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Abstract: In this paper, we prove that if every supersingular elliptic curve
over IF,, can be lifted to a CM elliptic curve by an imaginary order Op for
some D < p?, then 0 > % We also prove that if every supersingular elliptic
curve over IF‘p can be lifted to a CM elliptic curve by an imaginary order Op
for some D < p?, then 6 > % as suggested by Elkies.
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1. INTRODUCTION

Let E be a rational elliptic curve, and let mo(z) is the number of primes p < z
such that £ mod p is supersingular, i.e., p is a supersingular prime of E. Then
a well-known conjecture of Lang and Trotter [LT] claims that

1

(1.1) mo() = (C+ (1)

for some explicit constant C' > 0 depending on the elliptic curve E. A famous
result of Elkies asserts that my(x) goes to infinity as x goes to infinity [El1].
Later He and Murty [El2] observed that if for every supersingular prime p of E,
E mod p can be lifted to a CM elliptic curve with CM by an imaginary order
Op for some D < p?, then mo(z) < z2?. Combining this observation with the
following result of Kaneko [Kan], they proved that m(z) < i,
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Theorem 1.1. (Kaneko) Every supersingular elliptic curve E defined over F)
can be lifted to a CM elliptic curve with CM by an imaginary quadratic order Op
(of discriminant —D) for some D < %p%.

An improvement of Kaneko’s result in terms of the exponent 6 would get us
closer to the Long-Trotter conjecture, and 6 = % would almost give the Lang-
Trotter conjecture. So a natural and interesting question is how far we can
improve the result of Kaneko. The main purpose of this paper is to show that
Kaneko’s result is the best possible. Indeed, we will prove the following theorems

in Sections 4 and 5.

Theorem 1.2. For every k < %, there is N = N(k) > 0 such that for every
prime p = 3 mod 4 with p > N, there is a supersingular elliptic curve over I,
which can not be lifted to a CM elliptic curve by an imaginary order Op with
D < Hp%.

Theorem 1.3. For every k < g, there is N = N(x) > 0 such that for every
prime p = 1 mod 4 with p > N, there is a supersingular elliptic curve over I
which can not be lifted to a CM elliptic curve by an imaginary order Op with
D < /@p%.

The basic idea to prove Theorems 1.2 and 1.3 is as follows. It is well-known
(see Section 3) that a supersingular elliptic curve E can be lifted to a CM elliptic
curve by Op if and only if there is an optimal embedding Op — O = End(FE),
or equivalently the Gross lattice

(1.2) Lp={r€Z+20gp: trz =0}, Qz)=—x?
represents D. Moreover, Op is a maximal order of B, and every maximal order
with an element w? = —p is conjugate to some Op. Here B, is the unique rational

quaternion algebra ramified exactly at p and infinity. Serre [E12] observes that the
orthogonal complement of w in Lg is a binary quadratic lattice of discriminant
of size about p, and thus represents some integer about the size ,/p, which gives a
simple proof of Kaneko’s result. Our idea is to reverse the procedure, starting with
binary quadratic forms of discriminant p (or 4p for p =1 mod 4) which do not
represent ‘small’ integers, we construct maximal orders of B;,, whose associated
Gross orders do not represent small integers either.

As a related question, one might ask what can be said about integers Dy such
that every supersingular elliptic curve over IF,, can be lifted to a CM elliptic curve

by Op for some D < Dj. Elkies showed that Dy = 2p% is enough and mentioned
in a private email to the author that the exponent % should be the best possible.
We confirm his claim by counting in Section 2.
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Proposition 1.4. If there are positive constants 6 and C' such that every su-
persingular elliptic curve over IF‘p can be lifted to a CM elliptic curve over some
number field with CM by Op with D < Cp?, then 6 > %

Another natural question is for what Dy = Dg(p), every supersingular elliptic
curve over I, can be lifted to a CM elliptic curve by Op for every fundamental
discriminant —D < — Dy with (%) # 1. This was studied by Duke [Du], Michele
[Mi], Elkies, Ono, and the author [EQY] ineffectively, and by Kane [Ka] effectively
(assuming GRH).

Acknowledgement: The project was inspired by a private email communi-
cation from Elkies in early 2005, and the proof of the main theorem was inspired
by Serre’s proof [El2] of Kaneko’s result. We thank both for their inspirations.
We thank W. Duke, T. Ibukiyama, B. Kane, M. Kaneko, K. Ono, J. Rouse, and
L. Washington for their helpful discussion and comments.

2. PROOF OF PROPOSITION 1.4

Proof of Proposition 1.4: Let
(2.1) Sp(w) = [] (= = i(E))
Es.s.

be the supersingular polynomial, where the product runs over all supersingular
elliptic curves (up to isomorphism) over F,,. Let

Po@) = [[ (@—iA)
End A=0p
be the class polynomial of discriminant —D = 0,1 mod 4. Here the product runs
over all elliptic curves over C with End A = Op (up to isomorphism), i.e., all CM
elliptic curves with CM by Op. When D = 1,2 mod 4, we set Pp(z) = 1. Since
an elliptic curve is determined by its j-invariants (up to isomorphism), it is clear
that the condition in Proposition 1.4 is equivalent to

Sp(@)| [I Pola).

D<Cp?

So

(2.2) deg Sp(z) < Z deg Pp(z).
D<Cp?

A classical result of Deuring ([Si, Theorem 4.1]) asserts

deg Sp(z) = 1% +e, —1<¢€ <2
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On the other hand, the theory of complex multiplication implies that det Pp(x) =
hp is the ideal class number of the imaginary quadratic order Op = Z[@].
It is well known that )

hp < D2*¢

for every € > 0. So we have by (2.2)

p Lie 30+0e

— Dz 2 .

5 < > <p
D<Cp?

Since € can be arbitrarily small and p can be arbitrarily large, we have 6 > %
This proves Proposition 1.4.

Remark 2.1. Similar argument would give the following assertion. If every
supersingular elliptic curve over ), can be lifted to a CM elliptic curve with CM
by Op for some D < C’pe, then 0 > % Theorem 1.2 asserts 0 > %

3. MAXIMAL ORDERS AND OPTIMAL EMBEDDINGS

For a prime number p, let B, be the unique quaternion algebra over Q ramified
exactly at p and oco. It is a well-known fact, due to Deuring [De], that every
maximal order of B, is conjugate to O = Ende(E) for some supersingular
elliptic curve E over Fp. Two maximal orders Og and Op are conjugate to each
other if and only if B/ = E or E' = E®) the Frobenius of E. E = E® if and
only if E is defined over the prime field FF,,. In such a case, the Frobenius gives
an element w € Of such that w? = —p. The converse is also true, a maximal
order containing an element w with w? = —p comes from a supersingular elliptic
curve over [F,, (up to conjugation). Deuring [De] also proved that a supersingular
elliptic curve F can be lifted to an elliptic curve over a number field with complex
multiplication (CM) exactly by an imaginary quadratic order Op = Z[M]
if and only if there is an optimal embedding from Op into O, i.e., an embedding
f: K =Q(vV-D) — B, such that f~1(Og) = Op. Next, for an order O of B,,
let

(3.1) Lo={x€Z+20: trz =0}

be its Gross quadratic (ternary) lattice with quadratic form Q(z) = —22, the
reduced norm of . Then Gross proved in [Gr| that Lo represents D if and only
if Op embeds into O, or equivalently, some order Ops with D = D'n? embeds
optimally into O. So we have

Proposition 3.1. Let E be a supersingular elliptic curve over ]F'p and Dy be a

positive integer. Then the following are equivalent.

(1) E can be lifted to a CM elliptic curve with CM by Op for some D < Dj.
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(2)  There is an (optimal) embedding of Op into O for some D < Dy.
(8)  The Gross lattice of O represents D for some D < Dj.
4. PROOF OF THEOREM 1.2
To a primitive positive definite binary quadratic form Q = [a,b,c] = ay?® +

byz + cz? of discriminant d = 4ac — b> > 0, we associate a ternary quadratic
lattice

(41) L= L(Q) = Ze| ® ZLes ® Zes,
with quadratic form
(4.2) Qr((z,y,2)) = 22 + ay® + byz + ¢2°.

Then it is well-known that the even Clifford algebra of L is actually a quaternion
algebra B = B(L) = B(Q) with a Q-basis {vg = 1,v1 = ege3, vy = ezeq,v3 =
eres} and the following multiplication table.

TABLE 1. Multiplication Table

U1 (%] U3

v1 | bvy —ac | —cv3 | avy + bus
vy | bug +cv3 | —c b— v
V3 —Qavy (% —a

In particular,
(4.3) 0(Q) = &Zv;

is an order of B(Q). With respect to the reduced norm (as a quadratic form),
the Gram matrix of O(Q) is

2b

(4.4) A= () = |27,

—b 2a

In particular, det A = d?. Since the diagonization of %A is diag(1, %,c, %), its

local Hasse invariant is ¢ = (d,—1);(¢, —d);, where (, ); is the local Hilbert
symbol. So [Se, Theorem 6] implies

Lemma 4.1. Let the notation be as above. Then
(1)  B(L) is positive definite.
(2) B(L) is split at | for every prime number [ {2d.
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(8) B(L) is split at | if and only if (—c,—d); = 1.
Proposition 4.2. Let p=3 mod 4 be a prime number.

(1) Let Q = [a,b,c| is a primitive positive definite quadratic form of discrim-
inant 4ac — b*> = p. Then B(Q) = By, is the quaternion algebra ramified exactly
at p and oo, and O(Q) is a maximal order of B, with an element w = 2v; — b
satisfying w? = —p.

(2)  The Gross lattice of O(Q) is
E(Q) = Zw + Z2’U2 =+ Z2’l}3
with quadratic form

Qr(zw + y2us + 22v3) = pa’ + 4Q(z,y) = pz® + 4(cy® + byz + ay?).

Proof. (1) By Lemma 4.1, to show B(Q) = By, it is enough to verify that B(Q)
is split at 2, i.e., (—¢, —p)2 = 1. Since 4ac — b*> = p =3 mod 4, b is odd, and

1
4dac=1+p mod 8, acz% mod 2.

If p =3 mod 8, then ¢ is odd, and (—¢, —p)y = 1 as desired. If p = 7 mod 8,
then —p = 1 mod 8 and again (—c, —p)2 = 1. This proves B(Q) = B,. Since
the Gram matrix of O(Q) has determinant det A = p?, O(Q) is a maximal order
of By. Finally, for w = 2v; — b, one has by Table 1

w? = 41}% — 4bvy + b? = 4bvy — dac — 4bvy + b* = —p.
(2) is clear from (1) and (4.4). O

Before proving Theorem 1.2, we briefly review the well-known theorem of Duke
on the uniform distribution of Heegner points on modular curves. Let X =
SLo(Z)\H* be with the usual fundamental domain

1
F={z=z+iy: |z| > 1, \x|§§}

Here H* = {z =z + iy : y > 0} UQU {ioco} is the extended upper half plane. A
Heegner point in X of discriminant —d is a point of the form 7 = J’Jgizb/jd with
[a, b, c] being a primitive positive definite binary quadratic form of discriminant
4ac — b* = d. Two primitive forms give the same Heegner points in X if and

only if they are equivalent, and a primitive form @ = [a,b,c| gives the point
TQ = _bga =4 in the fundamental domain F if and only if |b| < a < ¢. ie., Q

is reduced (with a couple of exceptions). Recall that a primitive form [a, b, ] is
reduced if and only if [b] < a < cand b > 0 if |b| = a or ¢ = a. In such a case, the
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smallest positive integer represented by [a, b, c] is a. Duke proved in [Du] that
the Heegner points are uniformly distributed in X, in the sense that for every
L!-function f on X (well-defined over Heegner points), one has

1 3 dr d
(4.5) lim Ef(T):W/}_f(z) Zzy.
_b_;\/:i

where the sum runs over all Heegner points 7 = on X of discriminant

—d.

Proof of Theorem 1.2:Now we are ready to prove Theorem 1.2. For 0 <
Kk < %, % > § We define a function f,; on X such that on the fundamental
domain F, it is given by

0 otherwise.

£) = {1 ify <2,

Then (4.5) gives

1 3 dr d
lim — )" lz/fn(z) o
p—0o0 T

b [a,b,c],a>%ﬁ g Y

So there is a constant N > 0 such that for every prime p = 3 mod 4 with
p > N, there is a reduced form [a, b, ¢| of discriminant p with a > F"T‘/ﬁ. In this
case, the smallest integer represented by @ = [a,b, ] is a. Now Proposition 4.2
implies that the smallest positive integer represented by the Gross lattice £(Q)
is min(p, 4a) > k./p. Let E be a supersingular elliptic curve over [, such that
Op is conjugate to O(Q). Then E can not be lifted to a CM elliptic curve with
CM by Op with D < k,/p by Proposition 3.1. This proves Theorem 1.2.

5. PROOF OoF THEOREM 1.3

The proof of Theorem 1.3 is similar with two technical complications: not every
(primitive) binary quadratic form of discriminant 4p for p = 1 mod 4 gives rise
to B, using the procedure in Section 4, and the associated order O(Q) (when
exists) is not a maximal order of B,. Let the notation be as in Section 4 but
with p = 1 mod 4. Let @ = [a,b,c| be a primitive binary quadratic form of
discriminant 4ac — b? = 4p, and let a = [a,b/2 + /—p] be an associated ideal of
Q(yv/=p). Then Q is equivalent to the quadratic form on a given by

(5.1) Qa) = 2

It is well-known that this gives one-to-one correspondence between the equiva-
lence classes of primitive binary quadratic forms of fundamental discriminant 4p
and the ideal classes of Q(y/—p), and between the genus classes of the quadratic
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forms and the genus classes of ideals. Recall that a primitive binary quadratic
form @ is in the principal genus if it is equivalent to the form [1,0, p] locally at
every prime.

Lemma 5.1. Let p = 1 mod 4 be a prime number, and let Q = [a,b,c] be a
primitive binary quadratic form of discriminant —4p. Let B(Q) be the quaternion
algebra constructed from @Q in Section 4. Then B(Q) = B, if and only if Q is
not in the principal genus.

Proof. By Lemma 4.1, B(Q) is split outside 2poo, and is known to be ramified
at co. So B(Q) = B, if and only if B(Q) is split at 2, i.e., (—¢,—p)2 = 1 or
equivalently (¢, —p)2 = —1 by the same lemma. On the other hand, it is easy to
prove that two ideals a and b are in the same genus if and only if (Na,—p); =
(Nb, —p), for all primes [ < co. Indeed, they are in the same genus if and only if
a; = byay (for some oy € Oy, ® Z;) with

N(za))  N(a)
Na  Nb
for every x € by = b ® Z; (i.e., their associated quadratic forms are locally

equivalent). This is the same as (Na,—p); = (Nb,—p);. So by the comment
before the lemma, @ = [a, b, ¢] is in the principal genus if and only if (a, —p); = 1
for all | < oo. It is easy to check (a,—p); = 1 for [ { 2p. Since 4ac — b> = 4p,
one sees that (a, —p)a = (¢, —p)2. So @ is in the principal genus if and only if
(¢,—p)2 = 1. This proves the lemma. ([

Lemma 5.2. Let Q = [a,b,c] be a primitive binary quadratic form of discrim-
inant 4p which is not in the principal genus. Let O be an mazimal order of

B(Q) = B, containing O(Q), and let Lo be the Gross lattice of O. Let
0(Q) = {z € 0(Q) : tr = 0}.
Then Lo C O(Q)°, and
0(Q)° = Zw + Zwy + Zws
with w = vy — b/2, and v; being given in Section /.
Proof. Tt suffices to prove 20 C O(Q). First notice that b has to be even. Let

by = b/2 and w = vy — by, then trw = 0 and w? = —p. Clearly 1,w,vs and v3
give a basis of O(Q). Since the Gram matrix of O(Q) has determinant 16p?, one
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has [0 : 0(Q)] =4. If v = z¢ + 1w + x9vy + 2303 € O, then z; € iZ. A simple
calculation using Table 1 gives

(5.2) v? = 2x0v — 2 — 23p — w3 — 230 + by w03,

Since v is integral over Z, one has xg € %Z. The same argument with wv € O
gives x1 € %Z. For the same reason, vov and vsv € O imply

1
(5.3) :L‘3b1 — C$2,$le —x3a € §Z,

If by is even, a and c are odd, and x3by, x2b; € %Z. So x9,x3 € %Z by (5.3). If
by is odd, then ac is even, say a is even, and ¢ is odd (since [a, b, ¢]) is primitive).
Then (5.3) implies 22b; and thus x4 € %Z. So x9by —cxg € %Z and thus z3 € %Z.
So O C LO(Q). O

Remark 5.3. With a little calculation, one can show that there are two maximal
orders of B, containing O(Q). One can also show that every maximal order of
B, with an element w? = —p can be constructed this way.

Proof of Theorem 1.3: We use the same notation as in the end of Section 4.
For every 0 < k < g, we define f,; on F as follows and extend it to an L'-function
on X.

1 ify<
0 ify>

flﬁ(l‘ +iy) = {

Then applying (4.5) to f. gives for p=1 mod 4,

1 dx d 1
limh— Z 1:3/]”,{(2) x2y21—§/§>5
pmee ap [a,b,c],a>k/p TJF Yy g

So there is a constant N = N(x) > 0 such that for all p = 1 mod 4 with
p > N, there is a reduced form @ = [a, b, | of discriminant 4p not in the principal
genus with a > x,/p. Since the smallest positive integer represented by @ is a,
the smallest positive integer represented by O(Q)° is min(p,a). So the smallest
positive integer represented by Lo is bigger than or equal to min(p,a) > x./p.
Now applying Proposition 3.1, one obtains Theorem 1.3.

A= F =
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