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Abstract: For a prime number p > 5, we consider three classical cusp
eigenforms

o0

[i(2) =) anje(nz) € 8, (N, vy), (5 =1,2,3)
n=1
of weights k1, ko, k3, of conductors N1, No, N3, and of nebentypus characters

@Z)j mod N]’.
According to H.Hida [Hi86] and R.Coleman [CoPB], one can include each f;
( =1,2,3) (under suitable assumptions on p and on f;)

o0

ki {fin = Y an(fin)d"}

n=1
into a p-adic analytic family of cusp eigenforms f;,; of weights k; in such a
way that f;x, = f;, and that all their Fourier coefficients a,(f;x,) are given
by certain p-adic analytic functions k; — an, ;(k;).
The conductor of the members of the families divides the prime-to-p part of
the level N = LCM(Ny, N2, N3).
The purpose of this paper is to describe a four variable p-adic L function
attached to Garrett’s triple product of three Coleman’s families

kj — {fj,kj = Zan,j(k)qn}
n=1
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1134 A. A. Panchishkin

of cusp eigenforms of three fixed slopes o; = Up(oz](ol; (k;)) > 0 where aélj)- =
Z()lj)-(k'j) is an eigenvalue (which depends on k;) of Atkin’s operator U = U,
acting on Fourier expansions by U (3 ;% anq™) = >, 20 @npq"-

Let us consider the product of three eigenvalues: -

A= Ak, ko k3) = ol (k1)all) (k2)all) (ks)
and assume that the slope of this product
ag = ’Up()\(kl, kz, kg)) = J(k)l, kQ, k?g) =01 + g9 + g3

is constant and positive for all triplets (ki, k2, ks3) in an appropriate p-adic
neighbourhood of the fixed triplet of weights (k1, k2, k3). The each value o;
is fixed.

We consider the p-adic weight space X containing all (kj;,1;). Our p-adic
L-functions are Mellin transforms of certain measures with values in A, where
A = A(B) denotes an affinoid algebra associated with an affinoid space B as
in [CoPB|, where B = By x By x Bs, is an affinoid neighbourhood around
(K1, k2,ks) € X3 (with a given integers k; and fixed Dirichlet characters
1 mod N).

We construct such a measure from higher twists of classical Siegel-Eisenstein
series, which produce distributions with values in certain Banach A-modules
M = M(N;A) of triple modular forms with coefficients in the algebra A.

(07
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1. INTRODUCTION

Why study L-values attached to modular forms? A popular proceedure in
Number Theory is the following:



1136 A. A. Panchishkin

Compute f via

Construct a generating modular forms,
function f = ZZO:O anqn for example A number
€ C[[q]] of an arithmetical — ~ .
; (solution)
function n +— a,, Z p(n
for example a,, = p(n
ple o =) IR
Example 1 [Chand70]: | !
(Hardy-Ramanujan)
V231728 Good bases, Values
P = —— e finite dimensions, of L-functions,
+o(e“v2/3("*1/2z>/,\§’;), many relations periods,
An = /n—1/24, and identities congruences, ...
Other examples: Birch and Swinnerton-Dyer conjecture, ... L-values attached
to modular forms
Our data: three primitive cusp eigenforms.
oo
(11) fj(z):Zan,]qneskj(Nj7w])7 (]:17273)

n=1
of weights ki, ko, k3, of conductors N7, No, N3, and of nebentypus characters
1/}3' mod Nj, N = LCM(Nl,NQ,Ng).

Let p be a prlme pf{N. Weview f; € Q[[q]] 2, Cplq] via a fixed embedding
Q 2, Cp, Cp = Qp is Tate’s field.

Let x denote a variable Dirichlet character mod Np”,v > 0.

We view k; as a variable weight in the weight space X = X v = Homeont (Y, C}),

= (Z/NZ)* x Z3 > (Yo, yp)-

The space X is a p-adic analytic space first used in Serre’s [Se73| “Formes
modulaires et fonctions zéta p-adiques”.  Denote by (k, x) € X the homomorphism
(Yo, Yp) — x(yo)x(yp mod p”)yg. We write simply k; for the couple (k;,v;) € X.

The purpose of this paper is to describe a four variable p-adic L function attached
to Garrett’s triple product of three Coleman’s families.

— {fj,kj = Zan,j(kj)q”}
n=1

of cusp eigenforms of three constant slopes o; = ordp(al()?(kj)) > 0 where

I()])(k]), O‘z(fj)' (k;) are the Satake parameters given as inverse roots of the Hecke

p-polynomial 1 — a, ;X — ¢;(p)pH~1X2 = (1 — al(:; (p)X)(1 — al(f; (p)X). Each
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family of the associated primitive cusp eigenforms have conductors Cy; which
divide N if k; > 20 + 2 (see [CoM]).

We assume that ordp(a(l)(kj)) < ordp(az(jj)- (k;)) and a(l).(kj) # a(z)(k‘j)

D.J D,J

REMARK of the referee: In the elliptic modular case, an equality is expected to

never happen if the weight > 1 (and this fact is proven when the weight k is 2
and 8 by Coleman- Edizhoven and Ulmer under different conditions). However it
happens in the Hilbert modular case, even when k = 2. Anyway once we assume
that O‘z()z)' #+ ozl(fj). for the initial weight, this holds in an open neighborhood of the
weight.

The present paper extends a previous result: (see [PaTV]) where a two vari-
able p-adic L-function was constructed interpolating on all k£ a function (k,s) —
L*(fx,s,x) (s=1,--- k—1) for such a family.

We use the theory of p-adic integration with values in spaces of nearly holo-
morphic modular forms (in the sense of Shimura, see [ShiAr]).

A family of slope o > 0 of cusp eigenforms fi of weight k > 2:
o

k— fr= Z an(k)g" 1) the Fourier coefficients a,, (k) of fx
_ n=1 and one of the Satake
€ Qlq] < Cpldl p-parameters (k) := az(,l)(k)
A model example . . . .
¢ dic fammil are given by certain p-adic analytic
O & pradic tamly functions k +— ay, (k) for (n,p) =1
(not cusp and o = 0):

Eisenstein seri:il 2) the slope is constant and positive:
an(k) =Y d" i =Er | ord(a(k) =0 >0
din

The existence of families of slope o > 0 was established in [CoPB]

A program in PARI for computing
such families is discussed in [CST98]
(see also the Web-page of W.Stein,
http://modular.fas.harvard.edu/ )

R.Coleman gave an example with
p="T7f=A k=12
a; =71(7) = —=7-2392,0 = 1.

It was established by Coleman that:
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e The operator U acts as = there exists

a completely continuous operator the Fredholm determinant
on each A-submodule MT(Np?; A)  Py(T)

C Alq] (i.e. U is a limit =det(Id —T-U) € A[T]

of finite-dimensional operators)

e there is a version

of the Riesz theory:

for any inverse root a € A*
of Py(T) there exists

an eigenfunction g, Ug = ag

such that evy(g) € Cp[q]

are classical cusp eigenforms
for all k in a neigbhourhood
B C X (see in [CoPBI)

We refer to [CoPB|, part B and [PaTV], section 1, for generalities on rigid analytic
p-adic families of modular forms.

2. GENERALITIES ON TRIPLE PRODUCTS

The triple product with a Dirichlet character x is defined as the following
complex L-function ( an Euler product of degree eight):

(2.2) L(f1® f2® f3,5x) = [[ (/L © f2 @ f3)p, x(P)P™*),
PIN

(2.3) where L((f1 ® fo ® f3)p, X)_1 =

(1) (1) (1)
Q, 0 « 0 o 0
det | 1s — X o P,2 2) . (2)
O @, 0 Q9 0 Q,3
_ H 77(1 2( ) ;?E ))X)
1) (1) (1) 1) (1) (2) (2) (2

2
= (1 — 105,905, 3 X) (1 — o ja sa, 3. X)) (1 — a; %ap 200, 3.X),

product taken over all 8 maps n: {1,2,3} — {1,2}.

The Satake parameters and Hecke p-polynomials of forms f;: Here the Satake

parameters 041(,1])-, 041()21). are given as inverse roots of the Hecke p—polynomials

1 ap; X — ()" X2 = (1 - o) () X)(1 - al)(p)X).

We always assume that the weights are “balanced”
(2.4) ki>ko>ky3>2, and k1 < ko + kg —2

The non-balanced case (i.e. k1 > ko + ks —2) was treated in [HaTi|, where p-adic
measures for the square roots of special values of triple product L-functions, were
constructed in the ordinary case. This construction can be probably extended to
Coleman’s case by techniques similar to the present paper.
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Critical values and functional equation. We use the corresponding normalized L

function (see [De79], [Col, [Co-PeRil), which has the form:

(2.5) Afi® f2® f3,8,X) =
F(c(S)F((j(S — ks + 1)Fc(8 — ko + 1)F(C(5 — k1 + I)L(fl X f2 & f3737X)7

where T'c(s) = 2(27) 75T'(s).

The Gamma-factor determines the critical values s = ky,--+ ,ko + k3 — 2 of
2

A(s), which we explicitely evaluate (like in the classical formula ((2) = %) A

functional equation of A(s) has the form:

s+— ki +ko+ ks —2—s.

. According to H.Hida [Hi86] and R.Coleman [CoPB|, one can include each f;
(7 = 1,2,3) (under suitable assumptions on p and on f;) into a p-adic analytic
family

[ee]
£ : k= {fin; = Y an(fin)q"}
n=1
of cusp eigenforms f;, of weights k; in such a way that f;,, = f;, and that all
their Fourier coefficients a,( fj,kj) are given by certain p-adic analytic functions

kj — an,j(k;j).

3. STATEMENT OF THE PROBLEM

Given three p-adic analytic families f; of slope o; > 0, to construct a four-variable
p-adic L-function attached to Garrett's triple product of these families. We show that
this function interpolates the special values

(87 k17k27k2) — A(fl,kl ® f2,k2 ® f3,k3787X)

at critical points s = ki1, , ko + k3 — 2 for balanced weights k1 < ko + ks —2; we
prove that these values are algebraic numbers after dividing out certain “periods”.

However the construction uses directly modular forms, and not the L-values in
question, and a comparison of special values of two functions is done after the
construction.

Consider the product of the Satake parmeters
Ay = alilagdal = Ap(ki, ko, ko)

We assume that ordpagj)- < ordpa}(f])-, and that the slope o = ord,(A,(k1, k2, k3))

is constant and positive for all triplets (ki, k2, ks) in a p-adic neighbourhood
B C X3 of the fixed triplet of weights (k1, k2, k3).
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Our method includes: e a version of Garrett's integral representation for the triple
L-functions of the form: forr=0,--- ko + k3 — k1 — 2,
A(frrr @ foks @ fakg k2 + ks —1,x) =

fl,kl(Zl)fz,k2(22)f3,k3(23)8(21, 22,23, =T, X) H(

J

dl’j dyj
v

)
(Po(N2p2*)\H)?
where fjx, =: fjokj is an eigenfunction of UJ in My, (Np,v;), fjk; 0 is the corre-
sponding eigenfunction of U,, and

8(217 22,23, T, X) € MT(N2P2U) = Mkl,r* (N2p2U7 @Z}l)@ng,r* (N2p2v7 11[}2)®Mk3,7“* (N2p211’ ¢3)

is a (classical) nearly holomorphic triple modular form of triple weight (k1, k2, k3)
of some type r* > 0 (see [ShiAr]), and of fixed triple Nebentupus character
(11, 2,13), obtained from a nearly holomorphic Siegel-Eisenstein series F) , =

G*(z,—r; k, (Np”)Q, 1), of degree 3, of weight k = ka+k3—k1, and the Nebentypus
character 1 = x?119995 (JSh83]).

We obtain €(z1, 22, 23; —r, x) from a Siegel-Eisenstein series by applying to F)
Boecherer’s higher twist (see (11.22))) and Ibukiyama’s differential operator (see

[I23)).

These operations act explicitely on the Fourier expansions. Then one uses:

e The theory of p-adic integration with values in Serre’s type A-modules My (A)
of triple arithmetical nearly holomorphic modular forms over p-adic Banach al-
gebras A. We shall use the notation

Mz (A) = M(A(B1)) OM(A(B2)) ©M(A(B3))
for certain A-modules of p-adic families of triple modular forms.

Explicit Fourier coefficients ay (R, T) € Q[R, T| of E(—r, x) are given by special
polynomials of matricies T = (t;;), R = (R;;) and of x(8)8" (with 8 € Z; N Q)

i.e. the coefficients of a, , by some elementry p-adic measures / xy dus € A.

Y
Here A = A(B) is a certain p-adic Banach algebra of functions on an open analytic
subspace B = B x By x By C X3 in the product of three copies of the weight space
X = Homgont (Y, C;;).

These measures on the group Y = (Z/NZ)* x Z; produce the coefficients of
ay,r of E(—7,x) of My (A) for all p-adic weights « € X, given by / z(y)dpus € A
Y

(an interpolation from x = xy, to all x € X).

e The spectral theory of triple Atkin's operator U = U, 7. allows to evaluate the in-
tegral using at each weight (k1, k2, k3) the equality <f0, E(—r, X)> = <f0, m(E(—r, X))>
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with the projection 7y of M7 (A) to the A-part Mp(A)*, defined by:

Kermy := m Im (Ur — AI)", Immy = U Ker (Upr — AI)"™.

n>1 n>1

Note that
0 -1

0_ ¢0 0 0 0 __ fP
7= fkl,l ® fk2,2 ® fk3,37 fk?j,j - fk‘j,j,()’kj (Np 0

> (for j =1,2,3)

is a classical form, defined at triple weghts (k1, ko, k3) as the Weil-involution image
of fo = fr110 ® fra2,0 ® frs,30 as in [PaTV], at p.555. Note that the functions
fO are eigenfunctions of the adjoint triple operator U,. We consider also the
sequences of triple modular forms:

£ = {5110 ® 52,20 ® 3,30 hahoskin)s £ = LS00 @ Froio ® SRy 8} (kv ko k) -

The functions fy form a p-adic family. The evaluation at triple weight k =
(k1, ko, k3) of the p-adic coordinate with respect to p-adic family fj is expressed
through the triple Petersson scalar product with f°, which is algebraically or-
thogonal to fy in the sense of Hida [Hi90] for classical weights (and in [PaTV] for
Coleman’s families).

We prove that U is a completely continuos A-linear operator on a certain Cole-
man’s submodule M(A)T of Serre’s type module M(A). Then the projection
7 exists (on this submodule) due to general results of Serre and Coleman, see
[CoPB|, [SePB].

We show that there exists an element &(—r,x) € M(A)! such that at each
weight (k1, k2, k3) the equality holds: <f0,8(—r, X)> = <f0,7r,\(é(—r, X))>, and

the product can be expressed through certain coefficients the series é(—r, X) which
are the same as those of &(—r, x).

e Key point: modular admissible measures. Let us write for simplicity: E(—7, x)
for E(—r, x)

Mz (A) instead of Mz(A)" (Coleman’s submodule)

One defines admissible p-adic measures ®* with values in Banach A-modules
M2.(A) which are locally free of finite rank, using the test functions: / Xy;(f)A =
Y
mA(E(=7, X))

Consider the evaluation maps evs : A — C, for any p-adic triple weights s =
(s1,82,83) € B.
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e Passage from values in modular forms to scalar values: apply an algebraic
A-linear form M2.(A) A to the constructed measure & (in modular forms),
and the evaluation maps A <% C, for any p-adic triple weights s € X3,

The linear form {7 is an algebraic version of the Petersson product (a geometric

meaning of ¢7: the first coordinate in an (orthogonal) A-basis of eigenfunctions
of all Hecke operators T for ¢ { Np, with the first basis element f; € MAA)).

Using the evaluation map and the Mellin transform. We obtain the measure
p = 7 (®*) with values in A on the profinite group Y.

e Construct an analytic function £, : X — A = A(B) as the p-adic Mellin
transform L, (z) = / z(y)du(y) € A, x € X.
Y

e Solution: the function in question L,(x,s) is given by evaluation of L,(z) at
s = (s1, 52, 83) € B: this is a p-adic analytic function in four variables

(,8) EX X By xBaXx B3 C X x X x X xX
L,(x,s) = evs(Ly(z)) (ze€X, s€ By xByx Bz, Ly(x)eA).

Final step: comparison between C and C,.  We check an equality relating the
values of the constructed analytic function L£,(x,s) at the arithmetical characters
r = yyx € X, and at triple weights s = (k1, k2, k3) € B, with the normalized
critical special values

L*(kal ® f27k2 ® f37k37k2 + ks —2 _TaX) (7" =0, ko + ks —Fk1 — 2)7
for certain Dirichlet characters y mod Np¥,v > 1. These are algebraic numbers,

embedded into C, = Q,, (the Tate field of p-adic numbers). The normalisation
of L* includes at the same time Gauss sums, Petersson scalar products, powers
of m, the product \,(k1, k2, k3), and a certain finite Euler product.

We refer to Theorem 0.3 at p.556 of [PaTV], where the explicit form of such
finite Kuler product is given in the case of the L-function of one Coleman’s family.

4. ARITHMETICAL NEARLY HOLOMORPHIC MODULAR FORMS

Arithmetical nearly holomorphic modular forms (the elliptic case). Let A be a
commutative ring (a subring of C or C,)

Arithmetical nearly holomorphic modular forms (in the sense of Shimura, [ShiAr]

are certain formal series
o

g= Z a(n; R)¢" € Alq][R], with the property

n=0
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that for A = C, z = v + iy € H, R = (47y)~!, the series converges to a G-
modular form on H of a given weight k and Dirichlet character ¥. The coefficients
a(n; R) are polynomials in A[R]. If degpa(n; R) < r for all n, we call g nearly
holomorphic of type r (it is annihilated by (%)TH, see [ShiAr]).

. We use the notation My,.(N, ¢, .A) or M(N, 1), A) for A-modules of such forms
(In our constructions the weight k varies).

A known example (see the introduction to [ShiArx]) is given by the series

o0
—12R+ By = —12R+1-24) _o1(n)q"

n=1

3 .. / 3 B -
52 lli%ys Z (my + maz)"2|my + maz| 725, (R = (4my) ™)
mi,maE€Z

where o1(n) =34, d.
The action of the Shimura differential operator
6]6 : Mk,r(Nv w7‘A) - Mk+2,7‘+1(N7 wv ‘A)a
is given over C by 0x(f) = (z—=— — —)f.

This operator is a correction of the Ramanujan operator

O3 and™) = 3 nand” = 323" and”) = a5-(3 aud”)
n=0 n=1 n=0 n=0

which does not preserve the modularity. For example A = EsA, where Es is a
quasimodular form (in the sense of Kaneko and Zagier, see [Ka-Za).

Notice that dxf = (0 — kR) f, and that Serre's operator f +— 0f — %ng takes
Mk to Mk+2.

Note that that the arithmetical twist operator

QX(Z anqn) - Z X(n)anqn
n=0 n=1

is a natural analog of the Ramanujan operator.

Triple arithmetical modular forms. Let A be a commutative ring. The tensor
product over A

Mk,T,T(Na 1/}7'/4) = Mkl,r(Ny wlv A) & MkQ,T(Na 1/}27"4) & ng,,'r'(Nv ¢37'A)
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consists of triple arithmetical modular forms as certain formal series of the form

o0

g= Y a(ni,ng,ng; Ry, Ry, Ra)gl g3 g5

ni,n2,m3=0
€ Alq1, g2, g3][R1, Ro, R3], where z; = x; + iy; € H, R; = (4my;) ™",
with the property that for A = C, the series converges to a C*°-modular form
on H? of a given weight (k1, ko, k3) and character (i1,12,%3), j = 1,2,3. The
coefficients a(n1,ng,ng; R1, R, R3) are polynomials in A[R;, Re, R3]. Examples
of such modular forms come from the restriction to the diagonal of Siegel modular
forms of degree 3.

5. SIEGEL-EISENSTEIN SERIES

Siegel modular groups. Let Jo,, = <0m _1m>. The symplectic group

L Om

Sp(R) = {g € GLam(R)['g - Jomg = Jom } ,
acts on the Siegel upper half plane

H,, = {z ="'2 € M,(C)|Imz > 0}

by g(z) = (az+b)(cz+d) !, where we use the bloc notation g = (g 2) € Spo, (R).

We use the congruence subgroup I'f*(N) = {v € Sp,,(Z) | v = (;%) mod N} C
Sy (Z).

A Siegel modular form. f € Mi(T§'(N),x) of degree m > 1, weight k and a
Dirichlet chracter y mod N is a holomorphic function f: H,, — C such that for

every vy = (gg) € I'f*(N) one has

F(1(2)) = x(det d) det(cz + d)* £(2).

The Fourier expansion of f uses the symbol

q7 = exp(2mitr(Tz)) Hqu“ qu Y eClqin, s Gmm, G, 455 Ji<i<j<m

1<j

for each Fourier coefficient, where ¢;; = exp(2m(v/—1%;;), and T in the semi-group

= {7 = 'T > 0|7 half-integral}. We may consider f(z) = > a(T)q¢” €
JeBm
C[¢Pm] as a formal g-expansion in C[g®m] (the subring of Cq11, .., @mm] > qigl])

generated by all ¢7).
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Siegel-Fisenstein series.

ExaMPLE 5.1 ( [Nag2|, p.408).

EP) (2) =1 4 24011 + 2402 + 2160g7; + (240¢75% + 1344075
+ 30240 + 13440q12 + 240q35)q11q22 + 21603, + . . .
EP)(2) =1 — 504q11 — 504qa0 — 16632¢3, + (—540q;5 + 4435247,
+ 166320 + 44352¢12 — 504¢%5)q11q22 — 16632q3, + . . . .

Arithmetical nearly holomorphic Siegel modular forms.

Arithmetical Siegel modular forms. Consider a commutative ring A, the formal
variables ¢ = (¢i)ij=1,....m» B = (Rij)ij=1,..m, and the ring of formal Fourier
series

(5.6)  Al" Rl == Y alT.R)q” | a(T,R) € AlRi]
JeBm

(over the complex numbers this notation corresponds to ¢7 = exp(2mitr(Tz)),
R = (47Im(2))71).

The formal Fourier expansion of a nearly holomorphic Siegel modular form f
with coefficients in A is a certain element of AJgP][R; j]. We call f arithmetical

in the sense of Shimura [ShiAr], if A = Q.
5.1. Algebraic differential operators of Maass and Shimura.

Maass differential operator. Let us consider the Maass differential operator (see
[Maal) A, of degree m, acting on complex C*-functions on H,, by:

(5.7) A, = det(éij), 5” = 2_1(1 + 57,])6/8U,
its algebraic version is the Ramanujan operator of degree m:
1 - 1
. m = det(=—0;;) = det(0;;) = ———An,
(5 8) @ € (27_(_26]) € ( _7) (27T’L)m

where 0,,(¢”) = det(T)q".

Shimura differential operator. The Shimura differential operator (see [Shi76} [ShiAr]):

orf(2) = det(R)*17*Q,, [det(R)"_l_kf , where R = (47y) ™1,
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acts on arithmetic nearly holomorphic Siegel modular forms, and the composition
is defined

(5.9) 6 = Sk rar g0+ 08k : MP(N,1h; Q) — MP g (N, 15 Q),
where

Suf(2) = <;>m det(y) " det(z — 2)* KA [det(z _ gkt f(z)} .

Universal polynomials Q(R,T;k,r). Let f = Z c(T)g” € M (N, 1) be a for-
TEBm
mal holomorphic Fourier expansion. One shows that 5,(:) f is given by

057 F= > QR Tk, r)e(T)g”

JEBm

Here we use a universal polynomial (5.10) which can be defined for all k € C,
and it expresses the action of the Shimura operator on the exponential (of degree
m):

5. (¢7) = QR Tsk,r)a”
If m =1, r arbitrary (see [Shi76]), T) Z(—l)r_j <r> Lk +7) i ;; RTI¢7,
. _ - _1\r—J r F(k—l—T’) r—j..7
Q(R’n’k’r)_jz:%( g j<j>r(k+j)R "

If r = 1, m arbitrary, one has (see [Maa]):

m

Okf(z)= Y eT)Y (1) ek + 1= s)tr ("pui(R) - (7)) 47
TEBm =0
1 _ (R, __Im(a+n) _
where R = (47y)~! = (Rij) € Mn(R), cn(a) = Ty p— Cp(s) =

H s—1(73/2)).

Here we use the natural representation p, : GL;,(C) — GL(A"C™) (0 <
r < m) of the group GL,,(C) on the vector space A"C™.  Thus p,(2) is a
matrix of size (:’f) X (T) composed of the subdeterminants of z of degree r. Put

pi(2) = det(2)pm—r(2) .

Then the representations p, and p} turn out to be polynomial representations.
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. In general (see [CourPal, Theorem 3.14) one has:

(5.10) Q(R,T) =Q(R,T; k,r)

s (: ) det(T) S Ri(k—k—r)Qu(R,T),
t=0

|L|I<mt—t
QLR T) = tr (Pt (R)p}, (7)) - -~ tx (o1, (R)pf, (7).

In (5.10), L goes over all the multi-indices 0 < I3 < --- < I; < m, such that
|L| =0+ -+l <mt—t, and Rr(8) € Z[1/2][F] in (5.10) are polynomials in 3
of degree (mt — |L|) (used with B =k —k — 7).

Note the differentiation rule of degree m (see |[Sh83|, p.466):

A(fg) =) tr (tpr(é/f?z)f : pfn_r(é/az)g) . As in 1
r=0

(9/dz;;) for the matrix with entries 0;; = 27 (1 + 8;7)9/;;.

), we write here 9/9z =

EXAMPLE 5.2 (Siegel-Eisenstein series of odd degree and higher level).
(5.11) G*(z, 5k, 9, N)
= det(y)® Y p(det c) det(cz + d)~*| det(cz + d)| 7 -

c,d
i (m/2]
‘T(k,s) Ly (k+2s,9) [ J] Ln(2k+4s—2i,9%) |, where
1=1

(c,d) runs over all “non-associated coprime symmetric pairs” with det(c) coprime
to N, k= (m+1)/2, and for m odd the I'-factor has the form:
f(k‘, 8) — 'mkz—m(k+1)7r—m(s+k)Fm(k + S).

We use this series with ¥ = x2¢199ts, k = ko + ks — k1 > 2, m = 3, k =
1
% =2, [m/2] = 1.

THEOREM 5.3 (Siegel, Shimura [Sh83|, P. Feit [Fei86]). Let m be an odd integer
such that 2k > m, and N > 1 be an integer, then:

For an integer s such that s = —r, 0 < r < k — K, there is the following
Fourier expansion
(5.12) G*(z,—1) = G*(z,—r;k, o, N) = Y a(T,R)q’,

Am>T>0
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where for s > (m+2—2k)/4 in the only non-zero terms occur for positive
definite T > 0,

(5.13) a(T,R) = M(T, 4,k — 2r) - det(T)* "2 ""Q(R, T; k — 2r, 1),
(5.14) M(T,k—2r4p) = [ Mu(T, e )
¢ det(27)
polynomials Q(R,T; k — 2r,r) are given by , and for oll T >0, T € Ay, is
a finite Euler product, in which My(T,x) € Z[z]. O

6. STATEMENT OF THE MAIN RESULT

Main Theorem (on p-adic analytic function in four variables). The following Main
Theorem corresponds to Theorem 0.3 at p.556 of [PaTV] in the situation of the
L-function attached to one Coleman’s family.

. , (£°,€(=r.x))
MAIN THEOREM 6.1. 1) The function Lg: (s, k1, k2, k3) — TR
»J0O

a p-adic analytic function on four variables (X-y;, k1,ka,k3) € X x By x By x Bg;

extends to

2) Comparison of complex and p-adic values: for all (ki, ks, k3) in an affinoid
neighborhood B = By x By x By C X3, satisfying k1 < ko + k3 — 2: the values at
s = ko 4+ k3 — 2 — r coincide with the normalized critical special values

(6.15) L*(fih @ foko @ fa gy, k2 + k3 —2—1,%)
(r:()’... ,k2+k3—/~c1—2),

for Dirichlet characters x mod Np’,v > 1, such that all three corresponding
Dirichlet characters x; have Np-complete conductors:

(6.16) x1 mod Np” = x, x2 mod Np” = ¢aih3x,
X3 mod Np¥ = 113y, ¥ = x th1that).
The normalisation of L* in is the same as in Theorem C below.
3) Dependence on x € X: let H = [2ord,(A\)|+1. For any fized (ki,k2,k3) € B
and © = x -y, the function
<.f07 8(_T7 X)>
| —0
<.f 7f0>

extends to a p-adic analytic function of type o(log™ () of the variable x € X.
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REMARK. The function Lf depends on the variables (s, ki1, ko, k3) in a different
way: it is a mixture of the p-adic Mellin transform (in s), and of a rigid analytic
function (in k1, ko, k3).

Outline of the proof. The proof follows the lines given in Sections 5-7 in [PaTV]
(the case of the L-function of one Coleman’s family).

1) e (compare with Section 5 in [PaTV]). At each classical weight (k1, k2, k3)
let us use the equality

(£2,€(=r,x)) = (£°, ma(E(=,X)))
which is deduced from the definition of the projector my: Kerm)y := ﬂnZl Im (Up—
A" Imrry = J,,5 Ker (Ur — AI)™.

Notice that the coefficients of &(—r, x) € M(A) depend p-adic analytically on
(k1,ka,k3) € B = By x By x Bs, where A = A(B1 x By x B3) is the p-adic Banach

algebra of rigid-analytic functions on B.

Interpolation to all p-adic weights: e At each classical weight (k1, k2, k3) the scalar
product <f0, E(—r, X)> is given by the first coordinate of 7y (E(—r, x)) with respect
to an orthogonal basis of M*(A) containing fy with respect to Hida's algebraic

Petersson product (g, h), := <gp] (1\(7)]) _01> ,h>, see [Hi90].

(£9,1)
(1)
weights), to Coleman’s type submodule of overconvergent families h € M*(A)t
M*MA) as the first coordinate of h with respect to some A-basis of eigenfunctions
of all (triple) Hecke operators Tj, for ¢ f Np, having the first basis vector fy €
MAA)

The linear form ¢ can be characterized as a normalized eigenfunction of the
adjoint Atkin’s operator, acting on the dual A-module of M*(A)T: £(fy) = 1.

Let us extend the linear form ¢(h) = (defined firs only for classical

In order to extend £ to h = E(—7, x), we need to choose a certain representative
of &(—r, x) in the A-submodule M*(A)" | which is locally free of finite rank.

A representative of E(—r, x) in the (locally free of finite rank A-submodule) M (A)T.
(compare with Section 6 in [PaTV] in the case of the L-function of one Coleman’s

family). Choose a (local) basis ¢!, - -- , £ given by some triple Fourier coefficients
of the dual (locally free of finite rank) A-module M*(A)T*.
Then define

0=l + 4 Bal”,
where [; = ((¢;) € A, and ¢; denotes the dual basis of M)‘(A)T: ;) = dij.
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At each p-adic weight (k1, ko, k3) € B let us define
UE(—r,X)) == Bl (E(—r, X)) + -+ + Bul™(E(—7, X)) (belongs to A),

where 3; = £(¢;) € A, and £*(€(—r, X)) € A are certain Fourier coefficients of the
seies E(—7, x).

Conclusion. There exists an element &(—7, ) € MMA)T € M(A)t such that

((E(=r,x)) = L(E(=7,x))
(at each triple weight (k1,k2,k3)). In fact, let us define
E(=r,x) = LY E(=r, X))y + -+ + L (E(=7, X))l

= L(E(=r,x)) = L(O) (E(=r,x)) + -+ L(En) " (E(=7, X))
= Pl (E(=r,x)) + -+ + Bul™(E(-7,X))
=L(E(—r,x)) (at each weight (k1,ka,k3)).

Thus, the dependence of ¢(&(—, X)) € A on (ki, ko, k3) € X3 is p-adic analytic.

In order to prove the remaining statements 2), 3), the dependence on z = x - Yp
is studied in the next section.

7. DISTRIBUTIONS AND ADMISSIBLE MEASURES

Distributions and measures with values in Banach modules. We refer to Section 4
of [PaTV] for similar constructions in the case of the L-function of one Coleman’s
family.

A (a p-adic Banach algebra)
Vv (an A-module)
Notation. C(Y,A) (the A-Banach algebra
U of continuous functions on Y )
Qloc=const(y, A)  (the A-algebra

of locally constant functions on Y )

DEFINITION 7.1 (Distributions and measures). a) A distribution D on Y with
values in V' is an A-linear form

D - elocfconst(Y7A) N V, Q- D(QD) — / ng'D.
Y

b) A measure p on Y with values in V is a continuous A-linear form

p:CY,A) =V, sOH/sodu-
Y
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The integral / wdp can be defined for any continuous function ¢, and any bounded

Y
distribution p, using the Riemann sums.
Admissible measures of Amice-Vélu.

Admissible measures. Let h be a positive integer. A more delicate notion of an
h-admissible measure was introduced in [Am-V| by Y. Amice, J. Vélu (see also

IMTT], [V]):

DEFINITION 7.2.

a) For h € N h > 1 let P*(Y,A) denote the A-module of locally polynomial
functions of degree < h of the variable y, : Y — Z; — A*; in particular,

ﬂ)l(Y, .A) — eloc—const(Y7A)

(the A-submodule of locally constant functions). Let also denote C°~"(Y, A) the
A-module of locally analytic functions, so that

PLY, A) C Ph(Y,A) C G (Y, A) C C(Y,A).

b) Let V be a normed A-module with the norm |-|, . For a given positive integer
h an h-admissible measure on'Y with values in V is an A-module homomorphism

d:PMY,A) -V

such that for fired a € Y and for v — oo the following growth condition is satisfied:
=o(p

/ (yp — ap)h/dCiD
a+(Np?) p,V

for all h'=0,1,...,h—1,a, :=yp(a)

(7.17) —o(W=h)y

The condition (7.17) allows to integrate the locally-analytic functions on Y along
® using Taylor's expansions! This means: there exists a unique extension of ® to

Gloc—an(yj .A) = V.

7.1. U,—Operator and the method of canonical projection. We refer to
Section 5 of [PaTV] for similar constructions in the case of the L-function of one
Coleman’s family.
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Using the canonical projection wy. We construct our H-admissible measure N
PH(Y,A) — M(A) out of a sequence of distributions @, : PH(Y,A) — M(A)
defined on local monomials y;, of each degree r by the rule

/ XYy d®* = m\(E(—r, X)), where E(—r,x) € M = M(A).
Y

Here &(—r, x) takes values in an A-module
M =M(A) C Alq1, g2, g3][R1, Re, R3]

of nearly holomorphic (overconvergent) triple modular forms over A (for 0 < r <
H —1, H = [2ord,\,] + 1), and the formal series E(—r, x) was constructed in the
proof of 1) of Main Theorem.

Definition of the canonical projection 7y. Here A is an C,-algebra, and A € A* is
a fixed non-zero eigenvalue of triple Atkin’s operator Ur = Urp, acting on M(A),

7yt M(A) — M(A)

is the canonical projection operator onto the maximal A-submodule M(A)* over
which the operator Ur — AI is nilpotent (we call M(A)* the A-characteristic
submodule of M(A)).

The projector my is defined by its kernel:

Kermy := ﬂ Im(Up — AI)", Immy = U Ker (Ur — AI)"™.

n>1 n>1

8. TRIPLE MODULAR FORMS

Triple modular forms are certain formal series

oo
g= Y a(ni,ng,ng; Ry, Ry, Ra)q] g g5
n1,n2,n3=0

c .A[[ql,QQ,Q3]HR1, Rs, Rg], where Zj =xj + iyj € H, Rj = (47ryj)_1,
with the property that for A = C, the series converges to a €*°-modular form on
H3 of a given weight (ky, ko, k3) and character (i1,19,v3), j = 1,2,3. The co-
efficients a(n1,ng, ng; R1, Ro, R3) are polynomials in A[R, Ry, R3], and the triple
Atkin’s operator is given by

& ni ns ns

Ur(g)= >, a(pni,pne,pns; pRi,pR2, pR3)q " q52q35°.

n1,n2,n3=0

Eigenfunctions of U, and of U,.
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Functions fjo and fjo. Recall that for any primitive cusp eigenform f; = > >° | an(f)q",
there is an eigenfunction fjo = Y oo an(fi0)¢" € Qg] of U = U, with the
eigenvalue o = a]()lj) € Q (U(fo) = afo) given by

_ p0
(8.18) ﬁﬂzﬂ—aﬁﬁW%zﬁ—a@PW7”Qn>
S an(fion ™ = an(fin (1 —allp=) L
n=1 n=1
pin

Moreover, there is an eigenfunction fj0 of U, given by

[e.e]

0 —1 —_—
(8 9) f] 7,0 k <Np 0 > , where f],o n§:1 a(nvfo)q

Therefore, Ur(fi,0® f2,0® f3,0) = A(f1,0® f2,0® f3,0)-

9. CRITICAL VALUES OF THE L FUNCTION L(f; ® fo ® f3,s,X)

(compare with Section 7 in [PaTV]).

Choice of Dirichlet characters. For an arbitrary Dirichlet character y mod NpY
consider the following Dirichlet characters:

(9.20) x1 mod Np” = x, x2 mod Np¥ = 1ai)s¥,
x3 mod Np” = 13X, 1 = x*1atds;

later on we impose the condition that the conductors of the corresponding
primitive characters xo.1, x0,2, X0,3 are Np-completes (i.e. have the same prime
divisors as resp. those of Np).

THEOREM A (ALGEBRAIC PROPERTIES OF THE TRIPLE PRODUCT). Assume that
ko + ks — k1 > 2, then for all pairs (x,r) such that the corresonding Dirichlet
characters x; have Np-complete conductors, and 0 < r < ko + k3 — k1 — 2, we
have that
A(fY @ f5 @ f5, ko + ks — 2 — 7, p11ax) c0
(ffoffeff e f)r

where

(flofefl, ffe e )yr =1 NS )N )N
= (f1, f1)n(f2, fo) N (f3, f3)n-
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10. THEOREMS B-D

Recall: the p-adic weight space and the Mellin transform. (for generalities we also
refer to the introduction of [PaTV] in the case of the L-function of one Coleman’s
family). The p-adic weight space is the group X = Homcont(Y,C)’) of (continu-
ouos) p-adic characters of the commutative profinite group Y = liin(Z/N pUZ)*

v

The group X is isomorphic to a finite union of discs U = {z € C, | |z|, < 1}.

A p-adic L-function L, : X — C, is a certain meromorphic function on X.
Such a function usually come from a p-adic measure pon Y (bounded or admissible
in the sense of Amice-Vélu, see [Am-V]). The p-adic Mellin transform of p is given
for all x € X by

Ly (x) = /Y x(y)d,u(y),L(p) : X = C,
N

P

Theorem B (on admissible measures attached to the triple product:fized balanced
weights case). Under the assumptions as above there exist a Cp-valued measure
/]?1®f2®f3 on YN, and a Cy-analytic function
Dy, 1® fa® f3) : Xp — Cp, given for all v € Xy by the integral D, (z, fL @

f2® f3) = fYNp gv(y)dﬂ?l@)f@f3 (y), and having the following properties:

(i) for all pairs (r,x) such that x € X}\?’f, and all three corresponding Dirichlet
characters x; have Np-complete conductor (j = 1,2,3), and r € Z is an integer
with 0 <r < ko + k3 — k1 — 2, the following equality holds:

(1/111#2)(2)0;(162%3724)
G(x1)G(x2)G(x3)G(Y19hax1) A2

A(ff®f2p®f§7k2+k3—2—7">¢1¢2X))

(@13 ®f3, f10® f20® fs0)1,Np
where v = ordy,(Cy), G(x) denotes the Gauff sum of a primitive Dirichlet charac-
ter xo attached to x (modulo the conductor of xo),

Dy (X, 1 9 fo® fis) = i

ii) if ord,\, = 0 then the holomorphic function in (i) is a bounded C,-analytic
(i) if ordpA, P y
function;

(iii) in the general case (but assuming that A\, # 0) the holomorphic function in
(i) belongs to the type o(log(z2!)) with H = [20ordpA,]+1 and it can be represented
as the Mellin transform of the H -admissible C,-valued measure ﬂ?1®f2®f3 (in the

sense of Amice-Vélu) on'Y
iv) Let k = ko + ks — k1 > 2. If H < k — 2 then the function D, is uniquely
(p)
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determined by the above conditions (i). Let us describe now p-adic measures
attached to Garrett’s triple product of three Coleman’s families

(10.21) ki {fiky = Y an(k)g"} (G = 1,2,3).
n=1

Consider the product of three eigenvalues:
A= Np(ka ko bs) = g (k) (k2) o (k)
and assume that the slope of this product

g = ordp()\(kl, k)g,kg)) = U(k)l, kQ,k‘g) =01 + g9 + g3

is constant and positive for all triplets (k1, k2, k3) in an appropriate p-adic neigh-
bourhood of the fixed triplet of weights (k1, k2, k3).

Let A = A(B) denote an affinoid algebra A associated with an analytic space
B = B1 x By x B3, a neighbourhood around (ky, ks, k3) € X3 (with a given k and
1 mod N).

Theorem C (on p-adic measures for families of triple products). Put H =
[20rd,(A\)] + 1. There exists a sequence of distributions ®, on Y with values
in M = M(A) giving an H-admissible measure ® with values in M* C M with
the following properties:

There exists an A-linear form € = U, of,0f, x : M(A)* — A (given by ,
such that the composition

= ipepef = lhopena (2
is an H-admissible measure with values in A, and for all (k1, ko, k3) in the affinoid
neighborhood B = By x By x Bg, as above, satisfying k1 < ks + ks — 2 we have
that the evaluated integrals

FA
€V(ky ki ka) ((€f1®fg®f37>\)(q> )(y;x))
on the arithmetical chracters y,x coincide with the critical special values

A (fig, @ foky @ fakg, ko + ks —2 —1,%)

forr=0,---  ko+ks—ki—2, and for all Dirichlet characters x mod Np¥,v > 1,
with all three corresonding Dirichlet characters x; given by , having Np-
complete conductors. Here the normalisation of A* includes at the same time
certain Gauss sums, Petersson scalar products, powers of m and of A(k1, k2, k3),
and a certain finite Fuler product. The precise form of the Euler-like p-factor
is given by a general motivic setting as in [Pa94], [Col, [Co-PeRil|; we also refer
to Section 7 of [PaTV] in the case of the L-function of one Coleman’s family.
However, our modular construction of the admissible measures of Theorem C
does not use these explicit formulae. Moreover, these measures are uniquely
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determined by general unicity properties by all but a finite number of values on
characters y, x.

The p-adic Mellin transform and four variable p-adic analytic functions. Any h-
admissible measure i on Y with values in a p-adic Banach algebra A can be carac-
terized its Mellin transform Lp(z) L+ X — A, defined by Ly (x) = [, z(y)di(y),
where z € X, Lj(x) € A,

Key property of h-admissible measures fi: its Mellin transform L is analytic with
values in A.

Let A = A(B) = A1®ARA3 = A(B1)RA(By)RA(B3) denote again the
Banach algebra A where B is an affinoid neighbourhood around (ki, ko, k3) € X3
(with a given integer k and Dirichlet character ) mod N).

Theorem D (on p-adic analytic function in four variables). Put H = [2ord,(\)]+
1. There exists a p-adic analytic function in four variables (x,s) € X x By x
BoxBsg C X xXxXxX:

Lﬁ : (.ZC, s) — evs(Lﬂ(z)) (1‘ € X, Lﬁ(ﬂ?) S .A)

with values in C,, such that for all (k1, ko, k3) in the affinoid neighborhood as
above B = By x By x Bs, satisfying k1 < ko + ks — 2, we have that the special
values L (z, s) at the arithmetical chracters x = YpX, and 8 = (k1,ka,ks) € B
coincide with the normalized critical special values

L*(fihy @ foko @ fagg k2 + ks —2—r,x) (r=0,--- ,ky+ ks — k1 —2),

for Dirichlet characters x mod Np®,v > 1, such that all three corresonding Dirich-
let characters x; given by , have Np-complete conductors where the same
normalisation of L* as in Theorem C.

Moreover, for any fixred s = (k1, ko, ks) € B the function
x— Lz, s)

is p-adic analytic of type o(log (-)).

Indeed, we obtain the function in question L, (z,s) by evaluation at

s = ((s1,91), (52,%2), (83,13)) € B:

this is a p-adic analytic function in four variables (z,8) € X x B; x By x Bg C
X xX xX xX:

Li(z,s) =evs(Ly)(x) (2 € X, s€ By x By x Bz, L(x) € A).

This is a joint work in progress with S.Boecherer, we use:

1) the higher twists of the Siegel-Eisenstein series, introduced in [Boe-Schm),
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2) Ibukiyama's differential operators (see [Ibul, [BSY]).

11. SCHEME OF THE PROOF

11.1. Boecherer’s higher twist.

Boecherer’s Higher Tuwist. 1) We define the higher twist of the series F, =
> g ay(R,T)g” by some Dirichlet characters 1, X2, X3 as the following formal
nearly holomorphic Fourier expansion:

(11.22) Fyr =Y x1(t12)Xa(t13)Xs(tas)ay (R, T)g”.
T

The seies is a Siegel modular form of some higher level, but it has
additional symmetries with respect to symplectic embedding t3 : T'o(Np??) x
To(Np?) x To(Np?’) — Spy: its triple Nebentypus character does not depend
on y mod NpY, and is equal to (¢1,19,%3), if we choose Dirichlet characters as

in (6.16):
x1 mod Np” = x, x2 mod Np¥ = ¢ath3,
x3 mod Np” = ¥1h3x, 1 = x*P1aibs.

We use the Siegel-Eisenstein series F) , which depends on the character x, but
its precise nebentypus character is ¥ = y?11021)4, and it is defined by Fr=
G*(z,—r; k, (Np¥)?,4p), where z denotes a variable in the Siegel upper half space
Hs, and the normalized series G*(z, s; k, (Np”)z, 1) is given by .

This series depends on s = —r, and for the critical values at integral points
s € Z such that 2—k < s < 0, it represents a (nearly) holomorphic Siegel modular
form in the sense of Shimura [ShiAr]:

Fyp =Y _det(T) 2 "Q(R, T; k — 2r,r)ay(T)q’.
T

11.2. Ibukiyama’s differential operator.

Ibukiyama’s differential operator. 2) We use an algebraic version of lbukiyama's
differential operator, which generalizes the algebraic “pull-back”: it transforms a
nearly holomorphic Siegel modular form of weight k

to a nearly holomorphic triple modular form of weight (ki, ko, k3) (k = ko +
ks — ky).
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On a holomorphic Siegel modular form F = ZT(I(T)QT, this operator has the
form

(11.23) LV (F) = Pk, ko, ks, 0, T)a(T)qi" g5 45,
T

where A = k1 —k3 > pu = k; — ko > 0, and P(ky, ko, k3; r; T) is certain Ibukiyama’s
polynomial, equal to (t11t22t33))‘(t12t13t23)u, ifr=0.

. As a result we obtain a sequence of triple modular distributions ®,(x) with
values in the tensor product Mg (A) = M(A)@sM(A)RM(A) of three Banach
A-modules of arithmetical nearly holomorphic modular forms (the normalizing
factor 2" is neeeded in order to prove certain congruences between ®,). Note
that Mz (A) is again a Banach A-module on which Ur acts as a completely continuous
operator.

The important property of the triple modular forms ®,.(x): the nebentypus char-
acter is fixed and is equal to (11,9,13) (for all (k1, k2, k3) and x in question).

Using this property we compute the canonical projection m)(®,(x)) of the
triple modular form ®,(x) onto the A-characteristic A-submodule M7*(A) of the
triple Atkin’s operator Ur :

Ty Mp(A) — M (A).

. We prove that the resulting sequence of modular distributions my(®,) on the
profinite group Y produces a certain p-adic admissible measure ®* (in the sense
of Amice-Vélu, [Am-V]) with values in a certain locally free A-submodule of finite
rank

M7 (A) € M7 (A) C | Mr(Np*, b1, 2, b33 A)
v>0

of formal nearly holomorphic triple modular forms of all levels Np¥ and the fixed
nebentypus characters (¢, 12, 13). We use congruences between triple modular
forms @, (x) € Mz (A) (they have explicit formal Fourier coefficients).

Then we use a general admissibility criterion saying that these congruences imply
H-admissibility for their projections in M2(A), where H = [2ord,(\)] + 1.

11.3. Algebraic linear form. We refer here to Section 6 of [PaTV] for similar
constructions in the case of the L-function of one Coleman’s family.
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. 3) From M}.(A) to A: we use a Q-valued linear forms of type
<f10 ® f20 ® f307 h>
(F2, fr0)(fL, f2,0)(f2, f30)

where fjo is the eigenfunction 1) of the conjugate Atkin’s operator Uy, and
fj0 is the eigenfunction (8.19) of U,. The linear form L is defined on the finite
dimensional Q-vector characteristic subspace

h € My (Q)M® ¢

L :h+—

My o (NP, 1h1; Q) @ Mgy o+ (NP, ¥25 Q) @ Mgy (Np, 103, Q).
This map is then extended to an A-linear map
(11.24) 0=l onenn t MA — A;
on the locally free A-module of finite rank M(A)*.

. This map produces a sequence of A-valued distributions u}(x) € A in such a
way that for all suitable weights k € B one has

cvi(p (X)) = L(ev(ma(®r) (X)), A € A%, A(K) € Q7
where k = (ki1, k2, k3) € B, evg : B — C, denotes the evaluation map with the

property
evk : M(A) — My (C,).

. More precisely, we consider three auxilliary families of modular forms

(11.25) Finy(2) =

Zdn,j,kje(nz) € Sk, (Lo(N;p7), ), (1 <5 <315 > 1),

n=1
with the same eigenvalues as those of (10.21)),

for all Hecke operators Tj, with ¢ prime to Np. In our construction we use as
Jik; certairz “easy transforms” of prin}itive cusp forms in 1' In particular, we
choose as f; certain eigenfunctions f;, = jok]- of the adjoint Atkin’s operator
Uy, in this case we denote by [, o the corresponding eigenfunctions of Uj,.

The Q-linear form £ produces a C,-valued admissible measure it = £(®*)
starting from the modular p-adic admissible measure ®* of stage 3), where £ :
M7 (Cp,) — C, denotes a Cp-linear form, interpolating L.

11.4. Evaluation of p-adic integrals. We refer to Section 7 of [PaTV] for sim-
ilar constructions in the case of the L-function of one Coleman’s family.
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L-values and p-adic integrals. 4) We show that for any appropriate Dirichlet char-
acter x mod NpY the integral

i (x) = L(ma(®r(x)) € A

evaluated at (k1, ko, k3) € B = By x By x Bs, coincides (up to a normalisation)
with the special L-value

L*(flp,/ﬂ ®f£k‘2 ®f?ﬁk37k2 + k3 -2 —7"7¢17/)2X)

under the above assumptions on x and r).

A general integral representation of Garrett’s type. The basic idea how a Dirichlet
character x is incorporated in the integral representation [Ga87, [BoeSP] is some-
what similar to the one used in [Boe-Schm]|, but (surprisingly) more complicated
to carry out.

Note however that the existence of a A-valued admissible measure i* = £(®*)
established at stage 4), does not depend on this technical computation.

In order to control the denominators of the modular forms
mA(E(=7,X)) € MMA) =: &,(x),

used in the construction (the admissibility condition) we use the following result.

12. CRITERION OF ADMISSIBILITY

THEOREM 12.1 (Criterion of admissibility ). Let o € A*, 0 < |af, < 1 and
suppose that there exists a positive integer s such that the following conditions
are satisfied:

1) for allT =0,1,---,h — 1 with h = [»xordy,a] + 1, and v > 1,
(12.26) ®,.(a+ (Np¥)) € M(Np™) (the level condition)
2) the following congruence for the coefficients holds: for allt =0,1,---,h — 1

t

(12.27) ur’ Z <i> (—ap)' " ®,(a+ (Np”)) = 0 mod p**
r=0
(the divisibility condition)

Then the linear form given by @a(éaJr(Npu)y;) = 7o(Pr(a + (Np)) on lo-
cal monomials (for all v = 0,1,---,h — 1), is an h-admissible measure: oo
PhY,Q) - M*C M
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Proof uses the commutative diagram:

M(NpUHL, 4p; A) =5 MO (NpU*, b A)
le lev
M(Np,p; A) — M (Np, ;. A) = MY(Np*T o A).
Ta,0

The existence of the projectors 7, ,, comes from Coleman’s Theorem A.4.3 [CoPB].

On the right: U acts on the locally free A-module M*(Np®T1, A) via the matrix:

Queve oo *
0 o *
where oo € A%
00
00 «

= U" is an isomorphism over A,

and one controls the denominators of the modular forms of all levels v by the
relation:

(12.28) Taw(h) = U "o o(Uh) =: ma(h)
The equality (12.28]) can be used as the definition of 7, at any level Np".

The growth condition (see ([7.17))) for mo(®,) is deduced from the congruences
(12.27) between modular forms, using the relation (12.2§]).
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