Surveys in Diﬀerential Geometry XXI

Notes on the proof of the KKV conjecture
Rahul Pandharipande and Richard P. Thomas
Abstract. The Katz-Klemm-Vafa conjecture expresses the GromovWitten theory of K3 surfaces (and K3-ﬁbred 3-folds in ﬁbre classes)
in terms of modular forms. Its recent proof gives the ﬁrst non-toric
geometry in dimension greater than 1 where Gromov-Witten theory is
exactly solved in all genera.
We survey the various steps in the proof. The MNOP correspondence and a new Pairs/Noether-Lefschetz correspondence for K3-ﬁbred
3-folds transform the Gromov-Witten problem into a calculation of the
full stable pairs theory of a local K3-ﬁbred 3-fold. The stable pairs calculation is then carried out via degeneration, localisation, vanishing results,
and new multiple cover formulae.
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0. Introduction
Gromov-Witten theory provides a way to count curves in algebraic
varieties and symplectic manifolds. The theory is essentially nonlinear, and
computations are very diﬃcult. Furthermore, degenerate contributions make
the link to the enumeration of curves rather opaque. Complete calculations
have been possible only for targets which are either toric or have dimension
at most 1.
Nevertheless, for K3 surfaces and curve classes in the ﬁbres of K3-ﬁbred
3-folds, the full Gromov-Witten theory was conjecturally described in [5, 15]
in terms of modular forms. This paper is a survey of the conjecture and our
recent proof [23].
K3 surfaces provide a basic example of the practical use of the MNOP
correspondence for computations. The recent proof of the correspondence
for many Calabi-Yau 3-folds [19] converts a calculation in Gromov-Witten
theory into a slightly more linear calculation in sheaf theory. While the sheaf
theory questions are still hard, we will see, for K3 surfaces, that they are
solvable. At present, no direct approach to the integrals in Gromov-Witten
theory is available.
In brief, Sections 1 to 6 review the relevant theory and set up the
problem. Sections 7 to 12 prove a local MNOP conjecture by combining the
global MNOP correspondence of [19] with a new Pairs/Noether-Lefschetz
correspondence. Finally Sections 13 to 15 compute the resulting sheaf theory
problem in full. An outline of the proof goes as follows, numbered by Section.
(1) A brief review of stable maps, Gromov-Witten invariants, multiple
covers and degenerate contributions. For a fuller introduction to
various curve counting theories and their interrelationships – especially the MNOP conjecture – we refer the reader to [22].
(2) The Gromov-Witten invariants of 3-folds are recast in terms of BPS
numbers, which are conjecturally integers.
(3) We describe the relevant Gromov-Witten invariants of K3 surfaces
from a 2-dimensional point of view – via the reduced virtual class
on the K3 surface S – and from a 3-dimensional point of view via
a local (algebraic approximation to the) twistor 3-fold T .
(4) We state the KKV conjecture and discuss its predictions for multiple covers.
(5) We give a brief review of the sheaf theory we use to count curves,
called stable pairs.
(6) A brief review of the MNOP conjecture relating Gromov-Witten
and stable pair invariants for 3-folds.
(7) We discuss how to derive an MNOP correspondence for the local
twistor 3-fold T → Δ from the proof of the MNOP conjecture
for projective Calabi-Yau 3-folds X in [19]. The proof will occupy
Sections 8 to 12.

NOTES ON THE PROOF OF THE KKV CONJECTURE

291

(8) We describe relative geometries and the degeneration formula for
counting invariants.
(9) This is applied to the deformation to the normal cone of S inside
a K3-ﬁbration.
(10) The result is a surprising description of the connected version of
the stable pair invariants.
(11) This allows us to prove a Pairs/Noether-Lefschetz correspondence
for K3-ﬁbred 3-folds. The stable pairs theory of a K3-ﬁbred 3-fold
is described in terms of the stable pairs theory of K3 surfaces and
Noether-Lefschetz numbers counting the number of K3 ﬁbres for
which our curve class is algebraic.
(12) We choose a convenient projective K3-ﬁbred 3-fold X for which
the MNOP correspondence is known [19], and the Pairs/NoetherLefschetz correspondence on X is invertible: the stable pair invariants of a K3 surface can be recovered from the collection of NoetherLefschetz numbers and stable pair invariants of X. Together with
the Gromov-Witten/Noether-Lefschetz correspondence of [15] we
deduce the required local MNOP conjecture for K3 surfaces.
(13) The entire problem is now translated into one of computing the
stable pairs theory of the local 3-fold S × C. The multiple covers of
Gromov-Witten theory have become stable pairs on S × {0} which
are scheme-theoretically thickened in the C-direction.
(14) We describe a critical advantage of stable pairs theory – its symmetric obstruction theory. This deﬁnes a linear functional on the
obstruction theory which forces many of the invariants to vanish.
This vanishing result simpliﬁes the multiple cover structure of stable pairs theory considerably.
(15) Finally we compute these multiple covers. Calculations in [8, 9]
show they have the remarkable topological properties required for
the KKV conjecture. This reduces the problem to the primitive
case where previous calculations of Kawai-Yoshioka [6, 16] give
the KKV formula.
For the reader wishing to use this survey as a guide to the full proofs in
[23], we give the following approximate correspondence between the various
sections.
Section of the paper [23]
Relevant sections of this paper

2 3 4
5
6
7 8
12 7 15 13, 14 9, 10 15 11

1. Gromov-Witten theory
We refer to [22] for an introduction to curve counting on nonsingular
projective varieties X in class β ∈ H2 (X, Z). We give here a brief review of
only what is necessary to state the KKV conjecture.
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A stable map is the data of
• an algebraic map f : C → X, where
• C is a connected algebraic curve, at worst nodal, and
• |Aut(f )| < ∞.
Here, Aut(f ) is the group of automorphisms of C which ﬁx f . Representing
the associated moduli problem is a moduli space
M g (X, β)
of stable maps whose domain curve C has arithmetic genus g. It is a
compact Deligne-Mumford stack with ﬁnite stabiliser groups due to the third
condition above.
Although M g (X,β) is usually singular – so the dimension of the deformation space1 Hom f ∗ ΩX → ΩC , OC of astable map fis unpredictable
– there is a natural obstruction theory Ext1 f ∗ ΩX → ΩC , OC such that
the diﬀerence in dimensions




dim Hom f ∗ ΩX → ΩC , OC − dim Ext1 f ∗ ΩX → ΩC , OC
is the topological constant

(1.1)
vd = c1 (X) + (1 − g)(dim X − 3),
β

called the virtual dimension. The components of the moduli space always
have dimension at least vd. There exists a virtual moduli cycle
(1.2)

vir

M g (X, β)
∈ Avd M g (X, β) −→ H2vd M g (X, β)

which is the usual fundamental cycle of M g (X, β) when the dimension of
the moduli space equals vd (1.1).
Integrating cohomology classes over the cycle (1.2) gives Gromov-Witten
invariants. Our main interest will be in Calabi-Yau 3-folds, where the formula
(1.1) gives vd = 0. Then, the only Gromov-Witten invariant is the degree of
the virtual cycle,

(1.3)
Ng,β (X) =
1 ∈ Q,
[M g (X,β)]vir

which provides a virtual count of the number of curves of degree β and genus
g in X. The result is a rational number because of the ﬁnite automorphisms
of stable maps. The integral Ng,β (X) is invariant under deformations of X.
1When f is an embedding the complex becomes quasi-isomorphic to the conormal

bundle NC∗ to C → X, so the deformation space becomes the more familiar H 0 (NC ).
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Multiple covers and degenerate contributions. It is notoriously
hard to calculate and interpret (1.3) due to multiple covers and degenerate
contributions.
The simplest examples of these two phenomena come from considering
a nonsingular isolated (−1, −1) rational curve
C∼
= P1 ⊂ X
with fundamental class β. For simplicity, assume there are no other curves
in class dβ for any d (other than the obvious covers and thickenings of C
whose set-theoretic image is just C itself).
The embedding of C is a stable map which gives
N0,β (X) = 1,

(1.4)

as expected. However, degree d covers of C also contribute in class dβ. Since
they have ﬁnite automorphisms – the deck transformations of the cover –
the contribution is rational. In genus 0, for instance, the answer is given by
the Aspinwall-Morrison formula
1
.
d3
Things are even worse in higher genus g ≥ 1. Glue any genus g curve Σ
to C at a point p and map the resulting nodal curve Σ ∪p P1 to C ⊂ X
by contracting Σ. The resulting stable maps contribute to Ng,β (X) through
integrals over the moduli space M g,1 of abstract pointed stable curves (Σ, p).
These degenerate contributions to the Gromov-Witten invariant (1.3) are
computed in [3, 17]; in more general situations they contribute signiﬁcant
complication to Gromov-Witten theory.

(1.5)

N0,dβ =

2. BPS reformulation for 3-folds
In the above example, there is an obvious integer underlying the rational
numbers Ng,dβ (X): it is N0,β (X) = 1 (1.4), from which all the others can be
derived by universal formulae.
Gopakumar and Vafa predicted that this phenomenon should hold in
general for Calabi-Yau 3-folds.2 The underlying integer counts are called the
BPS invariants ng,β (X). They proposed a sheaf-theoretic deﬁnition which
has yet to be made mathematically precise in general.3 Instead, one can use
their conjectural universal formula
dβ



2g−2 v
Ng,β (X)u2g−2 v β =
ng,β (X)
2 sin(du/2)
(2.1)
d
g≥0
β=0

g≥0
β=0

d>0

2An extension to all 3-folds is given in [18].
3In [4, Appendix A] it is veriﬁed that their method works perfectly for the twistor

3-fold, predicting both the KKV conjecture and the reﬁnement conjectured in [4].
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as the deﬁnition of the BPS numbers ng,β (X). The conjecture is then that
ng,β (X) ∈ Z
for all g, β, X, and that for ﬁxed β the ng,β (X) vanish for g ' 0.
We will ﬁnd it convenient to express Gromov-Witten invariants in terms
of BPS numbers in stating the KKV conjecture. It is important to note
that (2.1) is an upper triangular linear relationship between the two sets of
invariants, with 1s on the diagonal. Hence either set of numbers determines
the other; they are equivalent data.
For instance, for β irreducible4 we ﬁnd n0,β (X) = N0,β (X), but
1
N0,β (X) ,
23
just as might be expected from the Aspinwall-Morrison formula (1.5). In
other words, any genus 0 curve in class β contributes 1/23 via double covers
to the genus 0 Gromov-Witten invariant in class 2β, and once we subtract
this we expect an integer count of non-multiply covered curves.
(2.2)

n0,2β (X) = N0,2β (X) −

3. K3 surfaces and Noether-Lefschetz loci
For S a projective K3 surface, (1.1) gives vd(Mg (S, β)) = g − 1, even
though embedded genus g curves in K3 surfaces move in g-dimensional linear
systems. The discrepancy is accounted for by the one dimensional
(3.1)
H 0,2 (S) ∼
= C.
Deformations of curves are obstructed if we deform S so that the class5
β picks up a nonzero component in (3.1) so that it is no longer of Hodge
type (1,1). After such deformations, there are no curves in class β, and
the Gromov-Witten invariants of S must vanish by deformation invariance.
More directly, (3.1) gives a trivial piece OM g (S,β) of the obstruction sheaf,
and this forces the virtual cycle to vanish.
One can in fact remove this trivial piece (3.1) of the obstruction theory,
and get a new reduced virtual cycle
red

(3.2)
M g (S, β)
∈ Ag M g (S, β) −→ H2g M g (S, β)
of dimension g whose deformation invariance holds only for S inside the
Noether-Lefschetz locus 6


(3.3)
NLβ = S | β ∈ H 1,1 (S)
of K3 surfaces for which β has type (1, 1).
4This means there is no decomposition β = β + β with β both containing nonzero
1
2
i
curves.
5We do not distinguish between β ∈ H (S) and its Poincaré dual β ∈ H 2 (S).
2
6Here we are deliberately vague about the markings required to make precise sense
of this moduli space. For details see [15].
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Alternatively, a three dimensional point of view can be taken. The
Noether-Lefschetz
locus (3.3) is a divisor, given locally by the vanishing

of β σS , where σS is a symplectic form on S. Therefore we can deform the
moduli point [S] out of it. A generic holomorphic disc Δ through [S] ∈ NLβ
will always intersect NLβ .

Such a disc corresponds to a K3-ﬁbration
(3.4)

T −→ Δ

with central ﬁbre ι : S !→ X. We take Δ to be transverse to NLβ and all NLγ
for γ of smaller degree than β. Here T stands informally for twistor space.
In [23], algebraic approximations to the real twistor space are used (in order
to be able to use the algebraic theory of stable pairs) and Δ is replaced by
a quasi-projective curve. Such technicalities add to the complexity of the
paper. For this survey, it is safe to think of T as a piece of the actual twistor
space of S, so that curves in the ﬁbres of T → Δ can only appear in the
central ﬁbre S.
Therefore the moduli spaces
M g (T, ι∗ β) = M g (S, β)
coincide as sets, and in fact as Deligne-Mumford stacks by a simple deformation theory argument. But they have diﬀerent obstruction theories of
diﬀerent virtual dimensions. Since T is a 3-fold whose canonical bundle is
trivial on ι∗ β,
vd(Mg (T, ι∗ β)) = 0
by (1.1). Thus we can ﬁnally deﬁne the invariants that this paper is
concerned with as

(3.5)
Ng,β (S) =
1.
[Mg (T,ι∗ β)]vir
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It is not immediately obvious that (3.5) depends only on S and not T , but
by a simple comparison of obstruction theories, one can also express (3.5)
in terms of the reduced cycle (3.2) of S as

Ng,β (S) =
(−1)g λg .
[Mg (S,β)]red

Here λg = cg (Eg ), where Eg is the Hodge bundle whose ﬁbre over the map
f : C → S is H 0 (C, ωC ).
The upshot is that Ng,β (S) can be thought of as the contribution of S
to the Gromov-Witten theory (in a ﬁbre class) of any K3-ﬁbred 3-fold in
which it appears as a ﬁbre.
By deformation invariance and the Torelli theorem for K3 surfaces, the
Gromov-Witten invariant Ng,β (S) depends only on β through two integers:
β 2 and the divisibility of β in H2 (S, Z).
4. The Katz-Klemm-Vafa conjecture
Since the Ng,β (S) are really 3-fold invariants (3.5), it makes sense to
rewrite them in BPS form via (2.1). This gives the equivalent invariants
ng,β (S). The KKV conjecture is not just that ng,β (S) ∈ Z, but that a further
miracle occurs:
(4.1)

ng,β (S) depends only on β 2 , not the divisibility of β.

If β 2 = 2h − 2, we may denote ng,β (S) by ng,h . The KKV formula then
determines all ng,h :
(4.2)


∞
/

√
1 2g h
1
g
(−1) ng,h z − √
q =
.
n
20
(1 − q ) (1 − zq n )2 (1 − z −1 q n )2
z
n=1
g,h≥0

The key is the remarkable claim (4.1), ﬁrst conjectured explicitly in
[15]. It says that whatever ng,β (S) counts, it does not see multiple curves
or the divisibility of β. To calculate, we may pass to a completely diﬀerent
homology class of the same square but divisibility 1, count there, and get
the same answer! For instance in the simplest example (2.2), this says that
for primitive classes β, γ with γ 2 = (2β)2 we have
1
N0,2β (S) − 3 N0,β (S) = N0,γ (S).
2
Once (4.1) is proved, one may work with primitive classes, for which the
KKV formula was proved in [16]. However, both are proved together in [23].
The formula (4.2) of course also implies that the ng,h are integers. In
particular it gives
ng,h = 0 for g > h,
which is another remarkable property of the BPS formalism. It says that on
K3 surfaces we do not count any maps from higher genus g > h curves to
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an image curve of arithmetic genus h: BPS numbers do not count multiple
covers or degenerate contributions. When g = h we ﬁnd
nh,h = (−1)h (h + 1),
the signed Euler characteristic of the Ph linear system of embedded curves in
class β. For g < h the ng,h count partial normalisations of singular embedded
curves of geometric genus in the interval [g, h]. For small g, h they are
ng,h
g=0
1
2
3
4

h=0
1

1
2
3
4
24 324 3200 25650
−2 −54 −800 −8550
3
88
1401
−4
−126
5

Setting z → 1 in (4.2) restricts to genus 0 invariants and recovers the YauZaslow formula [26]. This was ﬁrst proved for all classes and all multiple
covers in [7] using mirror symmetry.
To prove the KKV conjecture we do not attempt to compute the
Gromov-Witten invariants directly. Instead we calculate with the closely
related curve-counting theory of stable pairs [20]. For a more thorough
introduction we again refer to [22].
5. Stable pairs
A stable pair on a nonsingular projective variety X is a pair (F, s),
• F is a coherent sheaf with 1-dimensional support,
• s ∈ H 0 (F ),
which is stable:
• F is pure: it has no 0-dimensional subsheaves, and
• s has 0-dimensional cokernel.
Roughly speaking, a stable pair is the data of a Cohen-Macaulay curve 7
C = supp(F )
plus a 0-dimensional subscheme Z ⊂ C (the support of coker(s)). So, for
instance,
(i) Z = ∅ ⊂ C corresponds to the stable pair (OC , 1).
(ii) A Cartier divisor Z ⊂ C corresponds to the stable pair (OC (Z), sZ ).
(iii) An example with a Weil divisor Z ⊂ C is given by
C = C1 ∪ C2 and Z = C1 ∩ C2 ,
corresponding to the stable pair OC1 ⊕ OC2 , (1, 1) .
7This can be disconnected, reducible or nonreduced, but has no embedded points.
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There is a projective moduli space
Pn (X, β)
of stable pairs with curve class and holomorphic Euler characteristic
[F ] = β, χ(F ) = n.
Thus (β, n) is equivalent information to (c2 (F ), c3 (F )). In fact, β = −c2 (F )
and 1 − n is the arithmetic genus of C minus the length of coker(s).
When X = S is a surface then the arithmetic genus h of C depends only
on β by adjunction, and the correspondence between stable pairs and curves
with 0-dimensional subschemes becomes more precise [21]:
(5.1)

P1−h+n (S, β) = Hilbn C/ Hilbβ (S) .

Here C → Hilbβ (S) is the universal curve over the Hilbert scheme of curves
in class β, and Hilbn denotes the relative Hilbert scheme of points on its
ﬁbres.
By contrast, for 3-folds the genus can jump with the number of points
(while keeping their diﬀerence χ(F ) constant) as the following picture of a
family of stable pairs illustrates.

In terms of the list (i)–(iii) above, this is an example of (i) degenerating to
(iii) and then deforming to (ii).
Invariants. Here it is important that X is a 3-fold. We consider the
complex
I • = {OX −→ F }
s

as an object in the derived category of coherent sheaves D(X) of ﬁxed determinant det I • = OX . Its quasi-isomorphism class can be shown to determine
the pair (F, s) [20]. Its deformations and obstructions are governed by
Exti (I • , I • )0 ,

i = 1, 2.

Their dimensions can jump around, but their diﬀerence is the constant

c1 (X)
(5.2)
vd =
β

as before (1.1). There is a corresponding virtual cycle
[Pn (X, β)]vir ∈ Avd Pn (X, β)
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against which we can integrate to give integer invariants. In our application
(5.2) will be zero, so the invariant is just the degree of the virtual cycle:

(5.3)
Pn,β (X) =
1 ∈ Z.
[Pn (X,β)]vir

This is a diﬀerent virtual count of curves in class β, with the genus parameter
in Gromov-Witten theory replaced by the closely related n = χ(F ). The
MNOP conjecture [14] states that the two sets of curve-counting invariants
– the rational numbers (1.3) deﬁned via stable maps, and the integers (5.3)
deﬁned via sheaves – contain the same information.
6. The MNOP conjecture
Let X be a nonsingular projective 3-fold satisfying the Calabi-Yau
condition

c1 (X) = 0 .
β

We will discuss the MNOP conjecture as reformulated in [20] via stable
pairs.8
In brief, the MNOP conjecture is the equality




2g−2 β
(6.1)
exp
= 1+
Ng,β (X)u
v
Pn,β (X)q n v β
β=0 g≥0

β=0 n

obtained after substituting q = −eiu .
More precisely, the conjecture is ﬁrst that the generating series of stable
pair invariants on the right hand side of (6.1) is the Laurent series of a
rational function in q which is invariant 9 under q ↔ q −1 . Therefore the
change of variables q = −eiu makes sense, and may be viewed as the unique
analytic continuation from q = 0 to q = −1.
The exponential (6.1) turns (the generating series of) connected GromovWitten invariants into disconnected invariants: stable pairs is a disconnected
8The original MNOP conjecture of [14] relates Gromov-Witten invariants to invariants

counting ideal sheaves. These latter invariants were conjectured in [20] to be equivalent
to the stable pair invariants by a certain wall crossing formula. This has now been proved
by Bridgeland and Toda [1, 25] in the Calabi-Yau case. The equivalence of ideal sheaf
and stable pairs counting is open for general 3-folds, with some partial results in [24].
9The Laurent series itself need not be invariant under q ↔ q −1 . For instance, the
series q − 2q 2 + 3q 3 − 4q 4 + . . . does not have this invariance, but its sum is the rational
function
q
(1 + q)2
which is invariant under q ↔ q −1 .
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theory. Taking logs we can formally deﬁne the connected stable pair invariconn (X) ∈ Q by the formula
ants Pn,β




conn
n β
n β
Pn,β (X)q v = log 1 +
Pn,β (X)q v .
(6.2)
β=0 n

β=0 n

The MNOP conjecture (6.1) can now be written for ﬁxed β:


conn
(6.3)
Ng,β (X)u2g−2 =
Pn,β
(X)q n ,
q = −eiu .
g≥0

n

Because of the change of variables q = −eiu , it is not sensible to try
to interpret the MNOP conjecture at the level of coeﬃcients.10 The moral
is simply that both theories contain the same information, and that there
are integers11 Pn,β (X) underlying that rational Gromov-Witten invariants
Ng,β (X).
The most powerful tool we have in understanding Gromov-Witten invariants of threefolds is the following. We refer to [19] for the precise statement.
Theorem 6.4 (Pandharipande-Pixton [19]). The MNOP conjecture is
true for projective Calabi-Yau 3-folds which can be degenerated to unions of
toric varieties.
7. Local MNOP for the twistor space
We can not immediately apply Theorem 6.4 to our situation since the
threefold T of (3.4) is not projective. We have to work hard to prove a local
form of MNOP for T in the next 5 Sections.
The idea is that in a K3-ﬁbration X → C, curves in ﬁbre classes only
appear in the ﬁbres which lie in the Noether-Lefschetz locus. Assuming
for simplicity that C is transverse to the relevant Noether-Lefschetz loci, a
neighbourhood of each such ﬁbre is well modelled by T and should contribute
the invariants of T . Applying Theorem 6.4 to a projective K3-ﬁbration, then,
we would like to show that a combination of the Gromov-Witten invariants
of T equals the same combination of connected stable pair invariants of T .
With a judicious choice of K3-ﬁbration we will ﬁnd the resulting expressions
of one set of invariants in terms of the other can be inverted to prove their
equality. This will be the local MNOP correspondence we need.
The ﬁrst part of the above sketch is the Gromov-Witten/NoetherLefschetz correspondence of [15].
10When put into BPS form the formula is more comprehensible, especially in the

irreducible case, see [22, Section 4 12 ] for a discussion.
11
In fact the integrality predicted by the MNOP conjecture is the same as that
predicted by the Gopakumar-Vafa conjecture, i.e. the Pn,β (X) are integers if and only
if the ng,β (X) are integers [20, Section 3.5].
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Theorem 7.1 (Maulik-Pandharipande [15]). For X → C a projective
K3-ﬁbration,

Ng,m,h (S) · NLm,h,β (X/C) .
Ng,β (X) =
h,m

Here the three invariants related by the GW/NL correspondence are:
• Ng,β (X) is the full Gromov-Witten invariant of X in a ﬁbre class
β.
• Ng,m,h (S) is the invariant Ng,γ (S) (3.5) of any K3 surface S and
class γ ∈ H 1,1 (S, Z) of divisibility m and square γ 2 = 2h − 2.
• NLm,h,β (X/C) counts the K3 ﬁbres of X → C for which a
curve class (of square 2h − 2, divisibility m and pushforward
β ∈ H2 (X, Z)) becomes of Hodge type (1, 1).
More precisely NLm,h,β (X/C) is an intersection number of C with a NoetherLefschetz divisor, see [15] for full details. The result also holds when C does
not intersect the Noether-Lefschetz divisors transversely.
To combine this with Theorem 6.4 we need an analogous Pairs/NoetherLefschetz correspondence. This is more complicated since stable pairs count
disconnected curves, and also since stable pairs in T do not need to lie
scheme-theoretically in the central ﬁbre S: the multiple covers of GromovWitten theory get replaced by scheme-theoretic thickenings of curves in the
normal direction to S ⊂ T .
In fact, it is not even obvious how to deﬁne a stable pair invariant of
S analogous to (3.5): taking stable pairs on T may give an invariant which
depends upon T . To get around this, we will deform T to the normal cone
of S ⊂ T .
8. Degeneration
Suppose a nonsingular variety Xt degenerates to a variety
X0 = X1 ∪D X2
which is a normal crossings divisor in the total space. Naı̈vely, we might
expect to ﬁnd something like






(8.1)
curves on X ∼ curves on X1 ×Hilbd D curves on X2 ,


where d is the intersection number β · D and the map from curves on Xi
to Hilbd D is a boundary map, intersecting the curve with the divisor D.
For stable maps, such a theory originated in [10] and was developed in
algebraic geometry in [11, 12]. We will concentrate on the parallel story for
stable pairs [13, 20]. To make (8.1) work, we have to avoid the situation
where a component of the curve falls into D. If a component comes close to
falling into D, we bubble the target:12
12We have pictured the case relevant to us, where D has trivial normal bundle

ND ∼
= OD .
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To avoid curves falling into the new copy of D, we may have to bubble again
and again.
In [13] J. Li and B. Wu construct compact moduli spaces13 Pni (Xi /D, βi )
of stable pairs on Xi relative to D which admit boundary maps
Pni (Xi /D, βi ) −→ Hilbd D
and virtual cycles [Pni (Xi /D, βi )]vir such that

[Pn (X0 , β)]vir =
[Pn1 (X1 /D, β1 )]vir ×Hilbd D [Pn2 (X2 /D, β2 )]vir
β1 +β2 =β
n1 +n2 =n+d

is a specialisation of the cycles [Pn (Xt , β)]vir . We now explain these statements in a more detail.

The moduli space Pn (Xi /D, βi ) parameterises isomorphism classes of
stable relative pairs
(8.2)

s

OXi [k] → F

on some Xi [k], the k-step degeneration of Xi along D. Here, Xi [k] is Xi
with k ≥ 0 bubbles attached along D [11], and F is a sheaf on Xi [k] with
χ(F ) = ni whose support pushes down to βi ∈ H2 (Xi , Z). The stability
conditions for the data are more complicated in the relative geometry, but
ensure that the stable pair joins correctly across the creases of Xi [k] and
intersects the last copy of D transversally:
(i) F is pure with ﬁnite locally free resolution,
(ii) the higher derived functors of the restriction of F to the singular
loci of Xi [k], and to the ﬁnal copy of D, vanish,
In general D × P1 is replaced by the projective completion P(ND ⊕ OD ) of ND .
13These moduli spaces of relative stable pairs are what play the role of {curves on
Xi } in (8.1).
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(iii) the section s has 0-dimensional cokernel supported away from the
singular loci of Xi [k],
(iv) the pair (8.2) has only ﬁnitely many automorphisms covering the
automorphisms of Xi [k]/Xi .
Relative stable pairs are isomorphic if they diﬀer by an element of
Aut(Xi [k]/Xi ) = (C∗ )k .
Condition (iv) ensures that we do not insert unwanted bubbles and that
Pni (Xi /D, βi ) is a Deligne-Mumford stack. By conditions (ii) and (iii), the
moduli space admits a boundary map to Hilbd D by restriction.
9. Deformation to the normal cone
We apply the relative theory of Section 8 to calculate the stable pair
invariants of the twistor 3-fold T by deforming T to the normal cone of the
central ﬁbre S.

We may compute the stable pair invariants of T via the degeneration formula
in terms of the relative theories of T and S × P1 attached along S.
Since we are in a ﬁbre class β, matters simplify. Curves are not allowed
in the creases in the relative theory, so they cannot lie in the central ﬁbre S
of T (along which S × P1 is attached). By construction, there are no curves
in class β in the other ﬁbres of T . Hence, all the relevant curves lie in S × P1
and its bubbles.14

We have made progress: S ⊂ T has been replaced by the trivial ﬁbration
S × P1 (together with its bubbles). We see
• the answer depends only on S after all (this involves a careful study
of the perfect obstruction theory, which a priori depends on T ),
14In the notation of Section 8, we have d = β · S = 0.
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• we can use C∗ -localisation.
The advantages come at the expense of having passed to the relative
theory with bubbles and (C∗ )k -automorphisms, but these turn out to be
manageable.
10. Connected stable pairs theory
We have degenerated the moduli space of stable pairs on T to the moduli
space
Pn (S × R, β)

(10.1)

of stable pairs on the rubber geometry
:
S × R = S × P1 (S × {0}) ∪ (S × {∞})
modulo identiﬁcation of pairs which diﬀer by the action of C∗ . It is a compact
space.

Naı̈vely (10.1) does not see T , but in fact its perfect obstruction theory –
induced by the relative theory applied to the degeneration to the normal
cone – does. In particular, it diﬀers from the standard perfect obstruction
theory on (10.1), so the virtual cycles diﬀer too.
Analysing their diﬀerence and using an induction on the number of
bubbles gives the following surprising formula for the invariants




n β
red
n β
1+
Pn,β (T )q v = exp
Pn,β S × R)q v .
n,β=0

n,β=0

red S ×R is the reduced stable pair invariant of the rubber geometry
Here, Pn,β
S × R, deﬁned by removing the trivial H 0,2 (S) = C piece from the natural
perfect obstruction theory just as in Section 3.
Put diﬀerently, we have found that
conn
red
(T ) = Pn,β
S×R ,
Pn,β

which is clearly not dependent on T . By deformation invariance of these
invariants as S moves within NLβ , they depend only on β 2 = 2h − 2 and
the divisibility m of β. Therefore, we may write them both as
Rn,m,h (S).
It is for this connected theory that we can prove a Pairs/Noether-Lefschetz
correspondence.
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11. Pairs/Noether-Lefschetz correspondence
If X → C is a projective K3-ﬁbration for which C intersects the relevant Noether-Lefschetz divisors transversally, the same argument as above
(deformation to the normal cone of the ﬁnitely many ﬁbres in the NoetherLefschetz locus) gives the following Pairs/Noether-Lefschetz correspondence.
Theorem 11.1 ([23]). If the generic Picard rank of the K3 ﬁbers of X
is at least 3,

conn
Pn,β
(X) =
Rn,m,h (S) · NLm,h,β (X/C).
h,m

Here, as in Theorem 7.1, NLm,h,β (X/C) is an intersection number of C
with a Noether-Lefschetz divisor. It counts the ﬁbres of X → C for which a
curve class of square 2h − 2, divisibility m and push-forward β ∈ H2 (X, Z)
becomes of Hodge type (1,1).
Theorem holds more generally without the transversality assumption.
If there are only ﬁnitely many ﬁbres in the Noether-Lefschetz locus then
the fact that all contributions to the above theorem are local to these
ﬁbres means that we may perturb C locally analytically to intersect the
Noether-Lefschetz divisors transversally. If C lies entirely within a NoetherLefschetz divisor then we add a very positive curve C  in the moduli space
of K3 surfaces and then deform to a smooth curve C  which intersects the
Noether-Lefschetz divisors transversally. The degeneration formula for the
K3-ﬁbration over C  degenerating to the K3-ﬁbration over C ∪ C  then gives
the result.
By the technical assumption of generic Picard rank at least 3 for the
K3 ﬁbers of X, the perturbations in the degenerate cases above are easily
realizable. Of course the result is expected to hold without the Picard rank
assumption, just as in the Gromov-Witten case.
12. Invertibility
We can now apply the GW/NL correspondence of Theorem 7.1, the
Pairs/Noether-Lefschetz correspondence of Theorem 11.1, and the MNOP
correspondence of Theorem 6.4 to a nonsingular anticanonical divisor
X ⊂ Blp (P2 × P1 ) × P1 ,

(12.1)

considered as a K3-ﬁbration via projection to the ﬁnal P1 factor.
The result is that the MNOP formula (6.3) for X,


conn
Ng,β (X)u2g−2 =
Pn,β
(X)q n ,
q = −eiu ,
n

g≥0

is expressed as the equality of a linear combination of terms

(12.2)
Ng,m,h (S)u2g−2 ,
g
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for diﬀerent m and h, and the same linear combination of terms

(12.3)
Rn,m,h (S)q n .
n

The particular 3-fold X in (12.1) was chosen to make these linear relations
invertible. Hence, it follows that (12.2) and (12.3) are equal for all m, h,


Ng,m,h (S)u2g−2 =
Rn,m,h (S)q n ,
q = −eiu .
(12.4)
g

n

This gives the local MNOP correspondence for S that we sought. That is,
the MNOP conjecture is true for the local threefold T .
13. Pairs on S × C
We have turned the KKV conjecture into a question entirely about
(reduced) stable pairs on the rubber geometry S × R. By rigidiﬁcation
techniques, further degeneration, and ﬁnally C∗ -localisation, we end up
needing only to calculate the C∗ -localised reduced stable pair invariants of
S × C.
The latter involves calculating integrals over the moduli spaces
Pn (S × C, β)C

∗

of C∗ -ﬁxed stable pairs. Such pairs are supported set-theoretically on
S × {0} ⊂ S × C ,
but can be thickened inﬁnitesimally out of S × {0} into S × C. These
thickenings replace the multiple covers of Gromov-Witten theory, which all
lie in S.
However, one advantage stable pair theory has over Gromov-Witten
theory is its symmetric obstruction theory on Calabi-Yau 3-folds.15 As a
consequence,
(13.1)

vector ﬁelds on Pn (S × C, β) are dual to obstructions.

We have already used this fact once. The vector ﬁeld ∂x on S × Cx that
translates in the Cx -direction is dual to the trivial piece of the obstruction
theory (3.1) that we remove to get the reduced obstruction theory of
Pn (S × Cx , β) .
We will now use it a second time, on a related vector ﬁeld.
15In fact, the moduli space P (S × C, β) is locally the critical locus of a holomorphic
n

function on a nonsingular space.
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Second vector ﬁeld. Consider the ﬂow outward from
(13.2)

∗

Pn (S × Cx , β)C ⊂ Pn (S × Cx , β)

given by pulling apart the last layer of thickening of a stable pair :

∗

More precisely, work on a component P [d] of Pn (S × Cx , β)C in which all
stable pairs are supported on
dS = S × Spec C[x]/(xd )
but not on (d − 1)S. Then, there is a map
(13.3)

P [d] × Ct −→ Pn (S × Cx , β)

which at t = 0 restricts to the inclusion (13.2), and for t = 0 takes each
stable pair to one supported on (d − 1)S  St . The precise details are given
in [23, Section 5], but the local model in the Cx -direction is the family OZ ,
where


(13.4)
Z = xd−1 (t − x) = 0 ⊂ Cx × Ct .
This is a ﬂat family of schemes over Ct with central ﬁbre the d-times
thickened point {xd = 0} ⊂ Cx at t = 0, and general ﬁbre
{xd−1 = 0}  {x = t}
over t = 0. In particular, the centre of mass of the subscheme moves to the
ﬁbre
(13.5)

St ⊂ S × C
d

at time t.
We only need the ﬂow to ﬁrst order in t. Diﬀerentiating (13.3) at t = 0
gives a vector ﬁeld


(13.6)
v ∈ Γ TPn (S×C,β) P [d] .
That is, it is a Pn (S × C, β)-vector ﬁeld, but only on the subscheme P [d].
By (13.5) it moves the centre of mass of the subscheme by the vector ﬁeld
(13.7)

∂t /d.
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14. Vanishing result
It turns out that, to ﬁrst order in t, the above deformation only sees how
the centre of mass deforms. That is – surprisingly, perhaps – on basechange
to Spec C[t]/(t2 ) ⊂ Ct , the deformation (13.4) becomes the same as the ﬁrst
order deformation given by moving the whole scheme Z along the vector
ﬁeld ∂t /d (13.7). In particular,
(14.1)
1
the vector ﬁeld v equals ∂t on d-times uniformly-thickened stable pairs.
d
Here, we say a stable pair is uniformly-thickened if it takes the form
(14.2)

(F, s) = (F0 , s0 ) ⊗C

C[x]
(xd )

for some stable pair (F0 , s0 ) on S.

By (14.1) v is linearly dependent on ∂t along a component of
Pn (S × C, β)C

∗

if and only if all pairs in the component are uniformly-thickened in the C
direction.
For C∗ -ﬁxed stable pairs which are not uniformly-thickened in this way,
the vector ﬁeld v acts as diﬀerent vector ﬁelds ∂t /k at diﬀerent points of
their support, so it is not globally proportional to any one ∂t /k.
By the duality (13.1), this means that for non-uniformly-thickened stable
pairs, there is another trivial piece of the obstruction theory. That is we
get a surjection from the obstruction sheaf to OP [d] dual to v that is not
proportional to the original one (3.1). This forces the reduced virtual cycle
to be zero. In particular we get a vanishing result.
∗

Proposition 14.3. The only components of Pn (S × C, β)C which contribute are those consisting of uniformly-thickened stable pairs.
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15. Multiple covers
Proposition 14.3 means we can really calculate the full C∗ -localised stable
pairs theory of S × C (and so, by our previous results, of T and the K3ﬁbration X).
The moduli space of d-times uniformly-thickened stable pairs on S × C
is just
(15.1)

Pn/d (S, β/d).

Given a pair (F0 , s0 ) in the above moduli space the corresponding thickened
∗
pair in Pn (S, β)C is given by (14.2).
This isomorphism does not preserve the relevant perfect obstruction theories, but the two can be compared. Therefore we have reduced everything
to a calculation over a moduli space (15.1) of stable pairs supported scheme
theoretically on S.
Such integrals were considered in [8, 9] in connection with the Göttsche
conjecture and its virtual extensions. We can use (5.1),
(15.2)

P1−h+n (S, γ) = Hilbn C/ Hilbγ (S) ,

which is shown in [8] to be an isomorphism not just of schemes, but of
schemes with perfect obstruction theory. Here we take the reduced obstruction theory on the left, and on the right a natural one given by equations.
Namely, the relative Hilbert scheme Hilbn C/ Hilbγ (S) lies in the smooth
space16
(15.3)

P(H 0 (L)) × Hilbn (S)

of curves in S (in class c1 (L) = γ) and points in S. It is the incidence variety


(s, Z) : s|Z = 0
of points Z which lie on the curve {s = 0}. As such it is cut out by the
section s|Z of the tautological vector bundle E whose ﬁbre over (s, Z) is
H 0 (L|Z ). This description endows (15.2) with a perfect obstruction theory
whose virtual cycle is
ctop (E) = [Pn+1−h (S, γ)]red
when pushed forward to (15.3). This allows one to compute the reduced
virtual cycle in terms of tautological integrals to which one can apply [2].
The result is universal formulae in the topological numbers β 2 and n, but
not the divisibility of β.
Translated through the MNOP correspondence, this is what gives the
required independence of BPS numbers on the divisibility m (4.1).
16Here, matters are simpler because S is simply connected. For more general surfaces,
Hilbγ (S) need not be smooth, and has to be embedded in the smooth space Hilbγ+A (S),
for an ample divisor A
0.
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In terms of stable pairs only, the resulting multiple cover formula is the
following. Note its simplicity compared to multiple cover formulae in higher
genus Gromov-Witten theory.
Proposition 15.4. The generating series

red
red
Pdβ
(q) =
Pn,dβ
(S × C)q n
n∈Z

of reduced stable pair invariants of S × C is the Laurent series of a rational
function of q. It satisﬁes the multiple cover formula
1
red
(q) =
P red − (−q)k ,
Pdβ
k γ
k|d

for any primitive class γ with the same square as dβ/k.
Together with (12.4), Proposition (15.4) gives the insensitivity of BPS
numbers to divisibility of the curve class (4.1) and allows us to compute
with only primitive β.
We may further deform to the case where β is irreducible. Then, the
moduli space of stable pairs is nonsingular and the invariants become signed
Euler characteristics. Using sheaf theory on K3 surfaces – a heavily developed and well-behaved subject due to the tight constraints of holomorphic
symplectic geometry – the relevant calculations here were done by Kawai
and Yoshioka [6], see also [16, 21]. This completes the proof of the KKV
formula (4.2).
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