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Abstract: The paper starts out from pseudomeasures (in the sense of Serre)
which hold the arithmetic properties of the abelian I-adic Artin L-functions
over totally real number fields. In order to generalize to non-abelian [-adic L-
functions, these abelian pseudomeasures must satisfy congruences which are
introduced but not yet known to be true. The relation to the “equivariant
main conjecture” of Iwasawa theory is discussed.

Fix an odd prime number [ and a finite field extension k/Q with & totally real.
Let ko be the cyclotomic Z;-extension of k and K D ko be a totally real Galois
extension of k with Galois group G and so that [K : k] is finite. Setting
H = Ggjp,, and I'y, = Gy /i, we get the group extensionl — H — G —T'y — 1.

Let first G be abelian. We consider the group algebra QG = Quot(AI')[H] which
results from a splitting of the above group extension, with AI' (~ Z;[[T]]) the
Iwasawa algebra of a preimage I' of 'y, in G. From Serre’s interpretation [Se] of
the work [DR] of Deligne and Ribet on abelian L-functions over totally real fields
it follows that there is a unique element A/, € QG that encodes all the l-adic
L-functions L;(s, x) of K/k for the characters x of G with open kernel. In fact,
choosing a preimage v € I' of a generator v, € 'y and identifying v — 1 with
the variable T' (in A" > Z;[[T']]), this pseudomeasure Ak, admits a power series
expansion
)\K/k = Z amT™ with a,, € Zl[H]

m>—1
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which has the property that

Z X(am)(x(y)u"™ —1)™" = L;(1 —n,x) for n > 1 and all y ,
m>—1

where u € 1+41Z; is determined by the action of 44 on the I-power roots of unity.
In particular, Mg/, € (AT')[H], with 4 denoting localization 1 at the prime ideal
AT of AT'; moreover, A/, is a unit in QG. If Iwasawa’s p-invariant of K/k
vanishes, then 2 AK/k is even a unit in AJG.

Though the pseudomeasure carries all the information about the abelian [-adic
L-functions, its arithmetic properties are not well understood at present as far
as we know.

We now drop the assumption that G is abelian. Then the total ring QG of
fractions 2 of the Iwasawa algebra AG = Z[[G]] of G is a finite dimensional
semisimple algebra over QI', for every central open subgroup I' of G which is
isomorphic to Z;. Moreover, there is a homomorphism

Det : K1(QG) — Hom(R;(G), (Q°T')™)

taking z € K;(QG) to the map Detx which assigns an element in (Q°T';)* def
(Q° ®g, QI'k)* to each character x of G (with open kernel and with values in
a fixed algebraic closure Q;° of Q;). Above, R;(G) is the Z-span of the Q;°-
irreducible characters x with open kernel (see also [RW2, p.588]). Given a finite
set S of primes of k which contains all primes above co and [, Greenberg [Gr] has
generalized l-adic L-functions L; g(s, x) to non-abelian characters x of G' (with
open kernel), and these in turn define the Iwasawa L-function x +— Lg/(x) (see
[RW2, p.563]) which belongs to Hom(R;(G), (Q°Tx)™).

The natural question arises whether Ly, has a preimage in K1(QG). Any such 4
may be regarded as a non-abelian analogue of Serre’s abelian pseudomeasure. If
G is abelian, K;(QG) = (QG)* and we are back in Serre’s situation. If Iwasawa’s
p-invariant of K/k vanishes, the abelian case hints at finding a A in K1(A.G) °
with Det A = Lg/p; its image in K1(QG) is then a non-abelian pseudomeasure
for K/k .

The purpose of this paper is to formulate conditions which guarantee the exis-
tence of non-abelian pseudomeasures in the case when p(K/k) = 0. These are
1i.e., inverting all elements in A"\ [ - AT’
2See [RW3, proof of Corollary to Theorem 9]. The p-invariant is that of the Galois group
X = G(M/K) of the maximal abelian l-extension M of K unramified outside .
3we invert all central regular elements of AG
4which should be unique according to a conjecture of Suslin (see [RW2, p.565, Remark (E)))
Swhere AoG is obtained by inverting all central elements of AG which are regular in AG/IAG
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stated in terms of congruences between values of Iwasawa L-functions and lead
to hypothetical new congruences between abelian pseudomeasures.

Here is a short outline of the contents of the paper. In §1 we review results
from [RW2,3] and also provide some notation that is used throughout. In this
and in the later sections we restrict ourselves to pro-l groups G, though this
would not be necessary. We also assume that Iwasawa’s p-invariant of K/k
vanishes (it then does so for all intermediate extensions K /k and K/k, with K
and k' the fixed fields of a finite normal subgroup N <1 G respectively an open
subgroup G’ < G, see [RW3, footnote 1]). The next two sections introduce two
kinds of congruences between Iwasawa L-functions, which hold precisely when
L/, € Det K1(AeGG) . The second kind is reformulated in terms of congruences
between abelian pseudomeasures. Section 4 discusses the first kind for special
pro-l groups G (those with an abelian subgroup of index /) and reduces them
to the above mentioned congruences between abelian pseudomeasures if these
groups G have nilpotency class 2.

Finally, in an appendix, we prove that the existence of a pseudomeasure in
K1(QG) does not depend on the size of S as long as S contains all primes divid-
ing [ or co. The appendix includes moreover a short review of the “equivariant
main conjecture” of Iwasawa theory, as introduced in [RW2], and its equivalence
to the existence of non-abelian pseudomeasures in K1(QG). Here, the set S must
be sufficiently large, i.e., contain all infinite primes and all primes of k& whose
ramification index in K/k is divisible by [ 5. As a corollary, the “equivariant
main conjecture” is independent of the choice of S.

Added in proof: From the referee’s report we have learned of the
manuscript Twasawa theory of totally real fields for Galois extensions of
Heisenberg type by K. Kato, which is closely related to this paper. We
would like to thank Professor Kato for sending us the “Very preliminary
version” of January 15, 2007.

In this manuscript, Kato sketches a proof of the main conjecture of its
title, which (in Lie dimension 1) is equivalent to the “equivariant main
conjecture” (see §5), in the special case of Galois groups of Heisenberg
type. Very roughly, the idea is to identify certain congruences between
abelian pseudomeasures (we would say), and then to verify them by
using methods from [DR].

When the Heisenberg situation overlaps with §4, these certain congru-
ences are a variation of the single hypothetical congruence Mg/ =
ver(Ak,, /i) mod 7’ which is equivalent to the main conjecture by
Propositions 3.2 and 4.4. So long as the relevant congruences can be

650, in particular, S contains the primes dividing [
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explicitly stated, there is cause for optimism that Kato’s ideas will per-
mit a proof of the main conjecture. In this connection we would like to
mention that the nilpotency class 2 assumption in Proposition 4.4 has
meanwhile been eliminated.

1. NOTATION AND BASIC RESULTS

Whenever we write I' we mean an open subgroup of G which is isomorphic to
Z;; whenever we say “character” we mean a Q;°-valued character of G with open
kernel. Such characters are said to be of type W, and always denoted by p, if
p is Q;%irreducible and satisfies p(h) = 1 for h € H. Each p determines the
automorphism pf of the field Q°T,, induced by p#(y) = p(y)y for v € T'y. The
I-th Adams operation on R;(G) is denoted by v, so (¢1x)(g) = x(g') for g € G.
And ¥ is the endomorphism of AT induced by W(vy) = 4! for v € . Finally, set
AT = 7,° ®z, AI', with Z;° the ring of integers in Q;°.

With this notation we specify the subgroup
HOM(RI(G), (A°T4)*) of Hom(Ry(G), (AT))*)
to consist of all homomorphisms f : Rj(G) — (A°T'y)™ satisfying

(1) equivariance with respect to the natural action of Gg,c/q, on R;(G) and
ACFk ’
(2) fx®p) =P (f(x)) (¥x and all p of type W),
(3) \I,J}((ﬁx) =1mod IAT, (V) .
Fact 1. The determinant Det : K1(QG) — Hom(R;(G), (Q°T'k)*) induces
Det : K1(AG) — HOM(R(G), (A°T%)™) .

Above, AG, ATy, may be replaced by AeG, ALy or by ANG, AS T, where Ay— is
the l-adic completion of Ae— .

NB The appearance of Aq— has already been observed in the abelian case. Since
we will have to work with logarithms, we need to complete in order to guarantee
the convergence of the logarithm series.

For the actual definition of Det : K;(QG) — Hom(R;(G), (QT%)*) see [RW2,
p.558]; for FACT 1 compare [RW3, Lemma 2, Propositions 4 and 11]. Explicitly,
we will use the formula

(Detg)(x) = x(9)g for g€ G with image ge€ Ty
whenever y is irreducible of degree 1 [RW3, Proposition 5].
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Introducing T(QG) = QG/[QG, QG|, with [QG, QG] the additive subgroup
generated by all ab—ba, a,b € QG , we obtain the trace isomorphism ”

Tr: T(QG) — Hom™ (R (G), Q°T)

given by Tr(rg)(x) = x(9)g, where 7g denotes the image of g € G in T(QG)
(compare [RW3, Lemma 6, Proposition 3]). We remark that the natural map
T(AG) — T(QG) is injective.

From now on G is always a pro-l group. Define

!
L : HOM(R(G), (A°Tx)*) — Hom*(R(G), QTx) by f+ [x — % log &] .

W f(vix)
Fact 2. The homomorphism L induces a unique homomorphism L : K1(AG) —
T(QG) making the square
L

K1 (AG) — T(QG)
Det | Tr, ~]

HOM(Ry(G), (AT3)*) 2 Hom*(Ry(G), Q°Ty)

commute. This L takes K1(AG) into T(AG). The same holds with AG, ATy, OG,
Q°T'y, replaced by ANG, ATk, QrG, QST 'k, respectively 8.

For this, see [RW3, Theorem 8, Proposition 11].

We finally turn to the Iwasawa L-function Ly .. For this, we first fix a finite set
S of places of k which contains all archimedean places and all places of k above
l. For x € R|(G), let L; 5(s,x) be the l-adic Artin L-function with respect to
S, as defined in [Gr]. By [C-N] or [DR] there is an element G, s(T) € Q;° ®q,

QuotZ;[[T]] such that L;g(1 —s,x) = % , with the 1-unit u € Z; that

has already appeared in the introduction and with Hy(T') = x(v)(1+T) —1 or
= 1 according as H < ker y or not.

With this notation Ly, is defined by Lg/,(x) = % . Note that although
L i depends on S we suppress this dependence in our notation; note also that

L i is independent of a special choice of [RW2, Proposition 11].

Fact 3. If S is sufficiently large and if Iwasawa’s p-invariant of K/k vanishes,
L, € HOM(R(G), (AT')*) . Moreover, Ly, € Det K1(AeG) if, and only if,
LK/k € Det Kl(A/\G) .

"The superscript * means HOM without condition 3. In [RW3] HOM, A and functions f
often carry superscripts such as *, N, O, Fr: since we are going to restrict G to be a pro-I group,
these exponents should just be ignored.

8Contrary to [RW3], we prefer to write Ax— rather than (A—), and the same with the total
ring of fractions Or— of Ax—.
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For this see [RW3, Corollary of Theorem 9] and compare Theorems A in [RW3]
and [RW4]. We remark that the assumption g = 0 is independent of the size
of S [NSW, (11.3.6)], because no prime of k splits completely in the cyclotomic
Z;-extension koo of k.

From now on we assume =0 for the extension K/k.

2. THE LOGARITHMIC PSEUDOMEASURE AND INTEGRALITY

We start out from the diagram shown in FACT 2, but now read in the completed

situation:
L

K1 (AAG) — T(QAG)
Det J, Tr7 :l

HOM(R/(G), (AST5)*) > Hom* (Ri(G), Q5T%) -

DEFINITION.: tg, € T(QAG) is the unique element satisfying Tr(tg ) =
L(Lg/k) ; we call it the logarithmic pseudomeasure of K/k.

Recall that we are assuming p = 0 for the pro-/ extension K/k and note that
then tr/, = L(Ag/y) if G is abelian (compare [RW3, Corollary to Theorem 9]).

LEMMA 2.1.: If N is a finite normal subgroup of G with fized field K, then
deﬂgtK/k =tg),, where G = Gip (~ G/N).

To see this, we recall tha‘E on the K7-level deflation is induced by AA@ QANG — 5
on the T-level by G — G, and on the Hom-level by f — [Y — f(infl g;()] for

X € Ri(G). By [RW2, Lemma 9], Det and deﬂg commute and it is shown below
that also Tr and deﬂg commute. Finally, L and deﬂg commute because v; and
inﬂg do. Hence the lemma follows from deﬂg(LK/k) =L, (see [RW2, p.563]).

In order to check commutativity of the diagram

T(QAG) defl T(OAG)

Tr | Tr |
Hom* (Ry(G), Qi) < Hom*(Ry(G), QiTx)
we choose a central open subgroup I' in G and representatives ¢g; € G, 1 <
i < s, of the conjugacy classes of the finite group GZF.~ Writing ~ for the
map G — @G, take v € T(QAG) and a character ¥ of G/I' ~ G/T'N. Writing
z =Y x;7(g9;) with z; € QAT (see [RW3, Lemma 5]) and x = (infl)(X), we
compute (Tr o defl)(z)(X) = Tr(Z, 2:7(5)(0) = X031 Gix(@n) = X, Fidox(9)
and (defl o Tr)(z)(x) = defl(Trz)(X) = (Trz)(infl X) = (Trz)(x) = >2; Tigix(9:) -
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Thus (Tr o defl)(z) and (defl o Tr)(z) agree on irreducible characters Y of G/T.
Since every irreducible character of G is a twist ¥ ® j with p of type W (compare
[RW4, p.164, proof of 2. of Lemma 4]), checking compatibility with W-twisting
then gives (Tr o defl)(z) = (defl o Tr)(z) .

The lemma is established.

PROPOSITION 2.2.: Iftg ), € T(ANG), then tg )y is in L(K1(AAG)). More-
over, there exists a y € (A\G)™ so that L(y) = tg, and deﬂgab(y) =
Ak ks » where Ky, is the fized field of [G,G] (< H) and G** = G/[G, G].

The proof depends on the commutative diagram

1+ ap o (AG)* S (AGRP)

} L| L |
defl
T(CL/\) >—>T(A/\G) e A/\Gab
To understand the diagram, we recall that the canonical map (A\G)* — K1(AAG)
is surjective and that (A\G?*®)* = Ki(A\G?") (see [CR, 40.31 and 45.12]).
Whence we may regard L as defined on (A\G)™.

In the diagram, 1 + a, is the kernel of the upper defl. This map is surjective
since apn C rad(AAG). The surjectivity of the lower defl is obvious. Finally, by
[RW3, 2b. of Proposition 11] the left vertical map is surjective. The snake lemma
shows that coker (L) and coker (L") are isomorphic and that ker(IL) maps onto
ker(L?P). Since Lo/l = ]Lab()\Kab/k) and defl(tx /) = tk,, /i, the first assertion
follows.

So L(y) = tx i, for some y € (AAG)*. Then defl(y) "' Ag,, /i € ker(L?), by the
diagram, hence it equals defl(z) with 2z € ker(L). Thus defl(yz) = g, /, and
L(yz) = tg -

The proof of Proposition 2.2 is complete.

To continue the discussion of the integrality of ¢k /3, we again pick a central open
subgroup I' in G and representatives gi,...,gs in G of the conjugacy classes of
the group G/T"; so the images 7(g;) of g; in T'(AAG) constitute a A I'-basis of
T(AAG) (see [RW3, Lemma 55]). We will employ the following notation :

given t € T(QAG), there is a unique function (t|I') : G — QA" such that

(tT)(g) = @) (9') if g and ¢' are conjugate in G,
(A1) (v9) = 1(tT)(g) for y €T,
t=3""_ (t1)(g; ")7(gi) with the g; as above.
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This is easily checked. We call (¢|T')(g!) the coefficient of t at g. In particular,
[ti/x € TIAMG) <= (tgplD)(g7!) € AAT for all g € G.

We now compute (t/x|T)(g7"). From Tr(tx ) = L(L k) we obtain

r

1 1 LK/k(Xj)l
tre D) i(g) = = log —K/MX3)
;( w/elD)(g; ) T (9:) =  log T ()

for the irreducible characters x;, 1 < j < s, of G/I'. This equation enables us to

perform a Fourier inversion in order to isolate the (fx/;|I")(g;" ). To that end, let
h; denote the order of the conjugacy class of (g; mod I') and denote by M, M; the
s x s-matrices (x;i(g;))ij» (hix;(g; ")), respectively. The orthogonality relations
yield M - My =[G : T'] - 1 whence M; - M =[G : T'] - 1 as well, and we arrive first
at

—',7 B L )
M| (tieplD) 0 90 | = | 1108 wrrong
and then at
(ticpelD) (g7 L /e(x;)!
¢t hixi(9 log o————, (1<i<s).
(G : T](txe 4lT) Z ) Gl |
So we have

PROPOSITION 2.3.:

Lc/i(x;)" S

1
iXi\9 7 7 Y
il ULk (Pix;)

(tre/elD) (g ) =

Observe that the right hand side is in QA Iy (by Galois invariance); it is in AAT'y
for all g; precisely when ¢, € T(AAG). Recall also that, up to W-twists, the x;
are a full set of representatives of all irreducible characters of G.

PROPOSITION 2.4.: (1) If tg, € T(ANG), then there evists a torsion el-
ement w € HOM(R;(G), (ASTk)*) so that deﬂgab(w) =1 and
w - Ly € Det K1(AAG).
(2) Ifw € HOM(R(G), (AKT'y)*) is torsion and w-L ;, € Det K1(AAG),
then tg /i, € T(ANG) .
(3) There is at most one torsion element w € HOM(R;(G), (AXT'%)™) so
that defi&™ (w) = 1 and w - L/ € Det K1 (AAG) .
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For 1., take a y with L(y) = tg/;, from Proposition 2.2 and define w by w- L /1, =
Det(y). Applying defl = deﬂgab, we get
defl(w) L, /i = Det(defly) = Det(Ag,, /&) = Lk, /k »
hence defl(w) = 1. Next apply L of FACT 2 and get
L(w) + Tr(tgyx) = L(Dety) = Tr(Ly) = Tr(trk)

hence L(w) = 0. By the argument in [RW3, §6, just before the Corollary of
Theorem B,], showing that Det z is torsion, it follows that w is torsion.

2. follows from the A-version of FACT 2 and L(w) = 0.

For 3., suppose wy,wy are both as above, hence w;Ly, = Det(y;) with y; €
(AAG)* and defl(w;) = 1. Then w; 'wy = Det(y; ‘y2) and defl(w] 'ws) = 1.
Therefore, Det(defl(y; 'y2)) = 1, since Det commutes with defl, from which
defl(y; 'y2) = 1 follows because Det is an isomorphism by SKi(AAG*) = 1.
So yl_lyQ € 1+ an, by the diagram in the proof of Proposition 2.2, and thus
wi 'wy € Det(1 + ay) is torsion and therefore 1 by [RW3, Lemma 12].

The proof is finished.

REMARK. It may be worth mentioning that in Frohlich’s work on Galois module
structure logarithmic and torsion congruences appear as well: see [Fr, IV §§4,5,6].
Here, the logarithmic congruences are taken care of by the Davenport-Hasse
formula [Fr, p.179].

3. THE TORSION CONGRUENCE

In this section S is sufficiently large. We continue to assume p = 0 for the pro-I
extension K/k and, under the hypothesis ¢/, € T(AAG), exhibit the additional
congruences which are equivalent to Ly, € Det K1(AAG) or, by FACT 3, to
LK/k: € Det K3 (A.G)

Assume first that there is an abelian subgroup G’ of index [ in the non-abelian
pro-l group G. Denote by £’ the fixed field of G’ and by ver the transfer map
G — @'. Setting A = G/G', consider the conjugation action of A on G’ and
AAG', and let 7/ be the image of the A-trace map on AAG’. Thus 7" is an ideal
in the ring (AAG’)* of A-fixed points of A\G'.

LEMMA 3.1.: Agpr is A-invariant.

This is because Det : K1(AeG') — HOM(R;(G'), AG(Tk/)™) is an A-equivariant
monomorphism (see [RW4, 2nd paragraph on p.159]) and Det Ag /iy = Lg/ar
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a1 . a1 .
LX) = Ly (X ) = Ligpp(ind G (X)) = Ly (ind @ (X)) = Lieyur (X')
for all a € A and all X’ € R)(G').

PROPOSITION 3.2.: In the above situation and with w as in Proposition 2.4,
the following are equivalent
(1) w = 1, i.@., LK/k € Det Kl(A/\G) )
(2) VGI‘()\K b/k) = >‘K/k’ mod 7"’ B

LX) _ , .
(3) G’ iy Zx ‘PLKK/QCX Tover) = 1 mod [ - AST'y,, with the sum ranging
over the Q;°-irreducible characters x' of G'/T" where T is a central

open subgroup of G.

PROOF. Note first that w = 1 if, and only if, res g/w = 1: If x is an irreducible
character of GG, then either y = infl gaba is inflated from an abelian character «
of G® or y = ind & (') is induced from an abelian character x’ of G'. Therefore,
either w(y) = w(infl ) = (deflw)(a) = 1 or w(x) = w(ind x’') = (res w)(x') =
1.

Write w - Ly, = Dety with y € (A\G)* as in the proof of Proposition 2.4, so

that deﬂgab Y = Ak, k- Since res gl commutes with Det and res g/LK/k = L/
(see [RW2, Lemma 9 and p.563]), we have

G/
/ res
res & w = Det( Rl
AK/k/

Gl
Since Det is injective on (AA\G’)*, it follows that % is a torsion element.

By means of the commutative square

(AAG)* —  K1(AAG) we Writg res gy = N.(y), the determi-
N | e l nant of right multiplication of 4 on the left
(ANG)* = KG(A &) AAG'-module ANG (compare [RW3, proof
" A of Lemma 12]).

Denoting the composite map G defl, Gab 1,

AK,,/k the trivial equation

also by ver, we obtain from defly =

resGy _ N(y)  verQi,/m)
Kk ver(y) Kk

By a congruence due to C.T.C. Wall, N(y) = ver(y) mod 7’ with 7’ the A-trace
ideal of the A-action on AAG’ (see [RW3, proof of Lemma 12]). Since both, N(y)
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and ver(y), are units in A,G’ fixed by A, it follows that

resg/y _ ver(Ag,, /k) mod T'

The equivalence of 1. and 2. now follows from the last two paragraphs if we can
show for torsion units e of AAG’ that

e=1mod 7 «— e=1.

But this has already been shown in the fifth paragraph of the proof of [RW3,
Lemma 12]: the argument

N(z) torsion & N(x)=1mod 7' = N(z) =1

works with N(x) replaced by e.

We next turn to the equivalence of 2. and 3. and first prove, for irreducible
characters x’ of G'/T,

AK /K ) = L (X')
ver(Ax,, /k) U(Lgc/p(x o ver)) -

Det(

With Ak, /i = defly as before, hence ver(\g,, /i) = ver(y), write y = > vy,
with y, € AAT" and {z} a set of representatives of the elements of G/T" in G.
Since ver induces ¥ on I', we obtain ver(y) = > W(y,)ver(x), so

(Det(very))(x') = Y W(y,)'y (verz)

because ver(x) = ' (compare the first displayed formula after FACT 1).

However, (Dety)(x'over) = >, 7,Z(x’ over)(z), whence ¥(Dety)(x' o ver) =

Yow \{l(gx) 7' (x' over)(x). Thus (Det(very))(x’) = ¥((Dety)(x’ o ver)) and we

ARk o) = Ly (X') _ L (X') _ Ly (X')
ver(y) U((Dety)(x' over))  W((w- Lik)(x over)) W((Lgs)(X o ver))

as deﬂgab w = 1.

(Det

’\K/k’
ver(Ag_, /)
representatives of the elements of G'/T" in G’, of which the first r are precisely
those in the centre Z(G) of G. Then

.
et — () =Y a9 (g))
J

Now write = > j-1059; with a; € A\I" and 1 = g1,..., g5 a set of

VGI‘(AKab/k)
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and by Fourier inversion, in view of the above paragraph,

1 ;1 L (X)
4395 = [G": T ;X (gj ) \I/(LK/k(X’ over))
A ’
Since, by Lemma 3.1, —~—__ is A-invariant, the coefficients a; are constant
ver(Ag,, /k) J
A /
on orbits of the A-action on G’, hence ﬁ/’;/k) = Z§:1 a;jg; mod T’ Note that

by the fourth paragraph ? of the proof of [RW3, Lemma 12] g1 + 7/,..., g, + T
is a AAT'/IAAT-basis of (ANG")A/T".
The fifth paragraph of that proof shows that D ¢z mod 7', with a

ver(Ag, /)
root ¢ of unity and a z € Z(G) of finite order. If (z = > "_, ajg; mod 7", then
there is a unique jo so that (z = aj,g;, and all ajg; = 0 for j # jo (this follows by
writing z = vygj, with v € I'). Hence, 2. is equivalent to a; = 1 mod IAAI" (since
this implies jo = 1). But the latter is equivalent to @ = 1 mod IAAT', thus to
a1 =1 mod IAATy, as A\T NIAAT, = IAAL where A T is a free A\I-module.

REMARK. The implication [2. = 3.] does not need any hypothesis as it depends
on the Fourier inversion step in the above proof. Thus 3. can be restated as

1 o ( L/ (X) )
—1)=0mod - AT \4 Z(G
[G': T EX;X(Z ) \IJLK/k(X’over) o ATk (V2 € 2(G)),
since the coefficients of ﬁ/k//k) — 1 at the central elements are divisible by [.
ab

We finally free ourselves from the assumption that G has an abelian subgroup of
index [.

THEOREM.: Assume p = 0 for K/k and tg), € T(ANG). Then L, €
Det K1(AAG) provided that Lp; € Det K1(A\Ggyy) for all intermediate
Galois extensions F/f in K/k such that
(1) Gpyy has an abelian subgroup of index [,

(2) [K : F)] is finite and f is fized by the centre Z(G) of G .

The proof is by induction on [G : Z(G)].

By 1. of Proposition 2.4, there exists a torsion w € HOM(R;(G), (A%T'%)*) so
that deﬁgabw =1 and w- Lg, € Det K1(AAG) . It suffices to show that w = 1.

Let G’ be any subgroup of index [ in G containing Z(G) and let k' be its fixed
field. Note that all intermediate extensions of K/k" satisfying conditions 1. and

Iwith care taken to choose the coset representatives {b} closed under conjugation by a; this
is possible since (bI")* = bT" implies b* = b, as b*~ ' € T N[G,G] =1
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2. relative to K/k' also satisfy 1. and 2. relative to K/k because Z(G') D Z(G).
So the induction hypothesis implies L/, € Det K1(AAG).

Consider the commutative diagram

HK/k) -5 HEE) -5 H(Ka/k)
res gl l res g/ab l
d/

HIK/K) =  H(K/K)

with G = G = G/[G',G'] and K the fixed field of [G',G']. Here, H(F/f)

abbreviates Hom (R (G ), (AGT'f)*) and all horizontal maps are deflations '°.

Now,
(dw)Lg ) = d(wLgyy) € Det Ki1(AAG), q(dw) = deﬂgab w=1

(by [G',G'] C [G,G]). Since G has the abelian subgroup G’ of index I, dw = 1
follows by hypothesis 1. and 2.

Thus d'(res & w) = res g/ab (dw) = res g/abl = 1l and (res le)LK/k/ € Det K1(AAG)
(see [RW2, 2. of Proposition 12]). Hence, by the above,

res & w € Det K1 (AAG') € HOM(R(G), (AST1)>),

by [RW3, 1. of Proposition 11] We can now invoke 3. of Proposition 2.4 to conclude
that res g/w =1.

We now show w(x) = 1 for every irreducible x. If x is abelian, then deﬂgabw =1
takes care of this. If x is non-abelian, then it is induced from a character x’
of a subgroup G’ of index [ in G which contains Z(G) (see [CR, 11.2]). Hence,

w(x) = (res G,w)(x’) =1, establishing the theorem.

REMARKS.

(1) Combining the theorem with FACT 3 we even get L/, € Det K1(AsG),
hence K /k has a non-abelian pseudomeasure. Moreover, in all three state-
ments in Proposition 3.2 , can be replaced by ,; for 3. this is because
ALy NIAAT . = [AT; for 2. note that 7/ N AyG’ is the image of the
A-trace map on A.G'.

(2) The torsion congruence in Proposition 3.2 is somehow reminiscent of spe-
cial value congruences which have been derived in [Ty1].

Othis is the analogue of the commutative diagram in [RW3, proof of Lemma 12]
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4. MINIMAL NON-ABELIAN (G

In this section G is a non-abelian pro-/ group which has an abelian subgroup G’
of index [. Further, A is short for the cyclic group G/G’ of order [ and a mod G’
is a generator. Finally, we fix an irreducible character w € R;(G) which is trivial
on G’ but not on a and a central open subgroup I' of G (so I' < Z(G) < G' < Q).

We continue to assume p = 0 for K/k and S to be sufficiently large.

LEMMA 4.1.: (1) If ¥’ is an irreducible character of G', then
-1
ind & (¢ix’) = u(ind &x') = > _(x o ver)w’ —I(x’ o ver)
=0
with ver the transfer G — G — G’

G:Z(G
(2) gt €2

The first assertion results on evaluating both sides on an element g € G (recall
ver(g) = Hﬁ;(l] g% or = g according as g € G’ or not, and im (ver) C Z(G)).

For the second assertion we use induction on |[G,G]|. By [G,G] = [G, G'] we can

pick a central commutator z = [a, ¢'] of order I; we set G = G/(z). If |[[G, G]| =1,

then (z) = [G, G] and the fraction in question is [G?ﬁ , which is integral as G

is non-abelian. If however |[G,G]| > I, then G is non-abelian, but [G, G| = [G, G]

—_~— —_~—

and Z(G) 2 Z(G); the latter by §' € Z(G) \ Z(G) .

[G:2(@)] _ [G:Z(Q)]
1[G,G]| I[G.G]|-1v >

Summing up and setting 1 = [Z(G) : Z(G)], we obtain Z 3

which finishes the proof of 2. and thus of the lemma.

We next turn to the computation of the coefficient (tx/x|T)(g7") at g € G of

the logarithmic pseudomeasure tr ;. To ease notation, set my = L(Lg/x)(x) =
l

% log % whenever y is a character of G which is trivia{ on I'. Obviously,

Moy 4xo = My, + My, and m, qc. = my for characters x of G = G/N, N <G

finite, with T = T’N/N C ker ¥ .

G .~
aX

PROPOSITION 4.2.: (tx/x[T)(g7") € AAL for allge G\ Z(G).

1 with the sum

By Proposition 2.3, (tx/kI0)(971) = @y 2 hex (9™ )myg™
ranging over the irreducible xy € R;(G) which have I' in their kernel. We need to

show .
[ > hgx(g " )my € AATy, for g€ G\ Z(G).
’ X
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If g ¢ G, then the centralizer of g in G is Z(G) - (g), hence hy = }[G : Z(G)).
Moreover, x(g) = 0 for every non-abelian x, since these are induced from G'.
Therefore, with N = [G, G],

— — G:N- Y (= 1\=
Gy Lox hoX (97 ) m = e o=t X0 = pigty (e kD) (@7 -

This is in AAI'y, since NNI' = 1 and l{g(g)ml“] = l-[Z([%:FIlHM = [Gl:.‘ZJSI?)] € 7Z,by2.

of Lemma 4.1 and tg,, /1, = L(Ak,, /) € T(A\G?P).

Next, let g € G'. Then

[Glrf] 2 hax(g™my = [Gh:gr]< o xlgHmy+ Y x(g‘l)mx)'
X x()=t

x(1)=1

If x(1) =1 set x' = res 8’)(. Then X' is trivial on [G, G]. We denote the sum over
all such x’ by >, and obtain

Zx(l):l X( 1)mX - Zl Zz O(Xw )(g 1) My
_ / 1 L/ (xw?)! 1 Ly (X)!
- 21 X ( ) 1Og Hz 0 \I’LK/k Uy sz) 21 X ( ) l lOg ‘I/LK/k(wl(indg/X/)) .

Above, we have used w(g) = 1 and L (ind Sx') = L/ (X')

If x(1) = I, then x = ind% x/ with an abelian character x’ of G’/T" which is
non-trivial on [G, G]. We denote the sum over all such x’ by >, and obtain

— . _ L/ (X))}
Y= X9 my = § Xa(ind &)™) 1 log gt Gdmoy

_1 1 Ly (00"
1, -
Zz Zz OX( ) 108 W Ly (dhi (ind &, %))

= S, (Y b log o Lrn O
2 ! ULy, (Wi(ind &, x'))

where we have used that x' and x’ " induce the same X-

Collecting everything so far, we see that

_1 -1 _ _hg r(,—1y 1 L/ (X))}
(*) [G:T ZX th(g )mX - [G:gF} ZX’ X (g ) 1 log WL/ (¢ (ind glxl)) :
. . UL, p(ind G X)) .
Multiplying the term in log by 1= W gives
(#) % (DT + &5 Do X (971§ 1og WL/ (3iZg(X' 0 ver)w! — I(x o ver))

by 1. of Lemma 4.1. Since g ¢ Z(G), hy =l and (tg/|T')(971)g is integral by
tiw = L(Ag/w) € T(AAG'). With respect to the second summand we observe
that multiplying ¥’ by an abelian character 6 of G’ /ver(G®") does not change the
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character Zl (X’ o ver)wi— I(x’ o ver). This brings the sum Y, 6(g~") into the
second summand and makes it vanish, if g ¢ ver(G2P).

The proof of the proposition is complete since ver(G®*) C Z(G).

COROLLARY.: (tg/,T)(g71) = % (tx/wIT)(g™t) for all g € G' which are
not in the image of ver.

To continue with computing the coefficients (tx,|I')(z7!) for z € Z(G) we add
the assumption [G, G| C Z(G).

LEMMA 4.3.: If [G,G] C Z(G), then, with a mod G’ generating the cyclic

group G/G' of order 1, _

(1) Vg eG 3z ¢ [G G): (§)" =g7, =1

(2) X/A def i:(l] X" =" for all irreducible characters X' of G'/T

(3) zeT = 2" cI"T".
Indeed, z % (¢)* ! € [G,G], so 2t = (¢)*! =1, and (¢)A = ¢ implies
X/A _ X,l'
For 3., take a set {b} of representatives in G’ of the orbits of G’/T" under conjuga-
tion by A. Then {tra(b)} is a AsI'-basis of 77, so we can write x = Y, zptra (D).
We show that z! € [77:

Since 2! = >, 2t tra(b)! mod 177, this follows from tr(b)! € I7’. To see the
latter, write b® = bz, 2 =1+2+...+ 271 so tra(b)! = (b2)! = b2l = =102 =
I=2(10'2) € 1277 (by (b)) = b2l = 1Y), as required since [ is odd.

3. now follows by induction on v.
COROLLARY..: If:L‘ € T, then for every z € Z(G),

ZX - 10g Det(1 +z)(x")) € ASTy .

A ’

In fact, as in the remark following Proposition 3.2, we have (with z = ﬁ;k/k) —
ab

1)

(©) [G, Z X' (z7H(Det 2)(x') = 0 mod IAGT .

Now, since Det (3, zptra (b)) (X) = 32, Tobx'(07) = 1 32, Tpb+ Xy, Tob(x' () —
1) is divisible by ¢ —1 for some [-power root ¢ of unity, we see that the logarithmic
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series log(1 + Det x)(x’) converges in QAI'y, hence

o0

log(Det(1 + )(x')) = log(1+ (Det z)(x)) = > _(~1)""" % (Det 2”)(x') -
v=1

So we obtain

@] oy X' (271 7 log(Det(1 +2)(x))

=20 (D @ L XD Deta”) () =2 02 (1) g (@ D) (2 7)
by Proposition 2.3 (on identifying AAG" and T'(AAG")).

Writing v = rl” with [ { r, then the above v-th summand is + rlv% ((zm)|T) (27 1)
with 2" € 77, hence (2")"" € [T’ by 3. of Lemma 4.3. Thus the corollary follows
from ().

PROPOSITION 4.4.: Assume
(1) G has an abelian subgroup G' of index 1,
(2) [G.G] € Z2(G),
(3) W =1 mod T

ver(Ag,, /i)

Then t, € T(ANG) 1

Because of Proposition 4.2 the proof only requires checking integrality of the
coefficients (t5/x|T')(271) for z € Z(G). Invoking (x) and (4) of that proposition
we see that
(tr/eD)(z 1)z = 7 (b D) (z71)Z +
+ ﬁ Zx’ X' (z71) % log (lI’LK/k(Zi;%)(X/ over)w' —I(x' o ver))) )

By ind & (res & (x/ o ver)) = Zé;é(x’ over)w’ and res§ (x o ver) = Y'?, the sec-
1

Ly /w '
; . However,

ond summand equals 5y >z 7 log ¥ T/ O over)!

Z /(Z—l) 1 lo <\I/( LK/k’(X/A) ) . LK/k’(Xl)l )
[G:T] x' X 7 108 L /i (x'over)! Ly (X)) A
‘I’LK/k/(X'A)

_ 1 “1y 1 L (X) 1 Iy 1
=1L [GT] 2oy X(277) 7 log ‘I’LKIjk(X’Over) Bali(eny 2w X (z77) 7 log Ly (X)) 7

and, since ¥\’ = x'' here, the second summand is
r—1y 1 WEic/r (X)WL (1X) )
[G:T] ZX/X (Z ) 1 log( LK/k’(X/)l ‘I’Lx/k/(x’l)
_ WLy (0rX) -
= [Gl;l"] ZX’ X/(Z 1) % lOg LII:;:/(X/)Z +0=— % (tK/k/’F)<Z 1)2,

by 2. of Lemma 4.3 and Proposition 2.3.

Hand thus Li/i € Det K1(AeG), by Proposition 3.2
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Putting things together, we arrive at

TN e Y TIERT R Ve e _ Ly (X)
(D) (z" Dz = § (txw D)z Nz + ﬁ e X (2 ) 1 log W -
T D Y _ Ly (X)
— % (tK/k’|F)(Z 1)2 = 7[0,1:1_‘] EX/ X/(z 1)% lOg 7\IILKIjLIC(X/OVeI‘) .
Now insert condition 3. and the above corollary with x = K 1; recall
VEI‘(}\Kab/k)
A / L (X" . .

that Det(1 + z)(x") = (Det Wﬁm))(x’) = #}fwﬂ) . This finishes the

proof of the proposition.

5. APPENDIX

We begin this section by requiring only that S contains the infinite primes and
those above [.

PROPOSITION 5.1.: The existence of a pseudomeasure in Ki(QG) is inde-
pendent of the choice of the set S as above.

The proof of the proposition starts from the definition of a “Kj-Euler factor for
p in K/k” where p is a prime of k& which does not divide loo. In this case, if B is
a fixed prime of K above p, its decomposition group D is an open subgroup of G
and its ramification subgroup I a finite normal subgroup in D. We define

(1) if p is undecomposed, i.e., D = G, E(p, K/k) e [QG,1 — €] €

K1(QG), where ¢ = ﬁ Y herhs Np = Jox/p| and g1 is the Frobenius

automorphism Fr, for the unique prime 9 of K above p,

(2) in general, E(p, K/k) < ind G (E(p1, K/ky)) € K1(QG) with p1 = $ Nk

and k; = KP.

Since the primes of K above p are G-conjugates of B, this definition does not
depend on the choice of P.

LEMMA 5.2.: Let G' be an open subgroup of G with fized field k'. Then
resG E(p, K/k) = 1y, B4, K/K') with the ' running through all primes
of k' above p.

PrROOF. (of the lemma). We first look at the case when D = G and use coset
representatives z; (1 <j<e,z1=1)of ING"in I, s0 I =Jj_, z;(ING"), for
getting the QG'-basis {g'c, (z; —1)g"' : 0 < i < f,1 < j < e} of QG. Here, e, f
are the ramification index, respectively residue degree, of p in k’/k.
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Right multiplication by 1 — Nip ¢ then yields the e x e block matrix, with blocks
of size f x f,

M 1 ~ Np
1 . .
where M = ’ 1
. / 1 - N7
1 _ngp 1

and g/ = ¢'h for some ¢’ € G’ and h € I. Of course, ¢’ - (ING’) is the Frobenius

automorphism Frys of 8 in K/k'. Tt follows that res & [QG, 1— 75 €l € Ki(QG') is

represented by the above block matrix M and thus equals (compare [CR, §40C])
g/

[QG',1— W] =[QG',1— Ng—;,] , as is seen by performing the obvious column

operations on M to arrive at

1

_ g
... x 1 o)

The general case of the lemma is reduced to this by means of the Mackey formal-
ism:

The double coset decomposition G' = | J,op G'tD yields

/., . ’ ’
res & ind § = H ind g,thres (I;)tth ct
teT

where D; = tDt™! and ¢; : K1(QD) — K1(QDy) is induced by
x— tat— L

We assume that 1 € T and start from the fixed prime 9 in K above p. Then
tRNE, for t € T, are precisely the primes of k' above p. Denote the fixed field
of Dy by k; and set p; = 8 N k¢, so p; is undecomposed in K /k;. Then

res & E(p, K/k) = res &ind GE(p1, K/k1) = [T, ind Gnpres 5P e Bpy, K /K1)
= Ht ind g,thres gtthE(Ptv K/k) = Ht ind g’thE(P{fn K/ky)

with k] the fixed field of G’ N D; and p; = P N k; , by the first part of the proof.
Since p; Nk = tPN K’ divides p and since the decomposition group of ¢ in K /K’
is G’ N Dy, the above product is [[, E(tB N k', K/k'), by the definition of the
Ki-Euler factor in the general case.
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This finishes the proof of the lemma and we turn back to the proof of Proposition
5.1 for which it now suffices to show that p ¢ S implies
L
Det E(p, K/k) = 505001
Liks

We check this by evaluating both sides of the claimed equality at the characters
x of G. By Brauer induction we may assume that x = ind g, X' is induced from
a degree 1 character of some open subgroup G’ of G. Now, with an obvious
notation, Lemma 5.2 gives

(Det E(p, K/k))(x) = (Det(res @ E(p, K/k))(X') = [T, (Det E@', K/K')) (x')
= 1y, Det[QG, 1 — 7 ep] (X))

. g.1 g,/
Since 1— Ny €y =1— Nip, . ‘% Zhelp/ gy h , the value of Det[QG’, 1— Ny gy at

1

p

the 1-dimensional x' is = 1— Nip, X'(9p')X'(€p7) gy (compare the first two displayed
formulas following FACT 1 in §1 and note that in the 1-dimensional case Det

and Tr coincide). The above expression equals 1 — X ]E,gp",/) gy or 1 according as
I, C ker ' or not. Thus
/
X (FI‘ /)
(Det E(p, K/k))(x) = H (1- N7pf Fry)

o, I,y Cheer !
and we are left with showing that this product is also
Ligrsotey() _ Lrywsogy (X)
L /k,s(x) L/, (X')
with {p’} again the set of primes of &’ above p.

Now, with «/ € 1 + [Z; denoting the action of a generator 7. of Iy on I-power

Gx’,S’U{p’}(T)

roots of unity, the ratio of power series is uniquely determined by

GX’,S’(T)
its values
Gy g {/}((u/)"—l) . Ly g {/}(l—n,x/) i x'(Fr./)
XGX/;/F,((u’)"—l) = Ll;,pu—n,xf) = oy 1, chery (1 =~ (Np")™)
x' (Fr, /) x'(Fr, /) ,
= TI(1 = = (Np)™) = T1(1 — b= (u)™)

at all natural numbers n = 0 mod [ — 1. Here, (Np') € 1 4 1Z; is determined by
(Np")™ = (Np/)" for all such n and by € Z; by (Np') = (u')%. Consequently,
substituting T = v — 1,
L /1 Qr / / G 7 Qr / / —]_ F / f
K5y () Grsotymw — 1) _ro - X by
LK/k",S’(X ) GX/7S/ ("yk/ — 1) Np

— b,/ . .. .
and so Fr,, = v,/ finishes the proof of the proposition: these automorphisms act

on l-power roots of unity by (Np') = (u/)%’.
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We close this section by recalling the “equivariant main conjecture”. The set S
is now supposed to be sufficiently large. Moreover, we assume p = 0 for K/k 2.

Let M be the maximal abelian [-extension of K, which is unramified outside S,
and set X = Gy i. Then X is a finitely generated torsion AG-module 13 (the
so-called Iwasawa module). Though X generally does not have finite projective
dimension itself, it naturally induces an element '* & in the Grothendieck group
KoT(AG) of all finitely generated torsion AG-modules with finite projective di-
mension. This U not only keeps all the information of the Iwasawa module X,
but also includes extension class data. For its derivation see [RWt or RW2].

The localization sequence of K-theory provides a connecting homomorphism
K1(QG) -% KoT(AG)
and 0 has U in its image [RW2, Lemma 13|. Combining 0 and Det yields

K1(QG) -% KoT(AG)
Det |
I‘IOIH>k (Rl (G), (chk> X )

and the question arises whether there is a common source in K7 (QG) for the two
distinguished elements, U at the right and L/ at the bottom. The “equivariant
main conjecture” of Iwasawa theory, as stated in [RW2], asserts that, roughly
speaking, there is a preimage © of L/, in K1(QG) such that 9(©) = U. If
G is abelian, this is essentially what the Main Conjecture of classical Iwasawa
theory is about (compare [RW1]). In [RW3,4] it has been shown that, if u = 0,
the existence of © is equivalent to Ly, belonging to Det K1(A¢G). Then © is a
non-abelian pseudomeasure for K/k.

PROPOSITION 5.3.: The “equivariant main conjecture” does not depend on
the choice of a sufficiently large set S.

It is enough to show
(*) OE(p, K/k) = Usyu(py — Us

for p ¢ S. In the notation of the general case of the definition of a K;-Euler factor
we have

E(p, K/k) = ind S E(py, K /ky) = nd $[0D, 1— -2 ¢] = ind§[QDey, 1— -2 ]
Npy Npy

12the assumption is independent of S as long as | € S, see [NSW, (11.3.6), p.615]

13Ag before, “torsion” means that there is a central regular ¢ # 0 in AG which annihilates
X.

Ly prefer to just write O and © rather than [5,(:), as in [RW 2,3,4]. Note however that
these U, © differ from the ones appearing in [RWt,RW1]: compare [RW2, Remark A., p.564].
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because 1 — -1 acts on QD = (QD)e1 &(QD)(1—e1) as (1— 5= )er+(1—e1).
Since (Q@D)e; = Q(D/I), Np; = Np, and as g; acts here as Fr,,, this becomes

E(p, K/k) = a(indg[Q(D/I), 1- F;f&]) :

To compare this with the right hand side of (x) we now apply the proof of [RWt,
Proposition 4.7] (which is not built on Leopoldt’s conjecture). Because S is
sufficiently large, this only requires us to restate the second and fourth displayed
formula on [loc. cit., p.38] as

. . F |
Osufpy — Os = [ind §C] = 8<1nd%[Q(D/I)’ 1— ]\%D .

Note that in [RWt] we inverted only the “never zero divisors” R C AG, so these
assertions remain true on inverting the larger set of regular central elements.
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