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Eta Forms and the Odd Pseudodifferential
Families Index

Richard Melrose and Frédéric Rochon

ABSTRACT. Let A(t) be an elliptic, product-type suspended
(which is to say parameter-dependant in a symbolic way) family of
pseudodifferential operators on the fibres of a fibration ¢ with base
Y. The standard example is A + it where A is a family, in the usual
sense, of first order, self-adjoint and elliptic pseudodifferential oper-
ators and ¢t € R is the ‘suspending’ parameter. Let w4 : A(¢) — Y
be the infinite-dimensional bundle with fibre at y € Y consisting
of the Schwartz-smoothing perturbations, ¢, making A, (t) + ¢(t)
invertible for all £ € R. The total eta form, 14, as described here,
is an even form on A(¢) which has basic differential which is an
explicit representative of the odd Chern character of the index of
the family:

() dna=my7a, Ch(ind(A)) = [ya] € HOU(Y).

The 1-form part of this identity may be interpreted in terms of the
7 invariant (exponentiated eta invariant) as the determinant of the
family. The 2-form part of the eta form may be interpreted as a
B-field on the K-theory gerbe for the family A with (*) giving the
‘curving’ as the 3-form part of the Chern character of the index.
We also give ‘universal’ versions of these constructions over a clas-
sifying space for odd K-theory. For Dirac-type operators, we relate
n.4 with the Bismut-Cheeger eta form.

Introduction

Eta forms, starting with the eta invariant itself, appear as the bound-
ary terms in the index formula for Dirac operators [2], [5], [4], [21], [22].
One aim of the present paper is to show that, with the freedom gained by
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working in the more general context of families of pseudodifferential opera-
tors, these forms appear as universal transgression, or connection, forms for
the cohomology class of the index. That these forms arise in the treatment
of boundary problems corresponds to the fact that boundary conditions
amount to the explicit inversion of a suspended (or model) problem on the
boundary. The odd index of the boundary family is trivial and the eta form
is an explicit trivialization of it in cohomology. To keep the discussion within
bounds we work here primarily in the ‘odd’ setting of a family of self-adjoint
elliptic pseudodifferential operators, taken to be of order 1, on the fibres of
a fibration of compact manifolds

(1) Z—M
i(ﬁ Ae U (M/Y;E), A* = A, elliptic

Y,

where a smooth, positive, fibre density on M and a Hermitian inner product
on the bundle have been chosen to define the adjoint. A similar discussion
is possible in the more usual ‘even’ case.

From the fibration and pseudodifferential family an infinite-dimensional
bundle of principal spaces, A(¢), of invertible perturbations on each fibre,
can be constructed:

(2) sus d)v 7"4 Hlll (¢7 )
\i %;]

The vertical map here does not correspond to a principal bundle in the
conventional sense since it has a non-constant bundle of structure groups,
GLX(¢; E), with fibre consisting of the invertible suspended smoothing per-
turbations of the identity on the corresponding fibre of ¢. The individual
groups in this bundle are flat pointed loop groups and hence are classify-
ing for even K-theory. Despite the twisting by fibre diffeomorphisms, the
homotopy group Ilo(G; X (M/Y; E)), where Go°(M/Y; E) is the space of
global smooth sections of G52°(¢; E), is canonically identified with K°(Y),
see for instance [30]. In this sense G2°(¢; E) is a ‘classifying bundle’ for
the K-theory of Y.

Throughout this paper we use notation such as B(¢) for the total space
of a bundle over Y associated with a given fibration (1) and B(M/Y") for
the corresponding space of global sections of the bundle. Thus, on the right
in (2), \Illl,’sl(@ E) is the space of product-type suspended pseudodifferential
operators on the fibres of ¢ (and acting on sections of the bundle E) —
an element of ‘Illlg’sl(gb, E) is thus a family of pseudodifferential operators
acting on smooth sections of E on the fibre above a point y € Y where the
parameter in the family is in R (the suspension variable ¢) with ‘product
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symbolic’ dependence on this parameter (as indicated by the suffix ps). In
the diagram above, A + it is such a family, although we consider a more
general situation in the body of the paper.

On the total space of the structure bundle in (2) there is a deRham form,
Cheyen, representing the even Chern character, i.e. which pulls back under
any section to a representative of the Chern character of the K-class defined
by that section. The eta form, 14, in this setting is a form on A(¢), defined
by regularization of the formula for the Chern character on the structure
bundle (see (6.4) and (6.6)). Under the action of a section of the structure
bundle, this eta form shifts by the pull back of the Chern character up to
an exact term

(3)
a:Go X (MY E) xy A(¢) — A(¢), a’na=pryna + pri Cheven +dv,

~ a smooth form on G °(M/Y; E) xy A(¢),

sus

where pry: G X (M/Y; E) xy A(¢) — G X (M/Y; E) and

sus

pry : Gl (M/Y; E) xy A(¢) — A(9)
are the natural projections. The central result below is:

THEOREM 1. The eta form, na, on A(¢) has basic differential repre-
senting the odd Chern character of the index bundle of the given family A
in (1)

(4)
dna = piva, va €CP(Y; M%) dya =0, Chygg(ind(A)) = [ya] € HO¥(Y).

Once a choice of connection is made, the form 7y 4, which can be written
explicitly in terms of the formal trace of [20] (see (6.13) below), gives a
representative of the Chern character of the index class. For the particular
case of families of Dirac operators associated to a pseudodifferential bundle,
Paycha and Mickelsson, in [28], obtained a related representative of the
Chern class using the Wodzicki residue instead of the formal trace.

To prove Theorem 1 we use the smooth delooping sequence for the fibra-
tion, which is the top row in the diagram

(5) Go (¢ B) —= Gy (¢; B) —= G (¢ B)
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Here A(¢) is an extension of A(¢) to a bundle of principal spaces (in the
same sense as for A) with bundle of structure groups, G5 (¢; E), the half-
open (smooth-flat) loop group bundle. This has contractible fibres and hence
j(gzﬁ) has a section A as indicated in (5). Taking the quotient by the original
structure group, this projects to a section, ind(A), of G=*°(¢; E') with homo-
topy class giving (minus) the index in K'(Y') of the family. Ultimately, (4)
follows from the fact that there is a corresponding multiplicativity formula
linking 14 to an analogous form, 7. Thus 7 is a universal transgression form
for the delooping sequence, in that it restricts to the Chern character on
GaX(¢; E) and dn is basic; it is the pull-back of the odd Chern character
Chogq on G~*°(¢; E).

In §1 the smooth delooping sequence for K-theory is described. The uni-
versal Chern forms on the odd and even classifying spaces are constructed
in §2; the regularization to a universal eta form on the half-open loop group
is carried out in §3. The constructions of Chern forms is extended to the
classifying bundle given by a fibration in §4. The bundle of invertible pertur-
bations for a self-adjoint elliptic family, or more generally an elliptic family
of product-type suspended operators, is introduced in §5 and in §6 the eta
forms are generalized to this case and further extended in §7. The index
formula, Theorem 1, is proved in §8. The realization of the exponentiated
eta invariant, the 7-invariant, as a determinant is discussed in §9 and the
adiabatic determinant of a doubly-suspended family is discussed in §10. This
is used to construct a smooth and primitive form of the determinant line
bundle over the even classifying space in §11. The K-theory gerbe is realized
as a bundle gerbe in the sense of Murray [26] in §12 and the geometric ver-
sion of this gerbe for an elliptic family is described in §13. Finally, in §14,
we discuss the relationship between the eta forms as introduced here and
the eta forms of Bismut-Cheeger [3].

1. Delooping sequence

We first consider the ‘universal’ case with constructions directly over
classifying spaces. Despite the infinite-dimensional base, this setting is a
little simpler than the geometric case of a fibration since there is no twist-
ing by diffeomorphisms. Let Z be a compact manifold with dim Z > 0 and
let £ — Z be a complex vector bundle over it. The algebra of smoothing
operators on sections of F is

U®°(Z; E) =C™(Z* Hom(F) ® Qg)
where Qg = 73} is the pull-back of the density bundle by the projection
mrR:Z x Z — Z onto the right factor and Hom(F) =75,E" ® 7} E with

wr : Z X Z — Z the projection onto the left factor. The product is given
by the integral

(1.1) (Ao B)(z,2)= /Z A(z,2")B(Z", 7).
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The topological group
(1.2)
G ®(Z;E)={A€ VU >(Z;E); 3 (Id+A) ' =1d+B, Be ¥"*(Z;E)}

is an open dense subset and is classifying for odd K-theory. The ‘suspended’
(or flat-pointed loop) group
(1.3) GoX(Z;B)={A€S(R, x Z*;Hom(E) ® Qg); A(t) € G>(Z; E)}

sus

is therefore classifying for even K-theory. It is an open (and dense) subspace
of the Schwartz functions on R with values in ¥~*°(Z; E).

Thus, for any other manifold X, the sets of equivalence classes of
(smooth) maps reducing to the identity outside a compact set under
(smooth) homotopy through such maps are the K-groups:

K (X)={f €C™(X;G™(Z;E)); f=1d on X\ K, K€ X}/ ~,
KOX)={feC®(X;G.X(Z;E)); f=1d on X\ K, KEX}/~.

sus

By definition, Schwartz functions are ‘flat at infinity’ and we introduce
a larger space of functions which are Schwartz at —oo but more generally
‘flat to a constant’ at +00 and the corresponding group

Go°(Z,E) = {A €C®(R, x Z*;Hom(E) ® Qg); lim_A(r) =0,

dA(T)
dr

(1.4) A(T) e GT(Z;E) ¥ T € [—o0, oo]} .

€ S(R, x Z%;Hom(E) @ Qg),

Thus A can be recovered from its derivative,

(1.5) A(r) = /T &(s)ds.

oo ds

Moreover, there is a well-defined map ‘restriction to 7 = o0’,

(1.6) Reo : G3(Z;E) — G°°(Z; E)

sus

which is surjective since G~°°(Z; E) is connected and a general curve
between two points can be smoothed and flattened at the ends.

The delooping sequence in the present context is the short exact sequence
of groups

~ Roo

(1.7) Ga(Z; B) ——= G (Z;E) —> G~=(Z; E)
where the map to the quotient group is explicitly given by (1.6) and the
flatness of the paths at +o0o ensures exactness in the middle.

LEMMA 1. The group G5(Z; E) is contractible.

sus
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PROOF. Tt is only the ‘flatness at infinity’ of the elements of G5 (Z; E)
that distinguishes this result from the standard contractibility, by shortening
the curve, of the pointed path space of a group. To maintain this condition
during the contraction, first identify (—oo,00) by radial compactification
with the interior of [0, 1]. Since the singularities in the compactification are
swamped by the rapid vanishing of the derivatives at the end points, this
gives the alternative description of the group as

~ da

Gai:(2:5) = {a € (0,115 G (Z: E)): § € C(0.1)

(18) U (2; ), a(0) :o},

where C>([0,1]; ¥~°°(Z; E)) is the space of smooth functions vanishing
together with all their derivatives at x =0 and = = 1.

Now, let p:[0,1] — [0,1] be a smooth function with p(0) =0 and
p(x) =1 near x =1 and consider the homotopy

2tp(x), te [0, ﬂ ,
19 )= 1
plo) + 21 = D)o = pla). te [5.1].

between the constant map, ¥g(x), and the identity map ;(x) = z. Note
that (1) =1 for % <t<1and¢yisflat at 1 for 0 <t < % It follows that
the composite f(v:(x)) with f € C*([0, 1]) is flat at © =1 for all ¢ if f is flat
at x = 1. Thus composition

(1.10) Uy :G(Z,E)3ar—aoiy € GLX(Z; E)

sus

gives the desired deformation retraction to the identity element. ]

This argument is not limited to this particular group and holds in greater
generality.

2. Universal Chern forms

The group G~*°(Z; F), identified as an open dense subset of U~°(Z; F),
is an infinite dimensional manifold modelled on the Fréchet space C>(Z?;
Hom(F) ® Qg). We shall fix the space of smooth functions on G~°(Z; E)
and more generally the smooth sections of form bundles and other tensor
bundles.

First, it is natural to identify the tangent space at any point with the lin-
ear space in which the group is embedded. Then the cotangent space can be
identified with its dual, C=°°(Z%; Hom(E") ® ), the space of distributional
sections, where €1y, is the left density bundle. Thus

(2.1) TiG™™(Z;E) =C~>®(Z* Hom(E') ® Qr)
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with the duality between smooth tangent and cotangent fibres given by
distributional pairing. This can be written formally as bundle pairing fol-
lowed by integration

T,G"(Z;E) x T,G"*°(Z;E) > (a,B) — - BeC,

(2.2) , ,

a-B= a(z,2')B(z, 7).
72

Having defined the tangent and cotangent fibres at each point, the fibres
of the cotensor bundles are interpreted as completed tensor products. Thus

(2.3) (T*)2F = | Z2°%; Q) 7 Hom(E') @ Oy,
J

where Qyp is the tensor product of the (trivial) real line bundles on each
left factor of all the pairs and the homomorphism bundle is lifted from each
pair of factors.

Since G~*°(Z; E) is a metric space with the topology induced from
U=°(Z; E), continuity for functions is immediately defined. More generally,
continuity for sections of any of the tensor bundles is defined by insisting
that a k-cotensor field should be a continuous map from the metric space
G~>°(Z; E) (or indeed any subset of it) into the distributional space (2.3) in
the strong sense that it should map locally into some fixed Sobolev, hence
Hilbert, space

HN | 2% Q) 7 Hom(E') @
J

and should be continuous for the metric topologies. The meaning of direc-
tional derivatives is then clear. For a map to be C!, we insist that all direc-
tional derivatives exist at each point, that they are jointly defined by an
element of the next higher tensor space, i.e. distribution in two more vari-
ables, and that the resulting section of this tensor bundle is also continuous.
Then infinite differentiability is defined by iteration.

The form bundles are defined, as usual, as the totally antisymmet-
ric parts of the corresponding cotensor bundles. Smoothness as a form is
smoothness as a cotensor field. The deRham differential is the map from
smooth k-forms to smooth (k + 1)-forms given in the usual way by differen-
tiation followed by antisymmetrization.

If F:G™°(Z;FE) — Cis smooth and b € G=°(Z; E) then L(b)*F(a) =
F(ba) is also smooth, as is R(b)*F defined by R(b)*F(a)= F(ab~'). Thus
G~°(Z; E) acts on its space of smooth functions, as in the setting of finite
dimensional Lie groups. These actions extend to cotensor fields and hence
to forms.
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The universal odd Chern character is given by a slight reinterpretation
of the standard finite-dimensional formula

(24)  Choga(a) = — Tr </01 o~ da exp <t(1 - t)(“_ld“)2>dt>

21 21

€ C®(G™°(Z; E); A*49).
Namely expanding out the exponential in formal power series and carrying
out the resulting integrals reduces this to an infinite sum
1 k!
(2mi)k+1 (2k + 1)

o

(2.5)  Choqd(a) = Z cp Tr ((cflda)%“) o=
k=0

Here, each da is the identification of the tangent space at a with U=°°(Z; E)
— so can be thought of as the differential of the identity. Thus, for any 2k + 1
elements b; € ~°(Z; E), the evaluation on (T,)®*+1) of an individual
term is

(2.6) Tr ((a_lda)zkH) (bl, ceey bgk+1)

= (=17 Tr(a by1ya o) - - a7 bp(anr1))-

The trace is well defined since the product is an element of V=°°(Z; E). It is
also defined at each point by a distribution, as required above, and the same
is true of all derivatives. Namely at each point the distribution defining this
form is just the total antisymmetrization (of variables in pairs) of

(2.7) A(Zp 41, 21)A(21, 22) A2, 23) - . . A2, 22k11)

where A is the Schwartz kernel of a~!. Note that while this is smooth in the
sense described above, the kernel representing the form at a given point is
not a smooth function because of the presence of the identity factors in the
operators. Due to the identity

d da
%at_l _ _a—lditta—l
differentiation gives a similar form, but with less symmetrization, with
respect to parameters. Thus (2.6) defines a form in each odd degree.

As a result of antisymmetrization the form corresponding to (2.6) for
an even power is identically zero. Moreover the computation of the deRham

differential, based on the identities (2.8), d?a = 0 and d(a~'daa=!) = 0 yields

(2.8)

(2.9) dTr ((ailda)zk“) =—-Tr ((ailda)%”) =0=dChygq =0

globally on G™*°(Z; E)). The Chern character (2.4) is universal in the sense
that if f: X — G7°°(Z; E) is any smooth map from a compact manifold
X, then

(2.10) [f* Choqa) = Choaa([f]) € H*(X;C)
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represents the odd Chern character of the K-class defined by the homotopy
class [f] of f.

The abelian group structure on K!(X) is derived from the non-abelian
group structure on G~°°(Z; E) and in particular the linearity of the odd
Chern character is a consequence of the following result. Here we say that
a form on a product of two (infinite-dimensional) manifolds M; x My ‘has
no pure terms’ if it vanishes when restricted to {p;} x My or M; x {p2} for
any points p1 € Mj or ps € Ms.

PROPOSITION 1. There is a smooth form Oeyen, on G~°(Z; E) x G=°
(Z; E) of even degree which has no pure terms, vanishes when pulled back
to the ‘product diagonal’ {(a,a™')} and is such that in terms of pull-back
under the product map and two projections:

(2.11) G~>(Z;E)

G~>(Z;E) G~>(Z;E)
the form in (2.4) satisfies
(2.12) m* Chygqg = ﬂ'z Chygq + 7'('}% Chygq + ddeven.

PROOF. For any two bundles the group G=°(Z; E) & G=*°(Z; F) can
be identified as the diagonal subgroup of G™°(Z; E @& F') and the Chern
form restricted to this subgroup clearly splits as the direct sum. So, to prove
(2.12) we work on £ @ E and take a homotopy which connects ab acting on
the left factor of F, so as ab®1d on F @ E, with a @b acting on E® F. This
can be constructed in terms of a rotation between the two factors. Thus

cost sint
(2.13) M(t) = <_ sin cost) , tel0,m/2]

is such that

(2.14) B(t)=M"'(t) (8 1?1) M(t) satisfies B(0) = <8 1?1) ,

B(r/2) = <I§ 2) .

Using this family, consider the map

(2.15) H:[0,1]xG~=(Z; BE)xG~(Z; E) — A(0)B(t) € G==(Z; E®E).
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It follows that the form oo = H* Chyqq is a closed form on the product and
hence decomposing in terms of the factor [0, 1],

(2.16) a=dt N ay(t) + as(t)

where the «; are smooth 1-parameter families of forms on G™>°(Z; E) x
G™>=(Z; E),

(217) dOéQ == 0, da1 ==

o™
where d is now the deRham differential on G=*°(Z; E) x G=*°(Z; E). Thus,
setting

w/2
(2.18) Seven = — / o (1),
0

(2.12) follows.

Now, if a is held constant, H* Chyqq is independent of a and reduces to
the Chern character for B(t). It follows that the individual terms in «; are
multiples of

(2.19) T ( (161 8) <MgfﬂM*(t)((db)b—l)%)

(0 (a1 2D g2k ).
(0 ()>< ot >>

Since %}@M “L(t)and M~1(¢) 8]\3{715(0 are off-diagonal this vanishes. A similar
argument applies if b is held constant, $0 deyen in (2.18) is without pure terms.

Under inversion, a — a~', Chyqq simply changes sign, so under the
involution I : (a,b) — (b~1,a~!) both the left side and the two Chern terms,
together, on the right change sign. Thus 0 = deven can be replaced by its odd
part under this involution, %(5 — I*§), which ensures that it vanishes when
pulled back to the submanifold left invariant by I, namely {b=a~1}. It still
is without pure terms so the proposition is proved. [l

The discussion of the suspended group Go2°(Z; F) is similar. Namely
the tangent space is the space of Schwartz sections S(R x Z2; Hom(FE) ®
Qr) which can be identified, by radial compactification of the line, with
C®([~1,1]x Z% Hom(E)®Qg) € C®([—1,1] x Z%; Hom(E) ®Qg), consisting
of the space of smooth sections on this manifold with boundary, vanishing
to infinite order at both boundaries. The dual space is then the space of
Schwartz distributions S'(R x Z2; Hom(E') ® 1), or in the compactified
picture the space of extendible distributional sections. Apart from these
minor alterations, the discussion proceeds as before and the even Chern
forms, defined by pull-back and integration are
(2.20) Cheyen = pi(ev* Choqq) € CF (Gl (Z; E); A°VY),

sus
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where
(2.21) ev:Rx G X (ZE) > (s,A) — A(s) e G(Z; E)

is the evaluation map and p, is the pushforward map along the fibres of
the projection p: R x G52°(Z; E) — G52 (Z; E) on the right factor. So, at
least formally,

(222)  Cheven = 5~ // Tr< ~1da) exp (t(l _t;;ai_lday)) dt,

where the outer integral mean integration with respect to 7 of the coefficient
of dr.

The analogue of Proposition 1 for the even Chern character follows from
that result. Namely if we consider the corresponding product map, pointwise
in the parameter, and projections:

sus sus

(2.23) Gsus (Z E)
GSuS (Z E) GSUS (Z E)
G (2 B)  eax(zE)

then there is a smooth form J,qq on the product group such that
(2.24) m”* Cheyen = 77, Cheven +7 1 Cheven +dd0dd-

This odd form can be constructed from Jeven using the pull-back and push-
forward operations for the (product) evaluation map

(2.25) Ev:R X GoX(Z;E) x G2 (Z; E) 3 (1,a,b)
— (a(7),b(7)) € GT7(Z; E) x G"=(Z; E)
(2.26) dodd = — / §'(1)dr, Ev* beyen = dr A& (T) + 8" (7).
R

Since the forms are Schwartz in the evaluation parameter, the additional
term

(2.27) / —&"(r

and (2.24) follows; note that it does not follow from the fact that deven has
no pure terms that this is true of do,qq — and it is not!

Smoothness of forms in the sense discussed above certainly implies that
the pull-back of such a form to a finite dimensional manifold, under a smooth
map Y — G~°°(Z; E) is smooth on Y and closed if the form on G~>°(Z; E)
is closed. Thus if f : Y — G~°°(Z; E) is arepresentative of [f] € K}(Y') then
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f* Chyqq is a sum of closed odd-degree forms on Y. The cohomology class is
constant under homotopy of the map. Indeed, a homotopy between f; and
fiisamap F:[0,1], x Y — G=*°(Z; E). The fact that the Chern form
pulls back to be closed shows that F* Chygq is of the form

dA(r)

A(r)+dr A B(r), dyA(r)=0, o

=dy B(r)
1
(2.28) e A(1) — A(0) = d / B(r)dr.
0

Thus cohomology classes in the even case are also homotopy invariant and
these universal Chern forms define a map from K-theory to cohomology.
This is the Chern character. The theorem of Atiyah and Hirzebruch shows
that the combined even and odd Chern characters give a multiplicative iso-
morphism

Ch: (K%(X) 2K (X)) ®C — H (X;C).

3. Universal eta form

As a link between the odd and even universal Chern characters defined
above on the end groups in (1.7), we consider the corresponding eta form on

GaX(Z; E). It has the same formal definition as the even Chern character
but now lifted to the larger (and contractible) group. This consists of paths
in G™*°(Z; E) so there is still an evaluation map

(3.1) Ev:R x GoX(Z:E) > (s, A) — A(s) € G°(Z; E)

sus

just as in (2.21).

DEFINITION 1. The universal eta form on G;(Z; E) is defined as in
(2.20) but interpreted on the group G (Z;E) with the evaluation
map (3.1)

(3.2) i =Be (Bv Choaa) € C2(Go*(Z; B); A
and with p, the push-forward map corresponding to integration along the
fibres of the projection p: R x G5 3°(Z; E) — G X(Z; E).

Integration on the fibres here is well defined since, in the integrand —
which is the contraction with 9/0T — necessarily one of the terms is dif-
ferentiated with respect to the suspension parameter, which has the effect
of removing the constant term at infinity. Thus the integral in (3.2) still
converges rapidly. N

If X is a compact smooth manifold and if a: X — G7™°(Z;E) is a
smooth map, the associated eta form is

(3.3) n(a) = ai.
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Now, consider the diagram analogous to (2.23) but for the extended
group, and hence with an additional map corresponding to restriction to
t = oo in each factor:

(3.4) G=2(Z; B)

sus

m

G (Z;E) x G2 (Z; E)

G_OO(Z; E) Roo X Roo G_OO(Z; E)

sus sus

G™™(Z;E) x G=>=(Z; E).

PROPOSITION 2. The eta form in (3.2) restricts to Chepen on G5
(Z; E), satisfies the identity

(35) m*ﬁ = WZﬁ + 7['}‘{77/ + d(éodd) + (Roo X Roo)*(seven

where 8,44 is a smooth form on G5X(Z; E) x G3°(Z; E) which restricts to

sus sus

0odd 0N G5X(Z5 E) x G (Z; E) and moreover 1 has basic differential

sus sus
(3.6) di) = R%, Choqgq
where Ry is the quotient map in (1.7).

PrOOF. To compute the differential of the eta form, write the pull-back
under Ev as in (2.28):

dA(T)

(3.7) Ev' Choaq = A(7) + dr A B(r) = dB(r) = ;
.

Since

_ _ B dA(T) B -
n_/RBm, dn—/RdB(T)dT—/R 1) e = A(00) = R, Choa.

This proves (3.6).

Similarly, as in the proof of (2.24), pulling back the corresponding addi-
tivity formula, (2.12), for the odd Chern character gives (3.5) with the addi-
tional term arising from the integral which vanishes as in (2.27) on the
suspended subgroup. [l
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4. Geometric Chern forms

Next we pass to a discussion of the ‘geometric case’. Fix a connection
on the fibration (1). That is, choose a smooth splitting
(4.1) TM=TIMaT(M)Y)

where the subbundle T M is necessarily isomorphic to ¢*T'Y. Also choose a
connection V¥ on the complex vector bundle E — M. Consider the infinite-
dimensional bundle

(4.2) C*(; F)—Y

which has fibre C*(Z,; E,), Z, = ¢ (y), E, = E‘Z at y € Y and space of
Y

smooth global sections written C*°(M/Y’; E'), which is canonically identified

with C*°(M; E). The choice of connections induces a connection on C*>(¢; E)

through the covariant differential

(4.3) Vi u=VE 4, C*(M/Y;E)>u=1¢€C®(M;E),

where X is the horizontal lift of X € C*(Y;TY). The curvature of this
connection is a 2-form on the base with values in the first-order differential
operators on sections of F on the fibres

(4.4) w= (V)2 € A’Y @¢o(y Diff (M/Y; E).

This covariant differential can be extended to the bundle U™ (¢; E), for
each m including m = —oo, which has fibre ¥ (Z,, E,) at y, and space of
global smooth sections ¥ (M /Y; E) through its action on C*°(M; E) :

(4.5) voPQ=[V*F, Ql, Qe ¥™(M/Y;E).

The curvature of the induced connection is given by the commutator action
of the curvature

(4.6) (VOEY2 =, ].

Let m: G=*°(¢; E) — Y be the infinite-dimensional bundle over Y with
fibre

(4.7)
G >(Zy; Ey) = {IdEy +Q;Q e V™>(Z,; Ey), ldg, +Q is invertible}.

This is naturally identified with an open subbundle of ¥~>°(¢; E) C ¥™
(¢; F) and as such has an induced covariant differential. If o € G™
(M/Y; E) is a global section, the corresponding odd Chern character is

(4.8)

1 ! v E
Chegq (o, V&E) = 5 Tr (/ (07 'V?Eq) exp <w(8’0’)> d5> )
0

2me
where w(s,o,V) = s(1 — s)(c" Vo) (0" 'Vo) + (s — 1)w — s0 " 'wo.
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Even though the curvature w from (4.4) is not of trace class, the term
o 1V?F5 is a 1-form with values in smoothing operators, the identity being
annihilated by the covariant differential, so the argument of Tr is a smooth-
ing operator.

The form in (4.8) is the pull-back under the section o of a ‘universal’
odd Chern character on the total space of the bundle. To see this, first pull
the bundle back to its own total space

(4.9) TG F(¢ E) — G (¢ E).
This has a tautological section
(4.10) a:G(p E) — "G (¢, E)

and carries the pulled back covariant differential V& = 7*V#£_ The geo-
metric odd Chern character on G=*°(¢; E) is

(4.11)

~ 1 1 ~ &, E
Chodd(V¢’E) =5 Tr (/ a VP qexp (w(s,a,V)) ds) , where

0 2mi

w(s,a, V) = s(1 = 5)(a ' V»Fa) (a7 1V?Ta) + (s — )& — sa'da;

here @ = m*w is the pull-back of the curvature. This clearly has the desired
universal property for smooth sections:

(4.12) Choaa(0, V&) = 0* Choaa(VOF).

The basic properties of the geometric Chern character are well known
and discussed, for example, in [1]. In particular of course, the forms are
closed. This follows from identities for the forms w = w(s, a, V®¥) and § =
a~'V®Fq in (4.11) which will be used below. Namely the Bianchi identity
for the connection implies (cf. (3.5) in [1]) that

V®»Ew = s[w, 0] and hence

v (0o (577)) =~ 3 o0 (557)) [0 (557) ]

= —2m1— ex e e ™, ——e2mi T
ds P \op 0 ds

(4.13) -5 [Qexp <£> ,0] .

21
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All the commutators have vanishing trace so

1 ~ 1 B =6, E
(4.14)  dChygq = o Tr VO F (/ a 'V?Faexp (w(s,a,V)) ds)
Q0 0

271
&,E
/exp< Sc2sz >>d8—

. w(0) w(l)
since Tr (e2m —e2mi | =0.

LEMMA 2. Under the inversion map I :G=®°(¢,E) > 0+——0 1€ G™>
(¢; E) the Chern character pulls back to its negative I* Ch,qq = — Chygq -

PRrOOF. This follows directly from (4.8) since
(4.15)  w(s,c 1, V)=0ow(l —s,0,V)o~}, oV»FPel=_(V*Es)o!
and the conjugation invariance of the trace. O

Furthermore, the cohomology class defined by Chyqq is additive, in the
sense that

(4.16) Chodd(alag) = Chodd(o'l) + Chodd(dg) + dF.

Again it is useful to give a universal version of such a multiplicativity
formula.

Let (G=°(¢, E)) be the fibre product of G=°(¢, ) with itself as a
bundle over Y. Then there are the usual three maps

(4.17) G~>(¢, E)
(G=>=(¢, E))™
(¢, E) G~(¢, E),

where 7p(a,b) =b, mg(a,b) = a and m(a,b) = ab.

PROPOSITION 3. There is a smooth form p on (G=(¢, E))? such that
(4.18) m* Chodd = W} Chodd —i—ﬂ'gv Chodd —i—du.

Proor. This follows from essentially the same argument as used in the
proof of Proposition 1. Thus, consider the bundle of groups with E replaced
by E & F in which the original is embedded as acting on the first copy and
as the identity on the second copy. As in (2.15), this action on E @ FE is
homotopic under a family of 2 x 2 absolute rotations, i.e. not depending
on the space variables, to the action on the second copy with the identity
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on the first. Now, m* Chyqq is realized through the product, i.e. diagonal
action on the first factor. Applying the rotations but just in the second term
of this product action, the map m is homotopic to wg @ 7. Since the Chern
character is closed, the same argument as in Proposition 1 constructs the
transgression form g as the integral of the variation along the homotopy. [

5. Odd elliptic families

Now we turn to the consideration of a given family of self-adjoint ellip-
tic pseudodifferential operators, A€ W(M/Y;E). In fact it is not self-
adjointness that we need here, but rather the consequence that A+ it, which
is a product-type family in the space \Illl)’sl(M /Y; E), should be fully elliptic
and hence invertible for large real ¢, |t| > T See [25] and [24] for a discussion
of product-suspended pseudodifferential operators. More generally we may
simply start with an elliptic family in this sense, possibly of different order,
Ae \Ilgé’l(M /Y E). It follows from the assumed full ellipticity that for each
value of the parameter y € Y the set of invertible perturbations

Ay ={A+it+q(t);q € Vo (Z,; Ey),
(A+it+q(t) eV Y (Z,;E,) VteR} or
Ay ={A{) +a(t); g € V.7 (Zy; Ey),
(A(t) +q(t) ' € U"™(Z,; By) V t € R}

(5.1)

is non-empty. This is discussed in the proof below.

PROPOSITION 4. If A€ WY (M/Y; E) is an elliptic and self-adjoint fam-
ily or A€ \Ilgé’l(M/Y;E) is a fully elliptic product-type family then (5.1)
defines a smooth (infinite dimensional) Fréchet subbundle A(¢) C \I/pms’l(qb, E)

(where m =1 =1 in the standard case) overY with fibres which are principal
spaces for the action of the bundle of groups G (¢; E).

PrOOF. The non-emptiness of the fibre at any point follows from stan-
dard results for the even index. Namely at each point in the base, the family
Ay (t) is elliptic and invertible for large |t| as a consequence of the assumed
full ellipticity. Thus the index of this family is an element of K?(R) and
hence vanishes. For such a family there is a compactly supported, in the
parameter, family ¢(¢) of smoothing operators on the fibre which is such
that A(t) + q(t) is invertible for all ¢t € R.

Now the fact that the fibre is a principal space for the group G5 3°(Zy; Ey)
follows directly, since for two such perturbations ¢;, i =1, 2,

(5.2)  A(t) +qi(t) = (Idg, +q12(1))(A(t) + q2(t)), q12 € V.37 (Zy; Ey)

and conversely. The local triviality of this bundle follows from the fact that
invertibility persists under small perturbations. O
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It is this bundle, A(¢), which we think of as the index bundle since the
existence of a global section is equivalent to the vanishing, in odd K-theory,
of the index of the original family. Note that since we permit the orders m
and [ of a fully elliptic family in \Ilgé’l(gb, E) to take values other than 1, the
index is additive in the sense that the index bundles of two elliptic families
(acting on the same bundle) compose in the obvious way.

6. Eta forms for an odd family

To define the geometric eta form, recall that it is shown above that a
covariant derivative is induced on the bundle ™ (¢; E) — Y from the con-
nection on ¢ and the connection on E. Consider the subbundle of elliptic and
invertible pseudodifferential operators, G™(¢; E). Since product-suspended
operators can be seen as one-parameter families of pseudodifferential oper-
ators, there is an evaluation map

(6.1) ev:R; X A(¢) 3 (1,a) — a(1) € G™(P; E)

compatible with the bundle structure. On G™(¢; E), consider as before the
tautological bundle

(6.2) ™G (¢ E) — G (¢; E)

obtained by pulling back the bundle to its own total space. With a: G™
(¢; E) — m*G™(¢; E) the tautological section consider the odd form

(6.3)
- iailﬁa /1 exp (5(1 — 5)(a"'Va)(a"'Va) + (s — 1)@ — sa_1@a> s
0

21 )

21

taking values in 7*U0(¢; E). Here V=7*V and & = 7*w with w defined
in (4.4).

This is formally the same as the argument of the trace functional in
(4.11), except of course that now the section a is no longer a perturbation
of the identity by a smoothing operator, but an invertible operator of order
m. Nevertheless, the identities in (4.13) still hold, since they are based on
the Bianchi identity. Writing the pull-back under the evaluation map as

(6.4) ev (A =X N Adr, A =19, )

both the tangential and normal parts are form-valued sections of the bundle
(6.5) TR E) — A

obtained by pulling back 7 : \I/g’so(qb; E)—Y to A.

DEFINITION 2. On the total space of the bundle A the (even) geometric
eta form is

(6.6) na = Treus(A")
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where Tryys is the regularized trace of [20] taken fibrewise in the fibres of
the bundle (6.5).

The bundle (6.5) does not have a tautological section, but
(6.7) TG (6 E) — A

does, where Ggé’l(d); E)C ‘I/g;’l(gb; E) is the subbundle of elliptic invertible
elements, with product-type pseudodifferential inverses. Denote this section
by agq: A— ﬁ;Gg@l(@ E). Then consider also the odd form

1 —~ 1 .
S _ 1= g
A= o /0 oy Vau
_1e 2 . 1
(6.8) X exp (5(1 —s)(ay Vaa) 2+ ('S — 1)@ —say waA> ds]
T

where Tr is the formal trace from [20] and V = ThV, 0= ThHw.

PROPOSITION 5. For an odd elliptic family of first order (so either self-
adjoint or directly of product type), the exterior derivative of the geometric
eta form

(6.9) dna =44 ="174

is the pull-back of a closed form on the base v4 € C*(Y; A°%).

PROOF. Recall first that the regularized trace is defined in [20] by taking
the constant term in the asymptotic expansion of

T Tp 1 9P .
(6.10) /7-/0 /0 Tr <87“p)\ (7‘)> drdry - - - dm,

as T — +o00. Here p € N is chosen large enough so that %)\t(ﬂ is of trace

class — the product-suspended property implies that high 7 derivatives are

of correspondingly low order in both senses. This is a trace, i.e. vanishes on

commutators, but is not exact in the sense that Tr(A) = Trsus(%—f) does not

necessarily vanish, but is determined by the asymptotic expansions of A(7)

as +7 — oo since it does vanish for smoothing Schwartz perturbations of A.
As noted above, the identities (4.13) hold for A. For the pull-back under

the evaluation map this means that modulo commutators

2 A

or

Now, taking p further derivatives with respect to 7 gives the same identity

modulo commutators where the sum of the orders of the terms becomes low

(6.11) VA" =



298 R. MELROSE AND F. ROCHON

as p increase. So, applying the trace functional the commutator terms vanish
and it follows that

(6.12) Tr ﬁw« )) Adr=Tr ﬁﬁx( )) Ad
' orp ’ T arror” "\ T
Therefore,
dng = Treus(VA") = Tr 9\
NA = Llsys = 1lsus or
(6.13) =Tr(\") =94

by definition of the formal trace.

As already noted, the formal trace vanishes on low order perturbations
S0 74 is basic, i.e. is actually the pull-back of a well-defined form v4 on Y
depending only on the initial family A. O

The index formula (4) therefore amounts to showing that the form 4
represents the (odd) Chern character of the index of the family A in coho-
mology. This is difficult to approach directly, computationally, so instead
we show how the index bundle A(¢) can be ‘trivialized’ by extending the
bundle of structure groups.

IfAe \Ilgé’l(M /Y E) is a fully elliptic family then it has an ‘inverse’ fam-
ily which, whilst not completely well-defined, is determined up to smoothing
terms. Namely the bundle A is locally trivial over Y and in particular has
local sections. Taking a partition of unity ¢; on Y subordinate to a cover by
open set U; over each of which there is a section A; the inverse family can
be taken to be

(6.14) > iy At € UMY E).

It is fully elliptic and, essentially by definition, the corresponding bundle
of invertible perturbations is naturally identified with the bundle A~!(¢) C

\Ilgsm’_l(gb; E) consisting of the inverses of the elements of A(¢).

LEMMA 3. Under the inversion map A(¢p) — A~1(p) the eta form n 4
on A71(¢) associated with the inverse family (6.14) pulls back to —n4.

PRrROOF. The proof is similar to the one of Lemma 2, namely since the
regularized trace vanishes on commutators, the result follows from the analog
of (4.15) for the bundles A(¢) and A~1(¢). O

We also need a variant of the multiplicative formula (4.18). For this,
consider the fibre product A2 (¢) of two copies of the bundle A(¢) and the
product map given by inversion in the second map

(6.15) m: APl (¢) 3 (A, A) — AA™ € GL2°(; E).
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PRroroOSITION 6. Under pull-back under the three maps

(6.16) Gas' (9, E)
APl(9)
A(¢) A(¢),
(6.17) " Cheyen —TgnA + Tpna = doa

for a smooth form 54 on AP(@).

Proor. We perform the same deformation as in Proposition 3 and its
earlier variants. Taking into account Proposition 5 and Lemma 2, it follows
that the same conclusion holds except that extra terms may appear from
T — £00. These give a basic form so in place of the desired identity (6.17)
we find instead that

(618) m* Cheven —7T:§7]A + W;‘W.A = dé./A + 7T*:u

where ¢4 is smooth form on A[Z](qb) and p is smooth form on the base, with
7 : APl(¢) — Y. However, under exchange of the two factors, the left side
of (6.18) changes sign, while the final, basic, term is unchanged. Thus taking
the odd part of (6.18) gives (6.17). O

It is also of interest to see how the eta form transforms under a change
of connections for the fibration ¢ : M — Y and the bundle £ — M.

LEMMA 4. If na and 1y are eta forms associated to the self-adjoint
elliptic family A € WY (M/Y; E) with respect to two different choices of con-
nections for the fibration ¢ : M —'Y and the vector bundle E — M, then
there exist a form B € Q™Y and a form o € Q°(A) such that

Ny —na=140+ da.

PROOF. Consider the new fibration ¢ xId : M x [0,1]; — Y x [0, 1]; with
family pr* A where pr: M x [0,1] — M is the projection on the left factor.
Clearly, we can choose connections for the fibration ¢ x Id and the bundle
pr* E — M x [0,1]; such that if 7.« 4 is the corresponding eta form, then

Llprs A = NAs 1 Nprs A =14,
where for i € [0,1], ¢t; : A — Ax {i} C Ax |0, 1]; = pr* A is the natural inclu-
sion. The form 7+ 4 can be written as

(6.19)
Tlprx A = pr:kél wo (t) + pr:kél w1 (t) A dtv wo (t) € Qv (-A)a w1 (t) € QOdd (A)a
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where pr 4 :pr* A= A x [0,1] — A is the natural projection. This suggests
to define a € Q°V"(A) by

0= G- )= [ (i
Then we have that
dov = (pr ) (dnpre 4) +0s = 14
(6.20) =74 DL (Ypr= A) + 14 — 1A
Thus, the result follows by taking § = — pr,(Ypr+ 4) = — fol v1(t)dt where
Yorr A = Drvg(t) + privi(t) Adt, wo(t) € QU (Y), vi(t) € QT (Y),

and where pr also denotes the natural projection pr:Y x [0,1]; — Y. [l

7. Extended eta invariant

The bundle A(¢) in (5.1) is a bundle of principal spaces for the action
of the fibres of G32°(¢; E'). The fibres can be enlarged to give an action of
the central, contractible, group in (1.7) by setting
(7.1) Ay =G =(Z;E) - A,.

This is not so easily characterized additively but is the image of the quotient
map on the fibre product

(7.2) Pt Go (65 E) xy A(9) — A(9), p~(3,4) = GA.

In particular there is an exact and fibrewise delooping sequence coming
from (1.7):

~ Reo

(73) A(9) —= A(9) —== Go (61 B).

The quotient map here can be defined in the fibre /Ty by
. s .
(7.4) Roo(A;) = rli»Hc}o A A,

where A, € A, is any point in the fibre of A(¢) over the same basepoint.
Clearly the result does not depend on this choice of A,.

The construction above of the eta form on A(¢) extends to A(¢). Thus,
the same form (6.3) pulls back under the evaluation map

(7.5) &Ry x A(¢) — G™(¢; E)
to give

(7.6) &VF(A) = A+ A" Adr.
Then, extending Definition 2, set

(7.7) 11 = Traus(A").
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We use this extended bundle and eta form to analyse the invariance
properties of 74.
Consider the fibre product with projections and quotient map

(7.8) A(9)

T ROO
P

sus (b? XY‘A

/ \ T

SUS 7

PROPOSITION 7. The diagram (7.8) commutes and there are smooth
forms 6 4 and fia respectively on the fibre product and G=*°(¢; E) such that
the three eta forms pull back to satisfy

(7.9) Pang=Tana + T5i + doa + R fia.

ProoOF. The commutativity of the parallelogram on the right is dis-
cussed above and defines the diagonal map, R.

The formula (7.9) is a generalization of that of Proposition 3 and the
proof proceeds along the same lines. Consider the odd Chern character on
E @ E. Thus, from the fibre product there are two evaluation maps, Ev and
ev and we may combine these using the bundle rotation as in (2.13). This
gives the two-parameter family of maps from é;f;o(qb, E) xy A(¢):

[0,1); x R x G2 (65 E) xy A(¢) > (¢, 7,3, A)

“1py (9u(T) O Id 0 m
(7.10) — M (t)< 0 I M(t) 0 Ar) eG"(¢p,EDE).
Pulling back the form A of (6.3) under this map and ‘integrating’ over
[0, 1] xR, gives the identity (7.9), where the 7 integral is to be interpreted as
part of the regularized trace. Since the form A is closed modulo commutators,
if the product decomposition of its pull-back is

(7.11) dt NdT Ap+dt AN +dT A+ N
then

Ot O\
7.12 dp — —— =0
(7.12) A T

again modulo commutators. The regularized trace and integral of the last
term gives the difference of the three pulled-back eta forms and p defines
the term 64 on the fibre product.

Thus it remains to analyse the second term in (7.12). The exterior dif-
ferentials in (4.11) each fall on either a factor from G5 (¢; E) or on A. The
terms involving no derivative of the first type, so the ‘pure A part’, makes no
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contribution, since as discussed earlier, the rotation factor M (t) disappears.
Thus, only terms with at least one derivative falling on the first three factors
of (7.10) need to be considered. This results in a smoothing operator and
the regularization of the trace functional is not necessary. Then the 7 inte-
gral reduces to the value of A\; at 7 = co which depends only on the leading
term in A as 7 — 0o, which is to say the corresponding term in A itself, and
R (g). This leads to the additional term fi4 in (7.9). O

The left action of the groups on the fibres of the index bundle induces a
contraction map

L: G (9 E) xy A(9) — A(9)

(7.13) B
L(s,u)=su, VseG *(Z;E,), ueA, VyeY.

COROLLARY 1. There is a smooth odd form & on G;°(¢; E) xy A(¢)
such that

(714) L*T]A = WZ?]A + 7T2<; Cheven +d8

PROOF. Restricting to the subbundle G;2°(¢; E) in (7.8) gives a dia-
gram which includes into it and on which R, and R are trivial:

(7.15) A()

|

God (93 E) xy A(9)

/K

A(9) Goud (93 E).
Thus (7.9) restricts to this diagram with fig4 vanishing and 7 reducing to
Cheyen on G;2°(¢; E). Thus (7.14) follows. O

REMARK 1. If s : U — G;°(¢; E) and a.: U — A are sections over an
open subset U C Y, then corollary 1 shows that

(7.16) n(sa) — () = Cheyen(s) + do*s.

8. Index formula: Proof of Theorem 1

The bundle .Z((b) has contractible fibres and hence has a global continu-
ous section A:Y — .,Z(qb); this section is easily made smooth. The inverse
image of the range of this section under the vertical map, p., in (7.8) is
a submanifold F C G52°(¢; E) xy A(¢). Indeed for each y € Y and each
B, € A, there is a unique @, € é‘“(Zy; E) such that

sus

Q(T)By = Ay(T)
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is the value of the section at that point. Thus, 74 restricts to an isomorphism
from F to A.

Using the section A:Y — A(¢), we can identify p(F) with Y so that
restricting (7.8) to F gives the commutative diagram

(8.1) Y

. \\x\ %”
A(o) G (¢ E)

where 7 is the restriction of R to F and < is the classifying map defined to
make this diagram commutes.
Restricted to F the identity (7.9) becomes modulo exact forms

(8.2) TaNA+ e =7 B, Bi= AT — 4 fia € C°(V; A,

From (3.6)

(8:3) mgdil =7"(Choga)

so pulling back to A under the isomorphism 7 4 gives the index formula (4):
(84) dna = —m"7"(Choda) + df ;-

Since the homotopy class of the section v represents minus the index class,
this shows that y4 in (6.9) represents the Chern character of the index.

9. Determinant of an odd elliptic family

The eta invariant, interpreted here as the degree zero part in the eta
form (there is a factor of 2 compared to the original normalization of Atiyah,
Patodi and Singer) is a normalized log-determinant. In the universal case, for
the classifying spaces, 7° is a well-defined function on C;’;uobo(Z ; E) and then

(9.1)  det(g) = exp(2mii°) is the Freholm determinant on G~°°(Z; E).

In the geometric case essentially the same result is true.

ProrosiTION 8. For A€ ‘Iigé’k(M/Y; E) a fully elliptic family of
product-type operators on the fibres of a fibration,
(9.2) 7(A) = exp(27inY) € C(Y;C*),

where 77?4 is the degree zero part in (6.6), is a multiplicative function on fully
elliptic operators on a fixed bundle,

(9.3) T(AB)=7(A)r(B), AcUnMM/Y;E), BeV¥(M/Y;E)
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which is constant under smoothing perturbation and which represents the
class associated to ind(A) € K}(B) in HY(Y;Z).

PRrROOF. Theorem 1 shows that dn& defined in principle on A, the bundle
of invertible perturbations of a given fully elliptic family A, is basic and
represents the first odd Chern class of the index. For the zero form part,
(7.14) implies true multiplicativity under the action of G5°(¢; E), with the
zero form part of Cheyen being the numerical index. Thus indeed the tau
invariant in (9.2) is a well defined function on the base which represents the
first odd Chern class in integral cohomology.

Full multiplicativity follows as in [20]. O

10. Doubly suspended determinant

Let G;1°S?2)(Z ; ) be the double flat-smooth loop group. Thus, its ele-
ments are Schwartz functions a : R? — U~°°(Z; E) such that Id +a(t,7) is
invertible for each (t,7) € R2. Let

(10.1) G;::EZ)(Z; E)le/e*] = Gs_u(:(’Q)(Z; E)® S(R%,U™°°(Z; E))

be the group with the truncated % (or Moyal) product obtained as in [25] by
adiabatic limit from the isotropic product on S(R?* ¥~°°(Z; E)) and then
passing to the quotient by terms of order €2. Explicitly this product is

(10.2)

1 [/ 0Oag Ob Oag Ob
(ao + eal)[*](bo + Ebl) =apby + € (aobl + a1by — Z <3a75087? — ;:87?))

where the underlying product is in ¥~°(Z; E).

As shown in [25], in the adiabatic limit the Fredholm determinant, for
operators on Z x R, induces the ‘adiabatic determinant’
(10.3)

detad : Gs_uz?Q)(Z; E) [6/62] I C*, detad(gng) = detad(gl)detad(QQ),

which, as in the unsuspended case, generates the 1-dimensional integral
cohomology of G;IZ?Q)(Z : E)[e/€*] — which is classifying for odd K-theory.
Note that there is no such multliplicative function on the leading group,
without the first order (in €) ‘correction’ terms in (10.2).

To define the adiabatic determinant, one needs to consider the adiabatic

trace on W_%°_ (Z; E)[e/€*] defined by

sus(2)
(10.4)
1 —00
Traq(a) = o /}R2 Trz(ai(t, 7))dtdr, a=ao+ea; € \Ilsus(2)(Z; E)le/é?

with ag, a; € \Ils_u(:(JQ)

is a trace functional

(10.5) Traa(axb—bxa)=0, Vabe¥ % (Z;E) [e/€2].

(Z; E). A special case of Lemma 5 below shows that this
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Consider the 1-form
(10.6) afa) = Traq(a ! * da) on G=°°(Z; E)[e/€],

where the inverse of a € G_ooz)(Z; E)[e/€?] is with respect to the the trun-

sus(
cated *-product

1 [(0a Oa Oda oa
10. “1__-1_ -1 2 0 —19a 0dag _1000 ~1
(10.7) a ag — eag <a1 + 5 ( 5% 5. " 5% 5 ag

The adiabatic determinant is then defined by

(10.8) detadq(g) =exp (/[0 ; 7*04)

where v; [0, 1] — G;IOS?Z)(Z; E)[e/€?] is any smooth path from the identity

to g. Since the integral of a along a loop gives an integer multiple of 2m¢
(see for instance proposition 4.4 in [24]), this definition does not depend on
the choice of 4. From (10.5),

(10.9)  a(ab) = Traq((a * b) " 'd(a * b)) = Traq(a™" * da) + Traq (b~ * db),
and hence

(10.10) m*a=mnja+ Tha

where

(10.11) m: G-

sus(z)(Z3E)[€/€2] x G2 (Z;E)[e/€’] 3 (a,b)

sus(2)
— al*]b € G;UOS‘EQ)(Z; E)e/€.

is the composition given by the truncated x-product while 77, and wg are the
projections on the left and right factor. The multiplicativity of the adiabatic
determinant follows directly from (10.10).

11. The determinant line bundle

We next describe the construction, and especially primitivity, of the
determinant line bundle over a smooth classifying group for even K-theory.

DEFINITION 3. A primitive line bundle over a (Fréchet-Lie) group

(11.1) c

|

g
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is a smooth, and locally trivial, line bundle equipped with an isomorphism
of the line bundles

TEL @ L — m*L over G x G,
(11.2) mL:GxG3(a,b)—a€G, wr:GxG3(ab)—beg,
m:GxG>(a,b) —abeg

which is associative in the sense that for any three elements, a, b, c € G, the
two induced isomorphisms

(11.3) Lap® Lo

are the same.

For the reduced classifying group, G_ > Z; E), a construction of the

sus,ind= 0(
determinant line bundle, with this primitivity property, was given in [25],

although only in the ‘geometric case’. A variant of the construction there,
also depending heavily on the properties of the suspended determinant but
using instead the ‘dressed’ delooping sequence (for the loop group)

(11.4) GSUOS(EQ)(Z; E)e/€}] —= és_uoo

2 (25 B)le/ ) —= G2 o(Z: E)

sus,ind=0

again constructs the determinant line bundle, with primitivity condition,

over the component of the identity in the loop group. In this section, by

modifying an idea from the book of Pressley and Segal, [29], we show how

to extend this primitive line bundle to the whole of the classifying group.
In (11.4) the central, contractible, group is based on the half-open but

smooth-flat loop group:

(11.5)
G (% B) = {d:R%t,T) — UTN(Z; B); lim_a(t, ) =0,
Zﬁf S(R* W™(Z; B)), a(t,7), a(co,m) € G=(Z; E) Vt,TeR}.

Note that automatically, lim,_, a(t,7) =0 for all ¢ € [—00, cc]. This group
has an extension with the product having the same ‘correction term’ given
by the Poisson bracket on R? as in (10.1):

(11.6) G2, (Z,E)e/é!] =

sus(2)

Z:E) & U_% (Z;E)

sus(2)

sus( )(
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where the additional terms at level € are just Schwartz functions valued
in the smoothing operators without any additional invertibility. Note that
the term in the product involving the Poisson bracket always leads to a
Schwartz function on R?, since one factor is differentiated with respect to
t. Thus C;'S_u‘;?z)(Z ; E)[e/€?] is again contractible, with just the addition of a
lower order ‘affine’ term.

To expand the quotient group to the whole classifying group, choose one
element s € G;2(Z; F) of index 1. Then s/ is in the component of index j
so each element a € G 2°(Z; FE) can be connected by a curve, and hence a
flat-smooth loop, to s/ for precisely one j. The group in (11.5) may then be
further enlarged to
(11.7)

oa

Daws() (43 B) = {a Ry — UT(Z; B); a7 € S(R%¥U~>(Z; F)),

\ lim a(t,7) = s’ for some j, a(t,), a(co,7) € G"°(Z;E)V t, T € R}.
——00

This expanded group has countably many components, labelled by 7, and the
restriction map to t = oo is a surjection to G;°(Z; E). Thus, after adding
the same affine lower order terms, (11.4) is replaced by the new short exact
sequence

(11.8) G2 B)le/le—= D%, (Z; B)le/e?] 2 G (7; B).

sus(2) sus(2) sus

The central group is no longer contractible, although each of its connected
component is. However the 1-form « in (10.6) can be extended to give a
smooth 1-form on D;;;?Q)(Z : E)[e/€%]. Indeed, the adiabatic trace has an

obvious extension to a functional on

(11.9) U (Z;E)[e/?] =V 2, (Z;E) & ¥_ %, (Z; E)
(2) 2 (2)
where
~ 0
V(2 E) = {a € C™(R* U°(Z; E); a% € S(R*; ¥™™(Z; E)),
(11.10) tliEIl a(t,T)zo}.
Namely
. 1 ~
(11.11) Trad(a) = ﬂ Trz(al)dth, a=ap+€al € q/;lz?Q)(Z; E)[e/ez}
R2
Thus, on D;ICS’?Q)(Z : E)[e/€?], one can consider the smooth 1-form
1~
11.12 ala) = =Trag(a "t *da+daxa?
2

which restricts to a on G;;C(’2)(Z; E)[e/e).
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LEMMA 5. For a=ag+ €a; and b= by + €by in @;;?2)(2; E)[e/€%,

ﬁad(a xb—bxa)= % /RTrZ <%C:)(oo,7')b0(oo,7')) dr.

In particular, this trace-defect vanishes if a,b € \IJ;;?Q)(Z; E)[e/€?].

PROOF. By definition of the truncated #-product and using the trace
property of Trz,

—~ 1 b b
(11.13)  Traq(axb—bxa)=—=— [ Try (aaoao Mao) dtdr.
211 R2

ot or 9t ot
Integrating by parts the first term on the right,

dag Obg 82aO
Try (2090 gtdr = — [ T bo | dtd
/Rg 'z < ot aT> T /Rz 'z <87’6t 0 ) arar

o 8 8a0
= —/]RQ & <TI'Z <87’b0)> dtdr

8@0 abo
11.14 T e .
(11.14) +/RQ rz<a7_ 8t>dtd7
Thus,
1 0 8a0
Tr - = ~—(Tr, [ ==
ad(@*b—Dbxa) 57 /R2 5 < 7 < 5, bo>> dtdr,
(11.15) S Tr %(oo T)bg (00, T) | dT
' Tomi Jg o 2\ or OV '

PROPOSITION 9. Under the maps on the product

(11.16) D iy (Z: E)[e/€’]
Do) (Z: E)le/ 627]n>< D i) (Z: E)le/€’]
D2y (% E)[EK Reo XROOM\DS:‘;@) (Z; E)le/€?]
(Ga (2. E))?

the 1-form & in (11.12) satisfies

(11.17) MG = mha + Tha + (Boo X Roo)*,
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with
1 ob

5(a,b) = 1 RTrZ <a_1(da)a7_b_1 — (db)b_la_lgz> dr

on GaX(Z;E) x GoX(Z; E).

sus sus

PRrooF. Ifa,b e D;IE‘EQ) (Z; E)[e/€?], the trace-defect formula of Lemma 5

gives
Traa((a* b)~' «d(a = b))
= i“vrad(lf1 xa ' xdaxb+b 1 xdb)
= Trpa(a™! % da) + Traq(b™" * db)
+ Traa(b % (@ s daxb) — (@' da*b) b~ ")
= Trpa(a™! % da) + Traq(b™" * db)

278 or
= Traq(a~" % da) + Traq(b~"  db)

1 Oby ! 1
4+ — | Try (00, T)(ag “dagby) (oo, T) | dT
R

(11.18) — ﬁ RTrZ (%[:?(OO,T)bal(OO,T)GEI(OO,T)dao(OO,T)> dr.

Similarly,
Traa(d(a s b) * (axb)™")
= /T\;ad(da xa 1)+ ﬁad(db xb1)

(11,19) + QL . Try (dbo(oo, T)bfl(oo, T)ail(oo, 7') dag (007 7_)> dr.

i or
Combining these two computations, the result follows. O

ProprosITION 10. The adiabatic determinant on the normal subgroup in
(11.8) induces the determinant line bundle, L, which is primitive over the
quotient and & in (11.12) defines a connection Vaq on L with curvature
form the 2-form part of the universal even Chern character of (2.22).

PRrROOF. The form & in (11.12) restricts to « in (10.6) on G;;?Q)(Z;E)

[e/€2]. The latter is the differential of the logarithm of det,q . As a special case

of Proposition 9 above, the first factor may be restricted to G;IZC()Q)(Z; E),

and then ¢ in (11.17) vanishes since a = 0. This shows that as a connection

on the trivial bundle over D;JE?Q)(Z : E)[e/€%], d — & is invariant under the

left action of G;IZ‘(})(Z : E)[e/€?], acting through the adiabatic determinant

on the fibres. Thus d — & projects to a connection V,q on the determinant
line bundle over G;°(Z; E) defined as the quotient by this action, i.e. as

sus
the line bundle induced by det,q as a representation of the structure group.



310 R. MELROSE AND F. ROCHON

To compute the curvature we simply need to compute the differential of
a. Using the trace-defect formula of Lemma 5,

dTrpq(a" = da)

. 1~
= —Trag(a P xdaxa ' xda) = —§Trad([a71 x da,a” " * da)),
1 J, 4 1 .
=—— TrZ a—( do) | o do ) dr, with o = ap(c0, 7),
T

47

(11.20) / Try < (c7tdo)? — o7 ld <80> 0_1d0> dr.
7' or

Similarly, we compute that
(11.21)

dTraa(da * a™ ")

_ 1 —
=Tra(daxa txdaxa™t)= §Trad([da xa 1 daxa”l),

1 0 1
=i RTer <(8T(daa )) doo ) dr,

1
=——— [ Try daofla—aafldaofl —d a—g o Ydoo™ ) dr.
R 0 0

T T T

Recall that the 2-form part of the universal even Chern character on G
(Z; E) is given by (cf. formula (3.7) in [23])

sus

(1122) (Cheven)[Q] = WATI‘Z <O' E(O’ dU) dr.
Thus, combining (11.20) and (11.21),
~ 1 190, 1. - Pk
(11.23) da= e RTrZ o E(J do)® | dr = 2miR5, ((Cheven)2]),
that is,
i %
(11.24) %vgd = R}, ((Cheven)2))-

]

Next, this construction of the determinant bundle is extended to the

geometric case. The sequence, (11.8), being natural, extends to give smooth
bundles over the fibres of (1):

(11.25) G20, (63 B)[e/eX|—> D%, (6 B)[e/e!] = Goo(¢5 ).

Furthermore, using the connection chosen earlier, the form & in (11.12) can
be replaced by &g by substituting V¥ for d throughout. The resulting
1-form is well-defined on D_ 0?2)(¢; E). Moreover the proof of proposition 9
only depends on the derlvatlon property of d so extend directly to &y. In
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particular (11.17) carries over to the fibre products. This leads to the
following geometric version of Proposition 10.

ProprosITION 11. The adiabatic determinant on the fibres of the struc-
ture bundle in (11.8) induces the determinant line bundle, L, over G

(¢; E); the I-form &g defines a connection Vg on L with curvature the
2-form part of the even Chern character on G °(¢; E).

Proor. What is slightly different in the geometric case is the compu-
tation of the curvature of V4. Taking into account (4.6), the analogue of
(11.20) and (11.21) is

1 0
dagy = o RTrZ <0_18(;(J_1V¢’E0)2> dr
1
(11.26) + 3 Traq (a_l % ([w,a]) + ([w,a]) * a_l)
where o = ag(00, 7). To compute the second term, we use the identity a=! x
(aw) = (wa) * a~! = w to rewrite it as
3 Tradq (o' * (w,a]) + (w,a]) xa™") = 3 Traq (a7 * (wa) — (wa) xa™")
1
(11.27) + 3 Traa (a™! * (aw) — (aw) x a™ 1)
Using the trace-defect formula of lemma 5, this gives
1 0
day = o RTrZ (01({; <(071V¢’EJ)2 — o two — w)) dr
(11.28) = 2miR%, ((Cheven (V) ),
from which the result follows. ]

12. The K-theory gerbe

First we consider the universal K-theory gerbe, i.e. the gerbe over the
classifying space G~°°(Z; E) for odd K-theory. Such a gerbe was originally
introduced by Carey and Mickelsson [9], [10] over a slightly different classi-
fying space for odd K-theory, namely the space of unitary operators which
are perturbations of the identity by operators of trace class. We propose a
different construction of the universal K-theory gerbe using the determinant
line bundle of proposition 10.
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Recall that the delooping sequence (5) for a single manifold

(12.1) L

G=%(Z; E)

is a classifying sequence for K-theory, the normal subgroup is classifying
for even K-theory, the central group is contractible and the quotient is
classifying for odd K-theory. Moreover, in the preceding section, we have
constructed the smooth primitive determinant line bundle over G 3°(Z; E)
with connection V,q given in Proposition 10. This induces the K-theory
gerbe over the classifying space, as a line bundle over the fibre product of

two copies of the fibration R :

(12.2) m*L c
o (2: B) = (G (2: B)P) "> o2 (23 E)
T e
G~>(Z;E).

Here m: (Go2(Z; E))® — G.°(Z; E) is the fibre-shift map m(a, b)

ab™!, where Ro(a) = Roo(b), by definition of the fibre product, so m(a,b) €
GiX(Z; E) by the exactness of (12.1), as indicated.

sus

THEOREM 2. There is a connection Vaq on m*L with curvature
)

(12.3) o

Fo =il — mhil on (GoX(Z; E))P

where the B-field, 72, is the 2-form part of the eta form in (3.2) which has
basic differential the 3-form part of the odd Chern character on G=*°(Z; E),
as shown by (3.6).

PROOF. The connection V,q on £ as a bundle over G5 2°(Z; E) given

by Proposition 10 pulls back to a connection m*V,q on m*L. The curvature
is just the pull-back of the curvature on G;2°(Z; F) and again by Propo-

sus

sition 10 this is the 2-form part of the Chern character. By Proposition 2,
the 2-form part of the eta form on G_2°(Z; F) pulls back under the product

sus

map as in (3.5). To apply this result here we need to invert the right factor,



ETA FORMS AND FAMILIES INDEX 313

to change from m to m, which also has the effect of changing the sign of the
eta form from that factor leading to

(12.4) ' =1} — Thil + d(0hqq) + (Roo X Roo)"Shyen

where the primes indicate that the forms are first pulled back under inversion
in the second variable. Now, restricting (12.4) to the fibre diagonal gives

(125) m* Cheven = 77277 - ﬂ-}k%ﬁ =+ d( ~(,)dd)

since the last term now factors through the constant map to the identity.
This corresponds to the middle row of (12.2). In particular, if the connection
is modified by the 1-form part of ¢/ 44

(12.6) Vad = 1 Vaa + 27i(3qq)1

then it has curvature as claimed
= ~ % * ~ * ~
(12.7) %(Vad)Z = 1" (Cheven)2 — d(dpqa)1 = 7172 — TRl
which is precisely the statement that 75 is a B-field for the gerbe. The curving

of the gerbe is then the basic form of which the differential of the B-field is
the pull-back and from (3.6)

(12.8) dijz = R, (Choda)s-
4

The bundle gerbe (12.2) with connection given by theorem 2 is universal
in the sense that given an odd K-theory class [g] € K!(Y) represented by
a smooth map ¢g:Y — G~°°(Z; E), the pull-back of (12.2) to Y by g gives
a bundle gerbe (with connection) on Y whose curving 3-form is given by
9" Chygq (cf. Theorem 5.1 in [13]).

Since

1
6(27i)?

is the image in H3(G~°(Z; E); C) of the generator of H3(G~°°(Z; E); Z) =
Z, we also note that the bundle gerbe (12.2) is basic for the group G~
(Z;E). By considering an n-dimensional subspace of L?(Z; E) with norm
defined by a choice of metric on Z and of Hermitian metric on F, we get
a natural inclusion U(n) C G™*°(Z; E). Pulling back (12.2) to U(n) via this
inclusion gives the basic bundle gerbe U(n). This is a ‘smooth’ construction
in any reasonable sense although it is infinite dimensional in nature.
Infinite dimensional constructions of the basic bundle gerbe of a Lie
group first appeared in the book of Brylinski [6] and later in [7]. The tauto-
logical bundle gerbe of Murray [26] for 2-connected manifolds also provides
such a construction for simply connected Lie groups (see also [12]). More
recently, finite dimensional constructions of the basic gerbe were obtained
by Gawedzki and Reis [14] for SU(n) and shortly after by Meinrenken [19]

(12.9) (Chodd)s = Tr((o~"do)?)
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for simple simply connected Lie groups. The construction of Meinrenken
was subsequently generalized to non-simply connected Lie groups in [15]
and [27].

13. Geometric gerbe for an odd elliptic family

As pointed out in [11], gerbes are intimately related to index theory. In
our case, we have the following construction of the index gerbe (with connec-
tion) associated to a family of self-adjoint elliptic pseudodifferential opera-
tors and more generally to a product-type family of fully elliptic operators.

THEOREM 3. Let A€ WY(M/Y; E) be a self-adjoint elliptic family as in
Section 6, or a product-type fully elliptic family A(t) € q/gé’l(M/Y; E) then
the determinant bundle induces a bundle-gerbe

(13.1) S L L

N

L S oo
S ARGS9 B)

sus
(2]
X lp

Y.

The connection on S*L

(13.2) Va=5"V 47y, v=2mi(d4)1,

given by the 1-form part of the form in (6.17), is primitive in the sense that
the curvature on A2 splits

4

(13.3) o

(Va)? =702 — ThnA2

showing that na2 is a B-field and that the gerbe has curving 3-form
(13.4) dnagz=p* Chag

the 3-form part of the Chern character of the index bundle of the family.

ProoF. This result follows by an argument parallel to the preceding one,
given (6.17), Proposition 10, Proposition 11 and the 3-form part
of (8.4). O

This result can be seen as a pseudodifferential generalization of a result
of Lott (Theorem 1 in [18]). See also [8] for a different treatment of the
index gerbe and [13] for a generalization of ([18], Theorem 1) to families of
Dirac operators on odd dimensional manifolds with boudary.
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14. Relation with the Bismut-Cheeger eta form

Amongst the most important geometric examples of self-adjoint elliptic
operators are the Dirac-type operators on odd dimensional manifolds. Sup-
pose now that the fibres of the fibration (1) are odd dimensional. Let g €
C®(M;®*T*(M/Y)) be a family of fibrewise metrics and let C4(T(M/Y))
be the associated bundle of Clifford algebras for the vertical tangent bundle
T(M/Y). Let E— M be a Clifford module with respect to C{(T(M/Y))
with Clifford action c¢:Cl(T(M/Y)) — End(E). Let also V* be a family
of fibrewise Clifford connections, that is a family of unitary connections
such that

[Vgﬁ,c(Xg)] = ¢(V¥ Xg) €C®(M;End(E)), V X1, Xo € C(M;T(M/Y)),

where V€ is the fibrewise Levi-Civita connection associated to the family of
metrics g. This data allows us to define a family of Dirac-type operators by

(14.1) d=coVE

For invertible families of this type, Bismut and Cheeger introduced in [3]
an eta form on the base. Their construction was subsequently generalized in
[21] to situations where the family is not invertible, but admits a perturba-
tion by a family @ € W~>°(M/Y;E) of self-ajoint smoothing operators such
that 0 + @ is invertible. The odd families index of the family 0 is precisely
the obstruction to the existence of such a family of perturbations; for the
boundary operators of a family of Dirac-type operators on a fibration of
manifolds with boundary, this index obstruction vanishes by the cobordism
invariance of the index, so that invertible perturbations exist in this case.
When the family @ is invertible, the Bismut-Cheeger eta form is given by

(14.2) "7BC / STng(l) (e t> dt € Qeven(y)’

where B; is the rescaled Bismut superconnection associated to 0 (see (10.8)
and (13.7) in [21] for a detailed discussion). For a family perturbed to be
invertible, 0 4+ @, the definition is slightly modified to

(14.3)  npc(@+Q) = / STrey ( dB, —BQ> dt € QeVen(Y),

where B; =B, + t%X(t)QO', with o € C/(1) a generator of C¢(1) such that
02=1 and x € C*(R) is a non-negative function with x(t)=0 for t <1
and x(t) =1 for ¢t > 2. The Bismut-Cheeger eta form satisfies the following
transgression formula.

PROPOSITION 12. The exterior differential of npc(0+Q) does not depend
on the choice of perturbation QQ and is given by

n+1

dnpo(d + Q) = (2mi)~F /M/Y A(Ry) C1'(B),
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where n is the dimension of the fibres of the fibration ¢ : M — Y and Ch'(E)
is the twisting Chern character of E.

PRrOOF. Because of the cut-off function y we have that

iy 77 STheay () =iy 72 Sy ()

1 1 /
- /M/Y A(R,) CN/(E).

On the other hand, because the family 0 + @ is invertible,

(14.4)

(14.5) lim —— STru( y () =0
t—00
exponentially fast. Thus, the result follows by combining (14.4) and (14.5)
with
d _B2 d@t _RB2
dt STI“Cg(l) ( t) = —dy STT(CK(I) (dte t)
and integrating in ¢. O

If we consider the rescaled version of the Bismut-Cheeger eta form,
(14.6) nBc(0+ Q) Z (2mi) T npepg (0 + Q).
7=0

where 71pc 25 is the part of npc of degree 2j, then Proposition 12 shows
that the Chern character of the family index is trivial in cohomology, which
is consistent with the fact the odd index of @ must vanish for the invertible
perturbation 0 + @ to exist.

It also follows from Proposition 12 that if ()1 and ()2 are two perturba-
tions giving invertible families, then 7pc(0 + Q1) — (0 + Q2) is a closed
form. Moreover, using Proposition 12 again, it can be seen that the coho-
molgy class represented by the form npc(0+ Q1) —npc(0+Q2) only depends
on the homotopy classes of Q1 and ()2 in the space of such perturbations.
This cohomology class can be identified usign the notion of spectral sections
introduced in [21].

DEFINITION 4. A spectral section for the family of self-adjoint Dirac-
type operators 0 of (14.1) is a family of self-adjoint projections P € WO(M/Y;
E) such that for some smooth function R:Y — R* (depending on P) and
every y € Y,

Pau=u, ifA>R(y),

Oyu = \u = ]
Pyu=0, ifA<—R(y).
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If P; and P, are spectral sections for the family 9, then as shown in [21],
their formal difference defines a K-class [P1—P,] € K°(Y). If P P, = P, then
[Py — P»] is represented by the vector bundle given by the range of the family
of the finite rank projections (Id —P»)P;. In general, one can reduce to this
case by choosing a third spectral section R such that PR=R, PhPbR=R
and setting

(14.7) [P — P] =[P, — R]— [P, — R € K°(Y).

It is shown in [21] that such a spectral section R always exists and that the
definition of the K-class [P; — P»] does not depend on the choice of R. To
obtain a spectral section from an invertible self-adjoint perturbation @, we
need an extra assumption.

DEFINITION 5. A family Q € U™>°(M/Y; E) of self-adjoint operators is
spectrally finite with respect to the family of Dirac-type operators 0 if there
exists a smooth function R:Y — R™ such that for every y € Y,

Oyu = Au = Q,u=0if |A\| > R(y).

If Qe ¥~°(M/Y;E) is an invertible self-adjoint perturbation of the
family O which is not spectrally finite, then using an approximation argu-
ment, it is shown in [21] that it is possible to deform it through invertible
self-adjoint perturbations to one which is spectrally finite.

Suppose now that @ € ¥=>°(M/Y; E) is a spectrally finite invertible self-
adjoint perturbation of the family d. Then there is a corresponding spectral
section Py € WY(M/Y;E) with (Pg), defined to be the projection onto the
positive eigenspace of 9, + @,. The following relative index theorem was
proved in [21].

ProposITION 13. If Q1 and Q2 are two spectrally finite invertible self-
ajoint perturbations of the family O, then the Chern character Ch([Pg, —
Py,)) of the K-class [Po, — Pg,] € K°(Y) is represented by the closed form

ec(0+ Q1) — e (0 + Q2).

If the odd index of the family 0 does not vanish, it is still possible to
define a version of the Bismut-Cheeger eta form, but now over an infinite
dimensional bundle w : A% — Y defined in terms of self-adjoint smoothing
perturbations. Namely the fibre at y € Y is

(14.8) ASY = {8, + Qy; Qy € ¥™°(Z,;E), Q; = Qy,d, + Qy is invertible}.

The pull-back w* A% of ASA to itself has a tautological section o 4sa :
ASA — * ASA which can be used to define a form on the total space of
ASA via formula (14.3),

(14.9) MBC € QY (ASA),
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It is well-defined since the space AS* has a natural structure of smooth
Fréchet manifold. As in (14.6), we can also consider its rescaled version
B € Qe (ASA). Proposition 12 then extends as follows.

PROPOSITION 14. The exterior differential of the Bismut-Cheeger eta
form npc in (14.9) is the basic form

_n+tl

dnpc = w” ((2m‘) 2 /M/Y A(Ry) Ch’(E)) :

Let p€ S(R) be a a choice of Schwartz function such that p(0) =1.
Let also A be the infinite dimensional bundle of (5.1) with A=29. The
function p can be used to define an injective bundle map ¢ : AS* — A defined
fibrewise by

(14.10) Ly ASA S8, + Qy— Ty + it + Qup(t) € Ay

The definition of ¢ clearly depends on the choice of p, but since the space of
Schwartz functions equal to one at the origin is convex, the homotopy class
of the map ¢ does not depend on the choice of p.

PROPOSITION 15. For each y €Y, the map iy : ASA — Ay is a weak
homotopy equivalence; in particular, ASA is a classifying space for even
K -theory and v : AS® — A is also an homotopy equivalence.

PRrROOF. Let W e ¥~°(Z,;E,) be a fixed choice of spectrally finite
invertible self-adjoint perturbation of d,. Let B be a smooth closed mani-
fold. Given a smooth map f: B — AE’A with f(b) =0, + Qp, it is always
possible to deform it through self-adjoint invertible perturbations so that
the family b — Q) € ¥~°°(Z,; E,) becomes spectrally finite with respect to
0y. This means there is a well-defined map

(14.11) i [Bs AN 3 [f) — [Py — Pw] € K°(B)

where Py is the spectral section associated to the spectrally finite invertible
self-adjoint perturbation b— @), and Py is the spectral section associated
to W seen as a spectrally finite invertible perturbation for the trivial family
b+— 0, over B. The map p is easily seen to be bijective, so that .AEA is a
classifying space for even K-theory. On the other hand, under the identifi-
cation

(14.12) Ay =G (Zy; By),

given by composing on the right with (i, (3, + W))™!, we see the fibre A, is
also a classifying space for even K-theory. In fact, this identification induces
a map

v:[Bi Ay — [B;G™¥(Z,;E,)] = K~*(B)
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and a corresponding commutative diagram

(14.13) [B; ASA] — [B; A,]
o

K%(B) —= K~2(B)

where the bottom map p is Bott periodicity. In particular, this shows the
map ¢: AEA — A, is a weak homotopy equivalence. O

The proof of the previous proposition also gives the following result.

COROLLARY 2. Suppose that o1:Y — AN and 09:Y — ASA are two
sections of the bundle AS?. Then the closed forms

(017BC — 037Be)  and (0 01)"na — (Lo 02)na)

represent the same cohomology class in Hip™"(Y).

PROOF. Using section o1 instead W to define a map p as in (14.11), we
get a commutative diagram analogous to (14.13), namely,

(14.14) [V; ASA] —— [V; A]

o
K°(B) —> K~2(B).
Thanks to Proposition 13, we then see that the forms (o7pc — o37Bc) and
((too1)* na— (too2)na) represent the Chern character of the same K-class,

from which the result follows. O

Since Proposition 15 shows that the bundles A5 and A are homotopy
equivalent, the map ¢ allows 14 to be compared with the Bismut-Cheeger eta
form 7gc. The definitions of 174 and 7pc involve different regularizations of
the underlying Dirac family. Assuming choices of regularization and choices
of connections affect the eta form in a similar way, it is natural in light
of Lemma 4 to expect the following relation between the two types of eta
forms.

CONJECTURE 1. There exist forms B€ Q™(Y) and o € Q% (ASA)
such that

U'na — e =w" B + da.
As an indication that this conjecture might be true, we will prove it in

a particular case.

THEOREM 4. The conjecture is true when the odd families index of the
family 3 € V1 (M/Y;E) vanishes.
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PROOF. Since ind(d) =0 in K*(Y), we know 0 admits an invertible
self-adjoint perturbation 9 + Qo with Qo € ¥~>°(M/Y;E). Without loss of
generality, we can assume () is spectrally finite. The perturbation Q)¢ defines
a section o :Y — A with o(y) =9, + (Qo),. There is also an induced
section oo : Y — A for the bundle A — Y. The form on the base is then
taken to be

B=oc"nc — (Loo) na.

The form w =g — t* N4 — Tsa /3 can then be written as the difference
of two closed forms, w = wgc — w4 with

WBC =TBC — Mysa0 TBC, WA =114 — Tysa(L00) 4.

Let B be a closed manifold and f:B — A5 a smooth map. By per-
turbing f in its homotopy class as necessary, it can be arranged that f
induces a spectrally finite invertible self-adjoint pertrubation of the fam-
ily f*0 parametrized by B. By Corollary 2, both f*wpc and f*w4 repre-
sents the Chern character of [Py — ((m4sa o f)*Pg]|, where Py is the spectral
section associated to the invertible family over B defined by the map f
and (m4sa o f)*Pg is the spectral section associated to the invertible fam-
ily obtained by pulling back the invertible family d + ¢ under the map
mysao f:B—Y.

Since B and f are arbitrary, this means w is trivial in the singular
cohomology of ASA. From the infinite dimensional version of the de Rham
theorem in this context (see Lemma 6 below), it follows that there exists
a € Q04 A54) such that

da=w,

from which the result follows. O

LEMMA 6 (de Rham theorem). The de Rham theorem holds for the infi-
nite dimensional space ASM.

PROOF. According to Theorem 16.10 and 34.7 in [17] or the discus-
sion on p.25 of [29], it suffices to show that A5 satisfies the following two
properties:

(i) the Fréchet space F on which A5 is locally modelled has enough
smooth functions, which means that for each open set U in F,
there is a nonvanishing real-valued smooth function which vanishes
outside U,

(ii) The manifold A5 is Lindel6f, which means each open covering has
a countable refinement.

To show property (i), fix y € Y and consider the Fréchet space ¥=>°(Z,; E,).
Then the closed subspace

\Ilgﬁo(ZySEy) = {Q € \I’_OO<Zy;Ey) ) Q* = Q}
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is also naturally a Fréchet space. If k = dim Y, then our local model for A5*
can be taken to be the Fréchet space

F=U52(Zy:Ey) x R

Since ¥~*°(Z,; E,) is a nuclear Fréchet space, so is F (see Corollary 21.6.4
and Corollary 21.2.3 in [16]). Thus, by Proposition 14.4 in [17], F has
enough smooth functions.

To prove property (ii), notice that the Fréchet space W=>°(Z,; E,) is
separable, so it is in particular second-countable. This implies Wg°(Z,; E,)
and AZS/A are second-countable, and more generally, that A5 is second-
countable, which means in particular it is Lindelof.

Il
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