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Explicit Plancherel Measure for PGL;(F)

CARLOS DE LA MORA

Abstract: In this paper we compute an explicit Plancherel for-
mula for PGLy(F) where F is a non-archimedean local field by a
method developed by Busnell, Henniart and Kutzko. Let G be con-
nected reductive group over a non-archimedean local field F. We
show that we can obtain types and covers (as defined by Bushnell
and Kutzko in “Smooth representations of reductive p-adic groups:
structure theory via types” Pure Appl. Math, 2009) for G/Z com-
ing from types and covers of G in a very explicit way. We then
compute those types and covers for GLo(F) which give rise to all
types and covers for PGLo(FF) that are in the principal series. The
Bernstein components § of PGLs(FF) that correspond to the princi-
pal series are of the form [T, ¢]s where T is the diagonal matrices
in GL2(F) modulo the center and ¢ is a smooth character of T. Let
(J,Ap) be an 5-type. Then the Hecke algebra H(G, \,) is a Hilbert
algebra and has a measure associated to it called Plancherel mea-
sure of H (G, 5\@). We show that computing the Plancherel measure
for PGL2(IF) essentially reduces to computing the Plancherel mea-
sure for H(G, \,) for every type (J,\,). We get that the Hilbert
algebras H (G, A,) come in two flavors; they are either C[Z] or they
are a free algebra in two generators sp, sy subject to the relations
s =1and s3 = (¢7'/2 — ¢71/?)sy + 1. We denote this latter alge-
bra by H(g,1). The Plancherel measure for C[Z] as well as the
Plancherel measure for H(g, 1) are known.

Keywords: Plancherel Measrue, PGL2, Types and Covers.

1. Introduction

We will start by giving a characterization of the Plancherel measure as given
by Dixmier in [Dix77, 18.8.2l. Let G be a locally compact group with Haar
measure pug and denote by G the set of irreducible unitary representations
of G. If G is separable, unimodular and such that the enveloping C*-algebra
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of GG is postliminal then there exists a unique measure v on the set G (which
depends on the Haar measure ug) such that for every u € L'(G) N L?(G)

/ fu(s) Pdpc(s) = [tr<c<u><<u>*>du<<>.
G G

The measure v is the Plancherel measure.

Let us assume in what follows that G is a connected reductive group
defined over a non-archimedean local field F. Then G is totally disconnected
and we may form the Hecke algebra H(G) of all locally constant, compactly
supported functions. More precisely, let H(G) to be set of all functions f :
G — C with the properties:

1) there exist a compact open subgroup K of G such that f(gk) = f(g)
for all k € K,

2) f has compact support.

For fi, fo € H(G) we define the function f1 x fa(y) = [ f1 (z) fo(z™ty)dug.
We call the function f; x fo the convolution of f; and fo. With the convolu-
tion product the set H(G) obtains the structure of an associative complex
algebra.

We continue with the assumption that G is a connected reductive group
defined over a non-archimedean local field F, then according to a theo-
rem of Bernstein [Ber74], G is postliminal. Also G may be embedded in
some GLy (F) for some positive integer N showing that G is separable since
GLy (F) is separable [Renl0, p. 121]. It is also well known that a connected
reductive group defined over a non-archimedean local field FF, is unimodular
[Renl0, p. 121]; therefore, satisfies all the conditions for the existence of the
Plancherel measure.

In the case where G is a connected reductive group defined over a non-
archimedean local field we can characterize the Plancherel measure in a
slightly different and more convenient way. Indeed,

Theorem 1. The Plancherel measure v is the unique measure on G such
that

£0) = [ (CNavto). e HE),
There has been a considerable amount of research on the topics related to

the Plancherel measure for connected reductive groups over a local field. One
of the most important expositions is by Waldspurger following the work of
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Harish-Chandra [Wal03]. The Plancherel Measure is also used in applications
of the celebrated Arthur’s Trace formula [Art91]. The main objective of
this paper is to compute the Plancherel Measure for PGLy(FF) where F is
a non—archimedean local field. We will like to mention that the Plancherel
measure has been computed by a completely different method by Silberger
in [Sil70]. However, Silberger restricts to the case where the characteristic
of the residue field is odd while we do not impose any restriction.

1.1. The methodology

The method that we use to compute the Plancherel measure relies heavily
on the theory of types and covers developed by Kutzko and Bushnell. We
therefore make a quick introduction to the theory of types and covers and
refer to [BKO01] for the proof and definition of the following results.

1.1.1. Types and Covers.

Definition 1. A cuspidal data is a pair (M, (o, W)) where M is a Levi com-
ponent of a parabolic subgroup P of G and (o, W) is an irreducible supercus-
pidal representation of M. We should understand by the notation P = M N
that M is a Levi component and N is the unipotent part.

Definition 2. Let (M;, (0;, W;)), i = 1,2 be two cuspidal data. We say they
define the same inertial support if there exist an unramified character x of
M such that

nggfl = M5 and o9 = O'“i] & X.

We denote by [(M, (o0, W))]a the class of cuspidal data that define the
same inertial support as (M, (o1, W1)) and by Z(G) the set of all these
equivalence classes. If (7, V') is an irreducible smooth representation, then
there exists a parabolic subgroup P = M N, a unique element s € #(G) and
a representative (M, (o, W)) € s such that (o, W) is a composition factor of
rG(m, V). Saying that (o, W) is a composition factor of r&(mr, V) is equivalent
to say Hom s (r$(m), o) # 0 or equivalently Homg(, (% (o)) # 0.

Definition 3. If (w,V) is an irreducible smooth representation of G and
(M, (0, W))]c = 5 € B(G) satisfies Homg(m,1%(0)) # 0. We say then that
(w, V) has inertial support in s and denote it by I((7,V)) € s.

Let R(G) be the category of smooth representations of G. The Bernstein
decomposition that can be found originally in [Ber84] and explained in great
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detail in [Renl0] gives us that R(G) can be decomposed as a product of
subcategories R*(G):
R = [] ®©GD.
seB(G)

The symbol R*(G) denotes the full subcategory of S3(G) where a smooth
representation (mw, V') is an object of R*(G) if and only if every irreducible
subquotient (7, E) of (m, V) has inertial support in s.

Let K be a compact open subgroup of G and let (p, W) be an irre-
ducible K-representation. Let (p, W) be the contragradient representation.
Let H(G, p) denote the space of compactly supported functions f: G —

Endc(W) such that
f(kigka) = p(k1) f(9)p(k2), where k1, ks € K, g € G.

The operation of convolution

f1 % falg) = /G £1(2) fola " g)duc () fr. fa € H(C. p),

gives H(G, p) the structure of an associative complex algebra with identity.
We denote the identity by 1(g ,) and is given by

pa(K)

0 otherwise.

1 - .
——p(x) ifzekK,
LG (x) = {

Definition 4. Let K be an open compact subgroup of G. Let (p, W) be an
irreducible representation of K. Then denote by

IG(P) = {iL‘ € G‘ HomxfleﬂK(pxa P) 7£ 0} .
Where p®(y) = p(zyxz~1), foryc 2 'Kz N K.

Lemma 2. Using the notation of the preceding definition we have the fol-
lowing list of results.

i) If x € Ig(p) then KoK C Ig(p).

ii) x € Zg(p) if and only if there exist a function f € H(G,p) such that
the support of f is Kz K.

iii) x € Zg(p) if and only if there exist a function f € H(G,p) such that
the support of f contains Kz K.
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iv) Let Ho(G,p) ={f € H(G, p)| supp(f) C KzK} then

HG.p)= D H(Gop).
zeK\Zc(p)/ K

Let (m, V) be a smooth representation of G and let K and (p, W) be as
above; the space V, = Homg (p, V') has the structure of a left H(G, p) mod-
ule with the action given by (f - T) : w = [, n(x)T (" f(x)w)dua(x), for f €
H(G,p), T € V, and where  denotes the transpose operator. Given an s €
#(G) there is a functor M, : R*(G) — H(G, p)-Mod given by M, (7,V) =
Hompg (p, V).

Definition 5. The pair (K, p) is an s-type if an only if the functor M, :
R*(G) — H(G, p)-Mod gives an equivalence of categories.

Theorem 3. Let s be an element in B(G). The pair (K, p) is then an s-
type in G if and only if, for an irreducible representation (w,V) € R(G), we
have 3(m) € & if and only if Homg (p,m) # 0

Let P, = M N, be a parabolic subgroup of G with Levi component M
and unipotent radical N,. Let us denote by N; the opposite of N, relative
to M and Py = M N, where Ny is the unipotent radical for . Consider the
pair (J,7) where J is a compact open subgroup and (7, W) an irreducible
representation of J.

Definition 6. The pair (J,7) is said to be decomposed with respect to
(M, P,) if there following conditions hold:

) J=JNAN,- JAM-JNN,,

ii) the groups J N Ny and J N Ny are both contained in the kernel of T.

Let 2 (M) denote the center of M. Suppose that (J,7) is decomposed
with respect to (M, P,). We write Jy, Jy and J, for JN Ny, JN M and
J N N, respectively.

Definition 7. An element z € M is said to be positive if
2Jyz"t C Iy, and 27V Iz C Jy.

Definition 8. An element ( € 2 (M) is said to be strongly (P,,J )-positive
if
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i) C is positive,

ii) for any compact open subgroups Hi,Hs of N, there exist an integer
m > 0 such that ("H.(™™ C Hy

iii) for any compact open subgroups Ki,Ks of N there exist an integer
m > 0 such that (T K1(™ C Ko.

Definition 9. Let M be some Levi subgroup of G. Let Jar be a compact
open subgroup of M and (Tar, W) an irreducible representation of Jyr. The
pair (J,7) is a G-cover of (Jar, Tar) if the following conditions hold:

i) (J,7) is decomposed with respect to (M, P), for any parabolic subgroup
P with Levi component M,

i) JNM = Jy and 7|5, = Ta,

iii) for every parabolic subgroup P with Levi component M there exists
an invertible element in H(G,T) supported in the double coset JzplJ,
where zp € Z (M) is strongly (P, J)-positive.

Let sy = [L,0]p € B(M). We have that L is a Levi component of some
parabolic subgroup of M and o a supercuspidal representation of L. Then
[L,o]n determines the element [L,o]g € #(G). We introduce the notation
5G = [L ) U]G’ .

Proposition 4. Let M be a Levi subgroup of G and let sp; be an element in
PB(M). Consider sg € B(M) as above. Assume that (Jur, Tar) is an spr-type
and that (J,7) is a G cover of (Jar,7ar). Then (J,7) is an sg-type.

Let R, .S be two rings with identity and let ¢ : R — S be a ring homo-
morphism sending the identity in R to the identity in S. We can regard
S as a R-S bimodule where R acts on the left by ra = ¢(r)a and S acts
on the right by multiplication. We denote by ¢, the covariant functor ¢, :
R-Mod — S-Mod where ¢,(M) = Hompg(S, M).

Theorem 5. Let (Jyr, 7ar) be an sy-type and (J,7) a G cover of (Jar, Tar)-
Let P = MN be a parabolic subgroup of G. Let us choose Haar measures pug
and ppr such that pa(J) = pn(Jyv) = 1 and form the algebras H(M, Tar),
H(G, ) with respect to these measures. Then there exists an injective algebra
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homomorphism t' : H(M,7ar) — H(G, T) such that the diagram

Rex (M) ——L—— R (G)

o
H(M, 1pr)-Mod ) H(G, 7)-Mod

is commutative. Moreover if a € Iyi(Tar) is a positive element with respect
to (P,J). Then for h € H(M,Tanr) with support JyraJur, to(h) has support
in JaJ and t'(Rh)(a) = h(a)dp'(a).

We see that theorem 5 gives that the functor of induction Ind% cor-
responds a functor (%), given by the algebra homomorphism t%. We can
obtain a similar result for unitary induction.

Theorem 6. Let (Jyr, Tar) be an spr-type and (J,7) a G cover of (Jar, Tar).
Let P = MN be a parabolic subgroup of G. Let us choose Haar measures ug
and ppr such that pa(J) = pua(Jar) = 1 and form the algebras H(M, Tar),
H(G, T) with respect to these measures. Then there exists an injective algebra
homomorphism tY, : H(M,ar) — H(G, T) such that the diagram

Rer (M) ——F—> R°¢(G)

lMTM \LMT
H (M, 1pr)-Mod e H(G, T)-Mod

is commutative. Moreover if a € Iy;(Tar) is a positive element with respect

to (P,J). Then for h € H(M,1ar) with support JyraJy, th(h) has support

in JaJ and t}(h)(a) = h(a)5;1/2(a).

1.1.2. Hecke Algebra of a Cover. We end this chapter with a result
of Bushnell and Kutzko [BKO01]. This result is useful to compute the Hecke
algebra of a cover. Let

t=[L,o] € B(L).
The element t also defines an element s = [tjg = [L,0]g € B(G).

Assumptions.

i) There is a open compact-mod-center subgroup Jr, of L and and an
irreducible smooth representations 77, of Jz, such that o = ¢ Ind% (7).
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ii) The representation 77, = 77| J, 18 irreducible, where J; denotes the
unique maximal compact subgroup of Jr,.

iii) An element x € L intertwines 77, if and only if x € Jr.

Let (J,7) be a G-cover for (Jr,7r). We therefore get by proposition 4
that (J,7) is an s-type. For a parabolic subgroup P = LN of G we get by
5 an injective homomorphism ¢4 : H(L,71) — H(G, 7). We can identify
H(L,7r) with a subalgebra of H(G, 7). Let K be a compact subgroup of G
that contains J. We can then form the subalgebra of H (K, T) consisting of
functions with support contained in K. We can let Ng (L), the G normalizer
of L, act on A(L) by x-[L,y]r = [L,"]. We write W, for the (finite)
N¢g(L)/L-stabilizer of t.

Theorem 7. With the notation above

i) The map
H(L, ) QH(K,7) — H(G,T)

(f@@)— fxo
is an injective homomorphism of H(L,tr)-H(K, T)-bimodules.
ii) We have dimc(H(K, 7)) < [W|.
iii) If dime(H(K, 7)) = |[Ws|, then the map of i) is an isomorphism.
1.1.3. Explicit Plancherel Mearsure. The method that we use to com-
pute the Plancherel measure for PGLy(F) follows closely a method developed

by Bushnell, Henniart and Kutzko; all the results in this subsection can be
found in [BHK11].

Definition 10. A Hilbert algebra is a complex algebra A with an involution
and carrying a positive Hermitian form [,] such that:

) [zl =y 27], 2y € A

iii) for every x € A the mapping y — zy of A into A is continuous with
respect the topology induced by |, ];

iv) the set of elements xy for x,y € A is dense in A.
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A Hilbert algebra is called normalized if it has a unit e and the inner
product satisfies [e, e] = 1.

Let A be a normalized Hilbert algebra, and let A be the Hilbert space
obtained by completing A with respect to [, ]. The action of A on itself by left

multiplication induces an injection of A into the space -Z(A) of continuous
linear operators. We denote by ,C*(A) the closure of the image of A in

Z(A) and by ,C*(A) the set of all irreducible unitary representations of the
C*-algebra ,C*(A).

Theorem 8. Let A be a normalized Hilbert algebra, with unit element e,
such that ,C*(A) is liminal. There is then a unique positive measure v4 on

+C*(A) such that:

0, ¢] = / __ tr(n(a)valn)

C~(4)

We refer to va as the Plancherel measure for A.

Let K be a compact open subgroup of G and let (p, W) be an irreducible
representation of K. There exists a unique, up to a constant, positive Her-

~

mitian form (,) on W invariant under K. The algebra Endc (W) carries an
involution a — a* given by (a*w,w’) = (w,aw’), a € End¢c(W) w,w’ € W.
This involution induces an involution h — h* on the Hecke algebra H(G, p)

given by h*(x) = h(z=1)* for h € H(G, p), g € G. We regard H(G, p) as a

normalized Hilbert algebra with positive definite Hermitian form [,] given
by
MG(K) *
h] = t h*(1
£.h] = B0 (1)

Let (7, V) be an irreducible unitary representation of G. Then the sub-
representation of smooth vectors (Woj, Vo) is an irreducible smooth rep-
resentation of G. If we denote by .G the subset of G that supports the
Plancherel measure then the Bernstein decomposition induces a disjoint
union

TG\ - Uﬁee@ Té(g)

Whereié(s) is the set of all (7, V) € -G such that (7°,V>°) € R*(G). The
sets ,G(s) are open in ,G; we conclude that a subset S of .G is Borel
if and only if ,G(s) NS is Borel for every s. The functor M, induces a
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homeomorphism
M, :,G(s) — ,CF(H(G, p))

where MP((F,V)) = M, ((7*°,V*°)). Moreover, if S is a Borel subset of
+G(s) and v is the Plancherel measure on G associated to the Haar measure
wa, then
() (8) = <L, (M, ()

v(S) = v :
It follows that in order to obtain an explicit Plancherel measure for G it is
enough to obtain an explicit Plancherel measure vy ) where (K, p) is an
s-type for every s € Z(G).

1.2. The Affine Hecke Algebras #(qi1,g2)

The results of this and the following subsection with the exception of corol-
lary 15 are taken from a paper by P. Kutzko and L. Morris [KMO09]. In the
paper the authors compute the Plancherel measure for the affine Hecke alge-
bras H(qi, g2) in two real parameters q; > go > 1. This will be useful for us
because we will show later that for certain types (K, p) for PGL2(G) the
Hecke algebra H(G, p) is isomorphic to an affine Hecke algebra #H(q1, g2).

Definition 11. Let q1 > g2 > 1 be two fized real numbers and set v; =
qil/Z7 Ci =Y — 'yi_l fori=1,2. We let H(q1,q2) be the complez algebra with
identity 1 and two generators s;, 1 = 1,2 subject only to the relations

s?=cisi+1,i=1,2

Viewed as a complex vector space the algebra #H(qi, g2) has a basis con-
sisting of elements w = Hleui, u; € {s1,s2} where wu; # u;j4q for 1 <i <
k — 1. (We allow for the case k = 0 as well; in that case, we set w = 1.) We
refer to these elements as words and denote the set of words by W.

We can give H(q1,q2) the structure of a Hilbert algebra. Let © — z* be
the involution characterised by the following properties.

i) sf=s;, 1=1,2
ii) x — 2* is multiplication reversing and conjugate linear.

We define the functional A : H(q1,g2) — C by setting A(1) =1, A(w) =0,
weW, w# 1. For z,y € H(q1,q2) we set [z,y] = A(zy*).
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Proposition 9. #(q1,q2) is a Hilbert algebra with respect to [,].

Let p be a 1-dimensional algebra homomorphism from H(q1,q2) into
C. Then p(s;)? = ¢;p(s;) + 1 and this quadratic equation has two solutions
i.e p(s;) =~ or p(si) = —v; *. We therefore have 4 1-dimensional algebra
homomorphisms.

We set d = s1s9 and set D = C[d,d"!]. We then get that H(q1,q2) =
D Ds;. We have a functor of induction that we denote by indg(ql’qz) :
D-Mod — H(q1, g2)-Mod given by indg(ql’qz)]\f = Homp(H(q1,q2), N) for a
left D module N. We consider a 1-dimensional representation x : D — C
and denote by C, the space where x acts. It is clear that the representation
C, only depends on the value of x(d). We set (o, M,) = indg(ql’%)CX and
note that (o, M, ) is then a two dimensional representation of H(q1,¢2).

Proposition 10. All the irreducible unitary representations of H(q1,q2)
have dimension less or equal than 2. Moreover, the two dimensional unitary
representations are of the form (oy, M) where |x(d)] =1 and Imx(d) >0

or x(d) € (—2£,1) U (1,m72).

Proposition 11. Let ﬁ(ql,qg) denote the set of irreducible unitary repre-
sentations of H(q1,q2). The map (7,V) — (ﬂ",H(ql 42)? V) is an injection of

O (M (q1, 42)) into Hqr, ¢a)-

We can see that proposition 11 implies that all irreducible representa-
tions of ,C*(H(q1, q2)) are of dimension less or equal than 2. It follows that
+C*(H(q1,q2)) is a liminal (or CCR) C*-algebra. We then have that there
exist a Plancherel measure vy (g, 4,) for H(q1, g2). We write ,C*(H(q1,q2)) =
/lg U /ll where AZ denotes the set of equivalence classes of irreducible rep-
resentations of dimension ¢ = 1,2

Theorem 12. Let Ay be as above. Let Y ={s € C:|s| =1 and Im(s) >
0}. Then the map 0 :' Y — Ay given by 0(s) = (oy, M) where x(d) = s is a
homeomorphism.

We thus get a positive measure v in Y given by 19(S) = v(4, 4.)(0(5))-
We have that s; and s are invertible elements in H(q1, ¢2) therefore d = s;1s9
is an invertible element. Let z = d +d ! and set f(2) = 2% — c1caz — (3 +

B+4)=(z—(me+5))E+ (2 +2).

Theorem 13. Let |dz| denote the positive measure on'Y given by arclength.

Let h: Y — C* be given by h(s) = fc((z;(;;l)) where x is the 1-dimensional
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representation of D such that x(d) = s. Then |dz| is absolutely continuous
with respect to dvy and dvy = 5-h|dz|.

We can see that we have a very explicit description of the Plancherel
measure in A;. We now take our attention to the A;. We have already
mentioned that A; has at most 4 points.

Theorem 14. A; has at most 2 points and consists of the representations
(non necessarily different) p1, pa where p1(d) = —% and po(d) = ﬁ The
points have positive measure

y ()= (=t 1), (po) = 2 (Bt 2]
H(q1,92) \P1 9 q1+1 q2+1 » YH(q1,q2) \P2 92 q1+1 q2_|_1 .

1.3. Explicit Plancherel measure for (g, 1)

We have completed the goal of giving a description of the Plancherel measure
VH(q1,q:)- We will make use of this result while computing the Plancherel
measure for PGLy(F). We will show later that the Hecke algebras obtained
from the types for PGLg(FF) are isomorphic to the algebras #H(q,1) where
g > 1 or the group algebra of the integers C[Z)].

Let s € C and define L(1,s) = (1 — ¢~%). The map t — ¢** from [0, ﬁ]
into Y is a Borel isomorphism that takes the measure %dt to %\dz]. Let
P(t) =h(q") = >§<((z;(;;1)) where x(d) = ¢**. We will like to write the function
P(t) in terms of functions of the form L(1,s),s € C. For that end we first
compute

X(22 —4) = (¢ + i) — 4 = ¢?it £ g%t _ 2

it ity !
=~ ="~ = it

We now compute x(£(2)) = (2 = (¢"2+ g72) - x(z + ("2 + 7).
We get the following equations:
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L) xz— @+ =¢"+ " = (¢ + )
_ _q1/2(1 _ qit—1/2)(1 _ q—it—l/Q)

(2) X(Z+ <q1/2 _’_qfl/Z)) — qit + qfit + (q1/2 + q71/2)
_ q1/2(1 +qit71/2)(1 +q7it71/2)

Multiplying 1 and 2 we get

X(F(:) = a1 = (1 =g = g

We then conclude that

o x(Z2=4) L(1,1-26t)L(1,1 + 2it)
PO =R =50y =1 1 L(1, —2it) L(1, 2it)

We also have that H(g,1) has two distinct one dimensional representa-

tions py, po with positive Plancherel measure where pi(d) = ¢~ /2, pa(d) =
~1/2
—q1/2,

Corollary 15. The Plancherel measure vy 4.1y of the Hecke algebra H(q, 1)
can be identified with the interval |0, ﬁ] and a measure %Pdt where dt

gives the Lebesgue measure in the interval and
L(1,1 —2it)L(1,1+ 24t
P(t):qil(’ 7")(’""_@)
L(1, —2it)L(1, 2it)

union two points p1, pa where

1/g—1
Vi) (1) = vran o) = 5 (57 )

2. Types and Covers for GLy(F) related to PGLy(F)

We first introduce some notation. Unless explicitly stated otherwise, by G we
mean GLg(F). We denote by Z the center of G, by B, the upper triangular
matrices and by By the lower triangular matrices. We denote by G the
quotient group G/Z = PGLy(F). Likewise if x € GLy(F) and S C GLy(F)
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we denote by Z and S the image of 2 and S respectively under the quotient
map. If H is a subgroup of G and p is a representation of H trivial on H N Z
we will denote by p the representation of H given by p(Z) = p(x) for x € H.
We denote by O the ring of integers in F with maximal prime ideal p and
by w a prime element in O. We let ¢ be the number of elements in the finite
field O/p and we let v be the valuation on F* such that v(w) = 1. Let G’ be
a connected reductive algebraic group defined over F and let X*(G’) be the
group of rational characters i.e. morphisms of algebraic groups from G’ into
GL; defined over F. We define °G’ = ﬂxeX*(G,) ker |x|r. A smooth character
of G’ is then unramified if is trivial on °G’.

We have that GG has up to conjugacy only two Levi subgroups. The first
one is the diagonal matrices which we denote by T and the second one is
the whole group G. Similarly G has up to conjugacy only two Levi sub-
groups namely T and G. Let 5 = [T, p]¢ € %(G) (see Bernstein decomposi-
tion 1.1.1). We have then by definition of 5 that ¢ is a character for T = F*.
If we consider ¢ as a character of F*, we can regard ¢ ® ¢! as a character
of T and hence construct an element 5 € Z(G) by setting s = [T, » ® ¢~ !g.
Later we will show that an s-type can be related to a s-type.

The goal of this section is to construct an s-type for s of the form [T, ¢ ®
o g € B(G). Let [s]t = [T, @ o Y. It is rather trivial that the pair
(°T, p ® ¢ 1|op) is a [s]p-type. We will give a justification of this fact as a
warm up. Let (m,V) be an irreducible representation of T. Then (7, V) €
QL= (T) if and only if 7 = ¢ ® ¢~ ® x, where y is an unramified character
i.e trivial in °T. Hence the restriction of m to °T is equal to ¢ ® ¢~ oy
showing that Homer(¢ ® ¢t op, V) # 0 and therefore by [BKO1, (4.2)] we
get that (°T, ¢ ® ¢~ |op) is a [s]r-type.

It follows from [BKO1, (8.3) Theorem| that in order to construct an s-
type it is enough to construct a cover for (°T, p ® ¢~ !|.r) (see [BKO1, (8.1)]
for the definition of a cover). Define the integer sw(y) to be the smallest
positive integer n such that 1 + p™ C ker . Let J = J,, be the compact sub-
group of G given by:

J={[cij] € Gl cr1,022 € O, c12€ O, ca1 € ps )y

and define the function A = A, on J by A([e;5]) = ¢?(c11)p ! (det[e;s]). Let
us check that A is a one dimensional representation of J.

Aaig] - [bis]) = @*(a11bir + arzbar) ™" (det([a;] - [ba]))
0 (a11b11(1 + arabar (a11b11) ™))~ ' (det([ags]) det([by]))
= @*(anbnn)e ' (det([ay]) det([bi])) = A[ai])A([bi)).
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Only the third equality deserves an explanation and that follows from the
fact that ajo € O and by € p*@ %) then ajaby; € p*@#”). Since a1y and by
are units in O we get that 1 + ajobo1(airbyr) "t €1+ psw(‘Pz) C ker ?, hence
the equality. Note that if [¢;;] is a diagonal matrix in J then

([Cij]) = @2(011)@_1(det[0ij]) = 902(011)@_1(011022)
= p(ency ) = 0 @0 ([ey)).

In other words the restriction of A\, to TN J = °T is equal to ¢ ® oL
The group J is compact and the pair (J,, A,) is our candidate to be
a G-cover for (°T,p ® ¢! or) and therefore an s-type. We have only two
parabolic subgroups with Levi component T, namely the upper triangular
matrices and the lower triangular matrices. For a matrix [¢;;] € G, if ¢11 # 0

we have

(3) Cc11 C12 _ 1 0 C11 0 1 61261_11
C21 €22 02101_11 1j 10 (011022—021012)01_11 0 1

and if coo # 0 we have

(4) [C“ 012] _ [1 01202_21} [(011022—021012)0521 OH 1 0]

—1
CcC21 €22 0 1 0 C22 C21Coy 1

It follows at once that for a parabolic subgroup P with Levi component
T we get (J,\) is decomposed with respect to (T, P) (see [BKO1, (6.1)] for
the definition of being decomposed). Indeed, if P = B,, the upper triangular
matrices then 3 gives us the desired decomposition and if P = By is the lower
triangular matrices then equation 4 will do the job. We have remarked before
that the restriction of A, to TN .J = °T is equal to ¢ ® ¢~ !. Hence in order
to show that (J,,\,) is a G-cover for (°T, ¢ ® ¢ '|op) we need to prove
the existence of an invertible element in H (G, \) supported on JzpJ where
zp is a strongly positive element with respect to (J, P) for every parabolic
subgroup P with Levi component T. (see [BKO01, (6.14)] if you need to recall
the definition of strongly positive).

Consider the set Zg(\) = {z € G|Homg-17,07(A", \) # 0}. Let

Hio(G,N) ={f € H(G,\)| supp(f) C JxJ}.

We see that for f € H,(G, ), f is determined by its value at x and since
A is one dimensional, H,(G, \) has dimension one for = € Zg(\). Let g, €
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Ha (G, A) for z € Z()) be given by g, (z) = 1. Likewise we can define gz €
Hz(G, ) for T € Zs(N) be given by gz(z) = 1.

Lemma 16. Let G be a connected reductive group over a non archimedean
local field. Let J be a compact subgroup and \ a one dimensional represen-
tation of J. Let g, € Hy(G,N) for x € Ig(N) be given by g.(x) =1. Then
9r = Yo 1-

Proof. Let y = ji2~'jo where j1,j2 € J. Then

Ge() = (92(y™))" = (92053 gy )" = (G2 DAGT )"
= (AU (A2 )" = M) AG2) = go-1(y)

If y is not in Jx~1J then y~! is not in JzJ so gi(y) = (g.(y~1))* =0

gz—1 (y) U
Let IT = [§ 9]. Then for n > 1, II" is easily seen to be strongly p081t1ve

for (J, By,) and H is strongly positive for (J, By). The elements IT, I~
in Zg(A) then by [BHO06, 11.2 Lemma] we can claim the existence of g and

gr-1.

Proposition 17. If ¢?|ox # 1 then the pair (J,, \,) = (J, \) is a G-cover
for (°T, o @ ¢~

o)

Proof. It will be enough to show that g and grp-1 are invertible to finish the
proof of the proposition. We claim that the element g7 * gr7-1 has support in
J. We know that g * gi—: has support in (JILJII"1J) N Zg()). Using the
decomposition of J = Jy - Jp - J,, with respect to B, we get that IIJII~! =
(ILJ T~ Y (T~ (I, I~ Y) = ILJ I Y Uy J, C ILJIT1J. The last equal-
ity is true because II is positive element with respect to (J, By,), so ILJ,II"1 C
Jy and IT commutes with every element of Jy. Let ¢(y) = [31/ (1]] and suppose
that c(y) € (ILJ -1 — J). We see that v(y) = sw(p?) — 1.

We will prove that c(y) does not intertwine A. Since p?|px # 1 there
exists a € O such that ¢?(a) # 1. Let us first consider the case where
sw(p?) = 1. Then y~! € O. Let

o — [g (a—ll)y‘l] . [(1] (a—i)y‘l}

We have z1, 22 € J and c(y)z1c(y) ™! = 22, but

Mz1) = p*(@)¢™ (@) = p(a) # p(a™") = A(a2)
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so ¢(y) does not intertwine A.
If sw(p?) > 2 take z € p**(#*) =1 such that ¢?(1 + 2) # 1. Then 2y~ € O
and zy € p¥*). Consider the elements

1 —zy~ ! |1 +z —zy~ !
xl_[—zy 1 ],@—[ 0 1—2

We have z1, 22 € J and c(y)z1c(y) ™! = z2 but A(z1) = p?(1)p~1(1 — 2?)
and \(x2) = @%(1 4+ 2)p (1 — 22). Since ©?(1 + z) # 1 we obtain \(x;) #
A(z2). This finishes the proof of our claim.

We then get that g * gr-1 is a constant multiple of the identity. If we
show that g * gii-1(1) # 0 we will finish the proof of the proposition. Let
us compute grg * grp-1(1)

grgno (1) = /G on1(@) g (2~ dpig ()

= / gu(@)gn- (2~ ") dpg ()
JIIJ
= p(JIJ)=q#0

The first equality is just the definition, the second equality follows from the
fact that the support of grr is contained in JIIJ and the third equality is
true because if x € JIIJ then x = j111js for some j;,jo € J then

gr(@)gn— () = gu(illje)gn- (g "5

= AJ)AG2)AGE HAGTY) = L.

This finishes the proof of the proposition. O

We will now consider the case where ¢%|ox = 1. In this case J, is the Iwa-
hori subgroup and we denote it by I. If we let K = GL2(0) and w = [{ }], we
have a decomposition K = GL2(O) = I U Iwl. The element w intertwines A,
therefore by [BH06, 11.2 Lemma| the existence of an element g,, € H(G, \).

Proposition 18. If ¢%|ox =1 then the pair (Jy,Ay) = (J, A) is a G-cover
for T, p @ ¢!

o)
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Proof. The support of g, * g,, is contained in K = I U [wl, therefore there
exists complex numbers a and b, such that g, * g, = agw + bg1.

gurgu(l) = /G 9u(@) g0 (@) ()
- /I u(@)aulapa(x) = pe(Twd) £ 0

We get that b = gy * gu(1) # 0. So g, satisfies a quadratic equation with
non-zero constant term and therefore it is invertible. Let a = [2 }]. Con-
jugation by « is an automorphism of G that fixes I and also we have that
Maza™!) = X(z) for all € I. Therefore there are elements g, and g,-1.
We have that g, * go—1 has support contained in Iala~'I = I. We see that
Jo * ga—1 = pa(Lad) # 0. We then conclude that g, is invertible and since
gw 1s invertible we get that g,, * g, is invertible. The support of g, * g, lies in
Twlal = Twal = I111. Similarly g,-1 * gy is invertible and has support in
Ia ' TwlI = Ia~'wl = ITI7'] so we get that the proposition holds true. [0

3. Types and Covers for GL2(F) mod the center

We have computed types and covers for G and we mentioned before that we
want to relate them to types and covers for G. Let P = LN be a parabolic
subgroup with Levi component L and unipotent subgroup N. Let o be a
supercuspial representation of L trivial on Z. Then P = LN is a parabolic
subgroup of G with Levi component L and unipotent subgroup N. Let s =
[L,o]g and denote by § = [L, 5]g, where 6(z) = o(x) for x € L. Finally, let
(p, W) be an irreducible representation of a compact open subgroup J of G.

Proposition 19. With the notation above, if (J, p) is an s-type then p(z) =
1 for all z € ZNJ and (J, p) is an s-type, where p(Z) = p(x) for x € J.

Proof. Let f € Ind$o, then z - f(z) = o(2)f(z) = f(z) for all z € Z, there-
fore the representation IndIGpa has a trivial central character. Since (p, W) is
an s-type Hom s (p, Indga) # 0 so p has also a trivial central character. So it
makes sense to talk about p as a representation of J 2 .J/(J N Z). Now let
(7, V) be an irreducible representation of G such that J((7,V)) € 5. Consider
(m, V) the representation of G such that 7(z) = 7(z). Since J((7,V)) €5
then there exist an unramified character v of L such that Homg (7, Indgﬁg ®
1) # 0. Let ¢ be the representation of L such that ¢(z) = ¢(Z) for x € L and
let g € §. For f € Ind%o9 @ ¢ we get z- f(z) = o(g9zg~ (2) f(z) = f(=).
We can thus consider Indgag ® 1) to be the G-representation acting on the
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same vector space than Ind%¢Y ® ¢ and where zf = f(z) for all z € G,
f € Ind%o9 ® ). We conclude that the map f +— f where f(z) = f(z) is a
G-isomorphism from IndIGpag ® 1Y to Ind%&g ® ). Then

Homg (7, Ind%e? ® ¢) = Homg (7, Ind%e9 ® ) = Homg (7, IndIG;a'g ® )

Since Hom@(fr,lndg&g ® 1) # 0, we get J((m,V)) € 5. Using the fact that
(p, W) is an s-type we get that V, # 0. Note that

V, = Hom,(p, m) = Hom(p,7) = V; # 0.

We can see that all the arguments can be reversed i.e. we can start with
the assumption that V; # 0 and conclude that J((7,V)) € 5. We make use
of theorem 3 to conclude that (J, p) is an s-type. g

Remark 1. The proof above does not use the fact that G is GLa(F). The
same proof works for a general connected reductive group G over a non-
archimedean local field.

We then have by proposition 19 a way to relate types in G to types in
G. We would like to have a similar result for covers. Let P, = M N, be a
parabolic subgroup of G. Let us denote by N, the opposite of N, relative to
M. Consider the pair (J, 7) where J is a compact open subgroup and (7, W)
an irreducible representation of J. If the pair (J,7) is decomposed with
respect to (M, P, ), we have by definition of decomposition that J = J N Ny -
JNAM-JNN,. Then we get J=JNN,-JNM-JNN,. We claim that
JAN;,=JNN;,, JOANN,=JNN, and JNM = JN M. Let us first show
that J N N, = J N N,. We certainly have J N N, C J N N,, for the reverse
containment take Z, € J N N,,. Consider then j € J and z, € N, such that
jz = x, for some z € M. We can then decompose j = j¢jarj, where j, € J N
Ny, jpr € JN M and j, € JN N,. We then have that =, = jz = ji(25n)ju-
Since the map from Ny x M x N, — G given by (¢, Zar, Ty) — TeX py, is
an injective map we get from the equality z, = je(zjrr)ju that z, = j, € J
S0 &y € J N N, and thus Z,, € J N N,,. Similarly we can show that J N N, =
J N Ny. It remains to show that J N M = JN M. We again have J M C
JN M, for the reverse containment we take # € J N M then there is j €
J and m € M such that j = m = Z. Therefore m~'j € ZC M so j € M
we conclude that j € JN M and thus z = j € JN M. We then have that
JNM = JN M. Since the definition of 7 in J is given by 7(Z) = 7(x) for
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x € J. We see that if 7(x) = 1 then 7(Z) = 1. We can assure that J N N,
and J N N, are contained in ker 7.

Proposition 20. Let J be a compact open subgroup of G and p and irre-
ducible representation of J such that p(z ) =1 for all z€e€ZNJ. The map
from H(G, p) into H(G, p) given by f — f where f(Z = [, fzx)uz(2) is a
homomorphism of involutive algebras such that supp(f) C supp(f).

Proof. Let f € H(G,p) if & supp(f) we get f(zx) =0 for all z € Z. There-
fore

— [ fGa)duaz) =0
Z

we conclude that Z ¢ supp(f) and thus the containment supp(f) C supp(f).
Let fi, f2 S H(G,p) then

Frefa(s) = / fi % foley)duz (= / / F1(2) o (e Lo dpace () dpiz (2)
- / / £1(2) Fa (e Lo dpaz () dpc ()
GJZ
- /Z . /Z /Z fr(uz) fo(u ex ) dpa () () dpp ()
— /Z . / 1 (uz) Fo (71 5) dpiz () s s ()
= N(@) f2(Z7'9)dpp g (x) = fi * fa(i)

Z\G
The first two equalities follow from the definitions. The third equality is an
application of Fubini’s theorem. The fourth equality is derived from a well
known fact (See for instance [BH06, 10a.2.]). The rest of the equalities are
just mere use of the definitions. Let f € H(G,p) we check that the map
f — f commutes with involution.

0w = = ([ i)

- / (f(e)) dpiz(2) = / ) duz (=) = F(@)-
Z A

We now need to check that the identity 1(q ,) of H(G,p) goes to the
identity 1(¢ 5 of H(G, p). We have that i(Gyp) has support on J. Take k € J,
we might assume k € J then
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lepk) = /Z Lap)(2k)dnz(2) = /J e (ER)dnz(2)

_ k) _ k)
= MG(J)MZ( N )7NZ\G(J)7 (G,p)

This finishes the proof of the proposition. O

We have then that if f € H(G,p) is invertible then f is invertible. If
H is a subgroup of G the condition xtHxz~! C H implies zHZ ' C H. We
see then that if x is a strongly positive element with respect to (J, P) then
T is strongly positive with respect to (J, P). We then have the following
corollary.

Corollary 21. Let L C M where L and M are Levi components of parabolic
subgroups of G. Let spr € B(M). Suppose there is a pair (L,o0) € spr such
that o is trivial in Z. If (Jy, Tar) is a sy-type and (J,7) is a G cover for
(Jar, Tar) then (J,7) is a G cover for (Jar, 7ar) and (J,7) is an [s]5-type.

4. Hecke Algebras H(G, A,)

Let us choose the Haar measure ug such that pug(I) = 1 and suppose that
#?*|ox = 1. Recall the element w = [{}] and the existence of the element
gw in the case p?|ox = 1. We have already seen in the proof of proposition
18 that gy * guw = agw + bl(g,), and b= pg(Iwl) = [I : wlw™ NI =q.
Let xo,x1,22...24-1 € O, be different coset representatives of O/p where
zo = 0 and for each z;, 0 < i < g — 1, set [x;] = [0 T ] The matrices [x;] are
a full set of coset representatives of (wlw~! N I)\I. Let us now compute the
complex number a.

(5)
a::gw=kgw<uo:=L/“gw<x>gw<x1uodua<x>=:j[ u(@)gula w)dnc(z)

_2/ 2)gu(a” w)duc (@) = ¢(-1)(g - 1).

Only the last two equalities deserve an explanation. The first one follows
from the fact that Iwl is the disjoint union of the left cosets [z;JwI for
0 <1i < g — 1. For the last equality we see that [z¢] = [{ {]. If 2 € wI, say
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r=wy for y € I, then 27w =y~ € I s0 gp(xz'w) = 0. We get
[ oule)guta™ w)duc(z) o
[xo]wI

Let us now consider the case = € [z;Jwl, for 1 <i < g — 1. Let y € I be such
that © = [x;]wy, then

()0 (2™ 0) = gu[aluwy)gu (v wlw] o)
= MollmD Ao Aoy g (wfa] )
= gulwle] w) = o(-1).

The last equality follows easily from the decomposition

e [ 20
wtule ) = 3 L Ds) T

We make a summary of this in the following lemma.

Lemma 22. Let w=[{}], and let p*|ox = 1. Then g, is invertible and
satisfies the equation g, = (¢ — 1)@(=1) - gw + ¢ - LiGa)-

Proposition 23. Let ©*lox =1 and fix a Haar measure jug such that
pi(I). There is a homomorphism of the involutive algebra H(q,1) into
H(G, Ap).

Proof. We know that v = [ 2 1] intertwines A,. Then & intertwines Ay, hence
the ex1stence of the element gs € H(G, A ) Note that a? € Z. We then
have that g2 has support on I. We also have by an easy calculation that
g2(1) = pe(Ia) = 1. We conclude that g2 = LG,y We also have by lemma

16 that g% = ga-1 = ga- By the discussion above we get that g2 = p(—1)(g —

Dgw +qlgx,)- If we let u = ‘Pq(l/Q)gw, we see that u satisfies the equation

u? = (q1/2 - q—l/z)u +1g,)- Since w=w -1

that g} = g, and because £ ;21) is a real number we get u* = u. We then

we get again by lemma 16

have that @2 = (¢"/2 — ¢~ 1/?)a + Lax,) and @* = @. Therefore we have an
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involutive algebra homorphism from H(g, 1) into H(G, A,) by extending the
map s; — 4 and sg — gg. O

Corollary 24. Let p*|ox = 1. Consider the element o= [0 1] and g, €

H(G,A\p). Then go = pz(ZN1)gs. Let L= [T V], then g = pz(Z N1)gg.

Proof. We can see that the support of g, is contained in Ial = Ia.

Gol@) = /Z golz0)dpz(z) = / o (20)dpiz(2)

(znI)
= [ @z = [ duat)
(ZnI) (ZnI)
= pz(ZnNI)

We also have that that the support of grr is contained in ITII. We have that
zIT € ITII implies that det(z) € O* so z € I. We thus get that

gu(f) = /Z gz dpz(z) = /(ZN)QH(ZH)dMZ(Z)
= wpz(ZNlI)

O

Lemma 25. Let p?|ox #1. We let g = q_l/zgﬁ we then have ¢* = g~ 1.
Proof. In the proof of proposition 17 we showed that gr * gr-1 is a non-zero
multiple of the identity. We also have gy * gii—1 = a - gg * gg-1 where a is a
non-zero constant. We then get gg * g1 is a multiple of the identity. We
have that

gk g (1) = /G oo+ (7 ) g (@)

_ / gr1(@) g5+ (2 )dpg (7)

JU_
= [J:JnIJIO Y =gq

We thus get that if g = q_l/Qgﬁ then g~ ! = q_l/zgﬁ_l = g*. O

Theorem 26. Let ¢ be a character of O*. Let us fir a Haar measure g
such that pup(°T) = 1. Then H(T, p) = C[Z] as Hilbert algebras.
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Proof. We have that H(T, ¢) = Dz Hin (T, ). Let hg € H(T, @) be sup-
ported in °TII and such that hp(IT) = 1. Then for a positive integer n, hi
is supported in °TII". Let hg-. € H(T, ) be supported in °TII~! and such
that hg-.(IT"1) = 1. The element hp * h—: has support in °T.

ha*hpa(l) = [Tnhnm)hnl(x-l)dmx)
= (T =

Let h = hg. We then see that h™! = hy_,. Making use of lemma 16 we
get h* = h~!. We have that h~! has support in °TI~! and therefore for
a positive integer n, h~" has support in °TII™™. Then for n an arbitrary
integer we get that h™ spans the space Hp.(T, ). We then get that the
set {h"}nez is a basis for H(T, ), therefore H(T,p) = C[h,h]. Since
h* = h~! we get that (R")* = (h*)" = h~™. Then for integers n,m we get
[, R™] = h™ % (R™)*(1) = A"~™(1). So if n # m we get [A",h™] =0 and
if n=m we get [A",h"] = 1. Hence {h"},ez is a orthonormal basis. Let
fn 1 Z — C be defined by fn(n) =1 and f,(m) =0 for m # n. It is well
known that f' = f,, for all n € Z and that {f,}nez forms an orthonormal
basis for C[Z]. We deduce that the map that sends h — f1 induces an alge-
bra homomorphism F : H(T, ¢) — C[Z] that sends h" + fI' = f,. Then F'
sends an orthonormal basis to an orthonormal basis, so is an isomorphism
that preserves the inner-product. In order to finish the proof we need to show
that F' commutes with the involution. We see that f}(m) = f,(—m) =

for m # —n, and f}(—n) = fu(n) =1, so f¥ = f_,. Therefore F((h")* )
F(h™™) = fp, = fi = F(h™)* for all n € Z, this implies that F'(z*) = F(x)*
and this finishes the proof of the theorem. O

Theorem 27. Let ¢ be a character of O*.Choose the Haar measure ji5 to
be the one such that ug(J,) = 1. Then the Hecke algebra H(G, \,) = C[Z]
if 0%|ox #1 and H(G,Ap) 2 H(q,1) if 92|« = 1. Where the isomorphism
are isomorphism of normalized Hilbert algebras.

Proof. Let K = GL2(O). We claim that the map

H(T, ) ®@c H(K,Ap) — H(G, Ay)
J®g— fx*g

is an isomorphism of vector spaces. Let § = [T, ® ¢~ 1]a. Then by theorem
7 we have the inequality dimcH (K, \) < |Wj3| and that the claim holds true
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if we have equality. We take an element z € G and t € T. We see that the
only way that 2z~ € T, is if z € TU @wT. Then |W3| < [Ng(T)/T| < 2. In
the case p?|,« # 1, take a € O* such that ¢(a) # ¢(a)~'. Let

_la O nd_cflo
=0 1| ™42 7 | o 1

Then for an unramified character xy of T and an element 5 € T, we get

(Pee T @x)@) =92 (#1) = pla) # pla™!) = p ® o~ 1(22)
1 —Ww

=p@p l(wnw ) =p@p~ (41).
Therefore w does not stabilize 5, so |[W35| = 1. We conclude that
dim(c’H(K, 5\) = 1.

We have thus proved the claim in the case p?|,x # 1. If ¢?|,« =1 then
w intertwines ¢ ® ¢~ and Zz(\,) = I U Iwl. We then obtain that g and
Ligx,) are a basis for H(K,)) and so dimcH (K, ) = 2 = |Ws|. This fin-
ishes the proof of the claim.

As a consequence of our claim for ?| ox 7 1 we get that for the upper
triangular matrices B the map

ths t H(T, @) — H(G, Ap)
from theorem 5 is an algebra isomorphism. We then conclude that the map
th  H(T, @) — H(G, Ap)

from theorem 6 is also an isomorphism. We claim that the map ¢ preserves
the inner product and involution and is therefore an isomorphism of Hilbert
algebras.

Let hg € H(T, ¢) be supported in °TII and such that hg(II) = 1. Then
for a positive integer n, i is supported in °TH". Let hi—1 € H(T, ) be sup-
ported in °TII~! and such that hg_.(II"!) = 1. We have shown in the proof
of theorem 26. That for h = hg, h* = h~!. The way that t's was constructed
gives us that t%(h) = 6~12(I) gy = ¢ '/?g. Let us set g = ¢~ /%gg as in
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lemma 25. We then have
F)) =ty (h) = g7 = (") = fy(h")"

Since {h™:n € Z} is a basis for H(T,p) we get that for all f € H(T,p),
tp(f7) =t5(f)".

We now check it preserves the inner product on the basis elements. Let
n be a positive integer, since II" is a positive element and A™ has support
in °TII" then t%(h") = g" has support on JII"J, so g™(1) = 0. Also we
deduce that g" = cgg. for a complex number c. Then by lemma 25, g~! = g*
then ¢7" = (¢™)* = (cgfn)* = ¢*gf-» where ¢* is the complex conjugate of
c. Then the support of g~" is in JII~".J hence the equality g~"(1) = 0. We
let n,m be any two integers then

[t (h"), t5(A™)] = g" g™
= g"x (") (1) =g¢""(1)

We deduce that [t} (h"),t%5(h™)] = 1 for m = n, and zero otherwise. In any
case [t} (h"),t5(R™)] = [h", h™]. Therefore t% is an isomorphism of Hilbert
algebras showing that that H(G, \,) = C[Z].

Let us now consider the case where ‘P2|OX = 1. By the first claim we
have that H(G, \,) has a basis given by {9f, 9t * gw}- By proposition 23 we
get a homomorphism of involutive algebras from

F:H(g,1) — H(G,A,)

such that F(s;) =u = %gw and F'(s2) = ga. We already had mentioned
in the proof of proposition 18 that g, * g, is invertible and has support in
IIII. Hence gy, * go is a non-zero multiple of gr;. Since gy, * g, is invertible
we have that g, * g, is invertible and thus a non-zero multiple of gg. We
have that

F(s1s2) = @(fl/;)gw *Ja = soq(l/;)gw * Ja
p(—1) p(=1)__ o(=1)

Gw * o = g = 91
q1/2 w I q1/2 q1/2

and hence F'(s1s2) is a non-zero multiple of gi. We can say then that for
an integer n, F'((s182)") = cpgfy where ¢, is a non-zero constant, and from

here we can therefore also say that F((s1s2)"s1) = %cng% * Jw. Recall
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from subsection 1.2 that if we set d = s1s2 and set D = C[d,d '] we get
that #H(gq,1) = D & Ds;. Therefore the set {d"} U {d"s1} where n ranges
over the integers is a basis for H(g,1). We conclude that our map F' sends
a basis of H(g,1) to a basis of #(G, \,) therefore F is bijective.

It only remains in order to finish the proof to check that F' preserves
inner products. We see that the set

W' = {(s152)" fnz>1 U {(5251)" Jnz1 U {(5152)"51}nz0 U {52(5152)" }n>0

of all words in the letters s, so, together with the identity forms a basis for
H(g,1). Thus

FOV') = {g1i}n>1 U{(91)" Inz1 U {9} * G}n>0 U {ga * 9 Jn>0-

We contend that for f € F(W'), f(1) = 0. Since II is strongly positive and
g1 is in the image of the map i, the support of g— is in ITI"I, for n > 1. We
have that zII"™ ¢ I for all z € Z which implies H" ¢ I, so 1¢ ITI"I, hence
gt (1) = 0. We also obtain that (gi)* has support in I"I,and 1 ¢ ITT"1.
Therefore (gft)*(1) = 0.

The support of gy * u for n > 0 is contained in I [TI"[wl. We get that
1 € IM"IwI if and only if there 3 2 € Z , 21, x9, 23 € I such that

x1 21" rowxs = 1.

Then 211" € GLy(O) so n = 0; then IT"[wl = [wl, but 1 ¢ [wl.
The support of gs * gfj, for n > 0, is contained in alll"] = Iall™I. So
1 € Iall™[ if and only if 3 z € Z such that zaIl® € I. We have that

0 1
all” = [wn-i-l 0]

soif z = [8 Y], we get

zall™ = [aw(:”rl 8] :
This last matrix is not in I because the entry in the first row and first column
is zero and thus not a unit.
We have that the functional [ ,1] i.e the inner product with 1, is the
unique linear functional that is zero in the space spanned by W and is 1 at
1. Therefore the functional x — F(x)(1) for z € H(q, 1) is equal to [ ,1]. We
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then get that for z,y € H(q, 1),

[z,y] = [y"x, 1] = F(y*2)(1) = F(y)" F(z)(1)
= [F(y)", F(a)] = [F(

8
:_/
3
<
=

This finishes the proof of the theorem. O
5. Description of the Plancherel Measure

We see that if (m, V) is a supercuspidal representation of G, then the matrix
coefficients are compactly supported and thus (m, V) is square integrable
therefore (7, V') has positive Plancherel measure. We have by a proposition
in Dixmier’s book [Dix77, 18.8.5] that the Plancherel measure for (m, V) is
equal to the formal dimension. We hence pay the rest of our attention to
the case where the representations are not supercuspidal.

In the proof of theorem 27 and using the notation in there we showed
that if p?|ox # 1 then we have a commutative diagram

H(G A"l 2

%T mT

H(T, ) =L [z

Let ¢, for t € C be the representation of T given by ¢;(Il) = ¢* and ¢;(a) =
¢(a) for all a € °T. We denote by C,, the vector space where ¢; acts. Let
(pt, Vi) = z'g(npt). Suppose that (p¢, Vi) is a pre-unitary representation of
G. We will then denote by [(pt, V)] the unitary representation obtained
from (p¢, V) by completion. Let us denote by C; the C[Z] module given by
f1-a=q'a for a € C;. Using the theory of types we get that for a repre-
sentation (¢, Cy,) corresponds the H(T, ¢) module Homex (¢, ). We can
then regard Homopx (¢, ¢;) as a C|[Z]-module by demanding f; - ® = h - ® for
all ® € Homox (¢, p). We contend that Homox (¢, ¢¢) is isomorphic to C;
as C[Z]-modules. Indeed, we have that ® is a linear map from C to C and
thus is given by multiplication of the complex number ®(1). We get that for
seC

hod(s) = / o0(2)B(h(x)s)dpun (z) = B(1)s / oo(@) () dpsz (2)
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The first equality follows by the way H(T,¢) acts on Hompx (¢, ¢;). The
second equality we already mentioned that follows because ® acts by mul-
tiplication by the complex number ®(1). The third equality is true because
the support of h is contained in °TII and the transpose of a complex number
does nothing to it. Finally for the last equality we have that for € °TII we
can write x = aH for a € °T then h(z) = h(all) = p(a)~! so @i(z)h(z) =
q'p(a)p(a)~t = ¢'. Therefore the isomorphism between the C[Z]-modules
Hompx (¢, ¢¢) and C;. We conclude that the representation (p, V;) corre-
sponds to the C[Z]-module C;.

Theorem 28. Let us fix a Haar measure such that ug(K) =1. Let ¢ be
a character of F* such that p?|ox # 1 and let 5 = [T, ® ¢~ 1] 5. Then the
map

= [(pit, Vit)]

gives a Borel isomorphism between the interval [—¢, -] and +G(3). More-

over, if v is the Plancherel measure with respect to e and dt is the Lebesgue
measure we get fort € [—ﬁ, ﬁ]

1D (gsw(@*)-1)]
(¢+1)(q ) ng

dv([(pit, Vir)]) = 21

Proof. 1t is well known that the spectrum of the reduced C*-algebra of C[Z]
can be realized as the unit circle with measure given by arc length and
where the total measure is 1, see for example [Rud87 p. 88~ 92] We then
can parametrize the unit circle by sending t € [ h lnq] to ¢*. We also
have by the discussion preceding the statement of this theorem that to the
point ¢* we associate the unitary representation C;; of C[Z] that corresponds
to the unitary representation [(pg, Vi¢)] in »G(3). We get by equation A in
subsection 1.1.3 that

dimA, Ing Ing

———dt = ——————dt
na(Jp) 2m pna(Jp)2m

dv([(pit, Vit)]) =

It remains to calculate the number pi(Jp) 7t We see that ug(J,) ™! = [K :
Jo) = [K : J,] = (¢ +1)(¢**#*)~1). This finishes the proof of the theorem.
U

‘We now want to give a description of the Plancherel measure restricted
to G(8) when 5 = [G, p ® ¢~ 1|5 and p?|ox = 1. We first introduce the fol-
lowing result easily deduced from a result stated by Bushnell and Henniart
in [BHO6, p. 68].
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Lemma 29. Let ¢ be a character of F* then there exists an unique irre-
ducible subrepresentation of ig(éélp) trivial on the center that we denote
by Stg and an exact sequence of representations of G.

0— ¢odet-Stg — i (6@ ¢-65"%) — ¢podet — 0

We see that a necessary and sufficient condition for ¢ ® ¢ and ¢ o det to
be trivial in Z is that ¢? = 1. We then have that if ¢> = 1 we get an exact
sequence of representations of G.

0 — godet-Stg — iS(¢-05"%) — dodet — 0

Let us denote the representation ¢ o det - Stg by St(@’qﬁ). We see that the
representation St(é@) is the unique subrepresentation of ig(gb . 5;/ 2).

Recall that d = sysy € H(q,1) and that D = C[d,d™']. In the proof of
Theorem 27 we showed that if ¢?|p~ = 1 then we have a commutative dia-
gram

(6) H(G, Ap) — H(T’ 1)
H(T, ¢) D

Where the horizontal map at the top of the diagram is given by F' and at
the bottom by h — ¢(—1)d and where ¢ means inclusion. The commutative
diagram 6 induces a commutative diagram at the level of modules.

(7) H(G, Ap)-Mod —— H(q, 1)-Mod
H(T, ¢)-Mod D-Mod

Let X, be the unique unramified character of T such that x,(II) =
©(=1)p(I)~! and let x; be the unramified character of T given by x,(II) =
q'xu(IT). We let ¢r = xt ® ¢ seen as a representation of T and we denote
by C,, the vector space where ¢; acts. Let (p;, V;) = ig(got). Suppose that
(pt, Vi) is a pre-unitary representation of G. We will then denote by [(pt, V)]
the unitary representation obtained from (p:, Vi) by completion. Let us
denote by C; the D module given by d - a = ¢'a for a € C;. Using the theory
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of types we get that to a representation (¢, Cy,) corresponds the H(T, )
module Homox (¢, ;). We can then regard Hompx (¢, ¢¢) as a D-module by
demanding d - ® = ¢(—1)h - ® for all & € Hompx (¢, pr). We contend that
Hompx (¢, ¢¢) is isomorphic to C; as D-modules. Indeed, we have that ®
is a linear map from C to C thus is given by multiplication of the complex
number ®(1). We have that for s € C

1@ = G(-Dh- 8 =o(-1) [ e@)(ha)s)dun()

We can then see that representation (p:, V;) corresponds to the #H(g,1)-
module ind C;.

We also have two 1-dimensional unitary representations p1, p2 of H(q, 1)
that contribute to the Plancherel measure. These representations are char-
acterized by p1(d) = ¢~/ and py(d) = —¢~/2. We will like to know what
are the representations of G that correspond to p; and po. Let (71, V1) be
the G representation that correspond to p;. Since pi(d) = ¢~'/2 then the
restriction of p; to D is equal to C_; 5. It follows that Homp(p1,C_;/2) # 0
so Homyy (g 1y(p1,ind C_; /) # 0. We then have that that

Homg ((m1, V1), i§ (9-1/2)) # 0.

We have that (? is an unramified character, and the way that y,, was defined
give us that ©?x2 is an unramified character trivial on II. We therefore
have that ¢%x2 = 1. It follows that the representation (71, V1) is the unique
subrepresentation St ). We can deduce by the same method that the
representation that corresponds to ps is St(évwx,u) where x_, is the unique
unramified character of T such that y_,(IT) = —p(—1)p(II)~t.

Theorem 30. Let us fix a Haar measure such that us(K) =1. Let ¢ be
a character of F* such that ¢*|ox =1 and let § = [T,gp@Ago_l]G. Then,
there is a Borel isomorphism from [0, g=] U {p1,p2} into +G(s) given by
t = [(pit, Vi) for t € [0, (] and p1— [Stg oy ,)] and p2 = [Stg o, )]
Moreover, if v is the Plancherel measure with respect to ug and dt is the
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Lebesgue measure. We get for t € |0, ﬁ]

In(q)(q+1) L(1,1 — 2it)L(1,1 + 2it)

dt
2mq L(1,—2it)L(1, 2it)

dv([(pit, Vit)]) =

and v([Stic ,n)]) = V([St@py ))) = et

Proof. The proof of this theorem is just a restatement of facts that have
been proven before. Let us work first with the Haar measure ,u’é where

p1(I) = 1. Then in Corollary 15 we have that the Plancherel measure v, 1)

of the Hecke algebra (¢, 1) can be identified with the interval [0, 7] and
In(q)

a measure —._~ Pdt where dt gives the Lebesgue measure in the interval and
L(1,1—24t)L(1,1 4 24t
P(t): 71(’ Z.)(v_f_l)
L(1,—24t)L(1, 2it)

union two points p1, p2 where

_ 1 /fq—-1
UH(1) (P1) = Vi) (02) = 5 <q+1> :
We have by theorem 27 that H(G,\,) = H(g,1) as Hilbert algebras and
the isomorphism is given explicitly in the proof. We then conclude that the
Plancherel measure 14,1y of the Hilbert algebra #(g,1) can be identified
with the Plancherel measure vy 5 ) of the Hilbert algebra H(G, Ay). We
have by equation A in subsection 1.1.3 the Plancherel measure VG A, can

be identified with the Plancherel measure v of G restricted to ,G(5). We can

In

and a measure %Pdt where

therefore finally identify the interval [0, 7] 5

dt gives the Lebesgue measure in the interval and
L(1,1—24t)L(1,1 4 2it
P(t): —1(7 Z')(a_"_z)
L(1,—2:t)L(1, 2it)

union two points p1, po where

1/qg—1
v (P) = vuan(e2) = 5 (057 )

with the Plancherel measure v of G restricted to T@(E). Using the corre-
sponding modules from the diagram 7 we get the map from [0, ﬁ} U {p1,p2}
into »G(8) given by ¢ [(pit, Vit)] for ¢ € [0, ] and p1 — [St(g ;)] and
p2 = [St(G oy )] gives the final identification. The theorem then follows
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except for the fact that we have to change the Haar measure to be the one
where ji5(K) = 1. We then have to rescale the Plancherel measure v, by the
number [K : I| = [K : I] = ¢ + 1. The reason for the rescaling is that the
isomorphism of Hilbert algebras H(g,1) and H(G, \,) is given under the
assumption that Haar measure ,u’é,(f) = 1 we then have pg(I) = ﬁp’é(i)

Since changing the Haar measure by a factor of —— changes the Plancherel

R [K:I]
measure v by a factor of [K : I] our rescaling is justified. O

Remark 2. If we use the notation and the results on section 23 of the book
by Bushnell and Henniart [BHO6, p. 143], we see that for a character 1) of F
trivial on p but not on O we have the equality (1, s,1) = q(s_l/z)%.
We also have that the complex conjugate of v(1,s,1) is

s/ L(1,1+s)
1. — B Gt V22 Bk Sk A
(1, =s,9) = ¢ L1 =)
Letting s = 2it and multiplying v(1, s,) with its conjugate we get the equal-
1ty
2 _ lL(l, 1—2it)L(1,1 + 2it)

(L5 9)l L(1, —2it)L(1, 2it)

We may replace then

1L(1,1 — 2it)L(1,1 + 2it)

q¢ L(1,—2it)L(1,2it)

in the above theorem for the function |y(1,2it,)[%.
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