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Abstract: We study the uniqueness of multiple-spike solutions for some
singularly perturbed Neumann problems in a ball. We completely classify
all two-peaked solutions and, except in some degenerate situations, also all
three-peaked solutions. Our main idea is using the method of moving planes
to show that in the case of two peaks both of them must be located on
a line containing the origin and for three peaks all of them must lie in a
two-dimensional hyperplane containing the origin. Then we compute the
degree of these solutions (restricted in certain symmetry class) and show
their uniqueness.

1. INTRODUCTION

We consider the following singularly perturbed semilinear elliptic problem
2 A0, —0
(11) {e Au—bu+ f(u) =0 in Q,

u>0 in Q andg—;ﬁ:Oonaﬁ,
where € is a bounded domain in R with smooth boundary 0, ¢ > 0 is a small

constant, A := Z;VZI 895(?72;» denotes the Laplace operator in RV, v stands for the unit
J J

outer normal to €2, b > 0 is a positive constant and f(t) is a C'T7(R) N C},.(0,+00)
function such that f(0) = f (0) = 0. Typical examples of the function —bu + f(u) are

(1.2) —au+ f(u) = —u+ . with uy = max(0,u),b =1,
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1
(1.3) —bu+f(u):u(u—a)(1—u)With()<a<§,b:1+a,
where
N+2 N +2
1 _ TS hen N >3 — hen N = 1,2).
<p<(N_2)+( N g When > 3;= 400 when ,2)

Equation (1.1) with (1.2) or (1.3) arises in many branches of the applied sciences.
For example, it can be viewed as a steady-state equation for the shadow system of the
Gierer-Meinhardt system in biological pattern formation ([18], [39], [51]) or of parabolic

equations in chemotaxis, population dynamics and phase transitions ([5], [6],[32], [37]).

Associated with (1.1) is the energy functional J, defined by
€2 b
(1.4) Jeu] = /(2|Vu2 + §u2 — F(u))dz  foru € HY(Q),
Q

where F(u) = [;* f(s)ds.

It is known that any solution u of (1.1) is a critical point of J. and vice versa. In
this paper, we restrict ourselves to families of solutions {u,}o<e<e, of (1.1) with finite

energy, i.e.

(1.5) e NI Ju] < +oo  for 0 < e < €.

It can be proved that for e sufficiently small, any family of solutions of (1.1) satisfying
(1.5) can have at most a finite number of local maximum points (see [34], [48]). Let the
local maximum points be {Py, ..., Pj;} C Q). Then one can show that for e sufficiently

small, we have

(S1) Pf # P5 if i # j; there exists {PY,..., P} € Q such that Pf — PJQ € Q as

€ — 0, and u, attains a strict local maximum at x = Py, forj=1,..., K,
(82) ¢y 1> ue(Pjﬁ) > ¢p > 0 for some constant ¢y independent of € and
(S3) ue(w) — 0 as € — 0 locally uniformly in Q\{P}, ..., P%}.
Solutions satisfying (S1)-(S3) and (1.5) are called K spike solutions.

In the pioneering papers [31], [32], [34] and [35], Lin, Ni and Takagi established

the existence of least-energy solutions and showed that for e sufficiently small the
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least-energy solution has only one local maximum point P¢ with P¢ € 0€). Moreover,

H(P¢) — maxpecgo H(P) as € — 0, where H(P) is the mean curvature of 002 at P.

Since then many works have been devoted to finding solutions with multiple spikes
for the Neumann problem as well as the Dirichlet problem. See [4], [5], [6], [7], [11],
[12], [13], [14], [15], [16],[21], [22], [23], [24], [25], [27], [28], [34], [35], [36], [37], [38)], [44],
[45], [46], [52], [53], and the references therein. (Recent surveys can be found in [39],
[54].) It turns out that for the Neumann problem, there are arbitrarily many multiple
interior spike solutions. In particular, it was proved in [22] (see also [6], [13]) that
given any bounded domain ) and a positive integer K, there exists an ex such that
for 0 < € < ex problem (1.1) has at least one K —interior spike solution with spikes

located at { Py, ..., P, }. Moreover, as € — 0,

1.6 Pf, ..., P P, ..,P

(1.6) px (Pi K)H(Pl’.‘}"’r%em ¢x (P, ..., Pi)

where

(1.7) oK (P, ..., Pk) = min (M,d(Pk,aQ)).
i,k i3] 2

(1.6) shows that if (Pf, ..., Pi) — (P}, ..., PY) as € — 0, then (PP, ..., P)) attain the
sphere packing positions in {2:

1.8 PP PY) = P, ..., Pg).
(1.8) e (P i) (Ph”%i%EQKsOK( 1 Pr)

(Multiple mixed-boundary-interior spike solutions are also obtained in [23].)

In this paper, we consider mainly the case where the domain €2 is the unit ball
B = {z € RY||z| < 1}. The results of [6], [13], [14], [22], [23] and [36] show that there
can be an arbitrary number of multiple boundary spikes or multiple interior spikes. In
general, the limiting positions of the boundary spikes or interior spikes have certain
symmetries. As an example, let us consider the interior three spikes constructed in
[22] (see Figure 1). The three locations P, PY, P{ form a perfect triangle which is
symmetric under rotation by 2% Moreover, if N > 3, one can show that Pf , PQO, P??
and the origin must lie in a two dimensional hyperplane. Naturally, one may ask: does

the solution also have this partial symmetry?
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Figure 1

The first result on the partial symmetry of spike solutions of (1.1) is due to Lin and
Takagi [30]. (Independently, Grossi [20] obtained the symmetry of the single interior
spike solution.) In [30], Lin and Takagi showed that single boundary spike solutions
must be axially symmetric, single interior spike solutions must be radially symmetric,
and the two boundary spikes P; € 0€), P5 € 02 must satisfy P = —P5. By using this
information, they showed the uniqueness of the single boundary spike solution and of
the two boundary spike solution. We remark that the uniqueness of the single boundary

and single interior spike solutions in general domains is studied in [7], [51], [49].

In this paper, we study the partial symmetry for two spikes and three spikes (interior
or boundary or mixed). The method of moving planes (MMP) gives us part of the
partial symmetry but not the full result. To obtain the full partial symmetry, we have
to show the uniqueness of the solutions. To this end, we compute the degree of the

solutions.

To illustrate our idea, let us take a look again at the interior three spike solutions (see
Figure 1). Suppose we have three interior spikes Py, Ps, P5 with Pje — PJQ, j=1,2,3 as
€ — 0. To show the full partial symmetry, we have to show that P = eﬁ@ Pr.j=
2,3. Note that this is an equation with 3N variables and many symmetries (in other

words, degeneracies). To overcome these difficulties, we proceed in two steps:

Step 1. We use MMP to show that Py, Ps5, P§ and the origin must lie in a two-
dimensional hyperplane and that u. is axially symmetric with respect to the hyperplane.
This reduces our problem to R? with six scalar variables. Now the rotational invariance

eliminates one more variable.
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Step 2. We now show that Pj€ = eﬁwﬂo when Pj€ € R?,j = 2,3. To achieve
this, we have to compute the degree of u, restricted to the symmetry class obtained in
Step 1. We use the Liapunov-Schmidt reduction method and asymptotic analysis to
show that u. is nondegenerate and that the degree at u. is exactly (—1)°. This proves

the uniqueness.

MMP is a powerful method in showing symmetry for Dirichlet problems. For Neu-
mann problems, it has been used recently to show partial symmetry for blow-up and
concentration problems ([10], [29], [30]). On the other hand, the method of Liapunov-
Schmidt reduction has been used in singularly perturbed problems to obtain existence
and multiplicity of solutions ([1], [2], [3], [4], [5], [6], [7], [11], [13], [14], [17], [22], [23],
[25], [27], [40], [41], [52], [53]). As far as we know, the results of this paper are the first
in combining both methods and proving the partial symmetry for three spike solutions.
In fact, we are able to completely classify all two spike solutions and, except for some

degenerate cases, also all three spike solutions.

2. MAIN RESULTS: PARTIAL SYMMETRY AND UNIQUENESS OF TWO AND THREE

SPIKES

We now state the main theorems of this paper. We always assume that @ = B
and that Pje € Q,j =1...,K are the K spikes (boundary or interior). Without loss of

generality, we may assume that b =1 in (1.1).
First we state the conditions on the function f(¢):

(f1) f € C'7(R)NC2 (0,400) with 0 < o < 1, f(0) =0, f (0) = 0 and f(t) = 0 for

loc
t <O0.

(f2) There exists two positive constants a and 8 such that 0 < o < 3, (t — «)(—t +
f)>0for0<t<aora<t<f and —182+ F(3) >0 where F(t) = fg f(s)ds.

(f3) The problem in the whole space

Aw—w+ f(w) =0,w >0 in RN,
(2.1) -
w(0) = max,e pry w(y), limy 4o w(y) =0,
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has a unique solution w, which is nondegenerate, i.e.

/ ow ow

2.2 Kernel(A — 1+ f (w)) =s an{,...,}.
2:2) (A1 £ (w) =span { g
By the well-known result of Gidas, Ni and Nirenberg [19], w is radially symmetric:
w(y) = w(ly|) and strictly decreasing: w’'(r) < 0 for r > 0,7 = |y|. Moreover, we have

the following asymptotic behavior of w:

- 1 / - 1
(23)  wr)=Ayr T e TU+0(), W () = —Ayr 7 e T(1+0(),
for r large, where An > 0 is a generic constant.

The uniqueness of w is proved in [26] for the case f(u) = uP. For a general non-
linearity, see [9]. For f(u) defined by (1.3), the uniqueness of the entire solution was

proved by Peletier and Serrin [43].
In what follows we always assume that f(¢) satisfies (f1), (f2) and (f3).

Our first theorem concerns the case K = 2.

Theorem 2.1. Let K = 2. Then for e sufficiently small, Py, the origin, P5 must lie
on a line with 0 between P{ and Ps. Without loss of generality, we may assume that Pf

and Pg lie on the x1—axis. Then uc is azially symmetric with respect to xj,j = 2,...,N.

By Theorem 2.1 and asymptotic analysis (Lemma 5.4 of Section 5 and Lemma 7.1
of Section 7), up to a rotation, there are exactly three possibilities for the limiting

positions of the two peaks. These locations are listed below (see Figure 2).

Type2.1 Type 2.11 Type 2.111
Figure 2

Our second theorem classifies all two-peaked solutions.
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Theorem 2.2. Let K = 2. Then for € sufficiently small, up to a rotation, there

L w2, u3. The limiting locations of the three

are exactly three two-peaked solutions: u
two-peaks are as above (Figure 2).

3

Moreover, ul,u? are symmetric with respect to zj,j=1,..,N, u? is symmetric with

respect to xj,j =2,...,N.

We note that the existence of type 2.1 solutions was proved in [36] and the existence
of type 2.III solutions was proved in [6], [13] and [22]. We remark that the existence
and uniqueness of type 2.II solution is new. Combining Theorem 2.1 and Theorem 2.2,

we have classified all two-peaked solutions.
Next we consider the three-peak case, which is more complicated.

Our third theorem shows that the three peaks and the origin must lie in a two-

dimensional hyperplane.

Theorem 2.3. Let K = 3 and let Pf, Ps, P5 be the three local maximum points of
a three-peaked solution ue of (1.1). Then for € sufficiently small, Pf,Ps,Ps and the
origin must lie in a two-dimensional hyperplane. Without loss of generality, we may
assume that the hyperplane is T := {(z1,...,xn)|z3 = ... = x§y = 0}. Then ue is azially
symmetric with respect to xj,j = 3,...,N. Moreover, the origin must be in the interior
of the triangle formed by PfP5Ps.

Our last theorem concerns the uniqueness of three-peaked solutions. By Theorem
2.3 and some asymptotic analysis (Lemma 5.4 of Section 5 as well as Lemma 7.1 and
Lemma 7.2 of Section 7), up to a rotation, there are exactly seven possibilities for the

limiting positions of the three peaks. The locations are listed below (see Figure 3).
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GLORD

Type 3.1 Type 3.11 Type 3.111
Type 3.1V Type 3.V Type 3.VI
Type 3.VII

Figure 3

We have

Theorem 2.4. Let K = 3. Then for € sufficiently small, there are at least seven types
of three-peaked solutions. Among them, the first four types are unique. Each of these
four types of solution is symmetric in x;,j = 3, ..., N and inherits the partial symmetry
of the locations, e.qg., type 3.1, type 3.111 solutions are symmetric in xs, type 3.1 and

type 3.1V are symmetric in xj,j = 1,..., N and rotationally invariant by %’T

The other three types of solutions are symmetric with respect to x;,j5 = 3,...,N.

The existence of a type 3.1 solution was proved in [36] and the existence of a type
3.IV solution was proved in [6], [13] and [22]. The existence of the other five types of

solutions is new.

The uniqueness of the other three types 3.V, 3.VI, 3.VII remains open. The main
problem is that we can not show that the solutions are symmetric with respect to the

xo-axis. Once this is shown, it can be proven that they are unique.
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It is natural to ask what happens when K > 4. We pose the following conjecture at

the end:

Conjecture: If the limiting problem (1.8) has a certain partial symmetry, then for €

sufficiently small, the solutions obtained in [22] inherit that partial symmetry.

In this paper, we shall study the uniqueness of type 3.1V solutions of three-peaked
solutions in detail, since it is the most complicated and it has the largest number of
degrees of freedom. The proof of the uniqueness of the other types will be given in the

last section.
The structure of the paper is as follows:

In Section 3, we shall give the proof of Theorems 2.1 and 2.3 by applying the well-
known method of moving planes (MMP) to Neumann problems. This is the MMP part
of the paper.

From Section 4 to Section 6, we prove the uniqueness of type 3.IV solutions in the
class of partial symmetric functions given by Theorem 2.3. This is the Liapunov-

Schmidt reduction part of the paper.

In Section 4, we present some preliminaries on the reduction from the infinite dimen-
sional space H'(Q) to a finite dimensional problem on the space of spikes. In Section
5, we classify all types of limiting positions of two or three spikes. In Section 6, we
show the uniqueness of the type 3.IV solution by computing its Morse index and degree

(restricted to certain symmetric class).

Finally in Section 7, we show how similar ideas can be adopted to prove the unique-
ness of other types of solutions. Several technical estimates are contained in Appendices
A, B, C and D.

Throughout the paper, we use C to denote various constants independent of € small.

It is always assumed that € > 0 is small and § > 0 is a fixed but small constant.
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3. METHOD OF MOVING PLANES AND THE PROOFS OF THEOREMS 2.1 AND 2.3

In this section, we apply the well-known method of moving planes to (1.1). We follow
the proofs given in Section 3 of [30], where it is shown that for two boundary spikes

Py, Ps it holds that Pf = —Ps, provided that e is sufficiently small.

To describe the local structure of spike-layer solutions, we need to introduce a diffeo-
morphism z = @/ () which is defined in a neighborhood of each concentration point F;.
If Pf € Q, then ®¢(z) = x and QZ,R = Ber(P§) = {z||lz — P§| < eR}. If Pf € 09, then
z = ®(z) maps the boundary portion of 92 at Ps to (0,...,0,1). For details we refer to
the reader to [34] and [30]. We also assume that ® maps the interior of  to the lower
half-space RY = {z|zy < 0}. Let By, := {z € RY||z| < R}. Set ngR = (@{)*%B;R).

We state a general result on the asymptotic behavior of K —spikes.

Proposition 3.1. Let {uc} be a family of solutions to (1.1) with K spikes P§ € Q)=
1,..., K. Suppose that

d(Pt,00Q)
lim —I— <400, j=1,...,1
e—0 €
and
d(Ps,00)
lin%)]i =400, j=I1+1,..., K.

Then P; € 08,5 = 1,...,1 provided € sufficiently small. Moreover, for any § > 0,
there exists R = R(0) and €1 = €(9) such that the following statements hold if 0 < € < €;

() o) = (@5 @)/ ey ) < 6
forj=1.,K;
(i) ue(z) < C e rdisl@ (P . PL}) for x € Q\ Uszl QZ,R
where C' and p are positive constants independent of €.

The proof of Proposition 3.1 is similar to that of Theorem 2.1 of [34]. We omit the

details here.
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The main results in this section say that for two peaks, they must both lie on a
line containing the origin. For three peaks, they must lie in a two-dimensional hyper-
plane containing the origin. Moreover, the corresponding solutions must be symmetric
with respect to the line or the hyperplane. Since the proof of the two-peaked case is
similar to that of [30], we focus our attention on three spikes. Without loss of gener-
ality, we assume that the three spikes Pf, Py, P5 lie in a two-dimensional hyperplane
{(z1,....,zn)|xg = te3,...,on = ten}. We need to show that t.; = 0,5 = 3,..., N
and ue is symmetric with respect to x;,j = 3,..., N, provided that e is sufficiently
small. Without loss of generality, we may assume that t. := t.xy > 0. Assume also
that (Pf,)* + (Pf5)? = maxj=123((P5;)* + (Pf,)?) and that Pf, = 0,Pf; > 0. Let
0. = arctan(j;ﬁ). Let Pf = (P§,,0,...,0).

Set ey = (sin#,0,...,0, — cosf) and H?Vfl be the (N — 1)—dimensional hyperplane
perpendicular to the vector ey and z? denotes the reflection of = with respect to H?V_l.
Set

w! () = uc(x) — ue(x?) for x € Xy
where Yy is the connected component of Q\IT%_; containing P{. Obviously w? satisfies
2Aw? + f(x)w? = 0 in By,

6
(3.1) Qe (x) = 0 on ITH\IT_ 4,
w?(z) =0 on Xy NIIY_,,

where

(3.2) Sx)=-1+

We prove our claim in a series of three steps.

Step 1: We first prove that

(3.3) wl(z) > 0 for z € X = {z € Qazy > 0}.

Note that since Pje, j =1,2,3 are the local maximum points of u. (and one of them
must be a global maximum point), we see that wg(Pje) > ( for some j. For contradiction,

we assume that the set

E. = {z € Yo|ul(z) < 0}
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is non-empty. We break the argument into three cases. (The following argument is for

a subsequence of ¢; — 0. For simplicity, we use the same notation € to denote ¢;.)

Case 1: tf—>+ooase—>0.

In this case, we see that for arbitrarily large R > 0, we have E, C (U;’:lBE R(Pj))c.
Hence u. < 0 for z € E, and € small. Moreover wS(PjE) > 0. Now that

for z € E.. By (3.1), the minimum value of w,, if it is negative, must be obtained on
0

the boundary of Y. Since a(;” =0 on 9NN Yy and w? = 0 on %, by the Maximum

€
v

Principle, w? > 0 and E. is empty.

Case 2: C~1 < % < C for some C > 1 independent of e.

Let z. € E, be such that
(3.4) w(z.) = igf w?(z) < 0.

Assume for the moment that

min;—1 23

Te — P]-€| }
— +00.

Then by Proposition 3.1, uc(z) — 0 and ce(ze) < —3 < 0 and 0 < Awl(z) =

—2(z)wl(z¢) < 0, a contradiction. Therefore we conclude that

limsup,_,q {
€

|ze — Pi| < Re

for some j = 1,2,3. Without loss of generality, we may assume that |z, — Pf| < Re.
Let
T = pf + ey,ve(y) = uc(x)axe = pf + €Ye.

Set y. = (y;, Ye,N). Then y y > 0 and let us assume that y. yv — yo.n > 0, y; — y/. We

€
Pi n
€

claim that yo x > 0. In fact, by our assumption, — s> 0. Then v (y) — w(y) in
C? (RN). (If Pf € 092, then we need to extend v, be reflection. We omit the details.)

loc
0 € /
If yov = 0, then % — 2(%—”“]‘;(34 ,8) < 0 which contradicts to the fact that
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Vwl(ze) = 0. So yon > 0. In this case, g;; — aay—“;v > 0 if yy > 0. Hence wl(z.) >0

for € small. A contradiction again.

Case 3: % =0.

In this case, if we write Pf = P? —1—6(2;76, Gi,e) With z;-’E € RN71,Gie > 0, then z;& —0
and ¢ — 0 as e — 0. Set N, := supx€B+|wg(x)| and let Z. € B4 be such that
|w?(%.)] = Ne. It is easy to see that minj_; _n(|Z, — P]Q|) < Ce. Without loss of

generality, we may assume that |, — P}| < Ce.

Consider the following scaling

. 1
(3.5) W2y) =l (P + ).

N ,
Let us assume that g, := % — g, where § = (y ,77) satisfying 7 > 0.

Similar to the proof of case 3 of Section 3 of [30], we see that @ (y) — o(y) in C?

where

(3.6) a(y) = c(f;fV@).

Since P is a local maximum point of ue, we obtain also that
(3.7) ¢ <0.
One can also verify that for e sufficiently small

<y

1 S
3.8 Cyl <=
( ) 0 = ]\]6

We now obtain a contradiction with (3.7). In fact, since |T. — P{| < Ce, we see that
We(Jc) < 0 but w(j.,0) = 0. By the mean value theorem, there exists a & > 0 such

that

o
3.9 “(J,&) <0
(39 o ()
which implies that as € — 0, we have
o’ ov 0*w , . w'(|y.])
0>1lim —=(9.,&) = —(¥+,0) = c=—5(y,,0) =c——~- >0
~ =0 Jyn (y ¢ ) oyn (y ) ayJQ\f (y ) |y*|

which is a contradiction.
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Consequently, E. must be empty for e sufficiently small.

This finishes Step 1.

Step 2. Let
By = sup {Blw’ >0 for z € Xy and 0 < 0 < 6}.

By the same argument as in Step 1, we see that
0o > 0.

Note that by the definition of 6y, w? > 0 in Xy, and (ii) if w?(z) > 0 for some
x € Xp, then w? > 0 in Yy, by the maximum principle. Hence we see that w? = 0
on Yg,. Since Pf is a local maximum point, we see that 6y < 6.. Hence 0y = 6. and
wfe (x) =0 for = € ¥y,_. Since u, has exactly three local maximum points, this implies

that Py, P35, P§ must lie in the hyperplane 9%y,. This shows that P j=1,2,3 and the

origin lie in a two-dimensional hyperplane.

Step 3: By Step 2, PF,j = 1,2,3 and the origin lie in a two-dimensional hyperplane.
Without loss of generality, we may assume that the hyperplaneisT' = {3 = ... = zy =
0}. Now we show that

w?(x) =0 on X.
Suppose that there is a sequence €; — 0 such that
Ni = Supxeﬂo‘w?(w)’ >0,

where w{ stands for w?. Choose an z; € 5 so that [w)(z;)| = Nj. As in Case 2 above,

we can show that
i — P

limsup;_,, . min ( ) < 4o0.

j=1,2,3

Without loss of generality, we may assume that @ < C. As before, let
L o

vi(y) = Niwi (Pf +ey).

Then, along a subsequence, {v;} converges to v in Cfoc,

o) = ep (1)

and similar as before
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; Ov; — 9 _
for some constant ¢ # 0. Since ge(Pf) = 0, we have 7-(0) = 0, so that 5*-(0) =0
which implies that ¢ = 0 since gy—é}j(()) # 0. A contradiction. Consequently, w?(z) = 0
on Y, i.e., ue(x’,xN) = ue(x',xN). Similarly, we have u, is symmetric in z;,j =
3., N.

g

4. PRELIMINARIES I: REDUCTION TO FINITE-DIMENSIONAL PROBLEM

From this section until Section 6, we shall prove the uniqueness of type 3.IV solutions.
(Existence is given in [6], [13] and [22].) Our main idea is to show that type 3.IV
solutions are nondegenerate (in some symmetry class) and to compute the Morse index
of such solutions. We remark that the uniqueness and Morse index of boundary spikes
have been studied in [6] and [49]. The analysis here is more complicated due to the

fact that we are dealing with exponentially small orders.

We first introduce a general framework. This framework is a combination of the
Liapunov-Schmidt reduction method and the variational principle. The Liapunov-
Schmidt reduction method has been introduced and used in a lot of papers. See [1],
[4], [5], [6], [7], [17], [22], [23], [25], [40], [41], [52], [53] and the references therein. A
combination of the Liapunov-Schmidt reduction method and the variational principle
was used in [5], [11], [13], [14], [22] and [23]. We shall follow the procedure in [22] which

consists of the following steps:

Step 1. Choose good approximate functions.

Recall that Q = B. Let w be the unique solution of (2.1). We fix a point P € () and
introduce the following functions as good approximate functions — the “projection” of
w in H(Q). This projection was first introduced in [48] and later studied in [47]. The
idea of projecting a function has been used in other problems. See [5], [8], [38], [42],
[52], [53] and the references therein.
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We define w, p to be the unique solution of

' wep > 01in Q, 8%;1’3 =0 on 0N).
Set
x—P
(4.2) We,p = w( ), We,p = We,p(2) + ¢e,p ().

Then ¢, p satisfies

4.3 o _
(4.3) “g;P = —%waP on 09).

{GZA(PE,P — Pe,P = 0 in Q:

To study the properties of ¢ p, we need to introduce the so-called distance function:

let P € Q, we define

(4.4) dp :=d(P,0Q) =1—|P|.
For P # 0, it is easy to compute that
P
(4.5) Vpdp = ——,
1P|
ok 1 P;P;
4.6 ——dp = —— (6 — —=2

where P = (P, ..., Py). (Note that dp is not differentiable at P = 0.)

We state the following useful lemma about the properties of ¢ p and the compu-

tations of some integrals. The proof of it is technical and thus delayed to Appendix

A.

Lemma 4.1. Let Q = B and P € Q.

(1) For € sufficiently small, we have

- P
(4.7) pep(@) = (1+o(L))w(*—=), for =€ o0,
and
(4.8) —elog . p(P) — 2dp, ase— 0.

(2) If we further assume that |P| > dy for some dy > 0, then we have

(4.9) e, p(P + ey) = o p(P)(1+ 0(1))e_<VdP’y>, for P+eyeQ,
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(4.10) wep(P) = (cx +0(1)(dp(1 —dp))~ 2 VLo 2dr/e,

where ¢y > 0 is a generic constant (depending on N only), and

r, aTI)E,P
JRACE T

(4.11) = (= + o))" e p(P)(Vdp); + O™ /)
where (Vdp); denotes the i—th component of Vdp (which is —P;/|P| in our case) and

(4.12) v = / f(w)e ™¥dy > 0,0 = min(p — 1,1).
RN

3) For € sufficiently small and Py, Py € §Q, it TN 400, we have
€

(917)67 P

/Qf <w67P1)w67P2 aPl,i

|PL — Py
€

(413) =N (=1 + o(1))w( )V (|PL— Pyf))i + O(e”IFP1=l/e)

where v1 is given by (4.12).

Step 2. Finite-dimensional reduction.

We now describe the so-called Liapunov-Schmidt finite dimension reduction proce-
dure. Most of the material is from Sections 3,4 and 5 in [22]. See also Sections 4, 5 and

6 in [23].
We first introduce some notations.

We observe that solving (1.1) is equivalent to finding a zero of the following nonlinear

equation:
(4.14) Sclu] := Au—u+ f(uy) =0,u € H2(Q),
where
Qe = {yley € O},
(4.15) H2(Q) :={u € H2(Q€)|gz =0 on 99}

For any u,v € H(£2), we define the inner product and the norm as follows:

1
< U,V >= EN/(62VU'VU+U'U), lulle =< u,v>2 .
Q
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We consider K —interior spikes. The case of boundary spikes or mixed boundary-
interior spikes will be discussed in Section 7. Fix P = (P}, ..., Px) € QF. Let px(P) =
©K (P, ..., Pg) be defined at (1.7). We assume that

(4.16) P e As = {P c QF|pk(P) > 26}
where 9§ is a small but fixed positive constant.

To simplify notations, we use the following simplified symbols:
K
0
aj,i = aTN’wE’P = jz_:lwe’Pj'

We remark that the variable of we p is in 2. Sometimes, we also consider w, p(ey)

for y € Q. We denote w, p(ey) as wep.
Now we define the approximate kernel and cokernel respectively as follows:

(4.17) Kep :=span {0jweplj =1,...,K,i=1,..,N} C H2(Q),

(4.18) Cep :=span {0jweplj=1,...,K,i=1,..,N} C L*(Q).

(Note that 9, ,wep € H2(S2) as one can differentiate equation (4.1).)

We also need the following spaces

(4.19) Kip= {ue HE(QE)\/ udjwep =0, =1,.,Ki=1,..,N},
Qe
(4.20) Clp= {uce L2(Qe)y/ udjwep =0,j=1,...,K,i=1,...,N}.
Qe
Set
(4.21) Lep(9) =Ap— ¢+ f (wep)p, Lep =7ip o Lep,

for ¢ € H2(S), where 7T€J7‘P is the projection from L2(€)) into CiP.

We recall the following result in [47] (see Propositions 3.1 and 3.2 in [47]).

Lemma 4.2. Fore << 1, Lcp : ngLP — CELP is one-to-one and onto. Moreover, the

inverse of L. p exists and bounded (independent of € > 0).

Next, we have
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Lemma 4.3. For € sufficiently small, P € As, there exists a unique vep € ICEL’P such
that

(4.22) Se(wep +vep) € Cep.
Moreover, vep is C? inP and

(4.23) loeplle < Ce—(F)ex(®)/e

(4.24) 101veple < Ce2e™UF)er(P)/e
where o = min(1l,p — 1).

Proof: The proof of this Lemma is similar to that of Lemma 2.4 of [51]. For the sake

of completeness, we include it in Appendix B. O

Step 3. Solve the finite dimensional problem.

Fix any P € Ag;. Let v p be the unique solution of (4.22) given by Lemma 4.3.

Now we define

(4.25) M.(P) = M(Px, ..., Pg) := ¢ N J Jwep + v p]

MG(P) : A25 — R,
where J, is the energy functional introduced in (1.4) of Section 1.

By Lemma 4.3, M.(P) € C?(Ays). Then we have the following reduction theorem.

Lemma 4.4. (Proposition 4.1 of [22]) ue = wepe + vepe, PC € Ags is a critical point
of Je if and only if P€ is a critical point of M.(P).

Therefore, to prove the existence and uniqueness of solutions of (1.1), we just need
to concentrate on the study of critical points of M(P), which is a finite-dimensional

problem. We shall compute VM, (P) and VZM,(P) in the next two sections.
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5. PRELIMINARIES II: COMPUTATIONS OF VM,(P) AND VM, (P)

In this section, we first obtain a general formula for the locations of K interior spikes
(Pf, ..., Pi) and classify all types of limiting locations. Then we compute the (first and

second order) derivatives of M. (P).
The following theorem shows that there will be no spike collapsing to the boundary

or with each other.

Lemma 5.1. Let (Pf, ..., P5;) be the K local mazimum points of a K—peaked solution
ue of (1.1). Suppose that K < 3. Let Pf— PJO for 5 =1,.... K. Then we have

(5.1) P # P}, fori# j,

and if P? € 0%, then Pf € 99 for € sufficiently small.

Lemma 5.1 eliminates the collision of spikes or collision of spikes with the boundary.
Note that if the mean curvature of the domain is not constant, one can construct
multiple spikes concentrating at one local minimum point of the mean curvature (see
[24]). The proof of Lemma 5.1 is technical and thus we delay the proof of it to the
appendix C.

By Lemma 5.1, if Pf,j = 1,2,3 are three interior spikes, then oK (Pf,....,P5) > do
for some g > 0. Now we choose § = %0. By Lemma 4.4, ue = we pe + v, pe is a solution

with three interior spikes if and only if P€ is a critical point of M., since P€ € Aqs.

The asymptotic expansion of M.(P) in As is given in Proposition 4.1 of [22].

Lemma 5.2. (Proposition 4.1 of [22].) For € sufficiently small and P € A, we have

K
(5.2) Mc(P) = KI(w) - %(% +0(1)(Q_ per(P)) = (1 +0(1)) Y w(| Py — Fil/e)
i=1 kAl

where

1 1

(5.3) I(w) = / |Vw|2+/ w2—/ Flw)
2 RN 2 RN RN

and 1 is given by (4.12).
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We now show that the asymptotic expansion in (5.2) holds true in C? sense. Set
K

(5.4) ML(P) = 1 > pery (F) = k%jl w(|Py — Pil/e).
J

By (4.10) of Lemma 4.1 and (2.3), we see that if |Pf[ > L.j=1,.., K, then we have

(5.5) M.(P):= — Wli ZC —2dp;/e
7j=1
—An(n Ho(W)e T Y (1P~ Rl T e Al
k#l
where cy is given in (4.10) of Lemma 4.1, Ay > 0 is given by (2.3), and
1
(56) C(P) (dp(l — dp))iT.

The following lemma is our key estimate.

Lemma 5.3. Suppose that P € Ay and € is sufficiently small.
(1) If |P| > do for some j and do > 0, then we have

(5.7) 9;:M.(P) = 8;;M.(P) + O(M.(P)),i = 1,...,N.

(2). If |Pf| < & for some j, then we have

(5.8) 0, M(P) = —(31 +0(1)) 3 8w Py — Py|/e)) + O(L(P)),i = L, .., N.
k#j
(3) Suppose that P€ is a critical point of Mc(P) such that |Pf| > do,j =1,..., N for

some doy > 0. Then we have

(5.9)
O1m0jiMc(P)| p_pe= O1m05iMc(P)|p_p+O0(e ' M(P9)),l =1,..,K,m =1,...,N.
More precisely, we have
al,maj,iMe(P)‘P:Pe

= "2 (y1 + o(1))w(| Pf — FYl/€)€5) me51i(1 — 81)
—eM 72 (1 + 0(1) e, pe (P)€5 sef mOi

(5.10) —" 2y 4 0(1) > w(| P§ — Pil/€)esy i€k mbits
oy



710 Chang-Shou Lin and Juncheng Wei

where
P P — Py
(5.11) €=t = 22—, £k,
T R T 1
and ej-ﬂ- and e;-,m- denote the i—th component of the vectors ej- and ej-k, respectively.

Remark: The reason that we have to consider cases when F; is close to the origin is
that the function dp is not differentiable at the origin. However if we know the rate of
Pf approaching the origin, we may still be able to compute the derivatives (see [51]).
This is a delicate issue that needs further investigation. For the purpose of this paper,

Lemma 5.3 is good enough.
The proof of Lemma 5.3 is very technical and we will present it in Appendix D.

Let P€ = (Pf, ..., P;) be a critical point of M.(P). Namely, we have

(5.12) 8;iM(P)|pepe = 0,5 =1,... K,i=1,...,N.

(5.10) shows that if P€ is a critical point of M. and |Pf| > +.j=1,..,K, then we

have
(v +o(W)e(Pfe ~ 77 (Vpedpe)i

E € _N—-1 _ €_pe<l/e € €
(5.13) +(n + (1)) §#;<1PI — Py~ e IRV pe P - P
J

K
+O0(e(> P TA S ey =0,j=1,..,Ki=1,..,N.
j=1 I£k

(5.8) and (5.13) enable us to classify all types of locations for the limiting positions

of interior two or interior three peaks. Moreover, it also gives us the estimate on the

speed of P€ approaching these limiting positions (Lemma 6.1 in the next section).

Lemma 5.4. Let K =2 or 3 and 15; €Q,j=1,...,K be the K local mazimum points
of ue. Suppose that ]5]-6 — Pj(-),j =1,...,K, then up to a rotation, P° = (PY,..., PY)
must belong to type 2.1II (for K = 2, Figure 2) and either type 3.1V or type 3. VII (for
K =3, Figure 3).
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Proof: Let u. be a solution of (1.1) with two interior spikes or three interior spikes. By
Lemma 4.4, we have ue = we pe + ve pe, where P € Ajs. Let ]5;,3' =1,2,..., K be the
K local maximum points of u.. Then, up to a rotation, we have Pj —Pf=o0(1),j =

1,..,K. By Lemma 5.1, P) # P for i # j.

Let us consider K = 2 first. From (5.8), it is easy to see that both |Pf| and |Ps]|
must be larger than -5 (as otherwise, (5.8) is not balanced). Thus we may assume that

Since both Pf and Pj§ are in the interior, (5.13) implies that we must have
‘Pf - P = 2dp16 +o(1) = 2dp26 +o(1)

and that P) and P9 must be anti-pole, i.e. P} = —PY. This shows that the limiting
positions must be type 2.111.

For K = 3, we proceed similarly. By Lemma 4.1, PjE — P]Q,j = 1,2,3, where
P]Q € Q, P # PYif k # 1. We consider two cases.

Case 1. Suppose one of the points Pjo,j = 1,2,3 is the origin, say Py = 0. Then
we consider (5.13) at j = 1 and conclude that 2dpo = |P) — PY|. Similarly we have
2dpy = |P) — PY|. From equation (5.8) at j = 2, we see that

PP+ P)=0
which shows that (PP, PY, PY) is type 3.VIL
Case 2. Suppose PjQ #0,7=1,2,3. Then ]P;| > dy for j = 1,2,3 and some dy > 0.
We use (5.13) at j = 1,2,3 to conclude that (P, P9, P)) must be type 3.IV (see the

proof of Lemma 6.1 in the next section).

6. UNIQUENESS OF THE TYPE 3.IV SOLUTIONS

In this section, we prove the uniqueness of the type 3.IV solution for e sufficiently
small. Let PP,PQO,P:? be the limiting positions as shown in Figure 3 and let u. be

a three-peaked solution whose local maximum points are ]5;, j =1,2,3. By MMP
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(Section 3), the solution wu, is symmetric in z;,j = 3,..., N. Let
(6.1) HE’S(QE) = {u € HZ(Q)|u is symmetric with respect to x;,j =3, ..., N}.

Consider the following minimization problem

3
(6.2) min ||ue — Z We,p;
P]’GA26 j=1
L2(Qc)
where
(6.3) Ags ={(P1, P2, P3) | |P; — P| <26,P;; =0,j =1,2,3,i > 3}.

It is easy to see that (6.2) can be attained and thus we have
(6.4) Ue = We pe + Pe
where P€ € As, ¢, € H? (Q). Moreover, ¢. € ICj:Pe. Since
S[wepe + ¢] = 0 € Cepe, b € Klope,
by Lemma 4.3, we see that
(6.5) Pe = Ve Pe

where ve pe is defined by Lemma 4.3. (Note that P; may not be a local maximum point

of ue. But it is easy to show that up to a permutation, Pj6 = Pj +0(1),7=1,2,3.)
For P € Ay, we may define ]3’] = (Pj1, Pj2), P= (]51,]52,]53) and
(6'6) Me(ls) - ME(P)'

Similar to Lemma 4.4, we have that P¢ is a critical point of M(P) if and only if

Ue = We,pe + Ve pe is a critical point of J..

To avoid clumsy notation, we drop the hat now. Thus our problem is reduced to
a six-dimensional problem. Moreover, by rotation, we may fix P;; = 0. Let p =
(P12, Po1, Pya, P31, P32). Then if P€ is a critical point, the corresponding p€ is also a
critical point of M. (P). Thus all we need to prove is the uniqueness of the critical point

of M.(P) for P in the set
w = {(Pi2, Po1, Pa, P31, P32)|P € Ag, P11 = 0},

which is a five-dimensional problem.
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We begin with the following lemma which computes the speed of P¢ approaching
PY. This kind of estimate is needed for the proof of uniqueness of spikes. See [7] and

[49].

Lemma 6.1. Let Pje,j =1,2,3 be as above. Then there exists a unique vector @ € R?

such that

2(j—1)w

(6.7) P = P+ V175 i+o(e),j=1,2,3

where @ = (0, az) for some fivred number as.

Proof: Our main tool is equation (5.13).

Adding all the three equations in (5.13), we obtain that

(6.8) zg:elpj/eulzz + 0(23: 2P 1/ey — o,
j=1 Y j=1
Since E
’% =é=(0,1)
and e e
P T arel) j=23

we deduce from (5.13) that

(6.9) |P§| = |Pi[ + ole),dpe = dp; +o0(e), j=2,3.

Next we examine equation (5.13) at j = 1. We have

PP o (dpe—|Ps—Pije Py — PP o (2dpe—|Ps-Pil/e PS = P)
5 +ale 1 0 0 +a1€ 1 0 o1 — (1)
|PP| Py — Pyl Py — Py
where a(f is a generic constant. Since the following decomposition is unique,
P P)-P) P)-P
Pl PP [P - PP

we see that
aQePIPETIPETFENIE — 1y (1), aQe® M IR/ — g 4 o(1),
which implies that

(6.10) |P; — Pf| = 2dpe + €ag + o(e),|Ps — Pf| = 2dps + €ap + o(€)
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where ag is a generic constant. Similarly, we have
(6.11) |Pf — Pf| = 2dpe +eap +o(e), i#j, i,j=12,3.

From (6.9) and (6.11), we see that

—1)m

(6.12) Pe= /IS PEfofe), j=2,3.

Substituting (6.12) into (6.10), we see that
(6.13) Pf = P+ ed + o(e)

for some unique d@. (Note that @ = ag€5 for some ag.) By (6.12), (6.7) holds.

By Lemma 6.1, any critical point P¢ of M.(P) in Bs(P%) must satisfy P¢ = PY +
ea + o(e) for some fixed a. Let Q¢ = P + ca.

Our next lemma shows that every critical point P€ must be nondegenerate.

Lemma 6.2. Let P¢ € Bs.(Q°) be a critical point of M (P). Then for € sufficiently

small, we have

3N-5 _ )/
(6.14) > Om0iMe(P)|p_pomni > Ce 2 e 2exPI/ep2
j7l7m7i

where C' is independent of €, = (11, M2, 721, M22, M31,M32) € RC,m1 = 0 and |n|? =
Zi,j 771'23'-

Proof: We have by Lemma 5.3 (2),

Z 8l,maj7iME(P) ‘P:Psm,mnj,i

j7l7m7i

(6.15) = (M +0()N Y o p(PH)D | <ef,m >
7 l

+(y1 -+ o(1)eV Pw(|Pf = Pl /e)(L+0(1)) Y < €§pmy —m >
i
Since P € Bsc(QF), |Pf — Pf| = |Pf — P3|+ o(e) for i # j and dpe = dp; 4 o(e). Hence

8057P;(PJ'E)NM(|P1€_P2€D? ]:13273
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(6.15) shows that
DOm0 Mc(P)| p_p i myi

j?l?m?i

(6.16) > CeN 22 PV ey >2 4+ < eSmy —m >?)
l j#l

for some C' > 0 independent of e.

We now show that

Z al,maj,iMe(P)|P:Pe77l,m77j,i > CGN72€72¢K(P€)/6|77|2

Jbmsi

where C' is independent of € and |n|? = > 7712]

To this end, it is enough to show that

(6.17) Z <ef,m >> —1—2 < €5, —m >2> Clnl?
1 j#l
if ny11 = 0. In fact, the left hand side of (6.17) is equal to 0 if and only if

<ep,m>=0,<¢€j,m—n; >=0.

For j =1,<ef,n >=0, then ni2 = 0. Hence n; = 0, which implies that < e{,,n2 >=<
eS,n2 >= 0. Hence 12 = 0. Similarly, we have 73 = 0. Thus (6.17) holds true.

0

(6.14) shows that the matrix () ,0;, M(P) |P:P€) is negatively definite if we restrict
to the space {n1; = 0}. Thus the Morse index is 5.

Finally we have

Lemma 6.3. For 6 > 0 small, there exists a unique critical point of Mc(P) over

Bée(Qe)'

Proof:

First, by restricting to the symmetric class of functions, we can adopt the arguments
of [22] to show there exists a critical point P¢ of M.(P). By Lemma 6.1, P¢ = Py +
ea + o(e) and any other critical point of M,(P) is in Bs.(Q°).
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We now show that P€ is unique.

By Lemma 6.2, there are only finite number of critical points of M.(P) in Bs.(Q°)
(since each critical point is nondegenerate). Let k. be the number of critical points. At

each critical point, we have by Lemma 6.2,
deg(VMe, B5,o(Q),0) = (—1)° = =1

where §; > 0 are small constants so that Bj,.(QS) contains only one critical point (i.e.
Q5) of M.(P).

Hence by the additivity of the degree we have
(6.18) deg(V My, B5e(Q),0) = ke(—1)°.

On the other hand, it is easy to see that M, (P) has only one critical point in Bs(Q°¢)
(because of the nondegeneracy of (V2M,(P))). For P € Bs.(QF), we have

e 2RI = (14 0(8))e ™% w(| Py — Pyl /&) = (1+ 0(8)w(|Q — Q5|/e),
M(P) = (14 0(8)) Mc(QF).

By (1) of Lemma 5.3, we have VM (P) = VM. (P)+O(M.(P)). Note that VM,(P) # 0
and VM, (P) # 0 on dBs.(Q°). By a continuity argument, we obtain that

(6'19) deg(VMea Bée(QE)v 0) = deg(VMe(P)’ BJE(QE)’ 0) = -1

Comparing (6.18) and (6.19), we deduce that k. = 1.

O

Lemma (6.3) shows that type 3.IV solution is unique, up to a rotation, provided that

€ is sufficiently small.

7. EXISTENCE AND UNIQUENESS OF OTHER TYPES OF SOLUTIONS

In the previous sections, we have proved the uniqueness of type 3.IV solutions. It
is easy to see that same techniques (with much simpler computations) show that the
type 2.IIT solutions are unique. It remains to deal with boundary spikes and mixed-

interior-boundary spikes.
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To be able to deal with the boundary peak case, we use different approximate func-

tions. (Here the fact that 2 = B plays an important role.)

We begin with Theorem 1.1 of [30]: for every P € 02, there exists a unique boundary
spike solution u p which concentrates at P. Moreover ue p is axially symmetric with
respect to the straight line joining 0 and P. So for P € 0f), we may choose our

approximate function as follows

(7.1) We,p = Ue,p, for P € OS2

For P € 09, we denote the i—th tangential derivative at P; as 0;; = %,i =
2%

1,....N —1.

In this case, we see that

(7.2) S.(wep) =0, if P € 9.

Let P = (Py,..., Px) be such that P; € 0Q,i =1,...,K,P; € Q,j = K1 +1,..., K.
We define a new function (which was introduced first in [23])

=

(73)  ex(P)= .

i P, — P; _ P, . Pr)).
i=1,...,K1r,§'1£,...,K,i¢j |Pi = Bl exc 1 (P41, - Pic))

We can also define w, p, K p,Cep, ICép, Cép, Lep,vep, Mc(P), etc.

Then similar to Section 4, we will obtain the following

(74) SG(UJE’P) = 0(6_2@K(P)/5)
(7.5) [vep|le < Ce(H@r(P)/e
(7.6) 1050 plle < Ce2e(1+0)oK (P)/e

where o = min(1,p — 1).

Moreover, we have the following equations for the equilibrium positions: for j =
1,..., K1, we have

-1

—N=L | Pe—PS|/e € €
(7.7) (m +0(1)Y (1P — Py~ "z e Fi il (1 Ps — Pf))
I#3
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K
- d € € €
+0(e(> e 2pgle e iRy =0, =1, Ky,i=1,..,N — 1,
j=1 1k

(here 0;; means the ¢ — th tangential derivative at Pf) and for j = Ky, ..., K (if |Pf| >

dp), we have

(71 +o(1))ene(Pf)e 7" (Vpedpe);

— L _|Pf—P¢|/e € €
(7.8) +(y1 +o(1) ANgj (1Pf = Pf)y~ = e PV (Ve | PE — P
J

K
— d € /€ € €
O(e(d e 2pgle | e lFiThle)y =0,j =K1 +1,...,K,i=1,..,N.
j=1 Ik

The next lemma is an extension of Lemma 5.4.

Lemma 7.1. Let K =2 or 3 and ]5]-6 €O, j=1,..,K be the K local mazimum points
of ue. Suppose that ]5]-€ — P]Q,j =1,..., K, then up to a rotation, P° = (P{),...,P[O()
must be of of the three types (for K = 2, Fig. 2) and of the seven types (for K = 3,
Fig. 3).

Proof: As in the proof of Lemma 5.4, by Lemma 5.1, PJQ # PP for i # j.

By Lemma 5.4, we only need to consider boundary spikes or mixed interior and

boundary spikes.

Let us consider K = 2 first. By Theorem 2.1, we may assume that Py, P35 lie on the
z1-axis. We may further assume that Pf = (15,0,...,0),j = 1,2,1{ < (5. If both P}
and Ps lie on the boundary, then necessarily by [30], ¢ = —1,15 = 1, which is type 2.1.
Suppose that Py € 012, we may assume that [{ = —1. In this case, (7.8) implies that
|Pf — P5| = 2dpg + o(1) and therefore I{ — 3, which is type 2.I1.

For K = 3, by Theorem 2.3, we may assume that Pf, Py, P5 lie on a two-dimensional

plane, say (x1,x2)—plane. That is we have P = (pr 59,0, .. ,0),7=1,2,3.

Suppose first we have three boundary spikes: P € 09,5 =1,2,3. We may assume
that Pf = (—1,0,...,0). We examine equation (7.7) for j =1 and 0;; = 8P€ . Then it
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is easy to see that we must have

(7.9)
€ _ pe € _ pe
e—Pf—Pf/E(H N e—lP;—Pﬂ/e(H I L
2 11 37 41

which shows that
[P — Pi| = |P3 — Pi[+o(1)
Similarly, we will have
[Pt — P3| = |P3 — P3| + o(1),
|Pf — P3| = [Py — P3|+ o(1).
As € — 0, it shows that PP, PY and P{ must form a perfect triangle, which is type 3.I.

The other cases are similar. We omit the details.

As for the existence, we have

Lemma 7.2. For e sufficiently small and K = 2, up to a rotation, there are at least
three solutions. The limiting positions are shown in Fig. 2. Moreover, these solutions

inherit the partial symmetries of their limiting positions.

Similarly for e sufficiently small and K = 3, up to a rotation, there are at least seven
solutions. The limiting positions are shown in Fig. 3. Moreover, these solutions inherit

the partial symmetries of their limiting positions.

Proof: The existence of all the above solutions follow a general procedure: we first
restrict to a symmetric class and then use the idea in [22] and [23]. As an example,
we consider the existence of type 2.II solutions. We fix P, = (—1,0,...,0) and let
P5 = (13,0, ...,0),|lz — §| < 6. Then we solve the following problem

(7'10) Sﬁ(wﬁpl + We,p, + U) € C€7P27 € ICG,P2 N Hg,s(Qe)v
where

H,is(Qe) = {u € H2(Q)|u is symmetric with respect to x;,j = 2,..., N}.
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Problem (7.10) can be solved since the degeneracy at P; is eliminated by restricting
to H B,S(QE).

Then we define a reduced energy functional

M (P2) = Je[we,p, + we,p, + v]
where v, is obtained in (7.10). It is easy to compute that asymptotically we have
(7.11)  M(Py) = ¥ [2I(w) — (e1 + o(1))w(| Py — P2l/e) — (% + 0o(1))ee,p, (P2)]
where ¢ is some positive constant, I(w) = & [pn (|Vw|?>+w?) — [ F(w) is the energy
of the ground state w.
Similar to [22], we now maximize the reduced energy

(7.12) max M(P), Py = (l2,0,...,0).
ll2—3|<5

Then by the energy expansion of (7.11), it is easy to see that the maximum is attained
at some [§ with [§ — % and the corresponding solution u. = we p, + we, Ps is a solution

of type 2.11.

The proof of the existence of the other types of solutions is similar. We omit the

details.

As for uniqueness, we consider case by case separately.
The uniqueness of the type 2.I solution is given in [30].

For type 2.1I solutions, by Theorem 2.1, we may assume that Pf = (—1,0,...,0), Ps =
(1,0,...,0). By rotation, we may fix Pf. Moreover, we may consider solutions which are
axially symmetric with respect to the x-axis. This reduces the total degrees of freedom
into one. Now it is easy to show that M.(P) has a nondegenerate local maximum at

Ps5. This shows that the Morse index is 1 and uniqueness follows.

The uniqueness of type 2.I11 follows by the same proof as the uniqueness of type
3.IV.

Next we consider K = 3.
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For type 3.1 solutions, by Theorem 1.3, Py =123 and the origin must lie in a
hyperplane. The problem becomes two-dimensional. Now we fix Pf = (—1,0,...,0).

Then we have two degrees of freedom. It is easy to see that the Morse index is 2.

For type 3.II and type 3.III, the proofs are similar.

8. APPENDIX A: PrRoOOF OF LEMMA 4.1

In this appendix, we prove Lemma 4.1 of Section 4.

Recall that ¢, p(x) satisfies

(8 1) 62A()067P(x) - ()067 (x) = 0 ln QJ
’ &gjp = —%w(‘”—ep) on Of).
On 02, we have
0 rx—P <x—Puv>1
%@G,P(x) = (_w ( c )) |.CC — P‘ g
- z— —Pv>
892 — 140 € N1 e=P| T )

We consider an auxiliary problem (considered in [38] and [50])

EApPL(z) — pPp(z) = 01in Q,
(83) D ° z—P “
P p =w(*) on 0.

Let ()OEP — e—‘I’e,P(l")/E’ where \IIE,P(:E) satisfies

AV, p(x) — VU p(z)*+1=01in Q,
U, p = —elogw(Z=L) on 90.

€

By Lemma 3.6 of [38], we see that as € — 0,

(8.5) U, p(P) — 2dp, ase— 0.

It is proved in [50] that

0V, p(x)
ov

<zx—Pv>

(8.6) P

_ (_1+0(e))§yyx—m — (14 0(e)) on 9.
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Thus comparing (8.1), (8.2) and (8.6), we obtain that

(8.7) @ p(x) = (14 0(e))e Yer@/e 2 c Q.

Hence ¢, p(z) = (1 + O(e))w(#) on 02 and (4.7) of Lemma 4.1 is proved.
(4.8) follows from (8.5).

To compute the exact asymptotic expansion of ¢ p(P), we use the Green’s function.

Let G¢(x, z) be the Green’s function of

(8.8) {62AGE(x, 2) = Ge(z,2)+6(z—x) =0 in Q,

86’57]%72):001189-

Then we have
P
(8.9) pep(z) = / Gela, )22
o0

e,P
ov

(z)dz.

We decompose
Ge(z,2) = K (|x — z|) + He(z, 2)
where K.(r) is the fundamental solution of €2A — 1 in RN \{0}.
Then H, satisfies

(8.10)

{62AH€ —H.=0 in 9,

8H€a(;c,z) _ _8K5(é\)laffz|) on 9.

Since on 0f), we have

0 rt—P . <x—Puv>1
—H. (z) =(-K 4 -
oy Hele) = (K () S
- z— —Puv>
11 _ -1 € N-1 _|Jz2=P| <X s
(s.11) Han + 0@ () T e S
for some generic number dy > 0.
As before, we have
- P
Ho(z,2) = dygpes(z) = dyw(=—") for z € 9.
So we have
8306,]3
per(P) = [ @+ 0@)K.(Jz - PY 5Lz
o0 14

—Pv>
= Me! [ (—C _N-1,-2z=P|/eS 2" 5V >,
(en +o(1))e /aQ(|Z—P]) e oy z
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1 <z—Pv>
192 1 N—2/ N—1,-2|z—P|/e ‘

Let P be such that |P| > dy for some dy > 0. Then the integral in (8.12) is a typical
Laplace integral and can computed by the classical Laplace method: namely, we let

z = /ey and then obtain
SNZL SN s
pep(P) = (en +o(1))(dp(1 —dp))™ 7 €2 2rle
for some positive constant Cy > 0. This proves (4.10) of Lemma 4.1.

Next we prove (4.9) of Lemma 4.1. To this end, we note that for z = P + ey

Pe,p(T / Ge( G%P( )dz

€ No1 _|z—et|z=P| < z — P,v >

—1 _ N-—1 B
(ex+om) [ (0077 () "
-1 € _N-1 € _N-1 _2z-P| _<z=Py>< z— Py>
=€ CN+01 / F— 2 (— 2 e c e =Pl "7 1~
(ex+o) | (0™ (o) —

= (1+ o(1))pep(P)e<Virs>

which proves (4.9) of Lemma 4.1.
Finally we prove (4.11) and (4.13) of Lemma 4.1.
For P € 2, we define
(8.13) Qe p:={yley + P € Q}.
If P =0, we denote Q¢ p as 2.

For P € 2, we have

5 e
JRAC wppsoep< o)
= (1 o(D)par(P)N [ F )Gy (by Lemma 4.1 (2)

(8.14) =(m+ 0(1))€N_1<P6,P(P)(Vdp)z‘ +O(e” Froddr/e)
where ~y; is given in (4.12). This prove (4.11).

For Py, P, € Q with |P; — Ps|/e — +00, we have

8weP
/f weP1 wepg f)Pl;
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_ , 0 P —P Lo PPl e
= (o) [ f ) Gl + Py + (e n-R
€, P ?

_ 0 P — P _ _
_ N-1 (I+0)|P1—Px|/e
1 [ pw gty + Py + 0 )
P — P
(835) =+ o (g (17— B+ OO =P

which proves (4.13).

9. APPENDIX B: PROOF OF LEMMA 4.3

In this appendix, we prove Lemma 4.3. This is similar to the proof of Lemma 2.4 of
[51].

The existence of v p € lCiP such that Sc(wep + vep) € Cep follows from Section 3
n [22]. The C%-smoothness of v p in P follows from Lemma 3.5 in [22]. For estimate
(4.23), please see Lemma 3.4 of [22]. It remains to estimate J;;v.p and prove (4.24).
We decompose
0},ivep = Z agt,jiﬁs,twap + vip, vép € ICE%P,
s=1,...,K,t=1,.,N

where of, .. are scalar constants.

st,j1

We first note that by (4.23)

2 —( P
/ 0;,iVe POLmWe P = —/ Vep;iOmwep = O(e 2e~UTo)exP)/e)
Qe Qe

Hence
Zagt,ji/ al,mwe,Paj,iws,P _ 0(6—26—(1-&-0)%01((13)/6).
t Qe
Since
/ 8l,mwe,Pas,twe,P = 672<F0 + 0(1))6315771757
where 'y = fRN 5)? > 0, we obtain af, ;; = O(e 2~ (IH0)ex(P)/e),
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Next we observe that

(9’1) Se(we,P + ve,P) = Zﬂ;t(P)as,twe,P7

where 35,(P) € C! and 35,(P) = O(e2e~(1Ha)ex(P)/e),
Differentiating the equation (9.1) by 0;,,, we have,
S(wep + Vep)(OrmWep + Omvep) Z B 1 (P)Oyms ywep € Cep-
Substituting the decomposition of J; ;v p into the above equation, we obtain that

Se(wep +vep)(v3p) + S(wep + v p) (Dmwep + Y %y ;i 05 wep)
s,t

—> B (P)Ds 4Oy mwep € Cep-

It is easy to see that
ﬂ-i_P 0 Se(Wep + vep) ’CEL,P — CEL,P
is again invertible for e sufficiently small. Hence (since vjp € ICELP )

”Ui_PHHZ(Qe) < CHT[-EJ,_P ° S;(we,P + Ve p) (O mWep + Z agt,jia&tqu)‘HLQ(Q
s,t

+OZ |ﬁ |Has tal ;mWe P||L2(Q )

< Ce2e—(1H0)pr(P)/e

(4.24) is thus proved.

10. AprPENDIX C: PROOF OF LEMMA 5.1

In this appendix, we prove Lemma 5.1.
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We first exclude the case when multiple interior spikes collapse to the boundary. In

fact this follows from the proof of Lemma 2.3 of [48]. We prove by contradiction.
d(Ps aQ)

Suppose now that P € €, — 400, P — Py € 00,5 = 1,.,m < K.
Suppose that all the other spikes stay away from FPy. That is |P]6 — Py| > 60 > 0 for

j:ngzl,...,K.

We recall the following Pohozaev identity: suppose that u satisfies e2Au—u-+f(u) =

in a domain €, then for any y € R, we have

| vF) - 2 s w) - )
Qo

o 2
:/BQO [(eQ(x—y,Vu)aZ—e <x—y,u>‘v2u’)
2
B u® 2N— 2 Ou
+ < y,y>(2 F(u))+ 5 81/]
Since y is arbitrary, we deduce that
Vul?  u? ou
10.1 2] — —F(u)) — € :
(10.1) /emo [V(G 5 + 5 (u)) —e Vuay =0

Now we choose g = {z € Q|d(z, Py) < 15} so that |[v(z) — v(P)| < 15 where v()
is the normal derivative at x € 9Q N IQy. Let

= d(P5,00), |PS — PE|)/e.
Pe= i Eu?“’kﬂ( (P5,00),|Pg — Pf])/e

Then similar to the proof of (2.8) and (2.12) of [48], we have

(10.2) ue > Ce™P< on 0Q N I
and
(10.3) Ue, |Vue| < Ce ¢ on 000\ 092.

Substituting (10.2) and (10.3) into (10.1), we have

_ 2 |vu€|2 i - u 6—6/6
0= [ @R P+ 0

(10.4) >C u? + 0(e™%/¢) > Cere
0QpNON

which is a contradiction.
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Second, we exclude the case when multiple interior spikes collapse in the interior.
Namely, we have Pf,j = 1,...,n2,2 < ng < K where Pj — I} € Q5 =1,...,n9.
Suppose that all the other spikes stay away from Py. That is |P]6 — Py > 60 >0,57 =
ng + 1,..., K. Similar to the proof of Lemma 3.1 of [46], we see that equation (7.7)

remains true: so we have (all the boundary terms are higher order terms)

(10.5) Y w(|Pg — Psl/e)Vpe (1P — Pf|) + oY w(|Pg — Pjl/e)) = 0,5 = 1,...,no.
k#j k#j

Since 2 < ny < K < 3, we have either ny = 2 or ny = 3.

If ny = 2, (10.5) becomes
w(|Pf — P3|/€)V e (|PL — Psl)

+o(w(|Pf — P;|/€)) =0
which is impossible.

If ng = 3, we let |Pf — P§| = min;z;; =123 — Pf|. We consider two cases.
The first case is that lim._.g w < +4o0o. In this case, let us assume that
w(|P3 P2|/€)

< P§ — Pf, P; — Pf >> 0. Then for equation (10.5) at j = 1, we have

w(|Pi=P3|/e)+w(|Ps—Pi|/e) < Vpe(|P5—Pi]), Vg ([P —Pi|) > +o(w(|P—F3]/€)) = 0,

w(|Pf—P5|/e)

which is impossible. If lim,_.q w(P=Pee < 00, the proof is similar.
3 1

The second case is that lim._,q % = (. This reduces to the no = 2 case.
1 2

Finally, we need to exclude the case when multiple interior spikes collapse to a
boundary spike or multiple boundary spikes collapse. That is we have ]P; — Pf| —
0,7 =2,...,n3 < K, where P} € 0€). Without loss of generality, we may assume that
Pf =Py = (-1,..,0). If K =2, by Theorem 2.1, Ps and Pf are on different sides.
Thus, |Ps — Pf| > 1. So we may assume that K = 3. By Theorem 2.3, we have

|Ps — Pf| > 1 and Ps — P{| — 0. There are two cases to be considered.
Case 1. P; € Q, Py — Py = Pr.

Let € = 5, where 6. = |Pf — P5l.
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Equations (7.7) and (7.8) remains true as long as ¢x (Py, ..., Pf)/e — 4+00. Now we

look at equation (7.8) for j = 2,7 = 1. We have

2 + o(1))e(P)e 5/ (V pedps )
N1 c_—PSfl/e € €
(10.6) (71 +o(1)(|Pf — P5|)~ "z e Pi=Fal/e (v pe | Ps — Pf[); = 0.

Note that both Vpedps and Vpg(|Py — Pi|) are pointing in the same direction.
Equation (10.6) can not hold.

Case 2. Pf € 00, Ps € 0, |Ps — Pf| — 0.

. Y I .
In this case, we apply (7.7) to j =1, Bre = Bai, and we obtain
N—-1 € €
(10.7) (1 +o(V)(1Pf — B5)~ "= e - PVe(T g P — Pi[)y = 0

which is impossible.

11. APPENDIX D: PROOF OF LEMMA 5.3

In this appendix, we prove Lemma 5.3.

Proof of (1) and (2) of Lemma 5.3: Observe that
V;iM(P) =< wep + vep, 0ji(Wep + vep) >c —€ /Q f(wep +vep)0ji(wep + vep)
=< wep,0ji(wep) >c — Y /Q Jf(wep)0ji(wep)
+ < vep, 0ji(wep) >e —EN/Qf/ (we,p)ve,p0ji(wep)
+ < wep,0;i(vep) >e —€ N /Q f(wep)0ji(vep)
< 0ep 0ji(vep) > —e N /Q F(wep)Djs(vep) + Ofe™ raex(P)/e)

< wep, D wep > — N / F(wep)d;s(wep) + O @+Ier®P)fey
Q

K K
= [ 13 flien) = (3 wen)@ysp) + O EFIK V) (by Lenma 3.1)
Q= =1
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K
— E_N / [Z(f(u_}E,Pl) we Pl Z f we P ’l,UE Pl] lwe P + O( (2—‘,—0’)()0}((]?)/6)
Q

=1 1#j
=V / [f(wE,P ) f(we P;j )]aj iWe,P; — N Z/ f We, P; )we Play,zwe P; _|_O( —(2+0)pr (P )/6)
. I#j
(11.1)
— / f (We,p; ) (— e, P, )0j,iWe, P, Z/ wE P, ) e, p, 0,0, p; +O (e —(2+0)ex (P)/e)
e 1]

We discuss two cases.

Case 1. If |Pf| < &, then the first term in (11.1)

/ f/ (QDE,Pj)(_QOE,Pj)aj,iwe,Pj = 0(6
Qe,Pj

—2dpe
J

€)
which is a higher order term, comparing with the second order term (since |P{ — Pﬂ <
o< 2dpj6). This proves (5.8) of Lemma 5.3.

Case 2. If |Pf| > do for some do > 0, then (11.1) equals

(11.2) "~ (m+o(1))pep, (P)(Vdp,)i+e" " (r+0(1)) Y w(|Pj—Pi|/e)(V|P;=P)i
I#5
by (4.11) and (4.13) of Lemma 4.1.

By using Lemma 4.1, we see that (5.7) holds.

Proof of (3) of Lemma 5.3: Let P be a critical point of M.(P) in As such that
\P;] >dp,j=1,..., K for some dy > 0. We now expand,

O1m0;,iMc(P)|p_p.
=< O m(Wep +Ve,p), 0j,i(Wep + Ve P) >c [P=Pe
+ < Wep + Ve, O1m0ji(Wep + Ve p) >c [P=Pe

N/ f (wepe + vep)Om(wep + vep)|p=pcdji(wep + vep)|P=pe
Q

—GN/ Jf(we,pe + Ve pe)OlmO0ji(Wep + Ve p)|P=Pe
Q

=< O m(Wep +0ep), 0ji(Wep + Ve p) >c [P=Pe
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—G_N/ f (Wepe + vep)dm(wep + vep)|p=p<dji(wep + vep)|p=p
Q

(since P€ is a critical point of M.(P))

_N ’
=< OmWe, P, 0j,iWe,p >e |[P=pc — € / [ (Wepe 4 Ve pe) Ol mWe P |p=pP<0j,iWe, P |P=Pe
Q

_ /
+ < O mWe P, 0,iVep >e |[P=pc — € N/ [ (wepe + Ve pe)OlmWe P|P=pP<0j,iVe P|P=P¢
Q
_ /
+ < OimVep, 0j,iWe P >e |P=pc — € N/ [ (Wepe + Ve pe) 01 mVe,p|P=Pc0j,iWe, p|P=Pe
Q

+ < OpmUe,p; 0j,iVe P >e |P=pPc — 6_N/ [ (e, pe + Ve e )0 mVe PlP=Pc0},iVe P|P=P¢
Q
=h+L+I3+1
where I;,7 = 1,...,4 are defined at the last equality.

We now estimate each term. Certainly the estimate of I5 is the same as that of I3.

By Lemma 4.3,
(113) Iy = ()(Hal,mve,PE HeHa‘,iUe,PE He) = O(e_(2+o-)¢K(PE)/E).

Next we consider I:
(11.4)

L=V / [f (We, Pt ) O,m e, P — f (we,pe+0e,pe ) Oy mwe, pe] 0j e, pe = O(e=Fa)ex(P9)/ey
Q
Similarly, we have

(11.5) Iy = O(e~Fo)ex(P)/e),

Hence it remains to compute I; only. We divide it into two cases: j # [ and j = [.
When j # [, we have by Lemma 4.1
L=h / [f/(@e,P;)az.m@e,P; —f (we,pe) O1mWe, Py |0 iwe, pe
Q
= E_N / [f/ (we,Pf)al,mwe,Pf_(f/ (we,Pf)—i_f/(we,Pje))al,mwe,Pf]aj,iwe,P]?+O(€_(2+U)¢K(P€)/E)
Q

= E_N / [f/(we,Pf)al,mwe,Pf - fl (we,Pf)al,mwe,Pf}aj,’iwe,P;
Q

_E—N/Qf/(w€7P;)8l7mw6,1)l€aj7iw€7pje+O(€_(2+0')(PK(P€)/E)

=" /Q F (We.pe) e, pe 0 i ps + Oe™ FFer P/
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e L R L N
€ QEPE ayl

(1L.6) = ¢ 2w(|Pf = Ff|/e)(n + o(1)(€5)m(efy)i + O(e”BToexFI/)

For j =1, we have
Il = E_N / [f’(we pe)aj mWe PE _ f’ (we,PE)ajvmwﬁvl’;]ajviwefj
Q
=" / [f (wE Pe)aj mWe Pr f (we Pe)aj mWe Pe]aj iWe Pf
Q
_N Z/ f weP )we PEa] mWe Peaj iWe PE + O( (2+U)‘PK(P€)/€)

k#j
=hi1—112.

For Iy 1, we have

Il,l = E_N /Q[a‘%mf(/wE’P;) - aj,mf(we’pje)](")j’iwﬁp;

— E—N/Q[(—a (We,pe) — f(we,ps))](—QQDe,P; + O(e2Fo)ex(P) /ey

0xTm J ox;
N o2 (240)px (P9)/
=€ ) — T N —— 0D pe — O)PK €
‘ /sz(f(wE’Pj) F(@e,p; )((%ciaxm We,pg) ++0(e )
_ / pe Pw | -Gl
=€ o f (w>(y)(p6,P;( j + ey)ﬁ + + (6 )
e,Pj Z m
=2 ¢ (wye < rpdepv> 0w (2 4o)pr (P)/e
=€ "Qe,P: (P])/RN [ (w)e Oyﬁymdy +40(e )

(by (4.9) of Lemma 4.1)

_ € " ow Ow —<Vpedpe,y> _ - €) /e
— € 2(7067P]6(PJ)/RN(_f ( )6y2 6ym PJ PJ Y dy++0(e (2+ )S@K(P )/ )
(11.7) 20, pe (P5)€5 365 m (=11 + 0(1)).

For I o, we have
Lao=¢N Z/ 7 (wE’P;)wﬁplgaj’mme,P;aijE’PJ_ﬁ + O(e~@H0)ex(P)/e)

€ €

£ 811} ow £ — .
€2 ik —(2+0)px (P9) /e
Z/ 83/1 8ymw(y + B )dy + O(e )

731
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(11.8) =) w
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’PJG B 15’ € €
i)ejk,ie]’k,m('yl +0o(1)).
oy

Combining all together, we have

Om05iMe(P)|p_p.

1P — Bl

=€ (11 + o(1))w( )€51m€51,i(1 — 1)

—e (71 + 0(1)) e, pe (P§)€§ €f mit

2 o) Y w(

€ €
c )ejk,iejk,m(sjb
k#j

which is exactly (5.9).
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