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1. INTRODUCTION

The hyperbolic plane H? has a canonical isometric embedding in the Minkowski
space R>! given by the hyperboloid

1.1 x5 = /1+ |2/]2, 2’ € R%
(

It seems an interesting question whether a two-dimensional simply connected
complete Riemannian manifold (M, g) of negative curvature always admits an
isometric embedding in R*!. This is equivalent (see Section 2) to solving the
Monge-Ampere type equation on (M, g):

(1.2) det V?u = —K (1 + |Vu[?*)det g

where K| is the (intrinsic) curvature of g. Note that this equation is elliptic when
K, < 0. One can also ask other questions concerning local or global isometric
embedding in R?! for two-dimensional Riemannian manifolds. In this note we
shall consider the problem for compact disks with negative curvature.
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Theorem 1.1. Let g be a smooth metric of negative curvature on a compact
2-disk D with smooth boundary OD. Suppose OD has positive geodesic curvature.
Then there exists a smooth isometric embedding x : (D, g) — R*! with x(0D) C

{xg = O}

This can be viewed as a counterpart to a theorem of Pogorelov [23] and
Hong [14], which states that a positively curved 2-disk with positive geodesic
curvature along its boundary admits an isometric embedding in R? with planar
boundary.

Without the assumption of positive geodesic curvature along 9D we shall prove
a weaker existence result which seems to have no counterpart in the positive

curvature case.

Theorem 1.2. Let (D,g) be a smooth compact disk of negative curvature with
smooth boundary OD. Suppose (D, g) is geodesically star-shaped with respect to
an interior point in D. Then (D, g) admits a smooth isometric embedding into
R21.

We say (D, g) is geodesically star-shaped with respect to xg € D if the expo-
nential map exp,, is a diffeomorphism from a star-shaped domain (with respect
to the origin) in the tangent plane T,D onto D.

Problems concerning isometric embedding of surfaces in the Euclidean space
R? have received much attention. In 1906 Weyl considered the problem whether
a smooth metric on S? with positive curvature always admits an isometric embed-
ding in R3. This problem, known as the Weyl problem, was studied subsequently
by Lewy, Alexanderov, and finally solved by Nirenberg [19] and Pogorelov [22]
independently; their results were extended by Guan-Li [8] and Hong-Zuily [18] to
the nonnegative curvature case. In [25] Yau posed the question of finding isomet-
ric embedding with prescribed boundary or with boundary contained in a given
surface in R? for compact disks of positive curvature. Important contributions to
the area were made by Pogorelov [23] and Hong [12]-[17] who established remark-
able existence results for compact disks of positive curvature, and for complete
noncompact surfaces of nonnegative curvature. Hong [14] also considered the
problem for complete noncompact surfaces of negative curvature. We should also
mention the breakthroughs of Lin [20], [21], and the more recent work of Han-
Hong-Lin [11] and Han [9], [10] for local isometric embedding in R3. Tt would be
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interesting to study corresponding questions for isometric embedding in R%*! of

negatively or nonpositively curved surfaces.

We shall derive equation (1.2) in Section 2 and show the equivalence of its
solvability to finding isometric embedding in R*! of a surface, therefore reducing
the proof of Theorems 1.1 and 1.2 to the Dirichlet problems for (1.2). In Section 3
we construct subsolutions for (1.2) when K, < 0, which implies the existence of
solutions according to the general theory of Monge-Ampere equations. We shall
consider more general equations and boundary data in higher dimensions.

2. BAsic FORMULAS

In this section we derive equation (1.2) for isometric embedding of a surface
into R>! . We begin with some basic notation and formulas.

Let R™! (n > 2) be the (n + 1)-dimensional Minkowski space which is R"!
equipped with the Lorentz metric

n
2 _ 2 2
ds” = g dzi —dxy .
i=1

We use (-, ) to denote the Lorentz pairing, i.e.

n
(v,w) = Zviw,- — Up1Wpt1-
i=1
A hypersurface ¥ in R™! is spacelike if ds?® induces a Riemannian metric on 3,
that is, the restriction of the Lorentz pairing to the tangent plane of 3 at any

point is positive definite.

Let X" be a spacelike hypersurface in R™!. We shall use V and A to denote
the Levi-Civita connection and the Laplace-Beltrami operator on 3, respectively,
while D the standard connection of R™!. Let v be the timelike unit normal of ¥,
i.e.

(v,v) = —1.

Let eq1,..., e, be a local orthonormal frame on . The second fundamental form
of ¥ is defined as
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We have h;; = hj;,
(2.1) De,v = hijej, Deej = hijv+ Ffjek,
where Ffj = (V,e;, e;) are the Christoffel symbols, and the Codazzi equation
(2.2) Vihi; = Vihjp.
The Riemannian curvature tensor is given by the Gauss equation (see e.g. [4])
(2.3) Rijrr = —hiphji + hyhjyg.
The mean and Gauss curvatures of X are
(2.4) H = % > hi, K = det hy;
respectively, while the norm of the second fundamental form is given by
‘A|2 = Z h?j-
Thus for a spacelike surface in R?! its intrinsic curvature is Ry21g = —K.

Let x be the position vector of ¥ in R™! and define
u=—(x,e), n=(x,v), z=(X,X)

which are called the height, support, and extrinsic distance functions of X, re-

spectively. Here e = (0,...,0,1) € R™! is the unit vector in the z,1 (time)
direction:
(e,e) = —1.
We have D, ;x = e;,
(2.5) VijX = De,De;x — I'f;De, x = hyju.
Thus
Viu= —(e;,e),

(2.6) Viju = —<V, e>hz~j,
and

n
(2.7) IVul> =) (ei,e)” = (e,e) + (v,e)> = —1 + (v,e)”.

i=1

Consequently, u satisfies the Monge-Ampere type equation

(2.8) det Viju = K(1+ |Vul?)2.
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Let (D, g) be a two-dimensional Riemannian manifold and x : (D,g) — X C
R?! an isometric embedding. Thus ¥ is naturally spacelike in R*! and we see that
the function u := (x,e) satisfies equation (1.2) in D. Conversely, a solution of
(1.2) in D yields an isometric embedding of (D, ¢) into R*!. This is a consequence
of the following fact.

Lemma 2.1. For u € C?*(D,g) the Gauss curvature of the metric g1 = g + du?
18

1 det V2u
=————7I| K .

14 |Vul? < at (14 |Vul?) detg)
In particular, K4 =0 if u is a solution of (1.2).

Kg1

This lemma guarantees that for a smooth solution u of (1.2) we can always
find a smooth isometry from (D, g + du?) into R?* when D is simply connected
since g + du? is flat. If we use (z,y) : D — R? to denote this isometry then the
desired isometric embedding x : (D, g) — £ € R*! is given by x = (2, ¥, u).

For the proof of Lemma 2.1 one can follow, for example, that of Lemma 1 in
[16] with slight modifications. So we omit it here.

In the rest of this section we derive equations for geometric quantities of (D, g).

Let £ be the linear operator defined as
Lo = hiV;v, veC* D).

First, differentiating K = det h;; we obtain

(2.9) hhj1. = (log K)y,
and
(2.10) W9 hijie — WP hyjrhaps = (In Ky

where h;jr. = Vihij, hijr = Vighij, etc. Next, we calculate
Vijv i= De,De,v — T} De, v
2.11) = D, (hjrer) — Tihmer
= highjkv + hjgiex
= hikhjrv + hijrer
by the Codazzi equation, and

Viz = 2(x,¢;)
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(2.12) Vijz = 26@']’ + 2’/’]hij.
Thus
(2.13) V2P =4 (x,e,)? = 4z + 4n,
i=1

(2.14) Lz=2 Z R% + 2nm,
(2.15) Lx =nv
by (2.5), and
(2.16) Lv=nHr+VhK.
Therefore,
(2.17) Ln = (x, Lv) + 207 (V;x, V;v) + (v, LX)
2.17

=nHn+n+ (x,VInK).
Note that

ij 1

h ]771'?’]]' = hij <X, €Z‘><X, 6j> = Zhijzizj

So

1 y 1
ZE(]Vz\g) =L(z+n*) =2 Z K 4+ dnm + 2nHn? + 2n(x, VIn K) + ihzjzizj.
Finally, from
hijkt = hijik = > Pim Rkt + Yl Rl
m m
and the Codazzi and Gauss equations, we derive

1 .. 1 ..
H=—3 hhyi; == hhi
L ng kkij n - kkj

1 g 1 g 1 g
= g h* b, + kz R i Rk + kz B Bt Rk
I ;1M

(2.18)
1 i 2 2
= > hhijee +nH? — |A]

k

1 1 o
=AlnK+=Y R hhim H? —|A?
- n +”Zk: jkhime +n |A|=,



Isometric Embedding in Minkowski Space 833

and
(2.19)

1
§‘C’A|2 Zhjhklhkh] +Zh]hklzhkl]
k,l

= Z W hghigrn + Y W hgibgg; + > 0 g (him R + Bk Biig)

k}7l k7l k7l1m
= nH|A” + Z h¥ hgihig; + Z R B hyghijichs
k.l
+ Z hig(In K )y — Z Pkt Pern Pt -
k1 k,l,m

The last inequality should be compared with the Calabi identity [3] (see also [4])

(2.20) —A]A\Q AP+ 2+ 0> hi Vi H —nH Y hijhjgh.
1,5,k i,J 1,7,k

3. CONSTRUCTION OF SUBSOLUTIONS

In this section we construct subsolutions for equation (1.2) from which we
conclude Theorems 1.1 and 1.2. We shall do this for a general class of Hessian
equations that include (1.2). Throughout this section we assume (D", g) to be
a compact simply connected Riemannian manifold of dimension n (n > 2) with

nonpositive sectional curvature and smooth boundary 9D.

Let us first consider a radially symmetric function u(x) = u(|z|) in R". A
straightforward calculation shows that

(3.1) det D*u = (Z/)”‘lu”
Thus the Monge-Ampere equation in R™

det D*u = ¢(z, u, Du)
takes the form

(3.2) ()" = "l u, )

for radially symmetric functions.
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Lemma 3.1. Let f € CY(R,) be a nonnegative function defined on Ry := {r >
0}. Then there exists a unique convex function ¢ € CH2(Ry) with ¢(0) = 0,
¢'(0) =0 and

(3.3) @' =)+ [, V>0,

Moreover, ¢ is strictly convex where f > 0, and

(3.4) lim ¢(r) = +oo

r—-+00

unless f =0 on R.

Proof. Integrating equation (3.3), we have

log (1 + (d)/)”) = n/r " f(r)dr, > 0.

0
Therefore,

(3.5) ' (r) = (eh(’") — 1)%, r>0
where
h(r) := n/r "L f(r)dr.
Integrating again, ’
o(r) = /07” (eh(’") — 1)%dr, Vor>0.

Finally, the convexity of ¢ and (3.4) follow from the fact that ¢/(0) = 0 and
¢” (r) > 0 whenever f(r) > 0. O

Remark 3.2. When f is constant Lemma 3.1 is a special case of Lemma 3.7 in
[7].

We now suppose that (D, g) is geodesically star-shaped with respect to xg € D.

Given any positive function ¢ € C*°(D), define
(3.6) w(z) = ¢(r(x)), €D

where ¢ is obtained from Lemma 3.1 with f := Amaxp, A > 0, and r is the

distance function from =z
r(z) = disty(x,z0), = € D.

We calculate
V2w = ¢'V?r + ¢"dr @ dr.
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Since ¢ has nonpositive curvature, by the Hessian comparison principle (see, e.g.,
[24]) we see that V2w is positive definite and

¢/

(3.7)  det Vw > (7)”‘1¢” = f)(1+ ") = A1 + |Vw|") in D.

Therefore w is a subsolution of the following Monge-Ampere equation
(3.8) det V2u = ¢(1 + |Vu|?)? detg in D

when A is chosen sufficiently large. By Theorem 5.1 of [5] we obtain a locally
strictly convex solution u € C*°(D) of (3.8) satisfying the Dirichlet boundary
condition © = w on 9D. In particular, for 1) = —K this implies Theorem 1.2.

Using the function w constructed above it is possible to solve the Dirichlet prob-
lem for equation (3.8) with arbitrary smooth boundary data when D is strictly
convex, i.e., the second fundamental form of 9D is positive definite. (When D is
a strictly convex bounded domain in R" this was observed by P. L. Lions; see [1].)

More generally, we have the following existence result for the Hessian equation
(3.9) ox(V?u) = $(a,u)(1 + |[Vul’)2 in D,

where 01(V2u) = o,(A(V?u)) is the k-th elementary symmetric function of the
eigenvalues of V2u with respect to metric g.

Theorem 3.3. Let 1) € C°(D xR), ) >0, ¥, >0, and o € C>°(ID). Suppose
that OD satisfies the condition

(3.10) (K1y-.+ykn—1) € T'x_1 on 9D,

where (K1, ...,kn—1) are the principal curvatures of OD. Then equation (3.9) has

a unique admissible solution u € C°°(D) which satisfies the boundary condition

(3.11) u=¢ on JdD.

Here I'y, denotes the open convex cone in R™ defined as
I'y={AeR":0;(\) >0,1 <j <k}

A function u € C?(D) is admissible if A\(V?u) € T'y. Equation (3.9) is elliptic at
an admissible solution; see e.g. [2].

By Theorem 1.3 in [6], in order to prove Theorem 3.3 we only need to construct
an admissible subsolution attaining the same boundary data.
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Lemma 3.4. Suppose OD satisfies (3.10). Then for any ¢ € C°*°(D) and A > 0
there exists an admissible function u € C°°(D) with

(3.12) o)/ ¥(V?u) > A1+ |Vu?)? in D, u=¢ ondD.
Proof. We shall modify the constructions in [2] and [6]. For convenience we
assume oy, is normalized so that
(3.13) op(1,...,1) = 1.
Let d denote the distance to 9D,
d(x) = distp(z,0D) for z € D.
We may choose dy > 0 sufficiently small such that d is a smooth function in
Ns={z€D:0<d<6} V0<6§<d,
and for each point x € N, there is a unique point y = y(x) € 9D with
d(x) = distp(z,y).

The eigenvalues of the Hessian of d in Ns, are given by

A(V2d(@)) = (—m(y(@)) + O(), .., —kn-1(y()) + O(d),0)
where k1(y), ..., kn—1(y) are the principal curvatures of 9D at y € 9D.

For t > 0 consider the function in Nj,

1
~(eM—1);

77:t

We have
Vi = e (—V?%d + tVd ® Vd)
and
0 (V) = (7o (=V2d) + t(e7 ") o;_1 (~V?d), V1< j<k.
By assumption (3.10) there exists tg > 0 sufficiently large such that
(3.14) V2 eTy and o4 (V3n) > %e‘ktd in N5, Vt>tg
for § > 0 sufficiently small.
On the other hand,

(3.15) Vnl =e <1 in Nj.
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Fixing t > 2(16eA)* and § = t~!, we see that

(3.16) ol/% (V) > 8A(1+ |Vn|) in Ny,

Let h(s) be a smooth convex function on s < 0 satisfying

s for —e9 < s <0
h(s) = .
5(e1+e2) fors<—e

and
h'(s) >0 for —e; < s < —&3

where ey = (1 —e™!') and g2 = (1 — e~1/2). The function ¢ := h(n) is smooth
in D and

(3.17) V¢ =WV + 'V V.
Since A’ > 0 and A" > 0 we have
MV?¢) €T}, inD.
Let p > 0 be a smooth cutoff function with compact support in D such that

p =1 in the complement of Ns/,. We consider the function

v = ( + cpw
where w is a smooth convex function satisfying
(3.18) (det V2w)® > 249(1 + |Vw|) in D,

which can be constructed as in (3.6) with a suitable choice of f. Note that v =0
on dD. Moreover,

Vv =V(+ c(pVw +wVp)

and
(3.19) V20 = V2 + cpV2w + ¢(Vp @ Vw + Vw ® Vp +wV?p).

Since ( = 7 in Ns/y, by (3.14) and (3.16) we may fix ¢ > 0 sufficiently small
(which may depend on A, however) such that A(V?v) € T'j, in N5 and

1
(3.200  o/F (V%) > 5cr;/’“(v%) > 4A(1 + V) > 24(1 + |Vv|) in N

Since p = 1 in the complement of Nj/p and 0 < ' <1, we have

V| < IV¢| 4 ¢|Vw| = M [Vn| 4 ¢|Vw| in D\ Ny



838 Bo Guan

and
V2 =V +cViweTly, in f\NJ/Q.

By (3.17), (3.16), (3.18) and the concavity of o,/* in T*,
U;/k(VQ’U) > Ui/k(h/VQU + cV2w)
> h’ai/k(VQU) + co,i/k(v2w)
> 8AN (1 + |Vn|) + 24¢(1 + |Vw])
> 2A(c+ Vo)) in D\ Ny/s.

(3.21)

Here we have used the Newton-MacLaurin inequality
ot (VPw) > o/ (V2w) = (det(VZw)) .

(Recall that oy is normalized; see (3.13).) Finally, choosing B sufficiently large
we see from (3.20) and (3.21) that the function u := Bv + ¢ is admissible and
satisfies (3.12). O

Note that any admissible function in D is subharmonic and therefore satisfies
the maximum principle. Since v, > 0, taking

A= maxd(z,§), ¢=maxy
z€D oD

in Lemma 3.4 we obtain an admissible subsolution for the Dirichlet problem (3.9),
(3.11). Theorem 3.3 now follows from Theorem 1.3 in [6]. The proof of Theorem
3.3 is complete and therefore so is that of Theorem 1.2.
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