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Problems on rational points and rational curves
on algebraic varieties

Yu. I. MANIN

§1. Introduction

0.1. Basic problems. In this report, we review some recent results, con-
jectures, and techniques related to the following questions.

Question 1. Let V be a (quasi)projective algebraic variety defined over a
number field k. How large is the set of rational points V' (k)?

Question 2. Let V be a compact Kahler manifold. How large is the set of
rational curves in V, or the space of analytic maps P! — V'?

More precisely, in the arithmetic setting we choose a height function hy, :
V (k) = R, and want to understand the behavior of

Ny(H) := card {z € V(k) | hp(z) < H} (0.1)

as H = oo.

In the geometric setting, we replace the (logarithmic) height by the degree
of the curve with respect to the Kahler class, coinciding with its volume with
respect to the Kéhler metric (Wirtinger’s theorem). If the degree is boupded
by H, the space of rational curves is a finite-dimensional complex space, and
we might be interested in the number of its irreducible components, their di-
mensions, their characteristic numbers, etc.

0.2. A heuristic reasoning. In order to see what geometric properties of
V influence the behavior of the two sets, let us start with the following naive

reasoning.
Let V = V(n;dy,...,d,;) be a smooth complete intersection in P™ given by
the equations F;(zg,...,z,) =0, 1 =1,...,7, where F; is a form of degree d;.

0.2.1. Arithmetic setting. Assuming that F; have integral coefficients we
take Q as the ground field. Every rational point is represented by a primitive
(n+1)-ule of integer-valued coordinates z = (zo,...,Zn) € Z"p*;ilm . A standard
(exponential) height function is h(z) = max;(|z;|).

There are about H™*! primitive (n + 1)-ples of height < H. A form F;
takes about H% values on this set. Assume that the probability of taking
the zero value is about H~%, and that the conditions F; = 0 are statistically
independent. Then we get a conjectural growth order

Ny(H) ~ B™ 2% () (0.2)
for the number of points of the height < H in V(Q).
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0.2.2. Geometric setting. Now we will allow F; to have complex coeffi-
cients, and endow V(C) with the metric induced by the Fubini-Study metric
on P™. We normalize it in such a way that a line in P™ has degree (volume) 1.

Consider a projective line P! = Proj Clto,t1]. Any map ¢ : P! — P" can
be written as

(to : t1) = (folto,t1) : -~ 2 fn(to, 1))

where f; are forms of some degree k > 0 not vanishing identically and relatively
prime. :

Denote by M (P™) the space of all (n + 1)-ples of forms of degree k (except
(0,...,0)) up to a common scalar factor. Obviously,

My (P™) = prH)(RHD) -1,

The space M*(P") C M (P™) is Zariski open and dense.

Similarly, denote by My (V') the space of maps P! = V of degree k. Its
closure My (V) C My(P™) is defined by a system of polynomial equations on
the coefficients of f;’s derived from

Fi(fo(tost1)s. .., fa(to,t1)) =0; i =1,...,7. (0.3)

Clearly, (0.3) furnishes kd; + 1 homogeneous equations of degree d; correspond-
ing to the monomials t&t¥4+~4 Tt follows that

dimM (V) > (n+ 1)(k+1)—1—i(kdi+1) = k(n+1—idi)+dim V; (0.4)

i=1 i=1

deg My (V) < [ b4+ (0.5)
i=1

0.3. Discussion. a). Since the geometric degree of a curve corresponds to
the logarithmic height of a point (with respect to the same ample class), the
r.h.s. of (0.2) and (0.4) predict the same qualitative behavior of the number
of points, resp. of the dimension of the space of maps, depending on the sign
of n+1— %7, d;. Now, this last number is essentially the anticanonical class
of V:

T
Ky 20y(n+1-) d) (0.6)
i=1
in the Picard group of V.

Boldly extrapolating from the complete intersection case, we may expect
many rational curves and points when — Ky is ample (V is a Fano manifold),
and few when Ky is ample. The intermediate case Ky = 0 must be more
subtle. i

For example, if we disregard the difference between My (V') and My (V) and
assume that (0.4) is an exact equality, we expect a dim (V')-dimensional family
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of parametrized rational curves on V of any degree k. If in addition dimV =3 =
dim Aut P!, we expect only a finite number ny, of rational (unparametrized)
curves of degree k belonging to V for all k > 1. For quintics in P®, this was
conjectured by Clemens (cf. below).

b). These expectations are fulfilled when dimV = 1 that is, when V is a
smooth compact curve. More precisely, when —Ky is ample, genus of V is
zero, V may be a non-trivial form of P! over a non-closed field & which has no
k-points. However, after a quadratic extension of k, V will become P!, and the
point count with respect to an anticanonical height gives an asymptotic formula
agreeing with (0.2). Moreover, the count of maps P! — P! is unconstrained.

When Ky = 0, one gets Ny (H) ~ c(log H)"/? in view of the Mordell-Weil
theorem for elliptic curves, so that (0.2) is still valid if one interprets the r.h.s.
as “O(H¢) for any € > 0”. Moreover, there are no maps P! — V of degree
k>1.

Finally, when Ky > 0 one gets Ny (H) = O(1) (Faltings’ theorem), and any
parametrized rational curve is constant.

c). Starting with dimension two, the situation becomes much more complex
and problematic. Let us start with geometry.

For smooth m—dimensional Fano varieties, Mori proved that through every
point passes a rational curve of (—Ky)-degree < m + 1). Moreover, any two
points can be connected by a chain of rational curves. But a quantitative picture
of the space Map (P!, V) remains unknown.

For varieties (Ky ample) of general type, we expect only a finite dimensional
family of unparametrized rational curves. However, this was.proved only for
varieties with ample cotangent sheaf which is a considerably stronger assump-
tion.

Finally, for manifolds with Ky = 0 (and Kéhler holonomy group SU), physi-
cists recently suggested a fascinating conjectural framework for the curve count
which we will review in the second part of this report.

Passing to the arithmetic case, let us notice first that (0.2) can be proved by
the circle method over Q, when n + 1 is large in comparison with 3 d; and the
necessary local conditions are satisfied (see below).

On the other hand, already for n = 3,7 = 1,d = 3, (0.2) may fail for the
following reason: it predicts the linear growth for Ny (H), but V may contain a
projective line defined over Q (there are 27 lines over Q) in which case counting
points only on this line we already get Ny (H) > cH?2. Therefore, if anything
like (0.2) may be expected in general, we must at least stabilize the situation by
allowing ground field extensions and deleting some proper subvarieties tending
to accumulate points. Moreover, in the case Ky = 0 we may have to delete
infinitely many subvarieties to achieve the predicted O(H*¢) estimate.

We elaborate this program in Section 1 below. Its goal, roughly speaking,
lies in establishing a (conjectural) direct relation between the distribution of
rational points on V' and the geometry of rational curves on V.

In addition, there exists a well known analogy between rational curves and
rational points. In Arakelov geometry, rational points on V become “horizontal
arithmetical curves” on a Z-model of V, endowed with an Hermitean metric
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at arithmetical infinity. In the framework of this analogy, the height becomes
literally an arithmetical intersection index.

We want to draw attention to an unexplored aspect of this analogy: what in
arithmetics corresponds to the local deformation theory of embedded curves?

Here is a relevant fragment of the geometric deformation theory. In the
following V' denotes a quasiprojective variety defined over an algebraically closed
field k, and Map (P!,V) is the locally closed finite quasiprojective scheme
parametrizing morphisms P! — V. For simplicity, in the next Proposition we
consider only the unobstructed case.

0.4. Proposition. Let ¢ be a morphism P! —» V, [p] € Map (P, V) the
corresponding closed point, and Ty the tangent sheaf to V.

If HY(PY,p*(Tv)) = 0, then [] is a smooth point, and the local dimension
of Map(P!,V) at [p] equals dim H°(P!, p*(Tv)).

For a proof of a more general statement, see Mori [19].

Assume now that ¢ is an immersion, and V is smooth in a neighbourhood of
©(P'). Then we have the following sequence of locally free sheaves on P1:

0— Tpr = ¢*(Tv) —)N[tp] -0 (0.7)

where N[, is the normal sheaf. Hence N[, = ®:Z; O(m;), s = dim(V). Recall
also that Tp1 = O(2).

We can now prove that (0.4) becomes exact equality locally on Map (P!, V)
if (V') is nicely immersed infinitesimally:

0.4.1. Corollary. Assume in addition that m; > —1 for alli=1,...,s—-1.
Then [y] is smooth, and

dim,) Map(P',V) = deg¢*(-Kv) + dimV (0.8)

which coincides with the r.h.s. of (0.4) in the complete intersection case.
Proof. The smoothness of [¢] follows from Prop. 0.4. Put now

A = {i|m; = -1}, a = card (A),
B = {i|m; > 0}, b= card (B).

Wehavea+b=s—1; degp*(—Kv) =2+  ,mi+y gmj=2—a+) gm;
(take the determinant of (0.7)), and, again from (0.7),

dim[¢] Map (PI,V) = dimHO(Tpl) + dim H)(N[w])
=3+> gmi+1)=3+b+> gm;
=3+b+degyp*(—Ky)—2+a
=dimV + deg ¢*(—Kv).

In particular, when dimV = 3 and —Ky = 0, every immersed curve with
normal sheaf O(—1)®O(—1) must be isolated because the local dimension of the
map space equals dim V' = 3 and this is accounted for by reparametrizations.

The simplest example when this may occur generically is that of a smooth
quintic threefold V. In fact, H. Clemens conjectured that a generic smooth
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quintic contains only finitely many smooth rational curves of arbitrary degree
k, and that all of them have normal sheaf O(—1) & O(-1). Sh. Katz proved
partial results in this direction: see [13], [14].

0.5. Problem. Establish an analog of the geometric deformation theory for
embedded arithmetical curves.

Specifically, we have

0.6. Problem. Find conditions on arithmetical normal sheaf (or higher
order infinitesimal neighborhoods) of an arithmetical curve which are necessary
for the generic point of this curve to lie on a rational curve.

(We want to find an exact expression of the feeling that an arithmetical curve
is deformable only if its generic point lies on a rational curve).

0.7. Rational curves in other contexts. Besides algebraic geometry and
number theory, the study of rational curves was recently motivated by quantum
field theory and symplectic geometry. We will finish this Introduction with a
brief discussion of some relevant ideas.

0.7.1. Physics. Physicists start with a space of maps Map (S%,V) where
the target space V is endowed with a Riemannian metric g and an action func-
tional S: Map (S?,V) - R.

V can be thought of as a space-time with a possibly non-trivial gravity field
and topology. Any ¢ : S% — V defines a world-sheet of an one-dimensional
object, a “string”, which replaces the classical image of point-particle. Alterna-
tively, one can think about S? as a two-dimensional space-time in its own right.
Then (V, g) in a neighborhood of ¢(S) represents classical fields on S.

Action of a virtual world-sheet ¢ : S? — V is usually given by a Lagrangian
density which must be integrated over S2. Here we will look only at the simplest
action functional

S(p) = [5 vl (¢°(9)). (0.9)

In other words, S(y) is just the surface of the world sheet. Non-trivial stationary
points of this action are just minimal surfaces. The path integral quantization
of this theory in the stationary phase approximation involves a summation over
these minimal surfaces

Imagine now that (V,g) is not just a Riemannian manifold, but a complex
Kahler one. It is well known that in this case minimal surfaces in V (actu-
ally, minimal submanifolds of any dimension) are precisely complex subvarieties
(Wirtinger’s theorem).

A physical context in which V' acquires a natural Kahler structure arises
in string compactification models where V' appears as a Planck size compact
chunk of space-time adding missing six real dimensions to the classical four-
dimensional space-time.

0.7.2. Symplectic geometry. The basic mathematical structure of the
classical mechanics is a triple (V?",w, H) where V2" is a smooth manifold, w
is a closed non-degenerate 2—form on V2" and H is a function on V called
Hamiltonian. Given such a triple, we want to understand the geometry of the
flow defined by the vector field X on V such that dH = ix(w). In particular,
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we want to know how a domain of initial positions B C V may change with
time.

Any Hamiltonian flow preserves the symplectic volume v(B) = | pw™. On the
other hand, certain unstable flows like geodesic flows on hyperbolic manifolds
severely distort B: a small ball eventually becomes spread all over V forming a
fractal-like structure. Nevertheless, (exp(tX)B,w) remains symplectomorphic
to B because Lie x(w) = dix(w) + ixdw = 0.

V.I.Arnold in the sixties suggested that exp(tX)B should satisfy some addi-
tional constraints displaying then unknown “symplectic rigidity” properties.

M.Gromov’s work confirmed these expectations. He proved in particular that
the unit ball

2n n
(B1 = {=| sz <1}, w= Eda:i ANdzTiin)
i=1 i=1

is not symplectomorphic to any open subset of

(Vl—g = {.’l)' l.’L‘l <1 —E}, w = Zdl‘l A dzi+n)-

=1

Gromov’s argument involves rational curves in the following ingenious way.
Notice first that in the example above we envision the two symplectic spaces B
and V;_. not in terms of w but rather in terms of the standard Euclidean metric
ds? = Y (dz;)%. But if we are considering pairs (g,w) consisting of a quadratic
and an alternate form, say, on a linear space E, there is a natural subclass
of such pairs corresponding to Hermitean forms, which can be characterized
by the existence of a complex structure J : E — E, J> = —1 such that

w(Jz,y) = g(z,y), 9(Jz,y) = —w(z,y).
Applying this to tangent spaces of a symplectic manifold (V,w) and shifting
attention from (w, g) to (w, J) we come to the following notion due to Gromov.

An almost complex structure J on V is tamed by w, if g(z,z) :=
w(Jz,z) > 0 for any tangent vector z, that is, if g + iw defines a Hermitean
metric on the tangent bundle to V. Now, even though J may be non-integrable,
its restriction on surfaces is integrable, so that it makes perfect sense to speak
about holomorphic maps P! — (V, J).

M.Gromov derives his results from a thorough study of such rational curves,
establishing existence of curves of small volume. (In a similar vein, rational
curves of small degrees play the crucial role in the Mori theory.)

E.Witten used Gromov’s construction as a deformation device allowing one
to correctly count the number of rational curves on Calabi-Yau manifolds; cf.
also [15].

This paper is structured as follows. §1 is devoted to the analytic methods
to count rational points on projective varieties, whereas §2 reviews the algebro-
geometric approach. In §3 we turn to the curve count, explaining the simplest
example of Calabi-Yau mirrors. Finally, §4 is devoted to the explanation of
toric mirror constructions. For the most part, proofs are omitted.
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SECTION I
COUNTING RATIONAL POINTS

§1. Analytic methods

1.1. Heights on projective varieties. Let k be an algebraic number field.
Denote by M} the set of all places of k; for v € k, let k, be the completion of
k at v. Define the local norm |.|, : k} — R* by the following condition: if y is
a Haar measure on k', then p(aU) = |a|,u(U) for each measurable subset U.

Let z € P™(k) be a point in a projective space endowed with a homogeneous

coordinate system. If coordinates of z are (zo,...,%,),z; € k, put
hz) = ] max(lzil.). (1.1)
vE M,

The product formula shows that this is well defined.

More generally, let V be a projective variety defined over k, and L = (L, s)
a pair consisting of a very ample invertible sheaf L and a finite set of sections
s = {so,..-8n} C I'(V, L) generating L. For a point z € V (k) and an arbitrary
choice of a local section o of L non-vanishing at z we put

hu(z) = J] max(|(si/0)(@)lw). (1.2)

vEM)
For Ly = (L1,{s}}), L2 = (L2,{s7}), put Ly ® Ly = (L1 ® L2, {s} ® s2}). Then
hr,®L, () = kv, (z)hL, (7). (1.3)

In particular, consider the anticanonical height h,-: on P"(k) defined by
the (n + 1)-th tensor power of (O(1); {zo,...,Zn}). Then h,-1(z) = h(z)"*!
where h(z) is given by (1.1).

When s in the definition of L is replaced by another generating set of sections,
hy, is multiplied by exp(O(1)). The resulting set of height functions consists of
Weil’s heights. There is a different choice of additional structure allowing one to
define height functions directly for not necessarily ample sheaves: the Arakelov
heights are obtained by choosing an appropriate set of v—adic metrics |||, on
all L ® k, and putting, for L = (L, {||.|[+}),

h(@) = ] llo@I5*

vEM)

These heights are also multiplicative with respect to the obvious tensor product,
and up to exp O(1) are independent on the choice of local metrics and coincide
with the respective Weil heights.

For a subset U C V (k), put

Ny(L; H) = card {z € Ulhn(z) < H}. (1.4)

For ample L, this number is always finite. We want to understand its behavior
as H — oo. In this section, we review main situations when an asymptotic
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formula for (1.4) is known. In all cases which I am aware of, such a formula is
of the type

Ny(L; H) = cHPv @) (log H)? (1) (1 + 0(1)) (1.5)
for some constants ¢ > 0,8y (L) > 0,ty(L) > 0. The archetypal result is the
following theorem due to Schanuel:

1.2. Theorem. Putd = [k: Q]. Then

B O(H1/2 lOgH) fOT‘ d=n=1
N B I;H — ,k H + ’ 1.6
P (k) (@ ) = c(n, k) {O(Hl—l/d(n+1)) otherwise ; (16)
h Qr1+72 T2 n+l
k _ i 1‘1+7‘2—1. X
b= G < D/? ) WY o

Here h denotes the class number of k, and (y its Dedekind zeta, r1 (resp. T2)
is the number of its real (resp. complezx) places, D the absolute value of the
discriminant, R the regulator, and w the number of roots of unity in k.

The main feature of (1.6) is that Npn k) (w™'; H) grows asymptotically lin-
early in H, whatever the dimension n and the ground field k are. This be-
comes possible only because we have chosen local norms |.|, as Haar multipli-
ers. Therefore the height function (1.1) is non-invariant with respect to ground
field extensions: if we replace k by k' D k, h(z) becomes h'(z) = h(z)!*¥*] so
that P™(k) does not contribute to the main term of the asymptotic formula for
Npn(ky(w™!; H) : essentially, we count only “new points”.

Schanuel proved (1.7) by reducing the problem to that of counting lattice
points in a large domain. The volume of the domain furnishes the leading term,
and if the boundary is not too bad, we get an asymptotic formula. We will now
sketch an alternate approach via zeta functions.

1.3. Zetas. Consider the following abstract setting. Let U be a finite or
countable set, and hy, : U — R a counting function (this means that Ny (L; H)
defined by (1.4) is finite for all H). Assume moreover that Ny (L; H) = O(H¢)

for some ¢ > 0. Put
Zy(Lis) = ) _ hu(z)". (1.8)
zeU
The better we understand the analytical properties of Zy (L; s), the more precise
information about Ny (L; H) we can obtain. We will distinguish here four levels
of precision.

Level 0: Convergence abscisse. Put
B =pBu(L) = inf {0 | Zy(L;s) converges for Re(s) > o}. (1.9)

This is well defined and invariant if one replaces h by exp(O(1))h. In particular,
if hy, is a Weil or Arakelov ample height, 8 depends only on the isomorphism
class of the relevant ample sheaf L.

It gives the following information about Ny (L; H):

—o00 if U is finite;

L) = . 1.10
Au(L) {lim sup %L—’IQ > 0 otherwise . (1.10)
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In other words, if 8 > 0, we have for all e > 0 :

O(HP*?),

A, (1.11).

Ny(L;H) = {
Level 1: a Tauberian situation. Assume that 8 = By (L) > 0, and for some

t =ty(L) > 0 we have
Zuy(L;s) = (s~ B)~'G(s), (1.12)

where G(8) # 0, and G(s) is holomorphic in a neighborhood of Re(s) > 3. In
this case

G(B) H? t-1
L) = 2\ ) 1.1
Ny(L; H) T A (log H)**(1+0(1)) (1.13)
In particular, assume that U = Uy X « - X U, hr(u1, .. ., um) = b, (u1) . ..

hi,.(um). Put B; = Bu,(Li),t; = ty,(L;) whenever they are defined, and
B = max; (8;),J = {i | 8 = Bi}. Using the zeta-description of these num-
bers, one readily sees that

Bu(L) =4, tu(L)=>) t. (1.14)

ieJ

Formula of the type (1.13) is valid for (U, hy) if the Tauberian condition is
assumed only for U;, hy,, with i € J.

Level 2: analytic continuation to a larger halfplane. Instead of axiomatizing
the situation, I will only remind the contour deformation technique. Let us
start with the formula valid for 8’ > 3:

B'+ico 17s
Ny(L;H) = / —s-Zu(L;s)ds. (1.15)

B’ —ioco

In favorable case, one can integrate instead along a vertical line Re(s) = v < 8
adding the contribution of poles Zy(L;s) for v < Re(s) < #'. This contri-
bution constitutes the leading term of the asymptotics; it will be of the type
cHPP(log H) where P is a polynomial if Zy(L;s) has a pole at s = 3 as its
only singularity in v < Re(s) < A'. The integral over Re(s) = v will grow
slower, possibly as O(H?~¢), if Zy has no more poles in Re(s) > 7, and can be
appropriately majorized.

To accomplish the necessary estimates, one has sometimes to first replace
Ny(L; s) by an appropriate average, and the r.h.s. of (1.15) by something like
1) ﬂ,lj':;: R%ZU(L; s) which converges better.

Level 3: explicit formulas. If one has a well-behaved meromorphic continua-
tion of Zy (L; s) to the whole complex plane, one can sometimes push 3’ to —co
in (1.15) and obtain a precise formula for Ny (L; H) as a series over all poles of
Zy(L; s).
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1.4. A generalization of Schanuel’s theorem. The behavior of the
height zeta-function (1.8) is well understood only for two classes of projective
manifolds: a) Abelian varieties; b) homogeneous Fano manifolds.

If U = V(k),V is an Abelian variety, and L is an ample symmetric sheaf
on V, one can use Néron-Tate’s height hy to count points. Denote by W the
image of V(k) in V (k) ® R, and let t be the order of V (k)iors. Then A (z) =
exp(g(z mod V (k)iors) where g is a positive quadratic form on V (k) ® R so that
our zeta is a theta-function:

Zy(L;s) =t ) exp(—q(y)s). (1.16)
yeWwW

Hence, if r :=rk V (k) > 0, we have 8 > 0, and
Ny (L; H) = clog™? H(1 + o(1)). (1.17)

Notice that the convergence abscisse Re(s) = 0 is also the natural boundary
for Zy(L;s). For abelian varieties, Ky = 0 so that (1.17) matches our naive
expectation (0.2).

Let us turn now to homogeneous Fano varieties.

1.4.1. Theorem. Every homogeneous Fano variety V is isomorphic to a
generalized flag space P\ G where G is a semi-simple linear algebraic group,
and P is a k-rational conjugacy class of parabolic subgroups.

If V(k) # 0, we can take P to be a parabolic subgroup defined over k.

For a proof, see Demazure [10].

Flag spaces P\ G admit a distinguished class of heights which can be defined
in terms of Arakelov metrics invariant with respect to maximal compact sub-
groups of the adelic group of G. For such heights, the zeta function of V = P\G
becomes essentially one of the Langlands-Eisenstein series. Their deep theory
developed by Langlands allows one to use the technique of contour integration
of the Level 3 above, and prove the following theorem, generalizing 1.2:

1.4.2. Theorem. IfV is a homogeneous Fano variety with V (k) # 0, then
for a distinguished anticanonical height we have

Ny(=Kv; H) = Hp(log H)(1 + H™®) (1.18)

where € > 0, and p is a polynomial of degree vk Pic(V') — 1.

For a proof, see [12]. In particular, By (—Ky) = 1.

This theorem can be extended to the distinguished heights corresponding to
other invertible L. It must be stressed however that, even for projective line,
there are natural situations when the relevant heights are not distinguished.
This happens on accumulating Fano subvarieties, when a height is induced
from the ambient space: see the next section. In the homogeneous case,the
asymptotic is of the same form. A very interesting question of charactering the
coefficient of the leading term directly in terms of the anticanonical height was
recently attacked by E. Peyre.

The simplest variety for which the analytic properties of Zy beyond the
convergence abscisse are unknown is the affine Del Pezzo surface of degree 5 over
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Q which can be obtained by blowing up four rational points on P2 and then
deleting all 10 exceptional curves. One reason for this may be a wrong choice
of the function itself. The mirror conjecture on the curve count on, say, three-
dimensional quintics, furnishes analytic continuation for a geometric version of
. . . . 3 h(z)™*

the height zeta where the contribution of the curve z is (logh(z)) 1—_1,171);_
rather than our simple-minded h(z)~*. It would be quite important to guess a
version of Zy(L; s) with good analytic properties.

1.5. Circle method. We will now briefly explain a classical approach to
counting points which is efficient for Fano hypersurfaces and complete intersec-

tions (mostly over Q) with many variables.
Let X be a finite set, F': X — Z a function, and e(a) = e*"**. Put

S(a) = Sx,ry (@) = Y e(aF(x)). (1.19)
zeX
Then .
card {z € X | F(z) =0} =/ S(a)da. (1.20)
0

A useful version of this formula refers to the case of a vector function F =
(F1,...,Fy): X = Z". Then a = (ay,...,q,) varies in a unit cube, aF(z) =
3" a;Fi(z), S(e) is again defined by (1.19), and

card {z € X | F(z) = 0} =/01-~/01 S(a)doy .. . do. (1.21)

The circle method, when it works, gives a justification to the following heuris-
tic principle:
1.5.1. Circle principle. Under favorable circumstances, there exists a

. (i) (i) .
finite set of rational points o* = {%g;, R 9;;,—} and small cubes I') centered at
1 ™

these points (“magor arcs”) such that

1 1 ‘
/ .. / doy ...da, = Z S(a)da; ...da, + {a small remainder term}.
0 0 —~Jio

To get some feeling of why it might be true, and what it implies, let us look
at the case r = 1. First of all, the values of S(a) at rational points are related
to the distribution of values of F(z) modulo integers:

S(0) = card (X);S(—;—) = card {z | F(z) even} — card {z | F(z) odd};

5(2) = Z e*"eP/4 card {z | F(z) =p mod g}.
q p mod ¢
If X =[1,...,N] with large N, F(x) = z?%, then S(%) is approximately —’;1 X
{a Gauss sum} decreasing as % for large ¢ < N.
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Hence we may expect that S(a) is relatively small (in comparison with the
number N of its summands) outside of a neighborhood of the set of rational
points with denominators bounded in terms of N.

In the classical additive problems with large number of summands k, the
remainder term can be effectively damped as k — oo, because

Sexr Pt i) (@) = Six,py(@)¥, F;=Fopr,. (1.22)
For example, in Waring’s problem of degree n with & summands,
(X,F) = ([0,...,[MY™)),z? + - + 2z} — M)

so that

(/")

k 1
card {(z;) | Y ap = M} = / em2miaM((§° g2raz” gy,
=1 0 =0

- Below we review some results of W. Schmidt [24] who applied the circle
method to the intersections of hypersurfaces in a projetive space over Q. In
fact, he worked with the corresponding affine cone, but this only changes the
coefficient in the asymptotic formula.

1.5.2. The setting. Consider a finite system of r-forms in s variables of
degrees > 2:F = {Fy,..., F.}, with integral coefficients. Let V' be the variety
{F; = 0} in the affine space. Let r4 be the number of forms of degree d, and
r = Y, r;. W. Schmidt proved an asymptottic formula of the type (0.2) in
the cases where “the number of variables is large, and the forms are not too
degenerate.” Both conditions are used as a refined substitute for the classical
damping effect (1.22). Let us state them more precisely.

A. Many variables. The basic bound is written in terms of the number
v(re,...,m) = max {s | for some F and some prime p, F(Q,) = 0}.

In other words, s > v(r2,...,7x), implies p-adic solvability for all p and all F
with a given vector degree.

B. Degeneracy. The degeneracy is measured in terms of the tensor rank, well
known in the computational complexity theory. Specifically, for one form F' put

h(F) = min {h| there exist non-constant forms
AlyBlv"':AhvBh € Q[m17' ..,-'L's]
such that F = A1By +---+ ApBp }

For a system of forms of the same degree F = {F;}, put
h(F) = min {h(z ciFy) | ci € Q}.

Finally, for a general system of forms put hg = h(degree d part of F).
1.5.3. Theorem. Assume that
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a). hq > 2%d'rakv(ra, ... %)
b). dim V(R)>s— ZLZ Ti.
Then the number of integral points of V in {|z;| < H} is

pH* ™27 (1 4+ O(H™)), € > 0,

where the constant p > 0 is a product of local densities.

Turning to the base of the cone V, we again see the linear growth rate with
respect to an anticanonical height, at least when this base is only mildly singular
so that the anticanonical sheaf exists and is given by the same formula as for
the smooth complete intersections.

§2. Algebro-geometric methods

2.1. Accumulating subvarieties. The analytic methods described in §1
work efficiently only for those Fano varieties which are either homogeneous or
complete intersections with many variables (or, more invariantly, of large index).
Moreover, their success seems to be connected with the fact that the rational
points are uniformly distributed with respect to a natural Tamagawa measure.

Algebro-geometric data suggest that generally we may not expect such a
uniformity, and that rational points tend to concentrate upon proper subvari-
eties. Below we will discuss several ways to make this idea precise. Let U be a
quasiprojective variety over a number field k.

a. Zariski topology. Denote by V the closure of U(k) in Zariski topology.
If a compactification of U is a curve of genus > 1, then V is a proper subva-
riety of U. This fancy way to state Faltings’ theorem leads to the generalized
Mordell conjecture: we expect that V is a proper subvariety of U whenever U
is birationally equivalent to a variety of general type. Roughly speaking, this
means that the description of U(k) can be divided into two subproblems: to
understand the distribution of rational points on varieties with K < 0, and to
understand the distribution of such subvarieties in varieties of general type.

This pattern is characteristic for all definitions of accumulation.

b. Hausdorff topology. Let k = Q. B. Mazur recently suggested that U(Q)
may be Hausdorff dense in the space of R-points of its Zariski closure V. If
this is universally true, it implies that Z cannot be a Q-Diophantine subset
subset of Q so that not all Q-enumerable subsets are Q-Diophantine. (Recall
that E C Q™ is Q-Diophantine if it is a projection of U(Q) C Q™*™ for some
affine U defined over Q).In particular, Matiyasevich’s strategy of proving the
algorithmic undecidability of Diophantine equations over Z would not work

for Q.

c. Measure theory. Again for simplicity working over Q consider the limit

N
. -1 .
= dm N3

=1
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of the averaged delta-distributions over rational points z; € U(Q) ordered, say,
by increasing height. If such a limit exists, the support of x provides a notion
of accumulating subset which may be finer than the topological closure.

d. Point count according to the polynomial growth rate. The following notion
was suggested in [5]: choose a height function hy on (a projective closure of)
U and call a Zariski closed subset V C U accumulating with respect to hy, if

Bu(L) = Bv(L) > Bu\v (L),

where the growth order 8 is defined by (1.9) or equivalently (1.10). One easily
sees that there exists a unique minimal accumulating subset V;; putting U; =
U\ V1 and applying the same reasoning to U; etc, one gets a sequence of Zariski
open subsets

Uy=UDU1 DU D... (2.1)

such that U; \ Ui+ is the minimal hr-accumulating subset in U;. A description
of (2.1) and the corresponding growth order sequence

Buo (L) > Bu, (L) > Bu, (L) > ... (2.2)

is the natural first goal in understanding U (k), which can be best attacked by
algebro-geometric means.

We will now report on the results of [18], [17] concerning mostly Fano vari-
eties, in particular surfaces and threefolds.

2.2. Invariant o and reductions. Let V be a projective manifold (we can
also allow mild singularities). Denote by N}, (resp. N,,,.) the closure of the
cone generated by effective (resp. ample) classes in NS(V) ® R where NS is
the Néron-Severi group. For an invertible sheaf L, put

a(L):mf{p/q I paqezaq>0,p[L]+qKVeNelff}

If V is Fano and L is ample then a(L) > 0. The following two results allow us
to reduce in certain cases the calculation of By (L) to that of Sy (—Kv), if a(L)
is considered as a computable geometric invariant.

2.2.1. Theorem on the upper bound. a). For every € > 0, there exists
a dense Zariski open subset U(e) C V such that for all U C U(e) we have

Bu(L) < a(L)Bu(-Kv) +¢. (2.3)

b). If in addition a(L) is rational (and positive), there exists a dense open
subset U C V such that for all U' C U we have

Bu (L) < a(L)Bu(—Kv). (2.4)

Proof. a). Take p/q very close to a(L) such that p[L] + ¢Kv is effective.
Then p/q = a(L) + n with small > 0. Denote by U(p,q) the complement
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to the support of base points and fixed components of |[pL + gKy|. For all
z € U(p,q)(k), we have hyp4qk () > ¢’ > 0ie. hr(z) > ch?/2 (z), so that

Bu(p,q) (L) < g’ﬂU(p,q)(_KV) = (a(L) + 1)Bu(p,q) (—Kv)-

b). If a = p/q, we can put U = U(p,q).

Remark. This Theorem shows that it is important to know whether «(L) is
rational for all ample L on Fano manifolds. This is true for surfaces in view of
the Mori polyhedrality theorem and the convex duality of N, elf sand N ;mp, .- For
threefolds, V. V. Batyrev showed that it is a (rather non-trivial) consequence

of Mori’s technique. In higher dimensions, this is an open problem.

2.2.2. Theorem on the lower bound. Given an ample L on a Fano
manifold V, assume that

a(L)[L] + Kv € ONpppie NONgs ;. (2.5)

Then a(L) is rational. Assume in addition that a(L)[L] + Ky := 1 belongs to
ezactly one face of ON, ;mple of codimension one. Then the contraction morphism
associated to this face has a fiber F which is a non-singular Fano variety of
dimension > 1, and we have for anyU DV,

Bu(L) > a(L)Bunr(—KF). (2.6)

Condition (2.5) is a strong one. However, if it is not satisfied for L, one can
sometimes ameliorate the situation by an appropriate birational modification
of V.

Whenever both inequalities (2.4) and (2.6) hold, we can get the best possible
result By(L) = a(L) in the case where fy(—K) = 1 for appropriate open
subsets of subsets of V and F. We have already noticed in §1 that analytic
methods when applicable give exactly this result. We will show below that this
also seems to be a tendency for surfaces and threefolds, but only after deleting
the accumulating subvarieties.

The following results heavily depend upon classification theorems. Geometric
classification is done over a closed ground field; we generally dispose of subtler
problems by passing to a finite extension of the ground field.

2.3. Del Pezzo surfaces. Fano manifolds of dimension two are called the
del Pezzo surfaces. They split into ten deformation families. Two of them are
homogeneous (P2 and P! x P!) so that point count on them reduces to the
Schanuel’s theorem. Family {V,},1 < a < 8, consists of surfaces that can be
obtained by blowing up a points on P? in a sufficiently general position. We
call a surface V, split (over k), if these a points can be chosen k—rational.

Every surface V, contains a finite number of exceptional curves (“lines”);
they are all k—rational if V, is split. Denote by U, the complement to these
lines, and put A, = V, \ U,. The following Theorem is proved in [18]:

2.3.1. Theorem. Let V, be split. Then the following hold.
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a). Br, (—Ky) =2.

b). We have the following estimates for fu,(—Ky) := Ba.

Fork=Q:p1=--=B4=1;05 <5/4; 86 < 5/3.

For general k: py = --- =3 =1;84 < 6/5; 85 < 3/2.

The results for a = 5 and a = 6 have especially direct Diophantine interpre-
tation, since Vs is an intersection of two quadrics in P, and Vj is a cubic in P3.
We see that if all lines on these surfaces are rational they are accumulating, and,
for k = Q, the remainder term Ny, (=K, H) is O(H%/4t¢) (resp. O(H®/3*¢)),

A proof of Theorem 2.3.1 given in [18] consists of two parts. The cases a < 4
are treated directly, by representing V, as a blow-up of P2, comparing height
on V, with height on P2, and using explicit number-theoretical properties of
the height. The remaining cases are treated via an inductive reasoning which
shows that Bo41 < 3=24,.

2.4. Fano threefolds. This case was treated in [17] where the following
linear lower bound was established:

2.4.1. Theorem. For any Fano threefold V over a number field k and any
Zariski open dense subset U C V, there exists a finite extension k' of k such
that if k" contains k', then Nygk(x, H) > cH for some ¢ > 0 and large H.
In particular, Bygr: > 1.

The proof is based upon a description of all 104 deformation families of Fano
threefolds obtained by Fano, Iskovskih, Shokurov, Mori, and Mukai. Studying
this description, one can derive the following;:

2.4.2. Main Lemma. FEvery Fano threefold over a closure of the ground
field becomes isomorphic to a member of at least one of the following families:

a). A generalized flag space P\ G.

b). A Fano threefold covered by rational curves C with (Ky.C) < 2.

c). A blow-up of varieties of the previous two groups.

Group a) is treated via Eisenstein series. For the group b), it suffices to count
points on a single rational curve invoking the Schanuel theorem. Finally, a blow-
up diminishes the anticanonical height in the complement of the exceptional set
and increases the number of such points of bounded height.

2.5. Length of arithmetical stratification. We conjecture that for Fano
manifolds, the length of the sequence (2.1) of the complements to accumulating
subsets is always finite. However, it can be arbitrarily long.

2.5.1. Proposition. For every n > 1, there exists a Fano manifold W
of dimension 2n over Q and an ample invertible sheaf L on it such that the
sequence (2.1) for (W,L) is of length > 27n + 1.

Proof. For n = 1, take for W a split del Pezzo surface V5. Representing it as
a blow-up of six rational points on P2, denote by A the inverse image of Op2(1),
and by [y, ...,l27 the exceptional classes, of which lq,...,ls are represented by
inverse images of blown up points. Choose a large positive integer N and small
positive integers €1,...,6¢. Take for L a class approximately proportional to
—Ky: L=3NA-(N-g)l—--—(N—¢g)ls. Choose the parameters (IV; &;)
in such a way that (I;, L) # (I, L) for all i # j;1 < i,5 < 27; (L, L) < EN.

Theorem 2.3.1 then shows that the 27 lines will be consecutive accumulating
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subvarieties, with the growth orders (721—7’ and the complement to them will

have 8 < 3%,, so that the total length is at least 28. .

For n > 2, take n pairs (V;, L;) of this type. Arrange parameters (INV;,e?,
...,€5) in such a way that the spectra of the growth orders for various (V;, L;)
do not intersect. Then put W = Vi X -+ x Vo,L = pri(L,) @ - - - ® pri(Ly).
From (1.14) one easily sees that the spectrum of the growth orders will have
length at least 27n + 1 (one can even get 28n — 1).

2.5.2. Conjecture. IfV is a manifold with Ky = 0 on which there exist
rational curves of arbitrarily high degree defined over a fized number field, then
the arithmetical stratification with respect to any ample sheaf L is infinite, and
the consecutive growth orders tend to zero.

The first non-trivial case of this conjecture is furnished by certain quartic
surfaces, and more general K3—surfaces. In this case, the accumulating subva-
rieties must consist of unions of rational curves of consecutive L—degrees.

However, the problem of understanding rational curves on K3—surfaces is
difficult, in particular because it is “unstable”: even the rank of the Picard
group depends on the moduli. It is expected that some stabilization occurs
starting with tree-dimensional Calabi-Yau manifolds. We will devote the next
Section to the highly speculative and fascinating picture whose contours were
discovered by physicists.

SECTION II
COUNTING RATIONAL CURVES

§3. Calabi-Yau manifolds and mirror conjecture

3.1. Classification of manifolds with Ky = 0. In this Section, we
discuss some conjectural identities involving, on the one hand, characteristic
series for the numbers of rational curves of all degrees on certain manifolds
V with Ky = 0, and on the other hand, hypergeometric functions expressing
periods of “mirror dual” manifolds W in appropriate local coordinates. From
the physical viewpoint, such identities mean that certain correlation functions
of a string propagating on V' coincide with other correlation functions of a string
propagating on W; the passage from V to W involves also a Lagrangian change
(“A- and B- models” of Witten [25]).

Recent physical literature contains a wealth of generalizations of these iden-
tities involving curves of arbitrary genus on varieties with Ky < 0. However, no
single case of these conjectures has been rigorously proved. Therefore we have
decided to concentrate upon the simplest case, that of Calabi-Yau threefolds.

In the framework of Kdhler geometry, they can be introduced by means of
the following classification theorem. Let us call a Kéhler manifold V' to be
irreducible if no finite unramified cover of V can be represented as a non-trivial
direct product.
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3.1.1. Theorem. For any compact Kdhler manifold V with Ky = 0, there
ezist a finite unramified cover V' and its decomposition into irreducible factors

VIEHT,' XHS]' XHCk
i J k

such that following hold:

a). T; are Kdhler tori.

b). S; are complex symplectic manifolds, (i.e., they admit everywhere non-
degenerate closed holomorphic 2-form), but not tori.

c¢). Ci are neither tori nor symplectic.

Irreducible K&hler manifolds of the type C} can be called Calabi- Yau mani-
folds; in the physical literature this name is sometimes applied to any manifold
with Ky = 0. The smallest dimension of a complex torus is 1, of a symplectic
manifold 2 (any symplectic surface is a K 3-surface); strictly Calabi-Yau man-
ifolds occur first in dimension three. Classification of Calabi-Yau threefolds is
a wide open problem; one does not know even whether they belong to a finite
number of deformation families. Most of known examples are constructed as
anticanonical hypersurfaces of Fano varieties W, or more generally, as “anti-
canonical complete intersections”: V' =n;D;, Y, D; € | — Kw|.

Every Kihler manifold belongs to the realm of three geometries: Riemannian,
symplectic, and complex (or algebraic). Theorem 3.1.1 is basically a Rieman-
nian statement (de Rham theorem on the holonomy groups). The curve count,
seemingly a pure complex problem, at present can be properly approached only
from the symplectic direction revealing its “quasi-topological” nature.

In this report we will concentrate upon algebro-geometric aspects of this vast
and complex picture.

3.2. The structure of the mirror conjecture. Consider a Calabi-Yau
threefold V' and a complete local deformation family W,,z € Z of Calabi-
Yau threefolds. We will say that V and W, are mirror related if a certain
characteristic function F counting maps ¢ : P! — V coincides with another
function G describing the variation of the periods of W,. The function G
depends on h'! (V) complex arguments which reflect the degree of ¢ with respect
to a basis of Pic (V) = H(V,C) N H?(V,Z). The function G depends on
h'?(W,) arguments because this is the dimension of Z. Hence we must have
RN (V) = h12(W,).

To make this all precise, we start with the notion of pre-mirror data.

3.2.1. Definition. The premirror data consist of the following objects:

i). A pair (V,W.) as above.

ii). A local isomorphism q : Z = Z(W) C ModW) - U = U(V) C
Pic (V) ® C where Mod(W) is the moduli space of W.

iii). A local trivialization: w : Ly — Oz where Lw is the invertible sheaf
on Z whose geometric fiber at z € Z is H*(W., 3y ).

We assume in addition that Pic (W) is canonically trivialized over Z, and
that U is contained in the tube domain Pic (V) ® R +iK where K is the cone
spanned by ample (or Kahler) classes.
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3.2.2. Counting curves on V and function F. Given premirror data
3.2.1, we proceed as follows.

The holomorphic tangent sheaf Ty to U (V) is canonically trivialized because
U is a domain in the complex vector space Pic (V)® C = H%(V,C): Ty =
Pic (V) ® Oy. We define the Oy-linear map

F: S3Ty) - Oy (3.1)
by
F(H,E, ®E; ® E3)
e21ri(C,H) (3 2)
= (E1E2E3)+;WH—)(C,E1)<C,E2><C,33)- '

Here H € U; E; € Pic (V) are interpreted as vector fields on U; (,) means the
intersection index, or cup-product; finally, C' runs over rational curves in V.

However, the sum on the r.h.s. of (3.2) can be understood literally only if
all rational curves in V are isolated and have the normal sheaf O(—1) & O(-1).
Otherwise the local contributions of rational curves can be formally defined by
a general position argument involving a deformation of the complex structure
of V which makes it non-integrable. More generally, this argument leads to
the introduction of the so called Gromov-Witten invariants and quantum coho-
mology rings. Although these notions belong to the most significant geometric
discoveries made by quantum field theorists, we have to omit their discussion
because of the lack of mathematically rigorous treatment.

3.2.3. Calculating periods of W and function G. For the local family
m: W.— Z, we have denoted by L the sheaf R, Q%V /z of holomorphic volume
forms on the fibers of 7. We will now define an Jz-linear map

G: S3(Tz) » L2 (3.3)

as a symbol map of a Picard-Fuchs operator, or infinitesimal variation of Hodge
structure.

Specifically, consider the exact sequence
0 Twyz = Tw = " (Tz) = 0.
Its boundary map is the Kodaira-Spencer morphism
Tz — Rlﬂ'*TW/Z (3.4)

which is an isomorphism if Z is a versal deformation.
The convolution map i : Tz x va 1z = Q"; /IZ induces a pairing

R'7.(i) : R'mTw,z ®0, quﬂ’{wz - R"+17r,,Q";/IZ,

or a Oz-map
RIW*TW/Z — End(_l’l) (@p,qRqTr* (Q"J/V/Z))
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Iterating this map three times we get
(R'7. T 2)® = Hom (m. (%), B°ma(Ow)). (3.5)

Actually, this map is symmetric because according to Ph. Griffiths it is the
symbol map of the Gauss-Manin connection extended to the differential oper-
ators of order 3. Using the relative Serre duality, one can identify the r.h.s.
of (3.5) with £72. Finally, composing (3.5) with the Kodaira-Spencer map
S3(Tz) = S*(R'7.Tw,z), we obtain the function G in (3.5).

3.2.4. Definition.  The premirror data 3.2.1 are called mirror data if,
after the identification of U(V) and Z(W) via q and trivialization of £L=2 via
w, F and G coincide.

3.3. Example. For V a generic quintic hypersurface, the relevant mirror
data were given in the ground-breaking paper by Ph. Candelas, X. de la Ossa,
P. Green, and L. Parkes [9]. In this case, h!1(V) = 1, and Z is a neighborhood
of zero in C, with complex coordinate z. Evaluating (3.2) on the positive
generator H of Pic (V) (hyperplane section) multiplied by ¢ in upper plane,

and on E; = E; = F3 = H they get a function F(q),q = €2™% of the form
27rzkt
F(g) =5+ Z ek (3.6)

where ny, is the number of rational curves of degree k (with appropriate multi-
plicities).
The mirror map z — ¢(z) := e2™(?) is calculated to be

Y N=o0 (5N' (N)5=5N 2N

5 _ NT)5
t(z) = — = {log(52~1/ : 3.7
() = —gepliostes ™) + =5 Mgoe 6D
5N
X0)=0, A\N)=- ) =.
m=N+1
Put -
Z (5N)t \WOINV) 5NN
|)5
N=
The function G(z) is
t
G(2) = 5fo(2)72(1 - z)"%Zm’z%)_:}. (3.8)
Finally, the mirror identity states that
F(q(2)) =G(2) (3.9)

in a neighborhood of zero.
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This identity implies that two cubic differentials F(q)(dg/q)® and

= (%)

are one and the same differential written in different local coordinates g(z)
and z respectively. This reminds one of a Schwarz deritivative related to the
linear differential operators of the second order and projective connections. In
fact, this analogy can be made quite precise. The relevant differential operator

d
annihilates fo(2): for D = S it can be written as

L=D*-5"*5D+1)(5D +2)(5D + 3)(5D + 4),

and log(5°¢(z)/2) is a quotient of two solutions of the equation Lf = 0.

In the remaining part of this report, we will explain Batyrev’s construction
of toric premirror data.
§4. Toric mirrors

4.1. Convex geometry. Let M, N be a pair of free abelian groups of finite
rank r = d + 1 endowed with a pairing (,) : M x N — Z making them dual to
each other.

In Mp = M @ R and Ng = N ® R, we consider a pair of convex compact
closed polyhedra {$p C Mg, On C Ngr. Each of them is an intersection of a
finite set of closed halfspaces.

4.1.1. Definition. a). O, On are dual, if

Om = {m € Mgr|(m,n) > —1 for alln € On},

On = {n € Nr|(m,n) > —1 for allm € Oar}. (4.1)

b). (Om,ON) form a mirror pair if they are dual and have integral vertices.

If we start with any convex compact closed polyhedron ¢ and define s
by the first line of (4.1), it will also be such a polyhedron, and the second con-
dition will be satisfied automatically. Duality of ({ar, On) induces an inclusion
reversing isomorphism between the posets of faces of {pr and $ N .

If in addition {n has integral vertices, then codimension-one faces of { s
are defined by equations of the type (m,n;) = —1, n; € N, but vertices of { s
need not be integral. This is an additional (and restrictive) condition. It can be
expressed via point count in (a{n) N N. Specifically, there exists a polynomial
l(a) of degree r = dim Ng such that card (aQn N N) = l(a) for all integral
positive a.

T. Hibi proved that { s has integral vertices iff {((—a —1) = (—1)"I(a) for all
a.

V. Batyrev calls members of mirror pairs reflezive polyhedra.
4.1.2. Lemma. If ({p,On) form a mirror pair, they contain origin which
is their only interior point.

Proof. From (4.1), it is obvious that 0 € {s,0 € $n, and that 0 does not
lie on the boundary.
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In order to see that, say, {»r does not contain any more integral interior
points, represent {»s as a union of cones o(E) = Nte(o,1)tE where E runs over
all codimension-one faces of ).

Any interior point mg € {»s belongs to some tE,0 < to < 1. If mg lies in
the face (m,ng) = —1,ng € N, we have (mg,ng) = —to. If my is integral, we
must have ¢ty = 0, that is my = 0.

4.1.3. Classification results. For every r, there exists only a finite number
of reflexive polyhedra, but they are completely enumerated only for r = 1 and
2. There are 16 of them for r = 2, hundreds for r = 3, and thousands for r = 4.

Here is one example for general r: put M = Z",e; = the i-th coordinate
vector,

QM = convex envelope of {ey,...,e,,—(e1 + - +e,)}. (4.2)

For N = Z" and standard pairing we can easily check that

O~ =(-1,...,-1) + convex envelope of {(r + 1)ei,..., (r + 1)e,,0}. (4.3)

4.2. Affine toric mirrors. Given a pair of dual lattices M, N as in 4.1, we
can construct a pair of tori. Writing elements of M (resp. N) multiplicatively
as ™ (resp. y™) we put

T(N) = Spec C[zM], T(M) = Spec C[y™].
For Gy, := Spec [t,t~!] we have the following canonical identifications:
N = Hom (G, T(N)), M = Hom (T(N),Gy)

and similarly for T(M).
Given in addition a mirror pair of polyhedra ({ar, On), we put

UM=3<>M0M=OM0M\{O}. (4.4)

and similarly for vy.
4.2.1. Definition. The following two families of affine hypersurfaces in the
tori T(M),T(N) are called affine mirrors of each other:

VOM)=Vn:l— Y amz™ =0 (in T(N)), (4.5)
meEvM

VION) =Var:1= > bay™ =0 (in T(M)). (4.6)
NneEvN

Notice that 1 in (4.5), (4.6) is actually z°, resp. y°, corresponding to 0 €
Om, OnN.

A word about our notation. Eventually we will construct toric premirror data
as in 3.2.1, where V will be a partial compactification of the family Vy and W
that of family Vis. We try to furnish the principal relevant objects by indices
M, resp. N, in such a way that an object covariantly depended on its index.
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So T'(N) covariantly depends on its lattice of one-parametric subgroups N, and
Vn is a family of hypersurfaces in T'(IV), etc.

4.2.2. Example. In the notation of 4.1.3, put 2% = z; in M and y* = y;
in N. Then:

a T
VN : l—m+§aizi=0, (47)
1
Vi : 1- iyl =0, 4.8
M yl._.yr;yl yy (4.8)

v=1..,0)#1,...,1); 0> v <r+1, 1> 0.
T

If we compactify T'(M) to a projective space by introducing homogeneous co-
ordinates y; = Y;/Yp, (4.8) becomes the complete linear system of hypersurfaces
of degree r + 1 in P:

Vm: Y BYS® . YF =0,Y pi=r+1,p>0. (4.9)
7 i

For r > 4, they are Calabi-Yau manifolds outside the discriminantal locus
defined by a universal polynomial in coefficients B, : D(B,) = 0. For r = 3
(resp. r = 2), they are quartic K'3-surfaces and cubic plane curves respectively.
We have h!! = 1 for Vs. On the other hand, (4.7) is actually a one-parameter
family since a;’s can be made constant by rescaling x;’s. After some variable
change in (4.7) and a suitable compactification, we obtain in this way for r = 4
the quintic mirrors of 3.4.

In order to discuss in a more systematic way compactifications both in the
toric spaces T'(M),T(N) and the coefficient spaces a,, b, we will briefly recall
some constructions of toric geometry.

4.3. Toric (partial) compactifications. Let L be a lattice of finite rank,
0 C Lgr a closed convex cone with vertex in origin. We will be working only
with cones finitely generated by a family of elements of L. Put of = {I* €
Ly|(*,1) >0 for all l € 0}, and

A, = Spec (®ieq:Cat).

The affine variety A, contains T'(L), i.e., ¢ N L* generates L* as a group, iff o
is strictly convex that is, does not contain a non-trivial subspace. The natural
action of T'(L) upon itself extends to the action T(L) x A, = A,. So A, is a
partial toric compactification of T'(L).

A more general construction of of compactifications is obtained if one glues
together A,’s for an appropriate family of cones. Such families are called fans.
For us, a fan A in Ly is a finite family of strictly convex cones, containing all
faces of all its elements and such that the intersection of any two cones is a face
of each of them. We put

P(A) = H A, /(natural equivalence relation).
ocEA
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When |A| := Ugeao = Lgr, P(A) is a complete toric variety which can be
considered as a natural generalization of projective space.

4.4. Compactifying members of affine families Vjy, Vjs. For a reflexive
polyhedron ¢ s, denote by F({ar) the set of {ar-compatible fans Aps in Mg,
i.e., fans satisfying the following conditions:

4.4.1. Definition. Ajs is {ar-compatible if the following hold:

a). Every I-cone of A is generated by some m € vy, and every m € vy
generates some 1-cone of Apy.

b). Apr is simplicial, i.e., every d—-dimensional cone of Apr is generated by
d 1-cones.

c¢). Apg is projective, i.e., there exists a strictly conver functionn : Mg — R
linear on every cone of Ays.

The property b) implies that P(Ajs) has only abelian quotient singularities.
In c), n is said to be strictly convex (with respect to Aps) if it is convex, and
every maximal subset of Mg on which it is linear is a cone of maximal dimension
of Apr. The property c) implies that P(A)y) is a projective variety.

The set F'({ar) is obviously finite. Less obvious but true is that it is non-
empty (condition c) can be satisfied).

4.4.2. Definition. Given a mirror pair (Oar, ON), a pair of fans Ay €
F(Om), AN € F(ON), the Calabi-Yau families of the corresponding toric pre-
mirror data consist of fiber compactified families Vi C P(Anx) =T(N), Vi C
P(Ay) =T(M).

Remark. Since P(Ajs),P(Ax) have only abelian quotient singularities,
its (anti)canonical divisor is Q-Cartier. Families V n,V s are precisely anti-
canonical systems of divisors. For r = 4 (d = 3), their generic members are
nonsingular Calabi-Yau manifolds; for d > 4 they are generalized Calabi-Yau
varieties with mild singularities.

4.5. Secondary lattices and tori. Equations (4.5) (resp. (4.6)) show that
points of vps (resp. vy) define some one-parameter deformations of hypersur-
faces Vi (resp. V) represented by coefficients a,,, m € vas (resp. bp,n € vN).

On the other hand, according to 4.4.1 a), these points correspond bijectively
to 1-cones of Ay (resp. Apn) that is, to the irreducible divisors Dy, at infinity of

Pic P(Ajs) (resp. Pic P(Ap)) which in turn define one-parameter subgroups
in Pic P(Ap) (resp. Pic P(Ap)) and by restriction, on members of V
(resp. V).

This is the first approximation to the second part of the premirror data where

we need spaces parametrizing simultaneously members of V y and elements of
Pic P(An) ® C, and vice versa.

To get the second approximation, we want to take into account that a,,, m €
var, can never parametrize Vy effectively because the whole linear system is
acted upon by T'(N). Similarly, raysin Pic P(Apr)®C generated by D,,, m €
vum, cannot be linearly independent because divisors of monomials reduce to zero
in Pic.

In order to proceed systematically, we have to construct new pairs of lattices
and tori.
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4.5.1. Secondary lattices. Denote by Z[vys] the free abelian group gen-
erated by vy, and similarly for vy. Let Rel(vas) be the kernel of the natural
homomorphism Zvp] = M : 30 o cm[m] = 3 cmm, and similarly for N.
The image of this homomorphism M C M is a lattice of finite index in M, and
similarly we define N C N. Thus we have exact sequences

0 = Rel(vy) = Zvy] = M =0, (4.10)

0 = Rel(vy) = Zlvy] = N = 0. (4.11)

Denote by Ly (resp. L) the lattice dual to Rel(vp) (resp. Rel(vn)). Since
(4.10) and (4.11) split, the dual sequences are exact. Identifying Z(var)* (resp.
Z(vy)*) with space of functions Z™ (resp. Z*V) and putting M* = N', N* =
M', we get exact sequences

0N -Z"™ 5 Ly — 0, (4.12)

03 M S Z° o Ly — 0. (4.13)

Clearly, N C N' C Nq, M C M' C Mq. The embedding N — Z"™ is just the
restriction to vps of N as the group of functions on M, and similarly for N.

4.5.2. Positive cones. Denote by Rel>o(vy) the semigroup of relations
with non-negative coefficients, and by Rel%,(vy) the respective cone in Ruvn].
Denote by epr C Ly ® R the image of RY) in Ly ® R. Spaces Rel(v,) ® R
and Ly ® R are dual. Using the standard facts of convex duality, one sees that

RelS(vn) = ey, RelS;(vm) = ely.

We will now construct tori T'(Ly), T (L) and show that they naturally parame-
trize simultaneously pre-mirror pairs (moduli space/complexified Picard group),
or at least some subspaces of the latter, when toric linear systems do not form
locally versal families. Then we will use cones €7, € in order to construct their
partial compactifications crucial for understanding the mirror map.

4.6. Theorem. There erist two natural maps

T(Ln)(C) » Mod(Vy), (4.14)
T(Ln)(C) = Pic Vum)®C (4.15)
and similarly with (M, N) reversed. (The second map is multivalued: see (4.16)

below).
Proof. a). By definition,

T(Ln) = Spec [Ly] = Spec C[Rel(va)].

Writing Rel(vps) multiplicatively, we identify it with the group of monomials
[Ty, a5 such that 3-cpm = 0,cm € Z.

For a point ¢ € T(N)(C), put £&™ = £™(€) € C*. The natural action of
T(N): z™ = ™2™, am - £ ™ay, leaves (4.5) invariant, and C[Rel(vas)]



RATIONAL POINTS AND CURVES 239

can be identified with the span of T'(N)-invariant monomials in a,,. Hence
C-points of T'(Ln) bijectively correspond to the T'(N)-orbits of hypersurfaces
in Vi defined by equations with all a,,, # 0. This defines (4.14).

More algebraically, we have an affine hypersurface (4.5) in T'(Z*™) x T(N)
which is invariant with respect to the described T'(N)-action. The affine quo-
tient gives a hypersurface in T(Z* ) x T(N)/T(N), which can be identified with
T(Ln) x T(N') by choosing a splitting of (4.12). There is a natural isogeny
T(N) — T(N') which allows one to lift this hypersurface back to T(Lx)xT(N).

b). For an arbitrary torus T'(L), we have a natural identification L ® C =
Lie T(L)(C) which defines the exponential map exp: L ® C — T(L)(C). We
can explicitly define an inverse map

log: T(L)(C) > LR +il @ R/2miL
whose real part is
L*5mwmlog |z™(n)| € R, n € T(L)(C),
and imaginary part is
L* 5 mw— darg z™(n) € R/(2miZ).
On the other hand, (4.12) up to isogeny coincides with
0 = Div% (P(Apr)) = Dive (P(An)) = Pic (P(Ap)) =0

so that we have a natural isomorphism

Ly®R = Pic (P(Am))®R

whereas Ly C Pic (P(Ap))®R is a lattice commensurable with Pic (P(Aps))
(and coinciding with it if vpr generates exactly M over Z as one sees from (4.10),
(4.12)). So finally we get, combining with res: Pic (P(Apy)) = Pic (Vu):

resolog: T(Ln)(C) = Pic (P(Am)) @ R® Pic (P(Am)) ®Ri/2niLy

— Pic (V) ® Pic (V) ® Ri/27i res(Ly). (4.16)
This is our multivalued map (4.15).

4.7. Partial compactification. The cone ey C Ly ® R dual to &b, =
Rel>o(vm) ® R defines the affine toric variety A., O T(/N) whose function ring
is just the span of T'(N)-invariant monomials []aér with ¢, > 0. Hence it
contains in particular the point a,, = 0 for all m which defines the maximally
degenerate anticanonical hypersurfaces in P(Ay), the sum of all divisors at
infinity.

We will use this degeneration below in order to trivialize the bundle of holo-
morphic volume forms on fibers of Vy by choosing a form with period 1 along
a specific invariant cycle in the neighborhood of the degenerate hypersurface.
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Now we proceed to refine the compactification A., by taking into account
various possible choices of Ay € F(O ).

For the proof of the following result, see Oda—Park [22]. Consider the cone
of convex functions on M ® R linear on all cones of A,s. Restrict them on RYM
and then consider the image of the resulting cone in Ly ® R. Denote this image
E(A M) C Ly ®R.

4.8. Proposition. a). €(Ap) is a closed convez finite polyhedral cone in
Ly ® R. Under the identification Ly @ R = Pic (P(Ap))R it coincides with
the closure of the ample cone of Pic (P(Ap)).

b). All cones e(Ap) for Ay € F(Oum) and their faces form a finite convex
polyhedral fan f({ar) with support ey ; the cones e(Apr) themselves are all cones
of mazimal dimension of this fan.

In this way we get the following diagram of spaces:

P(f(OM)) =VapeF(om)Ac(an) = Aen = A(LN).

The closed point p.y € A, corresponding to a,, = 0, m € vy, is covered by
the closed points
Pe(an) € Aec(an), Am € F(Oum)-

Of course, the similar picture of partial compactifications of T'(Lys) takes
place in the mirror setting. We now look at (parts of) T'(Las)(C) as a space
parametrizing (parts of) Pic (P(An))®C for various Ay € F({ ) and there-
fore furnishing the arguments of the function F' counting rational curves on the
members of various compactified families Vy = Vn(6x). From this vantage
point, the cones e(Ay) correspond to various convergence domains of the same
function which in its G-avatar depends on the moduli of V' 3; and does not see
any difference between various compactifications Ay.

We will now make this more precise.

4.9. Curve counting function. We want to define an analog of the
function F (see 3.3) in our situation.

We will choose a fan Ay € F($n) and count rational curves C on a hyper-
surface V € | — Kp(AN)|, or more precisely, parametrized rational curves which
are non-constant maps ¢c : P! = V.

Every such curve defines a Z—valued function on Pic (P(AN)) : £ &

deg ¢ (L). Hence we get a Z-valued function on Ly, which we denote, to-
gether with its extension to Ly ® C, by l¢. It is non-negative on the ample
cone of Pic (P(An))r) that is on e(Ax) C Ly ® R. Instead of logarithm,
consider the function

1

t=5—log: T(Lm)(C) = Ly ®R/Lum +ily ®R.

Put |
gc : T(Ly)(C) = C*, gc = *millert),

Define also

U(AN) = t_l(LM ®R/Lp + ie(AN)) C T(Ly)(C).
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The positivity property above implies the following fact:
lgc(€)| < 1 for all p¢ and all £ € U(AN) C T(Las)(C),

lgc(€)| — 0 as Im(£(£)) = oo in e(ApN).

Consider now the holomorphic tangent vector bundle TT (Las)(C). It can be
canonically trivialized by invariant vector fields. Restricting upon U(Ayn) we
get

TU(AN) = U(AN) x Ly ® C.

Finally we define (now assuming dim (P(én)) = 4):
Fay: SS(TU(AN)) =U(AnN) x S3(LM ®C) - U(AN) x C,

Fay (& B, By, E3) = (& (E1EyE3) + ) —ZC"(—&)—(ZC,El)(lC,Ez)(lC,Es))'
= 1-ac(§)
We remind the reader that algebro-geometric aspects of summing over C’s are
far from being firmly established: see [14], [15], [1].
Consider now the open embedding

U(AN) CT(Lm)(C) C Acan)(C) 3 Pe(an)-
The closure U(An) of U(An) in A, (ay)(C) contains the maximal degeneracy
point p.(a,), and all gc extend to this point and vanish there so that

Fay (pe(an); 1, Ba, E3) = (E1 E2 E3).

We expect that Fj, is meromorphic in the interior of U(An).
Let us put now

UOn) =t (Lm ® R/Ly + iem) = Uayeron)U(AN).

4.9.1. Question. Does there exist a meromorphic function Fa on S3(T)
whose restriction on U(QN) coincides with Fa,, ?

If the answer to this question is positive, this means that counting curves on
a set of flops of anticanonical toric hypersurfaces reduces to choosing various
branches of the same analytic characteristic function.

4.10. Periods of the mirror family. We now want to define the function
G on a part Z of T(La)(C) considered as a moduli space for (compactified)
hypersurfaces in T'(M).

We will assume that there exists a fan Ay € F($ ) such that the generic
member of V= | — Kp(a,,)| is smooth. For d = 3 (r = 4) any Ay will do.

For Z we will take U(Ans) = T(Las) \ D(Anr) where D(Apy) is the discrim-
inantal divisor of non-smooth anticanonical hypersurfaces. In this way we get
asin 3.3 (W = Vu):
)= L2,

G: SB(Tﬁ(Am)

where L is the sheaf of holomorphic volume forms.



242 YU.LLMANIN

4.10.1. Trivialization of £. To make it, we must choose a section w
of W*ng/z; it suffices to define it up to sign. Following D. Morrison {[20],
[21] we suggest to do it by choosing an appropriate invariant cycle v in the
local system of homology groups Ha(Va,6,Z), a € T(Lym)\D(AMm) = U(Ay).
A complete understanding of the situation requires a description of the relevant
modular group representation

m(U(Ar),a) & Aut (Hy(Var.a,Z))

which we lack at the moment. However the following prescription fits all the
examples.

a). Invariant cycle. Consider a (d + 1)-dimensional topological torus yr =
(S")4+! € T(M)(C) given by |z"| = 1 for all n € N. Denote by U C U(An)
the set of points a = {as|n € vy} in U(Apy) for which 3 =lan| < 1. This
means that ~

Y N V,a =@ for a€U,

so that
[vr] € Hap1(P(AM), VM,a; Z)-

If d is odd (e.g. d = 3) we have a surjective map
0: Hyp1(P(AM), VM) = Hi(V,a)-

Denote by 7, the image of [yr] in Hy(Var,qe,Z). By construction, it is mon-
odromy invariant over at least Uc T (L )(C). Recall that geometrically 0 can
be described as follows. Take a small tubular neighborhood 7(Vas,.) in P(Apr),
then 7(Var,a) \ Vo restricts to an S*—fibration o(Var,e) C 7(Var,a) over Vis,a.
For a cycle v in Vi 4, take its inverse image 7' in 0(Vr,,). Then 8(v') = 7.

b). Residue map. Denote by Q4+ (log Vi,,) the sheaf of meromorphic forms
wp on P(Ajs) with pole of order < 1 on Vaz,,. There exists a well defined map

res: HO(P(An), Q% (log Vira)) = HO(VM‘Q,Q“',M‘G)

1
—_/wp =/ res(wp).
27 v By

¢). Trivialization of L. Choose wp 4 in such a way that

/ wp o = 2mi, 1. e. / res(wp,s) =1
T ot

a

for which

and trivialize £ by choosing w, = res(wp ) as a unit section. Changing orien-
tation of yr results in changing the sign of ws.
d). An explicit calculation of wp o. On the affine chart T(Ly) x T (M) with
coordinates (an,z}*) where n € un, n1,...n441 is a basis of N, we can put
wpa=(1- Z anz™) rzrldz A A m;ildzd_H.
nEUVN



RATIONAL POINTS AND CURVES 243

ForaeU , we can expand this and easily calculate:

(2—7:7,;?[’ wpa=1+ Y (D 1@ [[ &™) /in)! = Q(a)

l€Rely (vn) NEVN nevy

so that finally
1

Wq = WI‘GS(UJP’G).

4.11. Concluding remarks. We have now completed the construction of
the toric pre-mirror data. This construction has however two drawbacks.

The first is that T'(Las) (resp. T(Ln))) not always parametrize the whole
Mod (resp. Pic ) spaces. This is however true when Aut P(Aps)has T(M)
as its connected component, and in general we can hope that partial toric pre-
mirrors constructed here extend to complete mirror data.

The second is that we lack a general definition of the mirror maps g. The
identity map of T'(Ly) (resp. T(Lp)) certainly is not the correct one; as
examples suggest, it is “tangent” to the correct one.

Educated guesses about ¢ in various situations were made in [21], [6],

[9]-

Addendum
(July 1994)

This report was written about a year ago. This version is only slightly revised
and corrected.

Here is a list of some new results related to the questions discussed in the
paper.

Counting points. E. Peyre [23] formulated a fairly precise conjecture about
the constant c in (1.5) for anticanonical heights. He defined a Tamagawa mea-
sure that depends on a choice of the anticanonical height; the relevant Tama-
gawa number is the main ingredient of his constant. He has verified his pre-
diction for certain small blow-ups. He has also checked that it agrees with
previous calculations for generalized flag varieties and the singular series for
complete intersections furnished by the circle method. One remaining inde-
terminacy concerns the contribution of the Brauer group and/or more general
obstructions of local-to—global type.

P. Salberger (paper in preparation) has shown that P? with four blown-
up points over Q and deleted exceptional curves has O(H (logH)*) points of
height < H. His method is a refinement of that in [18]. A very careful strategy
of estimates allows him to save one logarithm; unfortunately, it falls short of
giving an asymptotic formula.

V. V. Batyrev and Yu. Tschinkel (paper in preparation) established the
expected analytic properties of the height zeta function of toric varieties, at
least for anisotropic tori. They developed a generalization of the Tate method
which proved to be very efficient for studying this problem. In particular their
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constant has the same general structure as Peyre’s one, with clearly visible
contribution from the local-to—global obstructions.

Counting curves. An axiomatic treatment of the so called Gromov-Witten
classes which is the mathematical basis of curve counting is given in

M. Kontsevich, Yu. Manin. Gromov-Witten classes, quantum cohomology,
and enumerative geometry. MPI preprint, 1994 (to appear in Comm. Math.
Phys.)

This paper also contains a detailed discussion of the Fano case, which we
omitted here concentrating on the Calabi—Yau varieties.

The existence theorems for Gromov—-Witten classes in the context of sym-
plectic geometry are proved in

Y. Ruan and G. Tian. Mathematical theory of quantum cohomology, preprint,
1994.

See also A. Givental and B. Kim, Quantum cohomology of flag manifolds and
Toda lattices, preprint hep—th/9312096

M. Kontsevich developed a very promising algebro—geometric approach to
the curve counting and derived precise formulas in

M. Kontsevich, Enumeration of rational curves via torus actions, MPI preprint,
1994.
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