equivariant de Rham cohomology of a com-
pact quasi-Hamiltonian G-space was proved. In this paper we prove a residue
formula for intersection pairings of reduced spaces of quasi-Hamiltonian G-
spaces, by constructing a corresponding Hamiltonian G-space. Our formula
is a close analogue of the result in [2]. In this article we rely heavily on the
methods of [15]; for the general class of compact Lie groups G treated in [2],
we rely on results of Szenes and Brion-Vergne concerning diagonal bases.

1. Introduction

Alekseev, Meinrenken and Woodward [2] (see also [3]) proved a formula for
intersection numbers in quasi-Hamiltonian G-spaces, spaces which had been in-
troduced in [1]. Our objective is to prove a close analogue of the formula in
[2] modelled on the proof for intersection numbers in moduli spaces of represen-
tations of the fundamental group of a Riemann surface [15], using the residue
theorem.

Our formula reduces to a sum over components F of the fixed point set of
subtori S of T for which T/S acts locally freely on F . Our formula is a close
analogue of the formula in [2]; in Section 6 we comment on the differences between
the two formulas.
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We remark that the moduli spaces of interest in [15] are reduced spaces of a
quasi-Hamiltonian space, namely the product G2h where G = SU(n) and h is the
genus of the Riemann surface.

The most important new results treated in our article are as follows. First, we
observe that the method used in [15] (by the first author and F. Kirwan) applies
to quasi-Hamiltonian spaces more generally, not only to G2h. Second, we adapt
this method using the diagonal bases of Szenes and Brion-Vergne [8, 9, 21] which
enables us to treat quasi-Hamiltonian spaces with an action of any compact Lie
group G, not only G = SU(n). Finally, our inductive treatment of the fixed point
set (Theorem 5.5) means that it is unnecessary to identify the components of the
fixed point set at each stage of the induction.

The layout of this article is as follows. In Section 1 we recall the properties
of quasi-Hamiltonian G-spaces (spaces with group-valued moment maps) and
we state Szenes’ theorem (which enables one to pass between sums over the
weight lattice and iterated residues). Finally we recall the residue theorem which
expresses intersection numbers of reduced spaces of Hamiltonian systems in terms
of fixed point data on the original Hamiltonian system. In Section 2 we construct
the Hamiltonian space corresponding to a given quasi-Hamiltonian space. In
Section 3 we summarize material from [15] on equivariant Poincaré duals, and in
section 4 we summarize material from [15] on periodicity (an important property
of Hamiltonian spaces corresponding to quasi-Hamiltonian spaces).

In Section 5 we prove a residue formula (Theorem 5.5) for intersection numbers
in the reduced space of a quasi-Hamiltonian G-space (where G is a compact Lie
group). In Section 6 we recall the results of Alekseev, Meinrenken and Woodward
[2] and give a proof of a close analogue of the main result of [2] by combining
Szenes’ theorem with our residue formula from Section 5. We describe the differ-
ences between the two formulas. Finally in Section 7 we describe some concrete
examples.

The main result of [2] (Theorem 5.2 of that article) is stated in terms of a sum
over the dominant weights λ of a group G (which are identified with elements of
t using an inner product on the Lie algebra of G) and over the components F
of the fixed point set of the vector field vλ on M associated to the action of λ.
Theorem 5.2 of [2] is closely related to Theorem 5.5, as we show using Szenes’
theorem. We need to use a very special case of Theorem 5.2 of [2] (Proposition
6.5), the case when G is a torus acting locally freely on M ; we expect that this
special case may have a proof independent of the proof given in [2].

Our proof of an analogue of Theorem 5.2 of [2] sheds light on a novel feature
of quasi-Hamiltonian spaces, namely the components F of the fixed point set of
some subtorus S of T for which T/S acts locally freely on F . Unlike the case
of Hamiltonian T -actions, it is possible that the fixed point set MT is empty
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although some connected subgroups S of T have nonempty fixed point sets – an
example due to Chris Woodward (treated in Section 7 (Example 7.3)) demon-
strates how this situation may arise.

1.1. Group-valued moment maps. Throughout this paper G denotes a com-
pact Lie group of rank r with Lie algebra g. A G-manifold is a compact manifold
M together with a right action of G.

Definition 1.1. For ξ ∈ g we denote by νξ the vector field on M generated by ξ.

Let χ ∈ Ω3(G) denote the canonical closed bi-invariant 3-form on G:

χ =
1
12
〈θ, [θ, θ]〉 =

1
12
〈θ̄, [θ̄, θ̄]〉.

Here we have introduced a bi-invariant inner product 〈·, ·〉 on g, and we denote
by θ the left-invariant Maurer-Cartan form, while θ̄ denotes the right-invariant
Maurer-Cartan form.

Definition 1.2. [1] A quasi-Hamiltonian G-space is a G-manifold M together
with an invariant 2-form ω ∈ Ω(M)G and an equivariant map Φ ∈ C∞(M, G)G

(the quasi-Hamiltonian moment map) such that:

(1) The differential of ω is given by:

dω = −Φ∗χ

(2) The map Φ satisfies

ι(νξ)ω =
1
2
Φ∗〈θ + θ̄, ξ〉

(3) At each x ∈ M , the kernel of ωx is given by

kerωx = {νξ(x), ξ ∈ ker(AdΦ(x) + 1)}

By analogy with Meyer-Marsden-Weinstein reduced spaces, quasi-Hamiltonian
reduced spaces are defined in the following way. Let g ∈ G be a regular value
of the quasi-Hamiltonian moment map Φ. The preimage Φ−1(g) is a smooth
manifold on which the action of the centralizer Gg is locally free. Then the
reduced space Mg = Φ−1(g)/Gg is a symplectic orbifold.

Theorem 1.3. (quasi-Hamiltonian reduction, [1]) Let M be a quasi-Hamiltonian
G1 ×G2-space and g ∈ G1 be a regular value of the moment map Φ1 : M → G1.
Then the pull-back of the 2-form ω to Φ−1

1 (g) descends to the reduced space

Mg = Φ−1
1 (g)/Gg
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and makes it into a quasi-Hamiltonian G2-space. In particular, if G2 = {e} is
trivial, then Mg is a symplectic orbifold.

1.2. Szenes’ Theorem.

1.2.1. General G. Let G be a Lie group of rank r with maximal torus T . The gen-
eral version of Szenes’ theorem (Theorem 1.13 below) is proved in [21]; a different
proof is given in [9] (Theorem 27). We shall require the following definitions.

The fundamental Weyl chamber is denoted t+; it is a fundamental domain for
the action of the Weyl group on t.

We define variables {Yj , j = 1, . . . , r} by Yj = ej(X) for X ∈ t and ej denoting
the simple roots of G.

If g(Yk, ..., Yr) is a meromorphic function of Yk, ..., Yr, we interpret
ResYk=0g(Yk, ..., Yr) as the ordinary one-variable residue of g regarded as a func-
tion of Yk with Yk+1, ..., Yr held constant.

Definition 1.4. ([9]) Let V be a real vector space and let 4 ∈ V∗ be a finite
collection of dual vectors. The set

H = ∪α∈4{α = 0}
is called a hyperplane arrangement. An element in V is called regular if it is not
in H.

Remark 1.5. For our purposes V = t, the Lie algebra of the maximal torus T .

Definition 1.6. The ring R4 is the set of rational functions with poles on H.

A subset σ of 4 is called a basis of 4 if the elements α ∈ σ form a basis of
V. We denote the set of bases of 4 by B(4). An ordered basis is a sequence of
elements of 4 whose underlying set is a basis.

Definition 1.7. If σ is a basis of 4 we let

φσ(X) =
1∏

α∈σ α(X)

and call φσ a simple fraction. The collection of simple fractions is denoted S4.

Definition 1.8. ([9], before Definition 4) When τ = (αi1 , . . . , αir) is an ordered
basis of t and X ∈ t⊗ C, , we define variables Zτ

j = αij (X) for j = 1, . . . , r. If
f is a meromorphic function on t⊗ C, then we define

Resτ (f) = ResZτ
1 =0 . . .ResZτ

r =0(f)

for X ∈ t⊗ C.

Remark 1.9. Note that the value of Resτ (f) depends on the ordering of the basis
τ .
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Definition 1.10. Let V be a real vector space. A diagonal basis OB is a subset
of the ordered bases OB(4) formed from a collection

4 = {α1, . . . , αN}
of elements of V∗ (so that the null spaces of the αj specify a collection of hyper-
planes in V) satisfying the following conditions:

(1) The set of simple fractions φσ corresponding to the bases σ ∈ OB forms
a basis of S4

(2) The collection of meromorphic functions on V ⊗ C given by

φσ(X) =
1

ασ
i1

(X) . . . ασ
ir

(X)

(for σ ∈ OB given by σ = (ασ
i1

, . . . , ασ
ir

)) satisfies

Resτ (φσ) = δτ
σ,

where Zτ
j = ατ

ij
(X) when τ = (ατ

i1
, . . . , ατ

ir
).

Remark 1.11. Note that a diagonal basis is not a basis for V, but rather a
collection of bases for V (which give a basis for the distinguished subset S4 of
the meromorphic functions on V determined by the hyperplanes in 4).

Remark 1.12. ([8], Proposition 14; [21], Proposition 3.4) A total order on 4
gives rise to a diagonal basis.

Theorem 1.13. [Szenes’ theorem] [21, 9] Let f be a meromorphic function on
t ⊗ C with poles only on a collection 4 of hyperplanes. Let N be a lattice in t
and Nreg the regular points in N. Let M be the lattice dual to N. Let OB be a
diagonal basis associated to the hyperplane arrangement 4. Then

(1.1)
∑

n∈Nreg

e<t,2πin>f(2πin) =
∑

σ∈OB

Resσ
(
f(z)F t

σ(−z)
)
.

Here, for σ ∈ OB we define

(1.2) F t
σ(−z) =

1
|M/Mσ|

∑

m∈R(t,σ)

e(t−m)(z)

∏
α∈σ(1− eα(z))

where R(t, σ) = {u ∈ M| t−u =
∑

α∈σ nαα, 0 ≤ nα < 1}. It follows that R(t, σ)
is in bijective correspondence with M/Mσ, where Mσ = ⊕α∈σZα ⊂ M.

Remark 1.14. Notice that the left hand side of (1.1) is independent of the choice
of diagonal basis OB.

Remark 1.15. For our purposes N is usually the integer lattice ΛI ⊂ t and M
the weight lattice.
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1.2.2. G = SU(n). The Lie algebra t = tn−1 of the maximal torus T of SU(n) is

(1.3) t = {(X1, ..., Xn) ∈ Rn : X1 + · · ·+ Xn = 0}
Define coordinates Yj = ej(X) = Xj−Xj+1 on t for j = 1, ..., n−1. The positive
roots of SU(n) are then γjk(X) = Xj −Xk = Yj + · · ·+ Yk−1 for 1 ≤ j < k ≤ n.

The integer lattice ΛI of SU(n) is generated by the simple roots ej , j = 1, ..., n−1.
The dual lattice to ΛI with respect to the inner product 〈·, ·〉 (in this case the
Euclidean inner product on Rn restricted to the hyperplane (1.3)) is the weight
lattice Λw ⊂ t ; in terms of the inner product 〈·, ·〉, it is given by Λw = {X ∈
t : Yj ∈ Z for j = 1, ..., n − 1}. We define also Λw

reg = {X ∈ Λw : γjk(X) 6=
0 for any j 6= k}.
Definition 1.16. Let f : t⊗ C→ C be a meromorphic function1 of the form

f(X) = g(X)e−γ(X)

where γ(X) = γ1Y1 + · · ·+ γn−1Yn−1 for (γ1, ..., γn−1) ∈ Rn−1. We define

(1.4) [[γ]] = ([[γ]]1, ..., [[γ]]n−1)

to be the element of Rn−1 for which 0 ≤ [[γ]]j < 1 for all j = 1, ..., n − 1 and
[[γ]] = γ mod Zn−1. (In other words, [[γ]] =

∑n−1
j=1 [[γ]]jej is the unique element

of t ∼= Rn−1 which is in the fundamental domain defined by the simple roots for
the translation action on t of the integer lattice, and which is equivalent to γ
under translation by the integer lattice.)

We also define the meromorphic function [[f ]] : t⊗ C→ C by

[[f ]](X) = g(X)e−[[γ]](X).

Theorem 1.17. [Szenes’ theorem for SU(n)] ([15],[21]) Let f : t ⊗ C → C
be a meromorphic function of the form f(X) = g(X)e−γ(X) where γ(X) =
γ1Y1+, ...,+γn−1Yn−1 with 0 ≤ γn−1 < 1, and g(X) is a rational function of
X decaying rapidly at infinity with poles only at the zeros of the roots γjk. Then

(1.5)
∑

λ∈Λw
reg(t)

f(2πiλ) = ResY1=0...ResYn−1=0

( ∑
w∈Wn−1

[[w(f)]](X)

(e−Yn−1 − 1) · · · (e−Y1 − 1)

)

where Wn−1 is the Weyl group of SU(n − 1) embedded in SU(n) using the first
n− 1 coordinates.

Definition 1.18. Let c be an element of Z(G) (the center of G).

Remark 1.19. Note that Theorem 1.17 refers to a particular diagonal basis for
SU(n) which does not generalize to other Lie groups. See Section 5.3 of [21].
Applying Theorem 1.13 to the case G = SU(n) we obtain an alternative formula
for the left hand side of (1.5).

1. We shall use this notation for a particular class of rational functions g.
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1.3. Residue formulas for the Hamiltonian space. Let N be a symplectic
manifold with a Hamiltonian G-action. We denote the moment map by µ : N →
g∗, and define the symplectic reduced space

(1.6) Nred = µ−1(0)/G.

(Note that µ will refer to moment maps for Hamiltonian group actions, while
Φ refers to moment maps for quasi-Hamiltonian group actions.) The symplectic
form on Nred will be denoted ωred. We define

(1.7) ω̄(X) = ω + µ(X)

Then ω̄ ∈ Ω2
G(N) and it is closed under the Cartan model differential and thus

defines an element [ω̄] ∈ H2
G(N). Here Ω2

G(N) refers to the collection of elements
of degree 2 in the Cartan model, while H2

G(N) is the equivariant cohomology of
N with complex coefficients. See for example [6].

Suppose 0 is a regular value of µ. Then there is a natural map κ : H∗
G(N) →

H∗(Nred) defined by

κ : H∗
G(N) → H∗

G(µ−1(0)) ∼= H∗(Nred).

It is obviously a ring homomorphism. A similar map is defined for quasi-Hamilto
-nian G-spaces, which we shall also denote by κ.

The residue theorem ([14], Theorem 8.1) gives a formula for the evaluation of
κ(η) on the fundamental class of Nred. Guillemin and Kalkman and independently
Martin have given an alternative version of the residue formula which uses the
one-variable result inductively:

Theorem 1.20. ([12] Theorem 3.1; [17]) Suppose N is a compact symplectic
manifold acted on by a torus T in a Hamiltonian fashion with moment map µ,
and η ∈ H∗

T (N). The corresponding Kirwan map is denoted by κT : H∗
T (N) →

H∗(Nred). Assume 0 is a regular value of µ. Then
∫

Nred

κT (η) =
∑

N1

′ ∫

(N1)red

κT/T1
(Res1η).

Here, N1 is a component of the fixed point set of a circle subgroup T1
∼= S1 of

T (so that µ(N1) are critical values of µ): it is a symplectic manifold equipped
with a Hamiltonian action of T/T1 and the natural map κT/T1

: H∗
T/T1

(N1) →
H∗((N1)red), where (N1)red is the reduced space

(µT/T1
)−1(0)

(T/T1)

for the action of T/T1 on N1. We choose a ray λ from 0 to the complement of
the moment map image of N , and sum over those components N1 whose moment
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map image intersects λ. The map Res1 : H∗
T (N) → H∗

T/T1
(N1) is defined in [12]

(3.6) as

(1.8) Res1(η) = ResX1=0(
i∗N1

η

eN1

)

where
i∗N1

η ∈ H∗
T (N1) = H∗

T/T1
(N1)⊗H∗

T1

is induced from the inclusion map iN1 : N1 → N , eN1 is the equivariant Euler
class of the normal bundle to N1 in N , and X1 ∈ t1 is a basis element for t1.
We have introduced the notation H∗

T to denote H∗
T (pt).

The notation
∑′ means the sum over those T1 and N1 for which a (generic)

ray λ in t∗ from 0 to the complement of µT (N) intersects µT (N1). We will use
this theorem to allow us to make an inductive argument.

2. Construction

Let M be a quasi-Hamiltonian G-space, where G is a compact Lie group, with
moment map Φ : M → G and ω ∈ Ω2(M)G. Recall that in Definition 1.18 we
had chosen an element c ∈ Z(G).

We can construct a corresponding Hamiltonian G-space M̃ as follows. Let
M̃ = {(m,Λ) ∈ M × g|Φ(m) = c exp(Λ)} and µ : M × g → g is defined by

µ(m,Λ) = −Λ.

Then the following diagram commutes:

(2.1)

M̃
−µ−−−−→ g

π1

y
yc exp

M
Φ−−−−→ G

Since d exp∗ χ = 0, we can find σ ∈ Ω2(g) such that dσ = exp∗ χ. We see that
d(π∗1ω − µ∗σ) = 0. The space M̃ becomes a Hamiltonian G-space with moment
map µ and the invariant 2-form

(2.2) ω̃ = π∗1ω − µ∗σ ∈ Ω2(M̃)G.

Let η ∈ H∗
G(M). We want to evaluate

∫

Φ−1(c)/G
κ(ηeω̄)
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From our construction, we see Φ−1(c) = µ−1(0). Therefore
∫

Φ−1(c)/G
κ(ηeω̄) =

∫

µ−1(0)/G
κ(ηeω̄)

(We have assumed Φ is proper, so these spaces are compact.) So we will evaluate
the integral over µ−1(0)/G.

We face the difficulty that M̃ may be singular. In order to overcome this
problem we will use the Poincaré dual introduced in the next section.

3. Equivariant Poincaré Dual

Since we know that M × g is always smooth, we will work with integration
over M × g, instead of working with integration over M̃ .

Lemma 3.1. ([15] Corollary 5.6) Let T be the maximal torus of G acting on G
by conjugation. If c ∈ T then we can find a T -equivariantly closed differential
form α̂ ∈ Ω∗T (G) on G with support arbitrarily close to c such that

∫

G
ηα̂ = η|c ∈ H∗

T

for all T -equivariantly closed differential forms η ∈ Ω∗T (G).

Remark 3.2. The proof of Lemma 3.1 given in [15] is for the case G = SU(n).
Similar arguments apply for general G.

Proposition 3.3. ([15] Proposition 5.7) Let P : M × g → G be defined by

(3.1) P : (m,Λ) 7→ Φ(m) exp(−Λ),

and let c ∈ T , so that M̃ = P−1(c). Let α = P ∗α̂ (where α̂ was defined in Lemma
3.1). Hence for η ∈ Ω∗G(M × g),

∫

M×g
ηα =

∫
fM

η

Definition 3.4. Let N be a Hamiltonian G-manifold with moment map µ : N →
g∗. We introduce the notation N//G to denote the symplectic quotient µ−1(0)/G.2

We have M̃//G = (P−1(c) ∩ µ−1(0))/G.

2. This notation is borrowed from algebraic geometry, where it refers to the geometric
invariant quotient of a Kähler manifold by the action of a reductive group, which is identified
with the symplectic quotient of the maximal compact subgroup. Strictly speaking the notation
does not apply to our situation since the objects we work with are not usually Kähler manifolds.
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Let V be a small neighbourhood of c in G. In fact, if V
′
is any neighbourhood

of c in T containing the closure of V then3

∫

P−1(V ′ )
ηα =

∫
fM

η ∈ H∗
T

Proposition 3.5. (Reduction to the abelian case) [S. Martin [17]] If T is
a maximal torus of G and M is a symplectic manifold equipped with an effective
Hamiltonian action of G, then denote by µ : M → g the moment map for G and
µT : M → T the T moment map. Assume 0 is a regular value of µ. Then for
any regular value ξ of µT sufficiently close to 0 and η ∈ H∗

T (M)W we have that

(3.2)
∫

µ−1(0)/G
κ0(ηeω̄) =

n1

n
′
0|W |

∫

µ−1(0)/T
κ0

T (Dηeω̄)

(3.3) =
n1

n
′
0|W |

∫

µ−1(ξ)/T
κξ

T (Dηeω̄)

(3.4) =
(−1)n+n1

nT
0 |W |

∫

µ−1
T (ξ)/T

κξ
T (D2ηeω̄)

where n1 is the order of the stabilizer in G of a generic point of µ−1(0) and nT
0

(respectively n
′
0) is the order of the stabilizer in T of a generic point of µ−1

T (0)
(respectively µ−1(0)). Here the polynomial D : t → R is defined by

(3.5) D(X) =
∏

γ>0

γ(X)

The equalities (3.2) and (3.3) are valid when the restriction of η to µ−1(t) has
compact support, or when µ is proper. The equality (3.4) is valid provided µT is
proper.

Remark 3.6. The equality (3.4) is proved in [14], where explicit formulas for the
left and right hand sides are proved (establishing the equality).

Remark 3.7. If a symplectic manifold N is acted on by a compact Lie group G
with maximal torus T , we use the fact that

µ−1(0) = µ−1(t) ∩ µ−1
T (0)

to apply Theorem 1.20 when G is nonabelian. Note that µ−1(t) is smooth because
it can be written as (µ⊥)−1(0) where µ⊥ = π⊥ ◦µ for π⊥ : g → t⊥ the projection,
and we can easily prove dµ⊥ is surjective because µ is equivariant. Although the
hypothesis that µ : N → g is proper does not imply that µT : N → t is proper, it
does imply that µT : µ−1(t) → t is proper.

3. After Lemma 3.10 we shall replace V by a space V constructed there with c ∈ V.
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Remark 3.8. By using Proposition 3.5 we can relax the condition from Definition
1.18 that c ∈ Z(G) to c ∈ T satisfying a constraint which implies that Φ−1(c)/T
is an orbifold. See Lemma 3.10 below.

Lemma 3.9. (cf. [15], Lemma 5.10) Let c ∈ T be a regular value of P . Then
(P−1(V ) ∩ µ−1(0))/T is an orbifold (for V as above).

Proof. Our first observation is that near (Φ◦π1)−1(c), M is endowed with a sym-
plectic structure, since there is a G-invariant neighbourhood V ⊂ G containing c
such that the restriction of the closed 2-form ω̃ (defined in (2.2)) to (Φ◦π1)−1(V )
is nondegenerate. This is true for the following reason. Consider the diagram
(2.1). The space M is a smooth manifold, so the space M̃ is smooth on the
preimage under Φ ◦ π1 of all regular values of c exp (these regular values contain
a neighbourhood V ⊂ G of c). The two-form ω̃ is closed on M̃ . The map µ

satisfies the moment map condition dµξ = ω̃(νξ, ·) on M̃ . (See [1] and [13].) Fur-
thermore the 2-form ω̃ descends under symplectic reduction from (Φ ◦ π1)−1(V )
to the standard symplectic form on µ−1(0)/G. It follows that ω̃ is nondegenerate
on (Φ ◦ π1)−1(V ), which is an open neighbourhood of µ−1(0) in M̃ .

We know that c is a regular value for P : M × g → G, and therefore we can
choose the neighbourhood V so that all points of V are also regular values of P
(by standard properties of the rank of a differentiable map). Because M∩Φ−1(V )
is symplectic, with moment map µ related to Φ as in (2.1), G acts with finite
stabilizers at all points of (Φ◦π1)−1(V )∩µ−1(0). This implies that T also acts with
finite stabilizers at all points of (Φ◦π1)−1(V )∩µ−1(0). Hence P−1(V )∩µ−1(0)/T
is an orbifold. 2

We define a one dimensional torus T̂1
∼= S1 in G generated by a chosen element

ê1 in the integer lattice of the Lie algebra of a fixed maximal torus T . The
corresponding coordinate will be denoted

(3.6) Y1 = 〈ê1, X〉.
Then T̂1 is identified with S1 via

e2πit ∈ S1 7→ exp tê1 ∈ T̂1

The one dimensional Lie algebra t̂1 is spanned by ê1. Its orthocomplement in t
(under the inner product) is defined as tr−1. Define T̃r−1 to be the torus given
by exp(tr−1). Also define Tr−1 to be the quotient torus Tr−1 = T/T̂1, so that its
Lie algebra is also tr−1.

Lemma 3.10. (cf. [15], Proposition 6.5) There is a T -invariant open neighbour-
hood V ⊂ G for which the group Tr−1 acts locally freely on P−1(V) ∩ µ−1(t̂1), so
P−1(V) ∩ µ−1(t̂1)/Tr−1 is an orbifold.
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Proof. Consider the map P : M × g → G defined at Proposition 3.3. This is a
G-equivariant map (where G acts on g and G by the adjoint action).

Let Ur−1 ⊂ M be the subset of M where Tr−1 acts locally freely. There is an
open dense subset W of M for which open neighbourhoods Wx of x are equipped
with Hamiltonian G actions µ : Wx → g. (See [1].)

Let
MG = {m ∈ M | G acts locally freely at m}.

This set is T invariant.

We note that dΦ : TxMG → TΦ(x)G is surjective for all x ∈ MG, and by the
inverse function theorem this implies Φ(MG) is an open subset of G.

Hence P (MG × t1) is also an open subset of G.

We define V = P (MG × t1). This is a T -invariant open set. From now on,
without loss of generality we replace our earlier open neighbourhood V ⊂ G
(introduced after Definition 3.4) by V, and we redefine c to be a point in V.

2

We extend the definition of the composition

κ : H∗
T (P−1(c)) → H∗

T (P−1(c) ∩ µ−1(0)) ∼= H∗(P−1(c) ∩ µ−1(0)/T )

to

κ : H∗
T (P−1(V)) → H∗

T (P−1(V) ∩ µ−1(0)) ∼= H∗(P−1(V) ∩ µ−1(0))/T ).

By Proposition 3.3 we have

∫

P−1(c)∩µ−1(0)/T
κ(η) =

∫

P−1(V)∩µ−1(0)/T
κ(ηα)

where η ∈ H∗
G(M). The class α is the Poincaré dual of P−1(c) in P−1(V).

4. Periodicity

The space M̃ is noncompact, so many standard results in symplectic geometry
cannot be applied without further analysis. To handle the difficulties of non-
compactness we rely on the fact that the moment map µ is proper (because Φ
is proper and µ−1(U) = Φ−1(expU)) and use a relative version of Guillemin-
Kalkman’s theorem (Proposition 4.3) which is valid provided the inverse image
of a closed interval under the moment map for a circle action is compact. Using
Proposition 4.3 we reduce to the components of the fixed point set of the circle
action for which the moment map takes values in a closed interval. Since the mo-
ment map for this circle action is proper there are only finitely many components
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of the fixed point set whose moment map takes values in this closed interval, so
the sums in Proposition 4.3 and Lemma 4.4 are finite sums.

Proposition 4.1. ([15], Proposition 6.3;[11]) For any symplectic manifold M

equipped with a Hamiltonian action of T = Tr such that T̃r−1 acts locally freely on
µ−1
eTr−1

(0), the symplectic quotient µ−1
Tr

(0)/T may be identified with the symplectic

quotient of µ−1
eTr−1

(0)/T̃r−1 by the induced Hamiltonian action of T̂1. Moreover

if in addition Tr acts locally freely on µ−1
Tr

(0) then the ring homomorphism κ :
H∗

Tr
(M) → H∗(µ−1

Tr
(0)/Tr) factors as

(4.1) κ = κ̂1 ◦ κr−1

where

κr−1 : H∗
Tr

(M) → H∗
Tr

(µ−1
eTr−1

(0)) ∼= H∗
T̂1×eTr−1

(µ−1
eTr−1

(0)) ∼= H∗
T̂1

(µ−1
eTr−1

(0)/T̃r−1)

and

κ̂1 : H∗
T̂1

(µ−1
eTr−1

(0)/T̃r−1) → H∗
(
(µ−1
eTr−1

(0)∩µ−1

T̂1
(0))/(T̃r−1×T̂1)

) ∼= H∗(µ−1
Tr

(0)/Tr)

are the corresponding compositions of restriction maps with similar isomorphisms
(i.e., Kirwan maps).

Remark 4.2. Let Tr and Tr−1 be as above Proposition 4.1. Note also that

(4.2) κ = κ̂r−1 ◦ κ1

where
κ1 : H∗

T (M) → H∗
(T/T̂1)

(µ−1

T̂1
(0)/T̂1)

and
κ̂r−1 : H∗

(T/T̂1)
(µ−1

T̂1
(0)/T̂1) → H∗

T (µ−1
T (0)) ∼= H∗(µ−1

T (0)/T )

are defined in a way similar to the definitions of κ̂1 and κr−1 given in the state-
ment of the previous proposition.

We introduce the notation κ0 : H∗
G(M) → H∗(µ−1(0)/G) to mean the com-

position of the restriction map H∗
G(M) → H∗

G(µ−1(0)) and the isomorphism
H∗

G(µ−1(0)) ∼= H∗(µ−1(0)/G). The map κ0
T : H∗

T (M) → H∗(µ−1
T (0)/T ) is

defined similarly, and in the same way κ0
T : H∗

T (M) → H∗
T (M ∩ µ−1(t)) →

H∗(M ∩ µ−1(0)/T ) (since µ−1(0) = µ−1
T (0) ∩ µ−1(t)). The maps κξ

T are defined
in the same way, except that µ−1(0) is replaced by µ−1(ξ).

Proposition 4.3. (Dependence of symplectic quotients on parameters)
[Guillemin-Kalkman [12]; S. Martin [17]] Let M be a Hamiltonian T -space
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for which the moment map µT is proper. If T = U(1) and nT
0 is the order of the

stabilizer in T of a generic point of µ−1
T (0) then∫

µ−1
T (ξ1)/T

κξ1
T (ηeω̄)−

∫

µ−1
T (ξ0)/T

κξ0
T (ηeω̄) =

= nT
0

∑

E∈E:ξ0<µT (E)<ξ1

ResX=0e
µT (E)X

∫

E

η(X)eω

eE(X)

where X ∈ C has been identified with 2πiX ∈ t⊗ C and ξ0 < ξ1 are two regular
values of the moment map. Here E is the set of all components E of the fixed
point set of T on M .

Lemma 4.4. ( cf. [15] Lemma 6.7) Let M be a quasi-Hamiltonian G-space for
which Φ is proper,4 and let the space M̃ be defined by (2.1). Suppose η ∈ H∗

G(M).
If V is as defined in the proof of Lemma 3.10, and we define M = P−1(c) for
some c in V so that (by Lemma 3.10) P−1(V)

⋂
µ−1(t̂1)/Tr−1 is an orbifold and

we define N(V) = P−1(V)
⋂

µ−1(0)/T , then this hypothesis implies also that 0
is a regular value of µT/T̂1

: E → t/t̂1 for all E ∈ E, where E is the set of

components of the fixed point set of the action of T̂1 on M × t̂1. We then have
that

(4.3)
∫

N(V)
κ(ηeω̄e−Y1α) =

∫

P−1(V)
T

µ−1(ê1)/T
κ(ηeω̄α)

(4.4) =
∫

N(V)
κ(ηeω̄α)− n0

∑

E∈E:−||ê1||2< 〈ê1,µ(E)〉<0

∫

E//eTr−1

κT/T̂1
ResY1=0

ηeω̄α

eE
.

Here eE is the T̂1-equivariant Euler class of the normal bundle to E in M̃ ,
while n0 is the order of the subgroup of T̂1/(T̂1

⋂
T̃r−1) that acts trivially on

P−1(V) ∩ µ−1(t̂1), and Y1 was defined in (3.6). Also α is the T -equivariantly
closed differential form on M × t given by Proposition 3.3 which represents the
equivariant Poincaré dual of M̃ , chosen so that the support of α is contained in
P−1(V).

Proof. Note that throughout this proof we make extensive use of Remark 3.7.
Since µ−1(̂t1) = M× t̂1 is contained in µ−1

eTr−1
(0), it follows from Lemma 3.10 that

P−1(V)∩µ−1(t̂1)/T̃r−1 is an orbifold. (Here we let µT̂1
= πt̂1

◦µ, and πt̂1
: t → t̂1

is the projection corresponding to the bi-invariant inner product.) The restriction
of µT̂1

to µ−1(̂t1) is proper, because if C ⊂ t̂1 is compact, then

µ−1

T̂1
(C) = {(x,Λ) ∈ M × C : Φ(x) = exp(Λ)}.

4. The hypothesis that Φ is proper is satisfied in many examples, including all compact
examples.
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This is compact because C is covered by finitely many compact subsets U of t̂1

on each of which the restriction of the exponential map to t̂1 is a diffeomorphism,
and on each U we find that {(x,Λ) ∈ M × U : Φ(x) = exp(Λ)} = Φ−1(expU),
which is compact because Φ is proper. Also, the support of α is contained in
P−1(V). To apply Proposition 4.3 we need that 0 and ê1 are regular values of
µT : µ−1(t) → t. This follows from Lemma 3.9 where it is shown that N(V) is
an orbifold. (Note that by definition N(V) is identical to P−1(V) ∩ µ−1(ê1)/Tr.)

Hence Guillemin and Kalkman’s proof of Proposition 4.3 can be applied to the
T̂1-invariant function induced by µT̂1

on M̃ ∩µ−1(t) and the T̂1-equivariant form
induced by ηeω̄α. By combining this with Remark 4.2 and using Theorem 1.20,
Remark 3.7 and (3.2) of Proposition 3.5 we get

∫

N(V)
κ(ηeω̄α)−

∫

P−1(V)T
T

µ−1(ê1)/T
κ(ηeω̄α)

(4.5) = n0

∑

E∈E:−||ê1||2<〈ê1,µ(E)〉<0

∫

E//Tr−1

ResY1=0κr−1
(ηeω̄α)

eE

Now we need to show (4.3). Note that the restriction of P : M × g → G to
µ−1(t) = M × t is invariant under the translation sΛ0 : M × g → M × g defined
by

sΛ0 : (m,Λ) 7→ (m,Λ + Λ0)

for Λ0 ∈ ΛI = ker(exp) in t. So for Λ0 = ê1∫

P−1(V)T
T

µ−1(ê1)/Tr

κ(ηeω̄α) =
∫

N(V)
κ(s∗ê1

(ηeω̄α))

=
∫

N(V)
κ(ηeω̄e−Y1α)

This proves (4.3).

It is proved in [12] (Proof of (3.10)) that

(4.6) κT/T̂1
Res1 = Res1κT/T̂1

where the notation Res1 was introduced in (1.8) and on the left hand side of (4.6)
we have

Res1 : H∗
T (µ−1(t) ∩ M̃) → H∗

T/T̂1
(M̃1 ∩ µ−1(t))

(where M̃1 is the fixed point set of the action of T̂1 on M̃) while on the right
hand side we have

Res1 : H∗
T1

(
µ−1(t)//(T/T1)

)
→ H∗(µ−1(t)//T ).

This enables us to deduce (4.4) from (4.5). 2
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Remark 4.5. The proof of Lemma 6.7 in [15] was for the case M = G2h, but the
only property of this space used is that Φ is proper and the explicit identification
of a suitable set V in [15], Proposition 6.5.

We now come to a lemma which asserts that the fixed point set of the action
of a circle subgroup on a quasi-Hamiltonian G-space is also a quasi-Hamiltonian
space. This result is a special case of [4], Proposition 4.4. The result is valid for
subgroups S of rank higher than 1, but we state it only for S ∼= S1 since this
is the only case we need to make the induction work. We include a proof for
completeness.

Lemma 4.6. Let (M, ω, µ) be a quasi-Hamiltonian G-space and let T̂1 = S ∼= S1

be a subgroup of G. If H is the fixed point set of the adjoint action of S on G
(the subgroup of G consisting of all elements which commute with all elements of
S), then H is a Lie subgroup of G and MS is a quasi-Hamiltonian H-space.

Proof. Since M is a quasi-Hamiltonian G-space, it satisfies the three axioms
given in Definition 1.1. We need to check that these axioms are also valid for the
H-space MS .
(1) Let ιS : MS → M , and ΦH = ΦG|MS . (Notice that on MS ΦG takes values
in H, by equivariance of ΦG.) Then

dι∗Sω = ι∗Sdω

=−i∗SΦ∗GχG

=−Φ∗HχH

(2) If ξ ∈ h

ι(νξ)ι∗Sω =
1
2
ι∗SΦ∗G〈θG + θ̄G, ξ〉

=
1
2
Φ∗H〈θH + θ̄H , ξ〉

(3) At each x ∈ MS and for ξ ∈ h, we need to show that the kernel of ι∗Sωx is
given by

(4.7) ker ι∗Sωx = {νξ(x), ξ ∈ ker(AdΦH(x) + 1)}.
We know that for x ∈ MS , Kerωx = {νξ, ξ ∈ g,AdΦ(x)ξ = −ξ}. If v ∈ TxMS sat-
isfies ω(v, Y ) = 0 for all Y ∈ TxM then v = νξ for some ξ ∈ g with AdΦ(x)ξ = −ξ.

It suffices to prove that νξ(x) ∈ TxMS if and only if ξ ∈ h. It is obvious that
if ξ ∈ h then νξ(x) ∈ TxMS . To prove the converse, we see that if ξ /∈ h then
(restricting to ξ which are orthogonal to the Lie algebra of Stab(x) in the bi-
invariant inner product, so that the map ξ 7→ νξ(x) becomes bijective) Adsξ 6= ξ

for s a generator of S. Hence Adsνξ 6= νξ which implies νξ /∈ TxMS , as we wished
to prove.
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2

Remark 4.7. If T is a torus which is a subgroup of G and M a quasi-Hamiltonian
G-space, then Φ−1(T ) is a quasi-Hamiltonian T -space. Thus also µ−1(t) is a
Hamiltonian T -space. This is proved in [1].

Remark 4.8. Under the hypotheses of Lemma 4.6, T ⊂ H and T̂1 ⊂ Z(H).
Thus Tr−1 = T/T̂1 is a group of rank r − 1 with a quasi-Hamiltonian action on
M T̂1. This enables us to perform an inductive argument.

From Lemma 4.4, we get∫

N(V)
κ(ηeω̄α)−

∫

N(V)
κ(ηeω̄eY1α) =

∫

N(V)
κ(ηeω̄(1− eY1)α)

= n0

∑

E∈E:−||ê1||2<〈ê1,µ(E)〉<0

∫

E//Tr−1

κr−1ResY1=0
ηeω̄α

eE
(4.8)

Thus

Proposition 4.9. Under the hypotheses and in the notation of Lemma 4.4, we
have∫

N(V)
κ(ηeω̄α) = n0

∑

E∈E:−||ê1||2<〈ê1,µ(E)〉<0

∫

E//Tr−1

κr−1ResY1=0
(ηeω̄α)

eE(1− eY1)
(4.9)

5. Residue formula for quasi-Hamiltonian spaces

We shall now list some properties of diagonal bases which will enable us to use
the general form of Szenes’ theorem (Theorem 1.13) to relate our results with
Alekseev-Meinrenken-Woodward’s results in Section 6.

Let t̂1 be the Lie algebra of a circle subgroup T̂1
∼= S1. Let ê1 be an element

of the weight lattice of T , which projects to a generator of t̂1
∗
. We will study

diagonal bases for t ⊗ C; these will correspond to a choice of weights. We refer
to Definition 1.10 and Remarks 1.11 and 1.12.

Let S be a subgroup of T . The purpose of the following lemma is to show that
diagonal bases for hyperplane arrangements for the Lie algebra of S/T̂1 may be
converted into diagonal bases for a hyperplane arrangement in the Lie algebra of
S by adjoining a generator of t̂1 to each ordered basis of Lie(S/T̂1).

Lemma 5.1. Let {α′1, . . . , α′N1
} be a collection of elements in s∗, where S / T

is a subgroup of T such that T̂1 ⊂ S, and s is the Lie algebra of S. Suppose
σ′ = {σ′1, . . . , σ′N2

} is a diagonal basis for a hyperplane arrangement 4′ in s/t̂1

corresponding to a chosen total ordering on the hyperplane arrangement 4′ which
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comprises the weights for the action of S/T̂1 on all tangent spaces TF M1 for all
components F of the fixed point set of the action of S/T̂1 on M1 for some subgroup
S of T satisfying T̂1 ⊂ S, where M1 is a component of M T̂1. So each σ′j is a basis
for s/t̂1. Then σ = {σ′1 ∪ ê1, . . . , σ

′
N2
∪ ê1} is a diagonal basis for the hyperplane

arrangement 4′ ∪ {ê1} in s, which corresponds to a subset of the weights of the
action of S on all tangent spaces TF M at all components F of the fixed point set
of the action of S on M .

Proof. Suppose σ′j = (α′j1 , . . . , α
′
j`−1

) and σ′k = (α′k1
, . . . , α′k`−1

) are ordered bases
which are members of a diagonal basis for a hyperplane arrangement in s/t̂1.
(Here, ` is the rank of S, and k = (k1, . . . , k`−1) and j = (j1, . . . , j`−1) are

multi-indices.) We note that if σ′j = (α′j1 , . . . , α
′
j`−1

) and (Z ′)
σ′j
t = α′jt

(X) for
1 ≤ t ≤ `− 1, then by the definition of a diagonal basis (Definition 1.10, (2)) we
have in the notation of Definition 1.10

(5.1) Resσ′j

(
1

α′k1
(X) . . . α′k`−1

(X)

)
= δj

k,

where δj
k = 1 if all the multi-indices ks = js (for s = 1, . . . , ` − 1) and δj

k = 0
otherwise. Then we form

Z
σj

t = (Z ′)
σ′j
t , 1 ≤ t ≤ `− 1

and Z
σj

` = ê1(X). (Note that the Z
σj

` are all equal for all j.)

Then it is clear that for each j the set which is the union of ê1 and the basis
σ′j is a basis for s. Also, we have that

Resσj
( 1∏`

t=1 Zσk
t

)

=
(
Resσ′j

)
Res

Z
σj
` =0

1

Z
σj

`

∏`−1
t=1(Z ′)

σ′k
t

= Resσ′j 1
∏`−1

t=1(Z ′)
σ′k
t

= δk
j (by (5.1)).

Hence σ defined as in the statement of Lemma 5.1 is a diagonal basis for4′∪{ê1}.
2

Note that in this section we identify weights of S with weights of T using an
invariant inner product on t.

Lemma 5.2. We have
M/Mσ = M′/M′

σ′ ,

where M′ is the dual lattice of the lattice N′ associated to the hyperplane ar-
rangement 4′ in Lemma 5.1, and M′

σ′ is the sublattice of M′ corresponding to
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the ordered basis σ′ for s/t̂1, and σ = σ′ ∪ {ê1} is an ordered basis for s. Recall
that Mσ was introduced in the statement of Theorem 1.13.

Proof. By definition M is the lattice generated by M′ and ê1 and M′
σ′ is the

lattice generated by all α ∈ σ′ so Mσ is the lattice generated by the α ∈ σ′
together with ê1. Thus the lemma follows immediately. 2

Lemmas 5.1 and 5.2 give the following.

Lemma 5.3. Let ê1 be a weight of T which generates the subgroup T̂1
∼= S1 in

T . Here the subgroup S is as in Lemma 5.1. Then there is a diagonal basis
of T consisting of {ê1 ∪ v1, . . . , ê1 ∪ vN} where {v1, . . . , vN} is a diagonal basis
for the hyperplane arrangement in Lie(S/T̂1) corresponding to the weights of the
action of S/T̂1 on the tangent bundle to all components of the fixed point set of
the action of S/T̂1 on M1. (Note that here each vk is a basis for s/t̂1.)

In the following theorem we consider a sum over all connected subgroups S of
the maximal torus T of G such that T̂1 ⊂ S, with Lie algebra s. We then consider
a sum over all connected components F of MS for which T/S acts locally freely
on F (we refer to these as F ∈ F(S)l.f.).

Remark 5.4. In Example 7.3 we exhibit an example where a nontrivial group
T/S acts locally freely on F ⊂ MS.

Theorem 5.5. (Residue formula in the general case) Let β be an equi-
variant cohomology class of the form ηeω̄ where η ∈ H∗

G(M). Assume c ∈ T is a
regular value for Φ.

Let OB be the diagonal basis in OB(4) corresponding to a total ordering of the
elements in a hyperplane arrangement 4 = 4′(S/T̂1) ∪ {ê1} for s (see Lemma
5.1). Here 4′(S/T̂1) is a hyperplane arrangement for s/t1 which comprises all
weights βF,j for the action of S on the normal bundle to some component F of the
fixed point set of a connected subgroup S of T . We sum over all such connected
subgroups S. We have
(5.2)∫

µ−1(0)/G
κ(ηeω̄) =

n1

n′0|W |
∫

µ−1(t)//T
κ(ηDeω̄) =

n1

n′0|W |
∑

S/T

∑

σ∈OB(S)

∑

F∈F(S)l.f.

1
|M/Mσ|

∫

F//(T/S)
κT/S

{
Resσ

(
D2(X)

∑

m∈M/Mσ

η(X)e(µ(F )−m)(X)eωF

eF (X)
∏

α∈σ(1− eα(X))

) }
,

where the notation Resσ was introduced in Definition 1.8. Here X ∈ t× C. The
notation eF refers to the S-equivariant Euler class for the action of S on the
normal bundle to F in M . Also, n1 and n′0 were introduced in Proposition 3.5.
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Proof. We shall perform an induction reducing the rank of the group T that
acts on M , replacing M by a component M1 of M T̂1 , replacing T by T/T̂1 and
replacing η by Res1η in the notation of (1.8). Finally we reach a space Mi and a
group Ti for which Ti acts locally freely on Mi.

Let η ∈ H∗
T (M̃); then by (3.2) combined with periodicity (in other words with

Proposition 4.9) we have

(5.3)
∫

µ−1(t)//T
κT (Dηeω̄)

=
∑

fM1

∫

µ−1(t)∩fM1∩µ−1

T/T̂1
(0)/(T/T̂1)

κ(T/T̂1)ResY1=0

( Dηeω̄

(1− eY1)e(ν̃)

)
.

Here ê1 ∈ t generates T̂1 and M̃1 is a component of M̃ T̂1 for which 0 ≤ 〈µT̂1
(M̃1), ê1〉

≤ 〈ê1, ê1〉 (the set of such M̃1 is in bijective correspondence with the components
M1 of M T̂1). Also ν̃ is the normal bundle to M̃1 in µ−1(t) and e(ν̃) is its equi-
variant Euler class in µ−1(t). These objects are in bijective correspondence with
the corresponding objects ν and e(ν) in M , because when we restrict to µ−1(t),
the exponential map becomes a local diffeomorphism so the projection map from
M̃ ∩ µ−1(t) to M ∩ Φ−1(T ) is a covering map.

Recall from Remark 3.7 that the restriction of µT to µ−1(t) is proper. Hence
Proposition 4.9 can be applied. In the first paragraph of the proof of Lemma 4.4
(referring to Lemma 3.9) we establish the existence of regular values so that we
can apply Proposition 4.9.

We assume by induction on r that

(5.4)
∫

µ−1(t))T̂1//(T/T̂1)
κr−1(Dηeω̄) =

∑

S′/T/T̂1

∑

σ′∈OB(4′(S′))

∑

F ′∈F(S′)l.f.

1
|M′/M′

σ′ |
Resσ′

∫

F ′//(T/S)
κT/S





η(X ′)D(X ′)
∑

m′∈M′
/M′

σ′

e(µ(F ′)−m′)(X′)eωF ′

eF ′
∏

α′∈σ′(1− eα′(X′))





.

where OB(4′(S′)) is a diagonal basis associated to a hyperplane arrangement
4′(S′) in t/t̂1 consisting of all weights for the action of S′ on the normal bundle
to F ′ for all F ′ ∈ F(S′)l.f. (see Lemma 5.1) and eF ′ is the (S′ := S/T̂1)-equivariant
Euler class of the normal bundle in µ−1(t)T̂1 to a component F ′ of the fixed point
set of the action of S′ on µ−1(t), while X ′ ∈ t/t̂1 ⊗ C. Notice that F ′ ∈ F(S′)
inherits a Hamiltonian action of T/S′. If T/S′ acts locally freely on F ′, then we
cannot proceed further with the induction. Otherwise, continuing the induction
we finally replace F ′ by the fixed point set F ′′ ⊂ F ′ of a subgroup S′′ for which
T/S′′ acts locally freely on F ′′.
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Remark 5.6. Note that if we define S to be the pullback of the subgroup S′ under
the projection map T → T/T̂1, it is clear that T/S ∼= T ′/S′ where T ′ = T/T̂1.

Combining (5.3) with (5.4) we obtain
(5.5)∫

µ−1(t)//T
κ(Dηeω̄) =

∑

gM1

∑

S′/T/T̂1

∑

σ′∈OB(4′(S′))

∑

F ′∈F(S′)l.f.

1
|M′/M′

σ′ |
Resσ′ResY1=0

∫

F ′//(T/S)
κT/S

{
η(X ′)DH(X ′)

∑

m′∈M′
/M′

σ′

e(µ(F ′)−m)(X′)eωF ′

eF ′egM1
(1− eY1)

∏
α′∈σ′(1− eα′(X′))

}
.

By Lemma 5.1 there is a bijective correspondence between the elements σ′ in the
diagonal basis OB(4′(S′)) and the elements σ in a diagonal basis OB(4(S)).

Note that eF ′egM1
is the equivariant Euler class et

F of the normal bundle to F in
µ−1(t). The equivariant Euler class of the normal bundle to F in M is eF = et

FD.
Collecting these results we obtain (5.2).

By Lemma 5.1 the denominator of (5.5) is eF
∏

α∈σ(1 − eα(X)) for σ the el-
ement of OB(4(S)) formed from σ′ and ê1. This lemma also exhibits a bi-
jective correspondence between OB(4′(S′)) and OB(4(S)). By Lemma 5.2
|M′/M′

σ′ | = |M/Mσ|. In Remark 5.6 we have exhibited a bijective correspon-
dence between connected subgroups S containing T̂1 and connected subgroups

S′ of T/T̂1. The space F ′ is a component of
(
µ−1(t)T̂1

)S′
on which T ′/S′ acts

locally freely, so it is a component F ′ = F of µ−1(t)S on which T/S acts locally
freely. Finally the residue Resσ′ResY1=0 is equal to Resσ.

This gives the result, using Lemmas 5.1, 5.2 and 5.3 to identify the diagonal
bases.

Note that the finite sum

∑

m∈M/Mσ

e−m(X)

∏
α∈σ(1− eα(X))

parametrizes a class of different components of the fixed point set of the T action
in M̃ ∩ µ−1(t) which correspond to a given F ⊂ M ∩ Φ−1(T ) (by specifying
different values of the moment map µ which correspond to the same value of
Φ(F )).

2
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6. Alekseev-Meinrenken-Woodward

As we explained above, in [2] Alekseev, Meinrenken and Woodward gave a
formula for intersection pairings of reduced spaces of a quasi-Hamiltonian G-
space. In this section, we will relate our formula with Alekseev-Meinrenken-
Woodward’s by using Szenes’ theorem (Theorems 1.17 and 1.13).

Let Λw denote the weight lattice in t∗. For λ ∈ Λw let χλ denote the character
of the corresponding irreducible representation Vλ.

Let c ∈ Z(G). If c is a regular value of Φ let

κ : H∗
G(M) → H∗(Mred)

be the composition of the pull-back to the level set H∗
G(M) → H∗

G(Φ−1(c)) and
the isomorphism H∗

G(Φ−1(c)) ∼= H∗(Φ−1(c)/G). (Here by analogy with (1.6) we
define Mred = Φ−1(c)/G, cf. Theorem 1.3.) For any λ ∈ Λw, all fixed point
manifolds F ∈ F(λ + ρ) (defined in the statement of Theorem 6.1) are contained
in the preimage of the maximal torus Φ−1(T ). This follows by equivariance of
Φ. In fact, F is a quasi-Hamiltonian T space in the fixed point set of S1 (where
S1 is the connected subgroup of G generated by λ + ρ), with ωF = ι∗F ω as its
symplectic form and ΦF = Φ|F as its moment map. Since ΦF takes its value in
T , we can compose with the map T → U(1), t 7→ tλ+ρ and this composition is
denoted (ΦF )λ+ρ. Note that (ΦF )λ+ρ is constant along F .

Theorem 6.1 (Alekseev-Meinrenken-Woodward [2]). Let G be the direct product
of a connected, simply connected Lie group and a torus, and (M ,ω,Φ) a compact
quasi-Hamiltonian G-space. Suppose β is a class of the form β = ηeω̄ where
η ∈ H∗

G(M) and ω̄ was defined in (1.7). Then we have ([2], first equation p. 346,
after the proof of Theorem 5.2)

(6.1)
∫

Mred

κ(η) exp(ωred) =

k

(volG)2
∑

λ∈Λw
+


d2

λ

∑

F∈F(λ+ρ)

(ΦF )λ+ρ

∫

F

ι∗F η(2πi(λ + ρ))
eF (2πi(λ + ρ))

eωF




where k is the order of the principal stabilizer and dλ = dim Vλ. Here, F(λ+ρ)
is the set of components of the zero locus of the vector field associated to λ + ρ.
We use the notation Λw

+ to denote the set of weights in the fundamental Weyl
chamber, i.e. the dominant weights.

Note that in [2], the sum over λ ∈ Λw
+ is actually over Λw

+ ⊂ t+, the image
in t of the intersection of the fundamental Weyl chamber in t∗ with the weight
lattice under the bijective map t∗ → t given by the bi-invariant inner product.
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This map identifies the integer lattice in t with a sublattice of the image of the
weight lattice.

To study the formula in the above theorem we need some tools from Lie group
theory.

Theorem 6.2 (Weyl dimension formula, [10]). If the irreducible representation
Vλ of G has highest weight λ, then its dimension is given by

dimVλ =
∏

α∈R+(G)

〈α, λ + ρ〉
〈α, ρ〉 ,

where 〈·, ·〉 is the W -invariant inner product on t corresponding to the bi-invariant
inner product on g, and R+(G) are the positive roots of G.

Comparing Theorem 5.5 with Theorem 6.1: We will compare the formula
(6.1) from [2] with our formula (5.2) in Theorem 5.5, when G is a compact Lie
group which is the product of a connected simply-connected Lie group with a
torus.

Remark 6.3. In fact Theorem 6.1 is valid for arbitrary compact connected G
if the formula is interpreted in an appropriate way, using a finite cover G′ of
G which is a product of a connected simply-connected group and a torus and
an associated quasi-Hamiltonian G′-space M ′ which is a finite cover of M . For
simplicity the formula in [2] Theorem 5.2 is stated under the hypothesis that G is
the product of a connected simply connected Lie group and a torus. See Section
5.2 of [2].

Our proof invokes the hypothesis that G is the product of a connected simply-
connected group and a torus to identify ρ (half the sum of the positive roots of G)
with an element in the weight lattice of G (see Remark 6.4).

We will use Szenes’ formula (Theorem 1.13) to relate (6.1) to our formula. We
recast (6.1) (replacing 2πi(λ + ρ) by λ + ρ) as (6.2) below. We observe that T
acts on each component F1 of the fixed point set of λ + ρ, so we can apply the
Atiyah-Bott-Berline-Vergne localization theorem to replace

∫

F1

η(λ + ρ)
eF1(λ + ρ)

by
∑

F⊂(F1)S

∫

F

η(X)
eF (X)

|X=λ+ρ

for any subgroup S of T containing the subgroup S1 generated by λ + ρ (using
the fact that the equivariant Euler class is multiplicative so eF is the product of
eF1 with the equivariant Euler class of the normal bundle to F1 in F ). We replace
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F1 by F and S1 by S and continue inductively until we reach a subgroup S for
which T/S acts locally freely on F .

Remark 6.4. Recall that since G is assumed to be the product of a connected
simply connected group and a torus, ρ ∈ Λw. So we replace the sum over λ+ρ by
a sum over ξ ∈ Λw

0 ⊂ t, where Λw
0 is the set of strictly dominant weights, in other

words those weights in t+ not on the boundary of t+ (not on any hyperplanes
specified by one of the fundamental weights). We have used Weyl invariance of
the sum to replace the sum over strictly dominant weights by a sum over the reg-
ular weights (those weights in t not on any hyperplanes specified by fundamental
weights).

Hence we obtain

(6.2)
∫

Mred

κ(ηeω̄) =
k

|W |(V olG)2
∑

S/T

∑

λ+ρ∈Λw
0 (S)

(dimVλ)2

∑

F⊂(MS)l.f.

(ΦF )λ+ρ

∫

F

η(λ + ρ)
eF (λ + ρ)

eωF ,

where MS is the fixed point set of the action of S on M and eF is the equivariant
Euler class for the normal bundle to F in M . Here (MS)l.f. denotes the compo-
nents F of the fixed point set of S acting on M for which T/S acts locally freely
on F ; this is indexed by the set F(S)l.f.. We subdivide Λw

0 into collections Λw
0 (S)

of regular weights ξ in the Lie algebra of a connected subgroup S (those regular
weights of G which lie in s).

Now the formula (6.2) becomes

(6.3)
∫

Mred

κ(ηeω̄) =
k

|W |(V olG)2
∑

S/T

∑

ξ∈ Λw
0 (S)

∑

F∈F(S)l.f.

∏

α∈R+(G)

〈α, ξ〉2
〈α, ρ〉2 e〈µ(F ),ξ〉

∫

F

η(ξ)
eF (ξ)

eωF .

(Here, for each F we have chosen µ(F ) ∈ t for which Φ(F ) = exp µ(F ). The
quantity e〈µ(F ),ξ〉 is well defined because ξ ∈ Λw.) Now we apply Szenes’ theorem
(separately for each S) to

(6.4) SS :=
∑

ξ∈Λw
0 (S)

∑

F∈F(S)l.f.

e〈µ(F ),ξ〉fF (ξ)
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where

fF (X) =
∏

α∈R+(G)

〈α, X〉2
〈α, ρ〉2

∫

F

η(X)eωF

eF (X)

for X ∈ Lie(T ).

According to Szenes’ theorem (Theorem 1.13),

SS =
∑

σ∈OB(4R(S))

∑

F∈F(S)l.f.

Resσ


e〈µ(F ),XS〉fF (XS)

1
|M/Mσ|

∑

m∈M/Mσ

e−m(XS)

∏
α∈σ(1− eα(XS))


 .

Here XS ∈ Lie(S) ⊗ C and M ⊂ t∗ is the dual lattice to the lattice Λw(S).
We use the hyperplane arrangement 4R(S) given by the restriction of the simple
roots of G to the Lie algebra s of S, and choose a diagonal basis OB(4R(S)) for
this hyperplane arrangement.

This gives for the final form of Theorem 6.1:∫

Mred

κ(β) exp(ωred) =
k

|W |(V olG)2
∑

S/T

SS

(6.5) =
k

|W |(V olG)2
(

∏

α∈R+(G)

1
〈α, ρ〉2 )

∑

S/T

∑

F∈F(S)l.f.

∑

σ∈OB(4R(S))

1
|M/Mσ|

(
Resσ D2(XS)

∑

m∈M/Mσ

e(µ(F )−m)(XS)

∏
α∈σ(1− eα(XS))

∫

F
η(X)

eωF

eF (XS)

)
,

where the notation Resσ was introduced in Definition 1.10. Here XS is a variable
in s⊗ C.

Comparing (6.5) to our formula (5.2) in Theorem 5.5 the differences are:

(1) The presence in Theorem 5.5 of κT/S and evaluation on F//(T/S) rather
than F as in Theorem 6.1. The identification between the two formulas follows
because the following result is true:

Proposition 6.5. If a locally free action of T/S on a quasi-Hamiltonian T/S-
space (F, Φ) induces an action of T on F , then for all η ∈ H∗

T (F ) and corre-
sponding β = ηeω̄

(6.6)
∫

F
β ◦ i∗S =

∫

F//(T/S)
κT/Sβ

where the inclusion iS : S → T induces i∗S : H∗
T (F ) → H∗

S(F ) (setting the
variables X corresponding to T/S to zero) and both sides of (6.6) are in H∗

S,
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and κT/S : H∗
T (F ) → H∗

S(Φ−1(e)/(T/S)) is the Kirwan map (in other words
the restriction map to Φ−1(e) composed with the isomorphism H∗

T/S(Φ−1(e)) ∼=
H∗(Φ−1(e)/(T/S))).

To prove this result it suffices to consider the case S = {e} for which it reduces
to verifying that

(6.7)
∫

Φ−1(e)∩F/T
eωη(Xj = c(j)) =

∫

F
eωη|(X=0).

(Here c(j is the first Chern class of the line bundle associated to the principal
T -bundle

(6.8) T → Φ−1(e) 7→ Φ−1(e)/T

by the j-th weight T → U(1).)

Proposition 6.5 is clear when the c(j) are 0 (i.e. when the bundle (6.8) is
trivial). In general it is a special case of Theorem 5.2 of [2] (the case where the
group G is a torus and acts locally freely on M). We expect it may be possible
to give a direct proof of this special case without relying on the full strength of
Theorem 5.2 of [2]. For a related result, see [22].

(2) Differences between overall multiplicative constants

(6.9)
k

|W |(V olG)2
(

∏

α∈R+

1
〈α, ρ〉2 ).

and
n1

|W |n′0
Since by [6] Cor. 7.27

(6.10)
volG

volT
=

∏

α∈R+(G)

1
2π〈α, ρ〉

where the volumes are taken with respect to the metrics on G and T given by
the bi-invariant inner product 〈·, ·〉, the equation (6.9) is equal to

(2π)2n+k

|W |(volT )2
.

So the difference is n1
|W |n′0 versus (2π)2n+k

|W |(volT )2
. This difference arises from the nor-

malization of the Riemannian metrics used in (6.10).

(3) The hyperplane arrangement 4R(S) used in (6.5) is different from the hyper-
plane arrangement 4(S) used in Theorem 5.5. If the weights at all components
F ∈ F(S) are roots, the same hyperplane arrangement can be used. This is true
for example in the case studied in [15].
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7. Applications

Example 7.1: The main example for which the residue formula has been used
previously to compute intersection numbers in reduced spaces of quasi-Hamiltonian
spaces appears in [15], for which M = G2h (where G = SU(n) and G acts by
conjugation on M). In this example the fixed point sets of all vector fields vλ

associated to weights λ are equal to MT = T 2h.

Example 7.2: If T is a torus, a standard example of a quasi-Hamiltonian T -
space is M = T ×T , with the action of T given by multiplication of the first copy
of T . In this case T acts freely on M . The moment map is the projection to the
second factor T . The reduced space for this action is a point.

Example 7.3: An example due to C. Woodward [18] occurs when G = SU(3),
with rank two maximal torus T for which M is constructed starting with G×TCP 2

by replacing three orbits G/T (corresponding to the three fixed points of T in
CP 2) by G/U(1)j (for j = 0, 1, 2). Here U(1)0 ⊂ T is generated by ρ (where ρ
is half the sum of the positive roots, identified as an element of t using the bi-
invariant inner product) and U(1)j is generated by cjρ (for j = 1, 2) where cj are
nontrivial elements of the Weyl group (the cyclic permutations). The fixed point
set Fj of U(1)j acting on M is symplectic, and is isomorphic to S1 × S1 with a
multiple of the standard symplectic structure (this is the case treated in Example
7.2). The normal bundle of Fj is trivial, and is isomorphic (as a representation of
U(1)j) to C⊕ t⊥ (the direct sum of the trivial representation and the restriction
from T to U(1)j of the adjoint representation of T on the orthocomplement t⊥

of t in g, where U(1)j acts on t⊥ via cjρ.) Thus the Euler class is

eFj (Yj) = γ̃1(Yj)γ̃2(Yj)(γ̃1(Yj) + γ̃2(Yj))

where γ1 and γ2 are the simple roots of SU(3) and the third positive root is
γ1 + γ2, and we have denoted by γ̃j the restrictions of γj to the Lie algebra of
U(1)j . Here we have introduced a nonzero element Yj of the Lie algebra of U(1)j .

In this example MT = ∅. The orbit type decomposition consists of two con-
nected strata: the principal stratum where G acts freely, and another stratum
M1 where the stabilizer is conjugate to U(1).

By Theorem 5.5 the relevant subgroups S are the U(1)j conjugate to U(1); the
group T/S is also isomorphic to U(1), and T/S acts freely on the fixed point set
Fj of U(1)j . So there is only one element in the hyperplane arrangement (which
we denote by αj) and Mσ = M. So the expression in Theorem 5.5 reduces to

(7.1)
2∑

j=0

∫

Fj//(T/U(1)j)
κT/U(1)j

{
ResYj=0

(D2(X)η(X)eµ(Fj)(X)e
ωFj

eFj (1− eαj(X))

) }
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where Yj ∈ Lie(U(1)j) is as above. In this example, Fj
∼= U(1) × U(1) so

Fj//(T/U(1)j) is a point, as in Example 8.2. Thus the final map κT/U(1)j
in

our computation is

κU(1) : H∗
U(1)(U(1)× U(1)) ∼= H∗(U(1)) → H∗(point) = H∗(Φ−1(e)/U(1)),

which is the pullback map.
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