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Relative Mapping Class Group of the Trivial and
the Tangent Disk Bundles over the Sphere

Nikolai A. Krylov

Abstract: In this paper we determine the group of pseudo-isotopy classes
of diffeomorphisms of the trivial and the tangent unit disk bundles to the
standard sphere, which restrict to the identity map on the boundary.

1. Introduction

Let M be an oriented connected smooth manifold with non-empty boundary
∂M . We consider the group of pseudo-isotopy classes of diffeomorphisms of M

which restrict to the identity map on ∂M . Obviously, such diffeomorphisms
preserve orientation. Recall that two diffeomorphisms f0, f1 ∈ Diff(M) which
keep ∂M pointwise fixed are called pseudo-isotopic (rel boundary) if there exists
a diffeomorphism Φ : M × I −→ M × I such that Φ|M×{0} = f0, Φ|M×{1} = f1

and Φ|∂M×I = Id. We write f0 ∼ f1 to indicate that f0 is pseudo-isotopic to
f1. If dim(M) = 2, the group is known as the classical mapping class group of a
surface. We will also call the group of pseudo-isotopy classes of diffeomorphisms
of M which are fixed on the boundary as the (relative) mapping class group
and denote it by π̃0Diff(M, rel ∂). For the handlebodies in general, the pseudo-
isotopy classes of diffeomorphisms with no constraint on the boundary had been
studied by Wall in [26]. There are also explicit computations by Sato (see [22],
Theorem 1.7) for some cases of the trivial disk bundle over the standard sphere.
The corresponding group of pseudo-isotopy classes of diffeomorphisms with no
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constraint on the boundary is denoted by π̃0Diff(M). In principle, one could
approach the study of the homotopy type of the space of smooth (as well as
piecewise linear and topological) automorphisms of a manifold M via surgery
theory and the block h-structure space S̃s

d(M). The block structure space was
considered, for instance, by Quinn in [19] and has the property (in the case of
smooth automorphisms):

πk(S̃s
d(M)) ∼= Sd(M ×∆k, ∂),

where Sd(M × ∆k, ∂) is the set of smooth structures on M × ∆k which induce
diffeomorphisms on the boundary ∂(M × ∆k) (cf. §10 of [28]). The following
homotopy fiber sequence links this block h-structure space to the block automor-
phism space D̃iff(M):

D̃iff(M) −→ Gs(M) −→ S̃s
d(M).

Using, for example, the homotopy exact sequence of this fibration one can com-
pute π̃0Diff(M ×Dk, rel ∂) ∼= πkD̃iff(M). The reader will find details and refer-
ences on this account in a survey paper [29] by Weiss and Williams.

The present work is devoted to computations of the relative mapping class
group of the trivial and the tangent disk bundles over the standard sphere using
“more explicit” geometric methods. I will discuss first the trivial disk bundle
over Sp, and will use the results of Levine [13] and Sato [21] who determined the
mapping class group of Sp × Sq up to extension (cf. also [24]). In §2.2 below,
I will indicate how one could use surgery theory and the ideas mentioned above
(thanks go to the referee) to compute π̃0Diff(S1 ×Dq, rel ∂), when q ≥ 4. Then
I will discuss the relative mapping class group of the closed tangent disk bundle
over the sphere and will use well known results on the monodromy of the qua-
dratic singularity of the complex hypersurface defined by f(z) = z2

0 +z2
1 + . . .+z2

p

(see [14] for the details). Integer coefficients are understood for all homology
groups, unless otherwise stated, and symbols ' and ∼= are used to denote respec-
tively a homotopy equivalence and an isomorphism (in geometric and algebraic
categories). I will follow notations of [21] and denote by π̃0SDiff(Sp × Sq) the
subgroup of π̃0Diff(Sp × Sq) which consists of classes with representatives that
induce trivial action on the homology. The h-cobordism classes of all homotopy
m-spheres form an abelian group under the connected sum operation and we
denote such a group by Θm (see [10] for details).
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2. π̃0Diff(Sp ×Dq, rel ∂)

2.1. Relative mapping class group and the double. Given a manifold M

with non-empty boundary, one can consider the double DM of M defined as
DM := ∂(M × I). DM is a closed manifold with the canonically defined smooth
structure (cf. [18]). Since ∂(M × I) ∼= M × {0} ∪ (∂M) × I ∪ M × {1} and
(∂M)× I ∪M × {1} ∼= M (which we will denote by M+), one can also think of
the double as of the union of two copies of M glued together along the boundary
via the identity map:

DM ∼= M ∪M+

For example, if M ∼= Sp×Dq then DM ∼= Sp×Sq. Take ϕ ∈ Diff(M, rel ∂), then
one can use the identity to extend ϕ to a diffeomorphism ϕ̃ of DM . To be more
precise, we define

ϕ̃(x) :=

{
ϕ(x) if x ∈ M

x if x ∈ M+

This construction gives a map Diff(M, rel ∂) −→ Diff(DM), which induces a
homomorphism ω : π̃0Diff(M, rel ∂) −→ π̃0Diff(DM) defined by ω([ϕ]) := [ϕ̃].
The following proposition generalizes Theorem 2 of [9].

Proposition 1.
Homomorphism ω : π̃0Diff(M, rel ∂) → π̃0Diff(DM) is injective for all M .

Proof. If ϕ ∈ π̃0Diff(M, rel ∂) and ϕ̃ ∼ Id, then there exists an extension Φ ∈
Diff(M × I) of ϕ̃ ∈ Diff(∂(M × I)). Since Φ is equal to ϕ on M × {0} and the
identity map on ∂(M) × I ∪ M × {1}, this Φ is a relative pseudo-isotopy that
connects ϕ with Id. ¤

Remark: There exist infinitely many contractible 4-manifolds W with ∂W irre-
ducible (e.g. some homology 3-sphere with a nontrivial fundamental group), and
such that DW ∼= S4 (see, for example, §6 of [6]). Since Θ5

∼= {1}, we immediately
obtain
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Corollary 1. Let W 4 be a contractible manifold, such that DW is diffeomorphic
to S4, with ∂W irreducible. Then π̃0Diff(W, rel ∂) ∼= {1}.

Let us assume now that M = Sp × Dq. It is easy to see that when p 6= q,
the diffeomorphism (x, y) 7−→ (Rp(x), Rq(y)) (where (x, y) ∈ Sp × Sq and Rp

and Rq denote the reflections of Sp and Sq respectively) generates the quotient
group π̃0Diff(Sp×Sq)/π̃0SDiff(Sp×Sq) ∼= Z2 (cf. [13], §1.2). Since the extension
diffeomorphism ϕ̃ fixes Sp × Dq

+ = M+ ⊂ DM , it follows from Proposition 2.1
of [21] and proposition above that π̃0Diff(Sp ×Dq, rel ∂) must be a subgroup of
π̃0SDiff(Sp × Sq).

Suppose that 1 ≤ p < q and 3 ≤ q, or 4 ≤ p = q, then there is a homomorphism

B : π̃0SDiff(Sp × Sq) −→ πp(SO(q + 1)).

defined by Sato as follows (cf. [21], §3): Take a representative f of a class
[f ] ∈ π̃0SDiff(Sp × Sq) and pick a point z ∈ Sq. Then Sp = Sp × z ⊂ DM

will represent a generator of Hp(DM) ∼= Z. Since f acts trivially on Hp(DM), it
follows from the Hurewicz theorem and the result of Haefliger [7] that there exists
a smooth isotopy from f to f ′, where f ′ is the identity on Sp × z. Furthermore,
if we take the tubular neighborhood Sp × Dq of the sphere Sp × z, then by
the tubular neighborhood theorem we can assume that f ′ is isotopic to f ′′ such
that f ′′(x, y) = (x, b(f) · y), where (x, y) ∈ Sp × Dq and b(f) is a smooth map
Sp −→ SO(q). Denote the inclusion map SO(q) ↪→ SO(q + 1) by S and the
homotopy class of b(f) by [b(f)] ∈ πp(SO(q)), then B is defined by the formula:

B([f ]) := S∗([b(f)]).

For each element [f ] ∈ π̃0Diff(Dm, rel ∂) ∼= π̃0Diff(Sm) ∼= Θm+1 one defines
a diffeomorphism ιr(f) ∈ Diff(Sp ×Dm−p, rel ∂) as the identity map outside an
embedded disk Dm ↪→ Int(Sp×Dm−p) and as f |Dm on this Dm (see §4 of [21] for
the details). It is easily deduced from §4 of [21] that this construction induces a
monomorphism ιr : Θp+q+1 ↪→ π̃0Diff(Sp ×Dq, rel ∂).

Furthermore, let us denote by FCp+1
q , the group of pseudo-isotopy classes of

orientation preserving embeddings of Sq × Dp+1 in Sq+p+1. Such groups were
introduced by Haefliger and Levine and the reader is referred to §5 of [8] or to
[12] for the details. For example, FCp+1

q
∼= πq(SO(p + 1)), when q < 2p (see
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[8], Corollaries 5.9 & 6.6). These groups could also be understood in terms of
homotopy groups of the spaces G(Sp), G and O.

Lemma 1.

π̃0Diff(Sp ×Dq, rel ∂) ∼=
{

Θp+q+1 ⊕ FCp+1
q if 1 < p < q

Θp+q+1 ⊕ πq(SO(p + 1)) if 1 < q < p

Proof. Assume first that p < q, then we have the exact sequence (see [21], Theo-
rem II or [13], Theorem 2.4):

0 −→ FCp+1
q ⊕Θp+q+1 −→ π̃0SDiff(Sp × Sq) B−→ πp(SO(q + 1)) −→ 0.

Since the diffeomorphism ϕ̃ fixes Sp ×Dq
+, it is clear from the definition of B

that B([ϕ̃]) = {0}, i.e. π̃0Diff(Sp ×Dq, rel ∂) ⊂ Ker(B). Sato had shown ([21],
Lemma 3.3) that for any element [u] ∈ Ker(B) one can find a representative
u ∈ Diff(Sp×Sq) such that u|Sp×Dq

+
= Id, and therefore π̃0Diff(Sp×Dq, rel ∂) ∼=

Ker(B).

Let now p be larger than q. In this case Im(B) = πq(SO(p + 1)) and for every
class [z] ∈ πq(SO(p + 1)) we can choose a smooth representative

r : (Dq, Sq−1) −→ (SO(p + 1), Id)

and define a relative diffeomorphism ϑ of Sp × Dq by the formula ϑ(x, y) :=
(r(y) · x, y), where (x, y) ∈ Sp × Dq. Let us also use ω to denote the inclusion
π̃0Diff(M, rel ∂) ↪→ π̃0SDiff(DM), when every ϕ ∈ Diff(M, rel ∂) induces the
trivial automorphism in homology of the double. Proof of Proposition 3.2 of
[21] shows that the composition B ◦ ω is a surjection. If we take an element
[ϕ0] ∈ π̃0Diff(M, rel ∂) such that B([ϕ̃0]) = {1}, then propositions 5.2 and 5.3 of
[21] imply that ϕ̃0 (modulo some element of Θp+q+1 if needed) can be extended
to a diffeomorphism of Sp ×Dq+1, i.e. [ϕ̃0] ∈ Θp+q+1 and therefore π̃0Diff(Sp ×
Dq, rel ∂) ∼= πq(SO(p + 1))⊕Θp+q+1. ¤

Lemma 2.

π̃0Diff(Sp ×Dq, rel ∂) ∼=





{1} if p = 1, q = 2
Θq+1 ⊕Θq+2 if p = 1, q ≥ 3
Θp+2 ⊕ Z2 if q = 1, p ≥ 2

Proof. π̃0Diff(S1 × D2, rel ∂) ↪→ π̃0Diff(S1 × S2) by our Proposition 1. Since
ϕ̃ ∈ Diff(S1×S2) acts trivially on the homology, it follows from Theorem 5.1 of [5]



636 Nikolai A. Krylov

that ϕ̃ is either pseudo-isotopic to the identity or the diffeomorphism T of S1×S2

defined by T (t, x) := (t, f(t) ◦ x) where f : S1 −→ SO(3) is a smooth generator
of π1(SO(3)) ∼= Z2. If we had ϕ̃ ∼ T , then ϕ̃ would extend to a diffeomorphism
of S1 ×D3, and therefore ϕ would be pseudoisotopic to the identity map. Thus
π̃0Diff(S1 ×D2, rel ∂) ∼= {1}.

Consider now π̃0Diff(S1×Dq, rel ∂) with q ≥ 3. Here we also can assume that
π̃0Diff(S1×Dq, rel ∂) ⊂ Ker(B) and according to Proposition 6.3 of [21], the latter
group is isomorphic to Θq+1 ⊕ Θq+2. For an element [g] ∈ π̃0Diff(Dq, rel ∂) ∼=
π̃0Diff(Sq) ∼= Θq+1, we associate the diffeomorphism G ∈ Diff(S1×Dq) defined by
the formula: G(x, y) := (x, g(y)). Thus we obtain a map K : Θq+1 → π̃0Diff(S1×
Dq, rel ∂) which is a monomorphism (see Proposition 6.2 of [21]). Since Θq+2 is
also a subgroup of π̃0Diff(M, rel ∂), we see that π̃0Diff(S1 ×Dq, rel ∂) ∼= Θq+1 ⊕
Θq+2.

Gluck had shown in [5] (see §8 - §13) that π̃0Diff(S2×D1, rel ∂) ∼= Z2. As the
generator of this group, one can take the homeomorphism T of S2 ×D1 defined
by T (x, t) := (f(t) ◦ x, t), where [f ] ∈ π1(SO(3)) is as above. Since Θ4

∼= {1},
we can assume for the rest of our proof that p ≥ 3. Since π̃0Diff(M, rel ∂) ↪→
π̃0SDiff(DM) and using once again the generalized Dehn twist (x, y) → (α(y) ◦
x, y) ∈ Sp × I with [α] = a smooth generator of π1(SO(p + 1)), it is easy to see
that B ◦ω is an epimorphism, i.e. Im(B ◦ω) = Z2. Take ϕ ∈ Diff(Sp×D1, rel ∂)
such that [ϕ̃] ∈ Ker(B). According to Sato ([21], §6), we have the exact sequence

0 −→ Θp+1
K−→ Ker(B) C−→ Θp+2 −→ 0

where map K was just defined in the paragraph above and C is the inverse map
to the monomorphism ιr which has been mentioned at the beginning (all the
details regarding the homomorphism C can be found in §4 of [21]). If we have
[ϕ̃] ∈ Ker(C), then we can assume that there exists f ∈ Diff(Sp × S1) such that
f ∼ ϕ̃ and f(x, y) = (g(x), y) with [g] ∈ π̃0Diff(Dq, rel ∂) ∼= π̃0Diff(Sq) ∼= Θq+1.
In this case we could extend ϕ̃ to a diffeomorphism of Sp × D2, i.e. ϕ̃ ∼ Id.
Hence π̃0Diff(Sp ×D1, rel ∂) ∼= Θp+2 ⊕ Z2. ¤

2.2. Using Surgery Theory. Here we briefly indicate how one could approach
the same problem via surgery theory. Consider the commutative diagram of the
Sullivan-Wall long exact surgery sequences for the classification of smooth and
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PL structures on the product S1 ×Dq =: M , with q ≥ 4 (see [15] or [28] for the
details):

Lq+2(Z[Z]) −−−−→ Sd(M, ∂M)
ηd−−−−→ [M/∂M, G/O] σd−−−−→ Lq+1(Z[Z])∥∥∥

y α

y
∥∥∥

Lq+2(Z[Z]) −−−−→ SPL(M, ∂M)
η−−−−→ [M/∂M, G/PL] σPL−−−−→ Lq+1(Z[Z])

Since SPL(S1 ×Dq, S1 × Sq−1) ∼= {1} (see Theorem 15A.2 of [28]), we see that
Im(ηd) ∼= Ker(α). Furthermore, using the basic property of the fibration

PL/O −→ G/O −→ G/PL,

and the obvious homotopy equivalence S1 ×Dq/S1 × Sq−1 ' Sq+1 ∨ Sq we con-
clude that

Sd(S1 ×Dq, S1 × Sq−1) ∼= [Sq+1 ∨ Sq, PL/O] ∼= πq+1(PL/O)⊕ πq(PL/O),

and hence πq+1(S̃s
d(S1)) ∼= πq+2(PL/O) ⊕ πq+1(PL/O). The homotopy fiber

sequence

D̃iff(S1) −→ Gs(S1) −→ S̃s
d(S1)

splits in the term Gs(S1) ' O(2), and we get the splitting in the corresponding
homotopy long exact sequence. That implies

πq(D̃iff(S1)) ∼= πq+1(S̃s
d(S1))⊕ πq(O(2)) ∼= πq+2(PL/O)⊕ πq+1(PL/O).

Since πn(PL/O) ∼= Θn (see, for example, §6.6 of [15]), we deduce again that
π̃0Diff(S1 ×Dq, rel ∂) ∼= πq(D̃iff(S1)) ∼= Θq+2 ⊕Θq+1.

As I have mentioned above, one could use the same “surgery theory approach”
to compute most of the relative mapping class groups of the trivial disk bundles
over the spheres. We leave such computations as an exercise for the reader, and
return to the “geometric” methods, which also will be used later for computations
in the tangent disk bundle case. But first, in the following subsection let me recall
some basic definitions and results related to the variation homomorphism, which
will play an important role. The reader will find all the corresponding proofs and
references in [9].
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2.3. Kernel of the variation operator. Let F be a parallelizable 2p-manifold
obtained by gluing ν handles of index p ≥ 2 to the 2p-disk and rounding the
corners:

F = D2p ∪
ν⊔

i=1

(Dp
i ×Dp)

Evidently, Sp×Dp and the closed tangent unit disk bundle τ(Sp) to Sp are exam-
ples of such manifolds. Given a diffeomorphism ϕ of F which is the identity on ∂F ,
and a relative cycle z ∈ Hp(F, ∂F ), one can consider the variation homomorphism
Var(ϕ) : Hp(F, ∂F ) −→ Hp(F ) defined by the formula Var(ϕ)[z] := [ϕ(z) − z]
(cf. §1,2 of [23]). The formula Var(h ◦ g) = Var(h) + h∗ ◦Var(g) implies that the
isotopy classes of diffeomorphisms that induce trivial variation homomorphisms
form a subgroup of π̃0Diff(F, rel ∂). In §2.2 of [9] we denoted such a subgroup by
π̃0V Diff(F, ∂) and called it the kernel of the variation operator:

π̃0V Diff(F, ∂) := {ϕ ∈ π̃0Diff(F, ∂) | Var(ϕ)[z] = 0, ∀[z] ∈ Hp(F, ∂F )} .

Let me also denote by h the homomorphism π̃0Diff(DF ) −→ Aut Hp(DF ) in-
duced by the natural action of the elements of π̃0Diff(DF ) on the p-th homology
of the double. Next claim follows immediately from the proof of Theorem 1 of
[9]:

Claim 1.
Kernel of the homomorphism h ◦ω : π̃0Diff(F, rel ∂) −→ Aut Hp(DF ) is equal to
π̃0V Diff(F, ∂).

Consider the inclusion SO(p) ↪→ SO(p+1) and denote by Sπp(SO(p)) the image
of πp(SO(p)) under the induced map of homotopy groups S∗ : πp(SO(p)) −→
πp(SO(p + 1)). Then Sπ6(SO(6)) is trivial and for all other p ≥ 3 the groups
Sπp(SO(p)) are given in the table below (see [11], p. 644):

p (mod 8) 0 1 2 3 4 5 6 7
Sπp(SO(p)) Z2 ⊕ Z2 Z2 Z2 Z Z2 0 Z2 Z

The following result describes the group π̃0V Diff(F, ∂) up to extension (see [9],
Theorem 3): If p = 2 then π̃0V Diff(F, ∂) ∼= {1}, and for all p ≥ 3 the following
sequence is exact

(1) 0 → Θ2p+1
ιr−→ π̃0V Diff(F, ∂)

χr−→ Hom
(
Hp(F, ∂F ), Sπp(SO(p))

) → 0
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The map ιr is defined in the same way as was done in §2.1 above. As for the
definition of χr, we refer the reader to §2.2 of [9].

2.4. The case of Sp ×Dp. Let me now apply the results mentioned above and
prove the following

Lemma 3.

π̃0Diff(Sp ×Dp, rel ∂) ∼=





Z if p = 1
{1} if p = 2
Θ2p+1 ⊕ Sπp(SO(p)) if 4 ≤ p is even
Θ2p+1 ⊕ Sπp(SO(p))⊕ Z if 3 ≤ p is odd

Proof. The case of p = 1 is well known and one can find a proof, for example, in
§7 of [5]. When p is even, the image of

h : π̃0Diff(DF ) −→ Aut Hp(Sp × Sp)

is a finite group of order four generated by

(
0 1
1 0

)
and

(
−1 0
0 −1

)
(the first one

is induced by the map (x, y) 7−→ (y, x)) and for any µ ∈ Diff(Sp × Sp) with the
non-trivial action on the homology there is no non-zero cycle z ∈ Hp(Sp × Sp)
such that µ∗(z) = z. Since our extended diffeomorphism ϕ̃ preserves Sp × Dp

+

pointwise, it is clear that the group π̃0Diff(F, rel ∂) coincides with the kernel of
h ◦ ω and hence, by the claim above, π̃0Diff(F, rel ∂) ∼= π̃0V Diff(Sp ×Dp, ∂).

The statement for p = even now follows from the following exact sequence (see
[21], Theorem II)

0 −→ Sπp(SO(p))⊕Θ2p+1 −→ π̃0SDiff(Sp × Sp) B−→ Sπp(SO(p)) −→ 0,

a simple observation (which has been made above) that for every element [ϕ] ∈
π̃0V Diff(Sp ×Dp, ∂), the element [ϕ̃] belongs to the kernel of B and exact se-
quence (1) (the fact that π̃0V Diff(F, ∂) = 0, when p = 2).

Assume now that p is odd. Then Aut Hp(Sp × Sp) ∼= SL(2,Z) when p is 1, 3
or 7, and in the other cases Aut Hp(Sp × Sp) is a proper subgroup of SL(2,Z)

which consists of the matrices

(
d1 d2

d3 d4

)
such that both products d1d2 and d3d4
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are even integers ([25], Lemma 5). Clearly, any matrix of this type is congruent

modulo 2 either to Id =

(
1 0
0 1

)
or V :=

(
0−1
1 0

)
. We will denote this subgroup

by ΓV (2). It is well known that ΓV (2) is not a normal subgroup of index 3
of SL(2,Z) (see [20], §1.5). Moreover, using the fact that the corresponding

projective group ΓV (2)/Z2
∼= Z2 ∗ Z is generated by V and T :=

(
1 2
0 1

)
(cf. [25],

§3) one can easily show that ΓV (2) admits the following presentation ΓV (2) ∼=
〈V, T | V 4 = id, V 2T = TV 2〉. Assume that p ≥ 3. It follows again from the
definition of ω that the image of h ◦ ω consists of those automorphisms that
preserve the class of Hp(Sp×Sp) represented by an embedded sphere Sp×{∗} ⊂
Sp × Dp

+ ⊂ Sp × Sp. If we choose spheres Sp × {∗} and {∗} × Sp as the basis

{
(

1
0

)
,

(
0
1

)
} of Hp(Sp×Sp), we see that Im(h ◦ω) is generated either by

(
1 1
0 1

)

(when p = 3 or p = 7) or by

(
1 2
0 1

)
(in the other cases) and hence Im(h ◦ω) ∼= Z.

As for the corresponding element of π̃0Diff(M, rel ∂), one again can take the
generalized twist ϑ of Sp × Dp defined by the formula ϑ(x, y) := (ζ(y) ◦ x, y),
where ζ : (Dp, Sp−1) −→ (SO(p+1), Id) is a smooth map which generates image
of the map j∗ : πp(SO(p+1)) → πp(Sp) from the exact homotopy sequence of the

fibration SO(p) ↪→ SO(p + 1)
j−→ Sp. To finish the proof we need to show that

for p =odd we also have π̃0V Diff(Sp ×Dp, ∂) ∼= Θ2p+1 ⊕ Sπp(SO(p)). If p ≥ 5,
one can use exactly the same argument which we gave above for p =even and if
p = 3, it is shown in Example 1 of [9] that π̃0V Diff(S3 ×D3, ∂) ∼= Θ7 ⊕ Z. ¤

We now summarize what have been discussed above in the following theorem.

Theorem 1.

π̃0Diff(Sp ×Dq, rel ∂) ∼=





Z if p = q = 1
{1} if 1 ≤ p ≤ 2, q = 2
Θp+q+1 ⊕ πp(SO(p + 1)) if 3 ≤ p = q

Θp+q+1 ⊕Θq+1 if p = 1, q ≥ 3
Θp+q+1 ⊕ FCp+1

q if 1 < p < q

Θp+q+1 ⊕ πq(SO(p + 1)) if 1 ≤ q < p.
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Remark: Notice that the homotopy long exact sequence of the fibration SO(p) ↪→
SO(p + 1) −→ Sp together with computations of πp(SO(p + 1)) (see §7 of [27])
imply that Sπp(SO(p)) ∼= πp(SO(p + 1)), when p ≥ 4 is even, and Sπp(SO(p))⊕
Z ∼= πp(SO(p + 1)), when p ≥ 3 is odd.

3. π̃0Diff(τ(Sp), rel ∂)

In this paragraph we discuss the relative mapping class group of the closed
tangent unit disk bundle τ(Sp) to the standard p-sphere. Since τ(Sp) is a stably
trivial bundle, its double Dτ(Sp) will be also diffeomorphic to the product of two
spheres Sp × Sp. However this time τ(Sp) is not trivial (unless p = 1, 3 or 7; [2])
and canonically isomorphic to the normal disk bundle of the diagonally embedded

sphere Sp d
↪→ Sp × Sp ([17], §11). It implies that d∗(Sp) = (1, 1) ∈ Z ⊕ Z ∼=

Hp(Sp×Sp) where, as above, we have chosen Sp×{∗} and {∗}×Sp as the basis
of Hp(Sp×Sp,Z). Let us assume first that p is odd, the other case will be discussed
at the end. Then the self intersection index of the base sphere Sp ↪→ τ(Sp) is
zero 〈[d(Sp)] · [d(Sp)]〉 = 0 and hence the natural map j∗ : Hp(τ(Sp);Z) −→
Hp(τ(Sp), ∂τ(Sp);Z) from the exact sequence of the pair (τ(Sp), ∂τ(Sp)) is zero
too. Since any element of π̃0Diff(τ(Sp), rel ∂) has a representative which preserves
the boundary pointwise, it follows from this exact sequence that any such element
must induce the trivial automorphism of Hp(τ(Sp),Z) ∼= Z. In particular, any
automorphism from Im(h ◦ ω) must preserve the diagonal class (1, 1) and since
the determinant of such automorphism is 1, it is clear that for odd p,

Im(h ◦ ω) ⊆
{(

n 1− n

n− 1 2− n

)
| n ∈ Z

}
∼= Z.

Such matrices form a subgroup of ΓV (2) generated by g :=

(
2−1
1 0

)
= T · V.

Theorem 2.

Im(h ◦ ω) =

{(
n 1− n

n− 1 2− n

)
| n ∈ Z

}
.

Proof. Let me denote the tangent unit disk bundle τ(Sp) by F to be in agree-
ment with §2.3 above. To prove the theorem, I will present a diffeomorphism
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ψ ∈ Diff(F, rel ∂), such that h ◦ ω([ψ]) = g±1. Consider the hypersurface
H ⊂ Cp+1, defined as the zero set of the polynomial f(z) = z2

0 + z2
1 + . . . + z2

p .
This hypersurface has an isolated singular point at the origin. If we denote the
intersection of H with a small sphere S2p+1 around the origin by K, then the
complement S2p+1 \ U(K) to the open tubular neighborhood U(K) of K will be
a fibration over S1 with the fibre F (cf. [14], [16]). Going once around the base
circle induces a diffeomorphism (defined up to isotopy and fixing the boundary
pointwise) of the fibre which is called the geometric monodromy. I denote this
monodromy by ψ and explain why h ◦ ω([ψ]) = g±1. Let’s pick a point z ∈ Sp

on the base sphere of F and take the fiber Dp over this point. Clearly, this disk
represents a generator of Hp(F, ∂F ) ∼= Z. There is a natural homomorphism
dp : Hp(F, ∂F ) −→ Hp(DF ) which basically assigns to a relative cycle its dou-
ble in the double DF (see Definition 2. in [9] for the details), and we denote
the image dp([Dp, ∂Dp]) ∈ Hp(Sp × Sp) by (a, b). If we use ip for the natu-
ral homomorphism Hp(F ;Z) → Hp(DF ;Z) from the exact sequence of the pair
(DF, F ), we deduce from the Picard-Lefschetz formulas (see [1] or [14], (3.1.a))
that ip ◦Var(ψ)([Dp, ∂Dp]) = ±(1, 1) depending whether p ≡ 3 (mod 4) or p ≡ 1
(mod 4) respectively. Then using the formula (obtained in [9], Theorem 1.)

ψ̃∗ ◦ dp = dp ◦ Id + ip ◦Var(ψ).

we conclude that

ψ̃∗ ((a, b)) =

{
(a + 1, b + 1) if p ≡ 3 (mod 4)
(a− 1, b− 1) if p ≡ 1 (mod 4),

i.e. (
n 1− n

n− 1 2− n

)
·
(

a

b

)
=

(
a± 1
b± 1

)
.

These last two equalities imply that n = 0 or n = 2 (because the intersection index
of (a, b) with the diagonal (1, 1) is one) and hence the monodromy corresponds
to g±1, and the statement is proven. ¤

Our next corollary follows immediately from this theorem and Claim 1.

Corollary 2.
When p > 1 is odd, π̃0Diff(τ(Sp), rel ∂) ∼= π̃0V Diff(τ(Sp), ∂)⊕ Z.
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When p is odd and p 6= 1 (mod 8), we see from the table on page 638 that
Sπp(SO(p)) is either trivial or isomorphic to Z. Thus, for such p, the exact
sequence (1) on page 638 splits and hence the relative mapping class group of
τ(Sp) is π̃0Diff(τ(Sp), rel ∂) ∼= Θ2p+1 ⊕ Sπp(SO(p)) ⊕ Z, which is isomorphic to
the corresponding group for the trivial p-bundle over Sp. However in general
case, sequence (1) has the form

0 −→ Θ2p+1
ιr−→ π̃0V Diff(τ(Sp), ∂) −→ Sπp(SO(p)) −→ 0

and does not always split. We refer the interested reader to Example 2. from [9],
where it is shown that ∃p = 2m such that Sπp(SO(p)) ∼= Z2 and π̃0V Diff(τ(Sp), ∂)
∼= Z4 ⊕Coker(J4m+1). In such cases, the group of homotopy spheres that bound
parallelizable manifolds is isomorphic to Z2 and Θ4m+1

∼= Z2⊕Coker(J4m+1) (see
[4] and [3]).

Moreover, let δ be a generator of the group Hp(τ(Sp);Z) when p = 2m and
m ≥ 1. Then it follows again from the Picard-Lefschetz formulas for the geometric
monodromy ψ of the quadratic singularity (see [1] or formula (3.3.c) of [14]), that
ψ∗(δ) = −δ (generated by the antipodal map of Sp). Hence we have the following
commutative diagram (each row is the same part from the homology sequence
of the pair (Sp × Sp, τ(Sp)) and vertical maps are induced by the geometric
monodromy ψ):

0 −−−−→ Hp(F ) d∗−−−−→ Hp(DF ) −−−−→ ...y−Id

yψ̃∗

0 −−−−→ Hp(F ) d∗−−−−→ Hp(DF ) −−−−→ ...

Since d∗(1) = (1, 1), ψ̃∗ ∈ Z2 × Z2, and the map ψ̃ preserves the anti-diagonal
{(x,−x) ∈ Sp × Sp} pointwise, we obtain

ψ̃∗ =

(
0 −1
−1 0

)
.

This gives the following exact sequence when p is even:

(2) 0 −→ π̃0V Diff(τ(Sp), ∂) −→ π̃0Diff(τ(Sp), rel ∂) −→ Z2 −→ 0.
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It is mentioned in [9] (see Example 2.) that this sequence (2) does not split in
general as well, and when the Kervaire sphere Σ ∈ Θ2p+1 is exotic and m 6= 0
(mod 4), we have π̃0Diff(τ(Sp), rel ∂) ∼= Z8 ⊕ Coker(J4m+1).
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