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In the present survey paper, we shall discuss the relation between the growth of
harmonic functions and the growth of nodal sets of those functions. The growth
of harmonic functions is measured by their frequency. For any harmonic function
u in the unit ball By C R", the frequency is defined as

_ fB1 |Vul?
faBl u?

If u is a homogenous harmonic polynomial, its frequency is exactly its degree.

(0.1) N

In general, the frequency controls the growth of the harmonic functions. In
the present paper, we shall discuss how the frequency controls the size of nodal
sets. F.-H. Lin [26] made an important contribution by establishing the relation
between the frequency and the size of nodal sets.

As we know, plane harmonic functions are simply the real parts of holomorphic
functions in the complex plane. This simple identification is not enjoyed by har-
monic functions in higher dimensional spaces. However, harmonic functions in
R"™, as analytic functions with interior estimates on derivatives, can be extended
as holomorphic functions in C”. It turns out that such an extension is extremely
important in the discussion of nodal sets of harmonic functions. This is because

the nodal sets of (general analytic) functions in R™ are not stable in the sense
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that a simple perturbation may change the structure of nodal sets. In partic-
ular, the dimension of nodal sets may change by perturbations. However, this
never happens for holomorphic functions in C™. In order to discuss nodal sets of
harmonic functions, we shall first discuss complex nodal sets of the holomorphic
extensions. It is not surprising that complex analysis plays an important role in
our study. For example, we shall use repeatedly Rouché Theorem in C and in C2.
It asserts that if an equidimensional holomorphic map has isolated zeroes then its
holomorphic perturbation enjoys the same property and the number of isolated
zeroes is preserved. Another property we shall use is the behavior of polynomials
away from their zeroes. For a suitably normalized polynomial, a positive lower
bound can be established for the modulus of the polynomial outside some balls

around its zeroes.

The foundation of our discussion is a monotonicity formula for harmonic func-
tions. Corollaries of such a monotonicity include the doubling condition of L2-
integrals and finite vanishing order. In fact, an integral quantity of harmonic
functions in the unit ball controls the vanishing order of harmonic functions in-
side the ball.

This paper is based on a series of lectures given by the author in the Special
Lecture Series in Peking University, in the summer of 2005. He would like to
thank Gang Tian for the invitation and Peking University for its hospitality.

1. A MoONOTONICITY FORMULA

In the present section, we shall discuss a monotonicity formula for harmonic
functions. Important corollaries include doubling conditions and the control of
vanishing order by the frequency. The entire section is taken from [12], [13] and
., [26] with few modifications..

Throughout this section, we always assume that u is a harmonic function in
By C R, ie.,

(1.1) Au=0.

Define for any r € (0, 1)

e = [ Vu, H) = / e
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and
rD(r)
H(r)

We first note that D(r) can be written as a surface integral. By (1.1), we have

(1.2) N(r) =

Au? = 2|Vul?. With Green’s formula, we may rewrite D(r) as

(1.3) D(r) = - Au? = / Uy,
2 /B, 0B,

As an example, we first calculate N (r) for homogeneous harmonic polynomials.

Example 1.1. If u is a homogeneous harmonic polynomial of degree k, then
N(r) is a constant and N (r) = k.

Now we prove the following basic result.

Theorem 1.2. N(r) is a nondecreasing function of r € (0,1).

Proof. First, we have

(1.4) N'(r) = N(r) {i + g((:)) = fg((:)) } .

We need to calculate D'(r) and H'(r). A simple differentiation yields

1
D'(r) = / Yl = © / <alvu2, % s
OB, T JoB, r

By applying Green’s formula for each i = 1,--- ,n and using Au = 0, we have

T
/ x| Vuf* - = = / Oi (x| Vul?) = / |Vul|? + 22/ T UG
By r B B 5 /Br
:/ |Vu\2 -2 Z/ @(xzuj)ul +2 Z/ TiU;U V5
B j B j 0B,

:/ |Vu\2—2/ ’LL?—{-Q’F/ (Vi )y,
- B, 0By

Summing over i, we obtain
(1.5) D'(r) = D(r)+ 2/ u?,
0B

or with (1.3)

(1.6) = +
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Next, we write H(r) as
H(r)= / u?(x)dS, = r”l/ u?(ry)dS,.
|z|=r lyl=1

This implies
n—1

H'(r) = H(r)+2/aB Uy,

r
or

H () n—-1 2[5 uuy
(L) RS Ton

By substituting (1.6) and (1.7) into (1.4), we get

faBT up faBr Ulkn, }
)

fBBT utly, faBr u?

which is nonnegative by Cauchy inequality. (]

N'(r) =2N(r) {

Now we discuss some corollaries of Theorem 1.2.

Corollary 1.3. The limit of N(r) as r — 0+ exists and equals to the vanishing
order of u at 0.

Proof. The existence of the limit of N(r) as r — 0+ follows easily from the
monotonicity of N(r), by Theorem 1.2. To calculate the value of this limit, we
write u = P + R, where P is a nonzero homogeneous polynomial of degree k and
R is the remainder term. Both P and R are harmonic. Then we have by Example
1.1

vPP?
lim N(r) = f31|72| =k.
r—0 faBl P
This finishes the proof. O
Corollary 1.4. There hold for any r < 1
d H(r) N(r)
1. —1 =2
(18) dr 08 -1 ro’
and for any 0 <r; <ry <1
H H 2 N
(1.9) ) ) g [* gy,
5 ] mno T
and
2N(r2)
(1.10) Hir) o <r2> Hin)
T4 r1 ]
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Proof. We may write (1.7) as

or

d d _ N(r)
—log H(r) — — logr™ 1 =2 .
dr og H(r) dr o8 T r

This implies (1.8). A simple integration of (1.8) yields (1.9). To get (1.10), we
simply note by Theorem 1.2

exp{2 / PN 4y < exp{2N () / " %dr} - <”>2N(T2).

1 r ri T1

This finishes the proof. O

The identity (1.8) plays an important role in subsequent discussions. An inte-
gration of (1.8) relates two surface integrals of u? through the function N(r), as
shown in (1.9).

The following result is the so called doubling condition.

Corollary 1.5. There hold for any R € (0,1/2)

(1.11) ][ u2§22N(1)][ u?,
aBzR aBR

(1.12) ][ u2§2122N(1)][ u?.
Bar Br

Proof. By Theorem 1.2 and taking 1 = R and 7, = 2R in (1.10), we obtain

HQ2R) _ o H(R)
(2R)”_1 — Rn—1 ’

which is (1.11). To get (1.12), we simply integrate (1.11) from 0 to R. O

Next, we provide another proof of Theorem 1.2 and Corollary 1.4. We assume

u is given by

[e.e] o
k
u=y up =) ar,
k=0 k=0

where uy is a homogeneous harmonic polynomial of degree k in R™ and ¢y, is a
spherical harmonics of degree k on S"~!. We may assume {p}} is orthonormal
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in L2(S"71), i.e, / PR = 0. Since each uy is harmonic, we have by Green’s
Srn—

0—/ ukAuk—/ ukﬁnuk—/ ’VUHQ
™ 0B -

Note ugO,up = krzk—lgp%. This implies

/ |VU]€‘2 — k‘/ T2k_190i — ]{?7’2k_17‘n_1.
B 0B,

Therefore, we obtain

formula

o0 oo
D(r) = el Z k|ak|2r2k71, H(r)= el Z |ak|2r2k,
k=0 k=0

and
rD(r) Y opsg klag*r?
H(r) — plolaw|?r2k

N(r) =
Then, we have
2
(R0 K2 lan*r®) (R2o lan*r*) — (ZR2o Klaxl*r?*)
r (R laxr2k)®
by Cauchy inequality. Hence, we conclude N (r) is increasing. Next, we note

H(r)
T Z jax]*r.
k=0

rn-

N'(r) =2 >0

I

Then we have

d o H(r)\  Yplo2klag>r?*=1  2D(r)
ar \*® TS lm T HG)

or

(g 1) 520

rn—1 r

This is (1.8).

For any p € By and any r € (0,1 — |p|), we define

TfBr(p) |Vu|?

(1.13) N(p,r) = —F————.
f@BT(p) u?

The quantity N(0,1) is called the frequency.



Nodal Sets of Harmonic Functions 653

Theorem 1.6. For any R € (0,1), there exists a constant Ng = No(R) < 1
such that the following holds. If N(0,1) < Ny, then u does not vanish in Bgr. If
N(0,1) > Ny, then there holds

1
N(p. 5(1 = R) < CN(0,1). for any p € B,

where C is a positive constant depending only on n and R. In particular, the

vanishing order of u at any point in Br never exceeds c(n, R)N(0,1).

Proof. The monotonicity of N(0,r) implies that the vanishing order of u at 0
never exceeds N(0,1). In the following, we shall prove for R = 1/4.

As in the proof of Corollary 1.5, we have for any R € (0,1/2] and X € (1,2]

f W2 < ANV 2.
Bxr Br

Note Bs/4(p) C B1 and By /4 C By js(p) for any p € By /4. Hence, we have for any
pE€ By

1,
Now, we claim

(1.14) ][ u? < ¢(n)42N 01 ][ u?,
63%(])) 9By (»)

In fact, we have by (1.8)

d
1.15 — log][ w?="""
( ) dT‘ aBr(p) T

Hence, the function

W2 < C(n)42N(0,1)][ u2.

B1(p)
2

(p)

oo

T u
0Br(p)

is increasing with respect to r. Then, we have

/ u? / u? > ¢(n) f u?,
B3 (p) B3 ()\B3 () 9B5 (p)

1 8

Y

and
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This finishes the proof of (1.14). Integrating (1.15), we obtain

5
8 2N 1 1
log][ u2—log][ u2:/8 MdTZ2N(p,*) <10g5—log>.
9B () By (p) 1 r 2 8 2

This implies with (1.14)
)N (p, 5) < log (e(m) a2V O
or
N(p. 5) < e(m)N(0,1) +e(n).
By the monotonicity of N(p,r), we obtain for any p € B/, and any r < 1/2
N(p,r) < e(n)N(0,1) + ¢(n).
Therefore, the vanishing order of u at p never exceeds ¢(n)N(0,1) + ¢(n).

To finish the proof, we claim u(p) # 0 for any p € By if N(0,1) < e(n) < 1.

To prove the claim, we assume by the normalization / u? = 1, which implies
0B;

/ |Vu|? < e(n). Interior estimates yield
By

sup |Vu| < ¢1(n)y/2(n).
By

By (1.11), we have

1 :/ ’LL2 S 2n—122N(O,1)/ u2 S C(n)/ u2.
0By 83% 8B%

Hence there exists a py € By /o such that |u(po)| > ca(n). Then, we have for any
pE By
[u(p)] = ca(n) = c1(n)v/e(n) >0,

if €(n) is small. This completes the proof. (]

Most of the results in the present section can be generalized to analytic func-
tions in C. Suppose f = f(z) is an analytic function in the unit ball in C given
by

flz) = Z apz®.
k=0
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Then we have
'(z) = Znakzk.
k=0

Similarly, we may define H(r), D(r) and N(r) by

o0
H(r) = / f2do =203 Jag Pr2,
|2|=r k=0

D(r) = /| BUCIEED ST, / VR =3 o
z|I<r k=0 <r

|21< k=0

and
_ rD(r) _ Eziok|ak|2""2k
COH(r) 20 agf*r

Then, we may conclude as before that N'(r) > 0.

N(r)

2. THE MEASURE ESTIMATE OF NODAL SETS

In the present section, we shall estimate the measure of nodal sets of harmonic
functions in terms of the frequency. The main result, Theorem 2.1, was proved
in Lin in [26]. We will follow the proof in [26] closely, with the exception of the
proof of Lemma 2.4. The presentation in this section is consistent with the rest
of the paper.

We first examine an example. Consider in R? the homogeneous harmonic

polynomial ug given by
ug(x,y) = Re(z?) = r¥ cos(dh).

The nodal set of ug consists of d straight lines intersecting at the origin. Hence,

we have
H (uy;'(0) N By) = 2d.
Note the measure of the nodal set depends on the degree linearly.
In general, we have the following result.
Theorem 2.1. Suppose u is a harmonic function in By. Then there holds
(2.1) H Ha € B%;u(m) =0} <e¢(n)N,

where N is the frequency of w in By as in (0.1).
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We begin with a result of H. Cartan, which provides an estimate from below
for the modulus of a polynomial in C away from its zeroes. For a proof, refer to
Theorem 10, P19 in [25].

Lemma 2.2. For any given number H > 0 and complex numbers ai,--- ,aq,
there is a collection of at most d circles in C, with the sum of the radii equal to

2H, such that for each z lying outside these circles there holds
H d
|z —ai| - |z —ag| |z —aq| > - -

Corollary 2.3. Suppose p(z) = EZ:O cx2® is a polynomial in C with EZ:O |ek|? >
1. Then for any H € (0,1), there is a collection of at most d circles in C, with
the sum of the radii < 2H, such that for any z with |z| < 1 lying outside these

ver> (2)"

1 d
2 2
o Ip| :Z|0k’ > 1.
0D, k=0
Since p has d zeroes in C, we may assume

circles there holds

Proof. We note

p(z) =c(z —a1) - (2 — aq).
Then for some zg € D1, we have
1 < |p(20)| = le| - |20 — a1] -~ [20 — aa| < |e[(1 + [a1]) -+ (1 + |aal),

which implies
|z —a| |z —ad
2| > . )
PO Tl T e
Note we only consider z with |z| < 1. We assume for some integer d’ < d, |ax| < 2
for k < d" and |ag| > 2 for d' < k < d. Then for d' < k < d, we have

|z —a| _ Jax] =1 _ 1 .
> > — for any 2z with |z| < 1.
1+\ak\_]akl—|—1 3 Y ’|_

Obviously, 1 + |ax| < 3 for k < d’. Hence we obtain

1 d—d’
)= () -l -l

A simple application of Lemma 2.2 yields the desired result. O
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Now we prove an important result in this section.

Lemma 2.4. Let f(z) be a nonzero analytic function in By = {z € C;|z| < 1}.
Then there holds
#{f71(0)n B} < 2N,

where r € (0,1) is universal and N is defined as

I P

N = .
Jop, 1P

Lemma 2.4 was first proved by Lin by using Taylor expansion in [26]. Here we
shall prove by Rouché Theorem. The proof was adapted from [18].

Proof. Set g(z) = f(z/M) for some M > 0 to be determined. Then we have
o MfBM lg'?
faBM lgI?

We claim for some sufficiently large M,

N

#{z € By;g(z) = 0} <2N,
where M is universal.

We set
0.9]
g(z) = Z amz"™.
m=0
We may assume, without loss of generality, that

1 00
(2:2) > 91> =) lam|* = 1.
27’( 8B, mZ:O m

In the following, we set N, = [N], the integral part of N. Obviously, we have
N, <N <N, +1.

By (1.10) for analytic functions, we get

1 MQN
oot MBS [ lgP =2,
2tM Jsp,, 2m

which implies
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By N < N, + 1, we have obviously

00
Z |am|2M2m < MQ(N*+1).

m=0

Therefore, we obtain
(2.3) || < M= for any m > 0.

Note there holds for some universal constant ¢ > 0
1 m|2 2 c
2 Jop, | 2 emP= D enl <
m>2N,+1 m>2N,+1
We then get by interior estimates

(2.4) sup | Z "] < c
B3 >aN,+1

We choose M large, independent of NV, such that

2.5 aml? < &
(25) mgv:*HI ml” =5
Set
2N )
(2.6) P.(z) = Z amz™, Ri(z)= Z amz".
m=0 m=2N,+1

Then g = P, + R.. Obviously, we have by (2.2) and (2.5)

2N,

- 1
> laml* > 5.
m=0

Then by Corollary 2.3 with d = 2N, and possibly a different normalization con-

stant, we conclude

inf |P,| > 2+,

0By
for some r € (1/2,3/4) and a universal constant € € (0,1). By choosing M large
enough, independent of N,, we conclude by (2.4)

sup |R.| < eV,
B34

This implies
9(2) = Pu(2)| < |Pu(2)| for any |z| = r.
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Then Rouché Theorem implies
#{z € Byig(z) = 0} < 2N,
and in particular
#{z € Byiglz) = 0} < 2N..
This finishes the proof, since N, < N. O

We now state a different version of Lemma 2.4.

Lemma 2.5. Suppose f: By C C — C is analytic with

|£(0)=1 and sup|f| <2",
By

for some positive constant N. Then there holds
#{Z € Br;f(z) = 0} <N,

where r is universal.

The proof of Lemma 2.5 is similar to that of Lemma 2.4, and is omitted.

To prove Theorem 2.1, we need the complexification of harmonic functions.
Suppose u is a harmonic function in By C R™. Then there is an R € (0,1) such
that u(x) extends to a holomorphic function @(z) on

Q={z=x+iyeClz e B%,y € Bgr}.
Moreover, there holds for some universal constant ¢ > 0
(2.7) Sup | < cllullL2(om,)-

To see this, we simply consider the Taylor expansion of v = u(x) at any point
p € By/4 and replace z—p € R" by 2—p € C". With the estimate of the derivatives
of harmonic functions, the new complex series converges for |z — p| < R, with R
independent of u. In the following, R will be fixed such that the above extension
property and (2.7) hold. Hence, the constant c is also fixed, independent of w.

Now we are ready to prove Theorem 2.1. A key lemma in the proof is Lemma
2.5, where the universal constant r is small. In the proof of Theorem 2.1, we shall
assume Lemma 2.5 holds for » = 4/5. The proof below can be modified easily
when Lemma 2.5 holds only for small r.
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Proof of Theorem 2.1. We assume without loss of generality that / u? = 1. By
OB
Corollary 1.4, Corollary 1.5 and Theorem 1.6, we have '

][ u? > 47N for any p € B,
B (p) *

where ¢ is a universal constant. In particular, there is a point z, € B 16(p)
such that |u(z,)| > 27, Now we choose p1,- -+ ,p, € 0By /4(0), with p; on the
rj-axis, j =1,--- ,n. Let x,, € By/14(pj) be such that

|u(55pj)| > 27N for any j=1,---,n.

For each j and w € S"~!, we consider

5 5

88"

It is obvious fj(wj;t) is an analytic function of t € (—=5/8,5/8). Moreover, f;(w;t)
extends to an analytic function fj(w;z) for z =t + iy, |t| < 5/8 and |y| < yo.

fi(w;t) = u(wy, +tw) fort e (-

Then we have

|fi(w;0)] > 27N,
and

| fi(wst +1iy)| < C,
for some universal constant C'. Applying Lemma 2.5, we obtain

1
(b ulay, +tw) =0, [ < 5} < C)N
and in particular
Nj(w) = #{t; u(ry; +tw) =0, z, +tw € BT16} <C(n)N

By the integral geometry estimate ([11], 3.2.22), we have

n—1 .
H"Haz € Boiu() =0} <c(n ZSM w)dw < C(n)N

Now Theorem 2.1 follows simply by a suitable finite covering of By 5 by balls of
radius 1/16. This completes the proof. O
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3. MEASURE ESTIMATES OF SINGULAR SETS IN R2

Let u be a harmonic function in By C R™. For any p € By with u(p) = 0
and Du(p) # 0, it is easy to see that u=1(0) is an (n — 1)-dimensional analytic
submanifold in a neighborhood of p. Now we set

S(u) = {p € Bi;u(p) = 0, Du(p) = 0}.
We first prove a result, which is due to Caffarelli and Friedman [3].

Lemma 3.1. Let u be a nontrivial harmonic function in By C R™. Then S(u)
is contained in a countable union of (n — 2)-dimensional analytic manifolds.

Proof. For any d > 2, we set
Sq(u) = {p € By; 0"u(p) = 0 for any |v| < d,
0"u(p) # 0 for some |vy| = d}.

Then we have
S(u) = | Sa(w).
d>2
This is a finite union by the finite vanishing order due to analyticity. We shall
prove that S4(u) is (n — 2)-dimensional for each fixed d > 2.

For any p € Sy(u), there exists a | 3| = d — 2 such that 9%v(p) # 0 for v = FPu.
Obviously, v is a harmonic function in B;. First, the Hessian matrix (6%v(p))
has a nonzero eigenvalue. Next, we may diagonalize (0%v(p)) = diag(A1,- -+, An).
Then we have A\; + - -+ + A\, = 0. By assuming A; # 0, we have another nonzero

eigenvalue and hence we may assume Ay # 0. Note

8811}(]9) = ()\1, 0--- ,0), 8821)(]?) = (0, )\2, 0, ce ,0).
By applying the implicit function theorem to 01v and Oyv, we conclude that
{01v = 0,02v = 0} is an (n — 2)-dimensional analytic manifold in a neighborhood

of p. Obviously, this manifold contains S;(u) in a neighborhood of p. This finishes
the proof. O

Lemma 3.1 illustrates that S(u) is indeed the singular part of {u = 0}. We
usually call S(u) the singular set of w.

The following conjecture concerns the size of singular sets in terms of the
frequency. It was proposed by Lin in [26].
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Conjecture 3.2. Let u be a harmonic function in By C R™. Then there holds
H"*{z € Bi;u(x) = |Du|(z) = 0} < ecN?,
2
where ¢ = c(n) is a general constant and N is the frequency of w in By as in

(0.1).

At this time, it is known to be true only for the case n = 2. The question for

the general dimension remains open.

The rest of the section only concerns the case n = 2 and is adapted entirely
from [18]. In fact, a better result is available for n = 2.

Theorem 3.3. Let u be a harmonic function in By C R%. Then there holds
#(SwnBy) <eN,
2

where ¢ > 0 is some universal constant and N is the frequency of u in By as in

(0.1).

Here we have the linear growth for the estimate on the singular set. Compare
with the quadratic growth in Conjecture 3.2.

To prove Theorem 3.3, we shall identify C = R? and prove the following result.
Theorem 3.4. There exists a universal constant M > 1 such that for a harmonic
function u in By C R?, with w(0) = 0, satisfying

M [ |Vul?
% <N,
Jon e

there holds
#{x € B%;uxl(:v) = Uy, (x) =0} < 2N.

Proof. Let (r,0) denote polar coordinates in R? and we write u in the following

form

u(r,0) = Z amr™ cos(mb + 0.,),

m=1

where 0,, € [0,27). We may assume, without loss of generality, that

(3.1) i/ u2:ia;:1.
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In the following, we set
N,=inf{n € Zy; n > N}.

Obviously, we have
N, —1< N <N,.

By (1.10), we get

1 W2 < M2N(0,M) / W2 = MQN(O,M)7
OB,

M JoB,, s
which implies

[o¢]
Z a2, M2 < MENOM),

m=1

By N(0,M) < N < N,, we have obviously

o
Z a2 M¥™ < MPN-
m=1

Therefore, we obtain
(3.2) || < MN==™ " for any m > 1.

We first choose M large, independent of N,, such that
1
2
. a2 < =
(3.3) > laml* <5

Now we identify C = R? and write z = x1 + ize. Setting f(2) = uy, — iUy,
we note f is holomorphic and f~1(0) = |Du|~1(0). A straightforward calculation

yields
oo
F2) =Y mageitzm
m=1
Set
2N.—1 00
(3.4) P(z) = Z Mayme?m 21 R(z) = Z May,edmzm1,
m=1 m=2N,

Then we get f = P+ R. Note P is a polynomial in C of degree 2N, — 2 and its

coefficients satisfy
2N, —1

> Imamf* 2
m=1

N =
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By Corollary 2.3, there exists an r € (1/2,1) and a universal ¢ > 0 such that
|P(2)] > M2 for any |z| = r.

Moreover, by choosing a universal M large enough, independent of N,, we have
by (3.3) for any |z| < 1

m C Ne—
RIS X fman s Y g € o <R
m>2N, m>2N,

This implies
|f(z) — P(z)| < |P(z)| for any |z| =r.
By Rouché Theorem, we have

#{f~1(0)N B,} <2N, -2,

or
#{f7H(0)N By} < 2N, - 2.
2
This finishes the proof, since N, —1 < N. [

Theorem 3.3 follows from Theorem 3.4 and Theorem 1.6 easily. The proof of
Theorem 3.3 makes an essential use of the identification R? = C. In the following,
we study the singular set from another point of view. Instead of identifying R?
as C, we put R? into C? and then consider the complexification of harmonic

functions.

Suppose v is a harmonic function defined in B; C R?. As discussed in the
previous section, u extends to a holomorphic function %(z) in D C C? for some
universal R € (0,1). Moreover, there holds for some universal constant ¢ > 0

(3.5) sup || < cllullp2am,)-
Dg

In the following, we always denote by % the complexification of u. We shall also
use B,(x) and D,(z) to denote open balls of radius r centered at z and z in R?
and C?, respectively. When the center is the origin, we shall simply write B, and
D,.. The singular set 4 is defined as

S(t) ={z € Dp;u(z) = Uy, (2) = U (2) = 0}.

Then we have the following result concerning complex singular sets.
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Theorem 3.5. Let u be a (real) harmonic function in By C R2. Then for some
universal constants Ry € (0,1) and ¢ > 0 there holds

#(S(@) N Dg,) < eN?,

where N is the frequency of u in By as in (0.1).

A significant aspect of Theorem 3.5 is that a property of the complexified %
is determined by its restriction on the real space u = tu|g2. Here we make an
important remark about the complexification @. Since u is a harmonic function,
the holomorphic function u satisfies 0,,,, @ + 0,24 = 0. Theorem 3.5 asserts
that the singular set of 4 is isolated and that the number of singular points can
be estimated in terms of the frequency of the (real) function w. This result does

not hold for general holomorphic functions v satisfying
(3.6) 02,20 + Ozy2,v = 0.
The following example is taken from [24].

Example 3.6. Let v(z) = (21 —i22)%. Obviously v satisfies (3.6). However, the
singular set of v is not even isolated.

Hence in order to have an isolated singular set for a holomorphic function
v = v(z1, 22) satisfying (3.6), all the coefficients in the Taylor expansion of v have
to be real.

To prove Theorem 3.5, we shall first provide a simple but crucial calculation
for harmonic polynomials in R? and their complexification @ in C2. In the polar
coordinate system (r,6) in R?, the homogeneous polynomial Py(z) = r¢ cosdf is

harmonic. If we consider a linear transform 7 : R? — R? given by

—b

(3.7) T:<Z ) with a® + b2 =1, a,b € R,
a

then Py(T-) is also harmonic. In fact, any homogeneous harmonic polynomial of

degree d can be written in this way. Note T in (3.7) is simply a rotation in R2.

Now we consider the gradient of homogeneous harmonic polynomials. We
identify R? = C and use the complex coordinate z = x1 + ixe. Consider the
homogeneous polynomial

74 = (x1 — i:nz)d = r%cosdf — ir®sin do.
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We use its real part and complex part to construct a homogeneous polynomial
map Qg : R? — R? as follows

Qulx) = Qul ) (Tdcoscw) 1<zd—|—2d>
dx) = Qq(x1,22) = == ;

—r?sin df 2 \i(z4 — z%)

or

(3.8) Qulz) = 1 ( (z1 4 ix0)? + (21 — i29)? ) |

2 \i((21 +iz2)? — (21 — iz2)?)

Each component is a homogeneous harmonic polynomial. In fact ()4 is the gra-
dient of some homogeneous harmonic polynomial of degree d + 1.

As before, we consider a linear transform 7' : R? — R? given in (3.7). If Q4 is a
homogeneous polynomial map given in (3.8), then T¢Q4(T") is also a homogeneous
polynomial map given by the gradient of some homogeneous harmonic polynomial
of degree d + 1. In fact, the converse is also true. A homogeneous polynomial
map of degree d can be expressed as T'Qq(T") for some linear transform T in
(3.7) if it is the gradient of some homogeneous harmonic polynomial of degree
d+1.

Now we extend the map Qg : C> — C2? simply by replacing = (x1,z2) by
z = (21, 22),

1

(39) Qd(z) = Qd(zl,zg) = — (

(21 + iZQ)d + (2’1 — iZQ)d )
5 .

i((21 +i29)% — (21 — i22)%)

Suppose T : R? — R? is a linear transform given in (3.7). Set
/ —-b
Z} _7 zZ1 _ azy Z9 .
25 29 bz1 + azo

2 +i2h = (a+ib)(z1 +iz2), 2} —izh = (a—1ib)(z1 —iz2).

Then we have

Set o« = a + ib. We obtain

Qa(Tz) = % ( ad(zl + izg)d + @d(zl _ 2.22)d )

i(ad(zl + izz)d — dd(zl — izg)d)

and

(3.10) TLQu(Tz) = < Bt (2 +izg)? 4+ @t (2 —izg)? > |

1
2 \i(a®t (2 +izg)? — a%t (21 —izg)?)
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We conclude easily
TQUT)R = & (121 + i + |21 — izaf).
A direct calculation shows
|21 Hizaf® = |21 ]* + |22 + 2(y122 — T19).
Then we obtain
T'Qu(T=) =5 (121 + 22l + 2(n2 — 2132)"
+(|21)? + |22]* = 2(y122 — xlyg))d) )

Notice that only the even powers of y1x9 — z1y2 appear in the right side. Hence
we get

(3.11) IT'Qa(T=)| > |2|".
Next we shall generalize (3.11) to nonhomogeneous harmonic polynomial maps.

Lemma 3.7. Suppose Q : C> — C2 is given by

d
(3.12) Q(2) = e TiQu(Tr2),
k=0
where fork =0,1,---,d, Qp : C> — C? is the homogeneous harmonic polynomial

map given by (3.9), Ty : C2 — C? is a linear transform given by

—b
T, = (“’“ ’“) . with a3 + b} =1, ay, by € R,
by ay

and ¢y is a complex number such that Zi:o lcx|? > 1. Then there exists an
r € (1/2,1) such that
|Q(2)| > e for any z € dD,.,

for some universal constant € € (0,1).

Proof. Set oy, = ay, + ib, for k =0,1,--- ,d. We claim

d d
1 . _ )
(313) QG =3 (! > kel (e + i) P Y e o - m)’w?) .
k=0

k=0
To prove this, we set for simplicity

wy = 21 + 122, Wo =21 — 129.
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Then we obtain by (3.10)
k+1

d k41
wl + QT ws
Z TR Qr(Trz) = Z%( Etly, —k+1 k))
=0 wy — ;"
( Zk 00k@’,§+1w1 +Zk o ckay Ttk ) 1 <I+II>
=3 ,

Zk o ek wh Zk o ckay T wh) I-1I

l\')\)—t

This implies

1
(IF+TIP [T = 111%) = S (|1 + |11 )

d
1
:2<]E ckai"'l | —|—|E ckak'H k >
k=0

This finishes the proof of (3.13).

»bM—‘

Q(=)1* =

We now apply Corollary 2.3 to polynomials
d

E ckaz“wk, and chal;zﬂ
k=0

For any H € (0,1), there is a collection of discs {D,, (px)} and {D,(q)} in C,
with > rp < 2H and ) s; < 2H, such that for each z = (21, 22) € D; with

z1 + ’L'ZQ ¢ UDTk (pk)7 or zj— iZQ ¢ UDSl(ql)a

e (4)"

B.s(p,q) = {(21,22) € C% 21 +izy € Dy(p), 21 — i22 € Ds(q)}.

there holds

Now we consider the set

Consider the linear transform in C? from (z1, 22) to (w1, ws)

w1 = —=(21 +129), Wy = —=(&1 —129).
1 \/» 1 2 2 \/» 1 2

In the new coordinate system, B, s(p, ¢) is a polydisc

b q
Dr/ﬁ(ﬁ) X Ds/ﬁ(ﬁ) c Cx (C:(C2

Hence by setting = r;, and s = s;, there is a collection of polydiscs {Drk/ﬁ(pk/\/ﬁ)
XDSZ/\@(QI/\@)} such that if w = (w;, w2) is not in these polydiscs then |Q(z)| >
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(H/10)? for the corresponding z = (21, 22). By choosing H > 0 small enough, we
may find an r € (1/2,1) such that

p q
dD, N <u{DTk/ﬂ(\/’%) X Dsl/ﬂ(\é)}) — 0.
Therefore we obtain

H

d
1Q(2)] > <10> , for any z € 9D,.

This finishes the proof. O

The next result is the 2-dimensional version of the Rouché Theorem. For a
general form and a proof, refer to [27].

Lemma 3.8. Suppose f,g: Dy C C? — C? are holomorphic in D1 and C' up to
the boundary 0D1. If

|f(21,22) — g(21, 22)| < |g(z1,22)] for any (z1,22) € ODx,
then f=1(0) and g=1(0) are isolated in D1 and the number of points in f~1(0) is

the same as that in g~ (0), counting the multiplicity.

Corollary 3.9. Suppose f : D; C C? — C? is holomorphic in Dy and continuous
up to the boundary 0Dy and that Q is given in Lemma 8.7. If for the universal
€ > 0 in Lemma 3.7, there holds

1f(21,22) — Q(21, 20)| < €%, for any (z1,22) € Dy \D%,
then
#INO)ND) <
Proof. By Lemma 3.7, there exists an r € (1/2,1) such that
|f(z1,22) — Q(21,22)| < |Q(z1,22)|, for any (z1,22) € OD,.
Bezout formula ([1], Corollary 1, P200) implies
#QT1(0)} < &
Here the multiplicity is counted. Hence by Lemma 3.8, we obtain
#{f7H0)n D} < d*
This finishes the proof. (|
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Remark 3.10. Suppose P is a harmonic polynomial of degree d+ 1, with P(0) =

0. We may write
d+1

P=>Y" am®m,
m=1

where ®,,, is a homogeneous harmonic polynomial of degree m with fSl P2 =1,
for any 1 < m < d+ 1. Obviously, {®,,|s1} is orthogonal in L?(S!). Now

we assume fgl P? > 1. This implies an+:11 a?n > 1. Then it is easy to see

that DP, considered as a map from C? to C2, can be written as in (3.12), with
Zﬁ:o ek > > 1/2.

Now we begin to prove Theorem 3.5. We shall prove the following result. The
constant N in Theorem 3.11 means different from that in (0.1).

Theorem 3.11. There are two universal constants M > 1 and r € (0,1) such
that for a harmonic function u in By C R?, with u(0) = 0, satisfying

MfBM |Vul?

faB]W u?

= )

there holds
#{z € Dy iz, (2) = Gzy(2) = 0} < AN

The proof of Theorem 3.11 is similar to that of Theorem 3.4.
Proof. For simplicity, we shall use the same notation to denote harmonic functions

and their complexifications. Let (r,6) denote polar coordinates in R? and we write
u in the following form

u(r,0) = Z am P (r,0) and Dy, (r,0) = r"pn(0),
m=1

where ¢,,(0) satisfies

/ 02 (0)dd =1 and ¢ (6) + m%pn(0) = 0.
St

Moreover, we may assume, without loss of generality, that

(3.14) / u? = i a2, = 1.



Nodal Sets of Harmonic Functions 671

In the following, we set
N,=inf{n € Zy; n > N}.

Obviously, we have
N,—1< N <N,.

By (1.10), we get
1

u? < M2N(O,M)/ W2 = MENOM).
M JoBy,

0B,
which implies

Z aganm < MQN(O,M)'
m=1

By N(0,M) < N < N,, we have obviously

00
Z aan2m < M2N*.

m=1
Therefore, we obtain
(3.15) || < MYN™  for any m > 1.
Since {pm} is orthonormal in L2(S'), there holds for some universal constant
c>0
2 2 o
[ Y an®al = 3 lanl <
/631 m>2N, m>2N., M

We first choose M large, independent of N,, such that

> 1
(3.16) > lamf <3

m=2N,

By (3.5), we get for some universal R € (0,1),

| | < —
| Y antal < 1
Dr >N, M

Interior estimates for holomorphic functions imply

(3.17) sup]D Z amPm)| < RMN*
m>2N,
Set
2N,—1 00
(3.18) Po= Y am®m, Ri= ) an®p
m=1 m=2N,
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Then u = P, + R,. Obviously, we have by (3.14) and (3.16)

2N.—1

Z ‘am|2 >
m=1

Then D P, satisfies the assumptions in Lemma 3.7, with d = 2N, — 2 and possibly

N

a different normalization constant. See the Remark 3.10. By choosing M large
enough, independent of N,, we conclude by (3.17)

sup |DR,| < V72,

R
where ¢ is the universal constant as in Corollary 3.9, or Lemma 3.7. This implies
|Du(z) — DPy(2)] < e2M72 for any z € D%'

By applying Corollary 3.9 to Du and DP; in D/, we conclude
#{1Dul~1(0) N Dpya} < (2N, — 2)2.

This finishes the proof, since N, —1 < N. U
Now we may prove Theorem 3.5.

Proof of Theorem 3.5. Recall N is defined in (0.1).

First, we consider the case that N is small. Let Ny = Ny(1/4) be the constant
in Theorem 1.6. If N < Ny, then u is never zero in By, by Theorem 1.6.
Harnack inequality and interior estimates for harmonic functions and holomorphic
functions imply that @ has no zeroes in Dpg, , for some universal Ry < 1. Therefore
we have S(u) N Dg, = 0.

Next, we consider N > Ny. By Theorem 1.6 there holds for any p € By 4
fB;(p) [Vl
4 @ < C'N,
4 faB% (») u?

for some positive constant C' independent of u. For any p € By 4, with u(p) =0,
by the scaled version of Theorem 3.11, we have

#{S(@) N Dr,(p)} < eN?,

for some positive constants Re < 1 and ¢, independent of u and p. To finish the

proof, we consider two cases. If u is never zero in Bg, 5, then @ is never zero in
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DsR, Ry, as in the first part of the proof. This implies that S(4) N Dag, g, = 0. If
u(p) = 0 for some p € Bp, /9, then we have

#{S(@) N Dg,(p)} < N2,
which implies
#{S(ﬁ) N D&} < cN?.
2
This finishes the proof by taking Ry = min{R;, 2R Ra, R2/2}. O

To finish this section, we provide an example to show that the number of
complex singular points is indeed in the quadratic order of the frequency. Hence
the estimate in Theorem 3.5 is optimal.

Example 3.12. For any integer d > 2 and any small € > 0, consider the harmonic
polynomial w in the polar coordinate

1
u(x) = ercosf — i1 1rd+1 cos(d + 1)6.
Then it is easy to see that
d
e —r%cosdf
D = )
u(@) < r?sin d )

By (3.9), we have
= (6 3l +iz)t (51— izQ)d)> :

41+ i) — 1 — )

A simple calculation shows that Di(z) = 0 has d? solutions close to the origin.
Obviously, the frequency of w is in the order of d.

4. MEASURE ESTIMATES OF SINGULAR SETS IN R"

In the present section, we shall discuss singular sets of harmonic functions in

multi-dimensional spaces.

We first examine an example.
Example 4.1. Consider the harmonic polynomial in R3

2
2 2 2
u(xy, xe, x3) = xix3 + THT3 — §x3 — ex3.
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A simple calculation shows that
Du(z1, z2,23) = (2z123, X273, x% + x% — 296% —€).
Then we have
0 for e < 0,
S(u) =< {(0,0,0)} for e =0,
{(z1,72,0);21 + 22 =¢} fore>0.

The dimension of the singular set S(u) changes according to the sign of .

Example 4.1 illustrates that a serious problem arises if we study singular sets
only in real spaces. This suggests that we shall study the singular set for the

holomorphic extension of harmonic functions in the complex space.

We shall first prove a structure result for singular sets of harmonic functions.
The proof is adapted from [15].

Lemma 4.2. Let u be a nontrivial harmonic function in By C R™. Then there
holds

S(u) = 8 (u) [ J Su(w),
where S*(u) is contained in a countable union of (n—2)-dimensional C' manifolds
and the Hausdorff dimension of Si(u) is at most n — 3. Moreover, for any p €

S*(u) the leading polynomial of w at p is a polynomial of two variables after some
rotation of coordinates.

Proof. The proof consists of several steps. For each fixed d > 2, we consider
Sa(u) = {p € S(u); 9"u(p) =0 for any |v| < d,
0"u(p) # 0 for some |vy| = d}.

Step 1. We first study local behaviors at each point. For each point y €
1
By N Si(u), set for any r € (0, 5(1 — |y|)),
u(y +rx)

(4.1) Uyr(z) = T
(f 6Br(y)|u‘2) :

for any x € Bs.

Then we have

(4.2) Uy, — P in L*(By) asr — 0,
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where P = P, is a non-zero homogeneous harmonic polynomial of d-degree.
Moreover, ||P|29p,) = 1. Note P is the normalized leading polynomial of u at

Y.

Since P is a non-zero homogeneous polynomial of d-degree, we have

Si(P) = {x;0"P(z) =0 for any |v| < d—1}.

Obviously 0 € §4(P) by the homogeneity of P. It is easy to see Sg(P) is a linear
subspace and
(4.3) P(z) = P(z+z) forany z € R" and z € S4(P).

Next, we observe that dimSg(P) < n — 2 for d > 2. In fact, (4.3) implies
P is a function of n-dimS;(P) variables. If dimSy(P) = n — 1, P would be a

d-degree monomial of one variable harmonic function. Hence d < 2, which is a

contradiction.
Step 2. We define for each j =0,1,2,...,n — 2,
Shu) = {y € Sa(w); dimSy(P,) = j}.

We claim that Sg(u) is on a countable union of j-dimensional C' graphs. In
fact, we shall prove that for any y € S)(u) there exists an r = r(y) such that
&’ (u) N By(y) is contained in a (single piece of) j-dimensional C' graph.

To show this, we let £, be the j-dimensional linear subspace Sy(P,) for any
y € 8)(u). For any {yz} C 8)(u) with yx — y, we first prove

(4.4) Angle <7y, ¢, >— 0.

L LEEN ¢ e S" 1. Note py €

y
Y|
u(|yelz)

(JC 3B|yk|u2)é

See (4.1) for notations. Obviously, ug |,,| is a harmonic function. It is easy to see

To prove (4.4), we may assume y = 0 and p; =

Sd(u0’|yk|) for

that P, vanishes at { with an order at least d, i.e.,
(4.5) D"P,(&§) =0 forany |v|<d-1.
In fact, (4.5) holds since ug |, — P, in CYBy) and pp — € as k — oo, and

D¥ug |, |(pr) = 0 for any [v| < d — 1. Since P, is a homogeneous polynomial of
d-degree, then we have & € £,. This implies (4.4).
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By (4.4), we obtain that for any y € Sé(u) and small € > 0 there exists an
r = r(y,e) such that

(4.6) S3(w) N Br(y) € Brly) N Ce(ty),
where

C:(ty) = {z € R"; dist(z, £,) < e|z|}.
Let P, and P be leading polynomials of u at y; and y = 0, respectively. Then
we have
(4.7) P, — P uniformly in C%(By).
This implies

Ly, — L, ask— oo,

as subspaces in R™. By an argument similar as proving (4.4), we may prove that
the constant r in (4.6) can be chosen uniformly for any point z € Eé(u) in a
neighborhood of y. In other words, for any y € 82 (u) and any small € > 0 there
exists an r = r(e,y) such that

S)(u) N By(2) € Br(2) NC:(¢,) for any 2 € S(u) N By (y).

For € > 0 small enough, this clearly implies that Sg (u) N By(y) is contained in a
j-dimensional Lipschitz graph. By (4.4) this graph is C?.

Step 3. Now we set

n—3
S*w)= S () and S.(u)= ] ]S
d>2 §=0 d>2
This finishes the proof. ([

Remark 4.3. In fact, we can prove that S*(u) is on a countable union of (n—2)-
dimensional C'*# manifolds, for some 0 < 3 < 1.

The main result in the present section is the following theorem, which was
proved in [21].
Theorem 4.4. Suppose u is a harmonic function in By C R™. Then there holds
H2(S(u) N B1) < C(N),

where C(N) is a positive constant depending only on n and N, and N is the
frequency of w in By as in (0.1).
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The key result is the following lemma for functions in R".

Lemma 4.5. Let P be a homogeneous harmonic polynomial of degree d > 2 and
of two variables in R™. Then there exist positive constants € and r, depending on

P, such that for any harmonic function u in By with
‘u — P|L°°(B1) < g,

there holds
H”_2(|Du|_1{0} NB,) <ec(n)(d— 1)27“”_2.

Proof. First, there exists a universal constant R € (0,1) such that u(z) can be

extended into a holomorphic function u(z) in D with
(4.8) [u = Plei(pg) < c(n)|u— Plre(p,) < ce.
In the following, we assume faBl pP?=1.
We first prove for n = 2. By the calculation in the previous section, (3.11)
specifically, we have
IDP(2)] > col#|".
By taking e small in (4.8), we get
|Du(z) — DP(z)| < |PD(z)| for any |z] = R.
Note Bezout’s formula ([1], Corollary 1, P200) implies
#{|DP|71(0)} = (d — 1)?, (including the multiplicity).

By Lemma 3.8, Rouché Theorem in C?, we have

#{|Du|~'(0) N Dp} < (d —1)%.
This implies in particular

4{1Du7(0) N Br} < (d—1)2

Next, we discuss the general dimension. We temporarily use & = (Z1,--- ,&p)
to denote coordinates in R™ and use Z to denote the corresponding complex

coordinates. In the following, we set Du = (f, f) and DP = (g,0). Here we treat
f and ¢ as maps from C" to C?. Then we have

d—1
2

9(Z)I° > collZ1]? + |22*) 7,
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and

|f = 9lpe(pp) < ce.

Now we introduce a change of coordinate £ = Ox in R™ with an orthogonal
matrix O = (0;;) to be chosen. Then in C", we have Z = Oz. In the following,
we shall evaluate f and ¢ in z. For simplicity, we still write f and g, instead of
foO and go O. Then we have

d—1
n n 2

(4.9) l9(2)I* = <o <| Y ouzf 1) 02izi|2> -
i=1 i=1

Note only the first two rows of the matrix O appear in (4.9).

For any p € R" and any 1 < i < j < n, let P;;(p) denote the 2-dimensional
hyperplane

{(p1s- -+ pim15 20, Pit1, 0 S Pj—15 2, Djt1, 7, Pn)}
and simply write P;;(p) = {(2,2;)} when there is no confusion. We also set
Pij = Pi;(0).

Fix any 1 <14 < j < n. We consider f and g restricted on IP;;. A straightfor-
ward calculation shows that
(4.10)

2 2 2\ 45+
> o (lolizi + 01]‘2’]“ -+ |02iz7; + 02jzj\ )

‘ghﬁj

d—1
2

S 2 2 2 (01i02j_01j02i)2 2 2
>c min{ —(o7; + o7 + 05; + 05 ; S (1zil® F |25
= 0< {2( 14 15 2 2])’0%i+0%j+ogi+0%j} (| l| | ]| )

Therefore we require that in the orthogonal matrix O any 2 x 2 submatrices in
the first two rows have nonzero determinants. If we write g = (g1, g2), then each
g; is a product of d—1 homogeneous linear functions with real-valued coefficients.
We may again apply Lemma 3.8, Rouché Theorem in C2, to get the following
conclusion. There exists a constant d;; such that for any holomorphic function
v:Dgr C C? = {(2;,2)} — C? with

(4.11) lv — g|[p>ij\ < d;;, for any (2;,2;) € Dg,

there holds

(4.12) #(w 0o} N D%) < (d—1)2

Here we use D% to denote the ball (centered at origin) with radius R in C2.
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Take

1
0= 2 1<Izn<1]n<n5j

For any p € R” and any 1 <14 < j < n, set v;j, = f‘IP’ij(p). By taking £ small in
(4.8), we may find a small r € (0, R) such that for any p € B, there holds

|Uij7P - g|]Pij L (D3) <20 < 5”

Then we have
( sz{o} mDR) (d_ 1)2

Obviously |Du|~*{0} N P;;(p) C wp{o} If we set m;; as the projection

n—2
71-ij(ajl?' o 7$n) = (mla" C oy Li—1y Li41, """ 7$j*17:1"j+17' o 751371) € R )

then we have shown, in particular, that for ¢ € B? 2 C R" 2 and any 1 < i <
Jj<n
#(|Dul"1 {0} N (q) N B,) < (d—1)*.

Hence the integral geometric formula ([11], 3.2.22) implies

H"(|Dul~{0} N B,)
Z / #(|Du|~H0} N Ly ()N B)dH"2q < ¢(n)(d — 1)%r"2.
1<z<]<n

This finishes the proof. O

As the first step in proving Theorem 4.4, we shall show the following result.

Lemma 4.6. Suppose u is a nonconstant harmonic function in Bywith ||ul|2(p,)=
1. Then there exist positive constants C'(u) and £(u), depending on n and u, and
a finite collection of balls {By,(x;)} with r; < 1/8 and x; € S(u) such that for
any harmonic function v in By, with
lu — U\Loo(Bl) < e(u),
there hold
Hn_2 (8(’0) N BI/Q\ U BTi (.QTZ)) S C’(u),

and

Zrn 2§2n
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Lemma 4.6 illustrates that the singular set S(v) of v is decomposed into two
parts, a good part and a bad part. The good part has a measure estimate and
the bad part is covered by small balls. The key point here is that the estimate
for the good part and the covering for the bad part can be made uniform for

harmonic functions v close to some u.

Proof. Let u be given in Lemma 4.6. By Lemma 4.2, we have
S(u) = 8" (u) U Si(u),

where S, (u) has the Hausdorff dimension not exceeding n — 3, S*(u) is on a
countable union of (n — 2)-dimensional C* manifolds and for any p € S*(u) the
leading polynomial of u at p is a homogeneous harmonic polynomial of 2 variables
after an appropriate rotation. In particular, we have

H2 (S, (u) = 0.

Then there exist at most countably many balls B, (z;) with r; < 1/8 and z; €
S« (u) such that

(4.13) S, (u) C U B, (z;),
and
(4.14) Srts

We claim for any y € S§*(u)NBs 4, there exist positive constants R = R(y,u) <
1/8, r =r(y,u), n =n(y,u) and ¢ = c(y,u), with r < R, such that if the function
v satisfies

(4.15) \u — U‘LOO(BR(y)) <n,
then
(4.16) H" 2 {S(v) N B, (y)} < er™ 2

We will postpone the proof of (4.16).

It is obvious that the collection of { B, (x;)} and {B,(,(y)}, y € S*(u), covers
S(u). By the compactness of S(u), there exist z; € Si(u), i =1, -+, k = k(u),
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and y; € S*(u), j = 1,--+,1 = I(u), such that

k !
(4.17) S(u)N Bz C <U By, (%’)) U U Bs;(y;) | »
j=1

i=1
with r; < 1/8, 4 =1,---,k, and s; < 1/8, 5 =1,---,1. Since S(u) is closed,
there exists a positive constant p = p(u) such that

{z € By ; dist(z,S(u)) < p}

k l
- <U Bm(zi)> U U Bsw)
i=1 Jj=1

It is easy to see that for such a p there exists a positive constant § = §(u) such

(4.18)

that |u — U|Cl(33/4) < ¢ implies

(4.19) S(v) N Byjp C {x € Byyy; dist(z,S(u)) < p}.
Denote
!
By (7)), Gu= U Bs;, (yj)-
j=1
Now we take e(u) < 0(u) small enough such that, for any harmonic function v in
Bj, the condition

||C?r

[u — | peo(By) < &(u)
implies for each j =1,--- ;1 = (u),
|u — U|L°°(BR(yj)) < n(y;,u).
Therefore there hold by (4.13), (4.14), (4.17)-(4.19),
S() N Byjp C(S(v) N By) U(S(v)NGy),

l
H"2(S(v) N Gy) < CZS?_Q = C(u),
j=1

and
k

1 1
By (z;), ri < - and Zr” 2 <

8 on—1 :
i=1 =1

Cw

Now we prove (4.16) under the assumption (4.15). For any y € S$*(u) N Bs 4,
there holds

u(x +y) = P(z) + ¢(x) for any = € Bi’
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where P is a nonzero d-degree homogeneous harmonic polynomial with2 < d < N
and 1 (x) satisfies, by interior estimates, for any |z| < 1/8,

(4.20) [¥(2)] < Cla|*,

where C' is a positive constant depending only on N and n. By an appropriate
rotation P is a function of two variables. Hence we may assume P is defined
in R? x {0} with R® = R? x R"2. We abuse the notation by saying that P is
defined in R%. Let e, and 7, be the constants given in Lemma 4.5 for P. By
(4.20), we may take a positive constant R = R(y,u) < 1/8 such that

1 1
|ﬁ¢|Lw(BR) < 55*-

Choose 1 small, depending on R and ¢, such that (4.15) implies

1 1
’@(u — ’U)|Loo(BR(y)) < 56*.

Then there holds
1
R

By considering the transformation z — y + Rx, we have

(v = P( = y) [Loo(Bry) < Ex-

1
Iﬁv(y + R ) = Plpe(p,) < e

Hence we may apply Lemma 4.5 to P. After transforming back to Br(y) we get
for some r < Rr,

H"2(|Dv|7H{0} N B,) < ¢(n)(d — 1)%r" 2

Therefore, we obtain (4.16). O

The proof of Theorem 4.4 is based on an iteration of Lemma 4.6. In order to
do this, we need to introduce a class of compact harmonic functions. Consider a
positive integer N. We denote by Hy the collection of all harmonic functions u
in By CR”

(4.21) f u?(z) de < 4N ][ u?(z) dz,

Bar(x0) By (20)
for all z9 € By/3 and 0 < 2r < dist(zg,dB1). Obviously, Hy is invariant under
dilations and translations. Specifically, if u € Hy, then we have uy, , = u(zo +
) € Hy for any xo € By/3 and 0 < 2r < dist(wg,dB1). The class Hy has the
following important compactness property.
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Lemma 4.7. For any fixed positive integer N, the collection
{u e HN;/ u?(z)dx = 1}
Byja
1s compact under the local L°°-metric.

Proof. The proof is straightforward. Suppose u;, € Hy satisfies [ Bis uz (z)dx =
1. By (4.21) and some covering argument there holds for any R € (0, 1)

”uk”LQ(BR) < C(Na R)v k=1,2,---

Then there is a subsequence uy such that u converges to a harmonic function u
locally in C?(B;). In (4.21) with u replaced with ug, we may take the limit k —
oo. Hence (4.21) holds for v and then u € Hy. It is obvious that me u?(x)dr =
1. O

Now we prove the following result.
Theorem 4.8. Let N be a positive integer. Then there holds for any v € Hy
H*" 2 {S(u) N Byjp} < C,

where C is a positive constant depending on N and n.

Theorem 4.4 follows readily from Theorem 4.8. To prove Theorem 4.8, we need

an improved version of Lemma 4.6.

Lemma 4.9. Suppose N is a given positive integer. Then there exists a positive
constant C, depending on N and n, such that for any u € Hy there exists a finite
collection of balls { By, (x;)}, with r; < 1/4 and x; € S(u), such that there hold

H™ 2 (S(u) N By jy\ U By, (2;)) < C,
and

IUSE

By comparing Lemma 4.6 and Lemma 4.9, we note that the constant C' in

N |

Lemma 4.6 depends on the function u and that the constant C' in Lemma 4.9
depends only on the class H, independent of the specific functions in this class.
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Proof. We set
H}V:{uEHN;/ u? =1}
B

2
Take an arbitrary function ug € HJ,. Consider any u € H}, with ]uo—u|Loo(B7/8) <
no. We take 19 = no(up) small such that

1o < &(uo),

where e(ug) is the constant given in Lemma 4.6. Then by Lemma 4.6, there exist
a positive constant C(ug) and finitely many balls { B, (x;)}, with z; € S(up) and
r; < 1/8, such that for any u € H},, with |ug — u]Loo(B7/8) < Mo, there hold

H 2 (S(u) N B%\ Ui>1 By, (wz)) < C(up),

and

1
-2
Z?"? < 271—1'

i>1
If S(u) N By, (x;) # 0, we may take &; € S(u) N By, (z;). Obviously By, (z;) C
By, (Z;). Therefore, for such a u by renaming radii and centers, we find a finite
collection of balls { By, (z;)}, with z; € S(u) and r; < 1/4, such that

H 2 (S(u) N B1/2\ U B, (acz)) < C(UO),

and

N | =

IRE

i>1
By Lemma 4.7, H]lv is compact under local L>°-metric. Hence there exist ug, - - -,
u, € Hy and m1 = n(w1), - ,mp = n(up) such that for any u € H} there exists
a k with 1 < k < p with the property

| = up|Loo(By ) < k-

Denote
C = max{C(u1), -+ ,C(up)}.

Such a constant C' is finite and depends only on the class H. This finishes the
proof. O

Now we are ready to prove Theorem 4.8. The iteration scheme in the proof
was first used by Hardt and Simon in [23].
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Proof of Theorem 4.8. We use an iteration process to prove Theorem 4.8. To
begin with, define

¢o = {B1/2}-

We claim that we may find ¢1, ¢o,- -, each of which consists of a collection of
balls, such that for any £ > 1

rad(B) <

and

H' 2 (Swn |J B~ ] B]<
Begy_q Beg,

where C' is the positive constant given in Lemma 4.9. Observe that

S(u)ﬂB%CU Swn( J B~ B)
/=1

Begy_1 Beg,
[o.¢] o
u |swnlJ U B
(=0 j=t BEg;

Hence we have

o0
H"2 (S(u) N Byj) <C Z %% + élzlfl’ ' 21—] <2C.

£>1 j=L
To prove the claim we construct {¢;} by an induction. Note ¢g = {Bj 2}
Suppose ¢q, @1, - .., Pp_1 are already defined for some £ > 1. To construct ¢,, we
take B = B, (y) € ¢y_1, with r < 1/2. Consider the transformation x — y + 2rz.
Then, a(x) = u(y + 2rz) is a harmonic function in By. Obviously, & € Hy.
Hence we may apply Lemma 4.9 to 4 to obtain a collection of balls {Bs, (i)},

with s; < 1/4 and z; € S(a), such that there hold

Hr2 (S(ﬂ) N Bi\UB, (zz-)) <0,

and

IR

DO | =
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Now transform B/, back to B,(y) by z — (z —y)/2r. We obtain that, for
B = B,(y) € ¢y_1, there exist finitely many balls {B,,(x;)} in Ba,(y), with
r; < r/2, such that

H2 S(u) N Br(y)\ U By (x;) | < crn?

and
P2,

| =

DUSE
i
Then we set
¢r = Bi(x)},
i

and

B
o= J o
Begy—1
Hence we obtain

H 2 (swn |J B~ (] B]|=cC oo,

Begpp_1 Begy By, (z;)Epo—_1
and by induction
1 1 neo _ 1
TS 5o Z TS
B’r‘i (xi)€¢2
for each £ > 1. This concludes the proof. O
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