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1. Introduction

The following third order curve flow in R™ was introduced in [20],
(1.1) ==V H( (1)),

where e1 = ,/||[7z||, V* is the induced normal connection and H(v(-,t)) is
the mean curvature vector field of the curve (-, t). It is easy to see that

(12) 2=~ IHIPer + VAHO(,H))

is a curve flow in R™ that preserves arc-length parameter. Note that (1.2)
and (1.1) only differ by a tangent vector field, so they are essentially the
same flows. In fact, the curve at time ¢ of (1.2) is the same curve at time ¢
of (1.1) reparametrized by the arc-length parameter. Since the linear Airy
equation is
Yt = Yz,

we call (1.2) the geometric Airy curve flow.

Curve flow (1.2) was considered by Langer and Perline in [15]. They
proved the following:

(i) If v is a solution of (1.2) then there exists a parallel orthonor-
mal frame (eg,...,e,)(+,t) for the normal bundle of v(-,t) with
respect to V= for each ~(-,t) such that the corresponding prin-
cipal curvatures k;(-,t) satisfy the vector modified KdV equation
(vmKdV,,),

3

where k = (k1,...,kn_1).
(ii) There exist order (25 — 1) curve flow in R™ whose principal curva-
tures satisfy the (25 — 1)-th vimKdV,, flow.
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Some main results of these paper are:

(1) We solve the Cauchy problem for the curve flow (1.2) with initial
data vy whose principal curvatures are rapidly decaying functions
on R. We also solve the periodic Cauchy problem for initial data
with trivial normal holonomy.

(2) There is a Poisson structure on the space

(1.4) Mn:{’y:Sl—>R"H|fnyzl}

so that the geometric Airy curve flow (1.2) is Hamiltonian.

(3) Equation (1.2) admits a sequence of commuting Hamiltonians,
hence it has a sequence of constants of the motion.

(4) Bécklund transformations (BT) are constructed, which generate a
family of new solutions from a given solution of (1.2) by solving a
linear Lax system.

(5) An algorithm for constructing explicit soliton solutions of (1.2) is
given.

We mention some other integrable curve flows in flat spaces: (i) Hasimoto
showed that if «y is a solution of the Vortex Filament equation (VFE), v =
Yz X Yez, for curves in R3, then there exists a parallel frame g(-,¢) along
v(+,t) so that ki +iks satisfies the NLS ([7]). So we can apply soliton theory
of the NLS to study geometric properties of the VFE (cf. [14], [17], [20]).
(ii) Pinkall considered in [13] the central affine curve flow, v = Yayzz — 3¢V,
on R2\0, where x is the central affine arc-length parameter (i.e., det(y,7z) =
1), and q is the central affine curvature defined by 7., = ¢7. He proved that if
~ is a solution of the central affine curve flow then its central affine curvature
is a solution of the KdV, ¢; = g1 — 6qq,. Its Hamiltonian aspect was given
in [3], and Bécklund transformations were constructed in [24]. The relation
between central affine curve flows in R”\0 and the Gelfand-Dickey flows on
the space of n-th order linear differential operators on the line was given in
[4] for n = 3 and in [26] for general n, and Bécklund transformations were
constructed in [25]. (iii) It was proved in [27] that the isotropic curve flow,
Yt = Yezz — Yz, 0 the light cone Y1 = {z € R>!|(z,2) = 0} preserves
arc-length and its curvature ¢ is a solution of the KdV. For general n, let
M 4+1,, denote the space of curves v : R — R™ L7 such that the span of
Vyons g(cn_l) is a Lagrangian subspace for all x € R and (fyén), én)) = 1.
Isotropic curve flows were constructed in M1, so that their isotropic
curvatures were solutions of Drinfeld-Sokolov’s KdV type flows associated to
B, = o(n+1,n) and their Hamiltonian theory were given in [27]. Bécklund
transformations for these isotropic curve flows were constructed in [28].

It is interesting to note that the geometric Airy curve flow in R", the
isotropic curve flow in the null cone 351 and the central affine curve flow in
R2\0 are given by the re-parametrization of the third order flow v = Yzzz,
where x is the arc-length parameter for curves in R", Y9 ; and is the central
affine arc-length for curves in R?\0.
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This paper is organized as follows: We explain how to construct a parallel
frame for a solution of (1.2) so that (i) hold and prove result (1) in section 2.
We review the soliton theory of (1.3) in section 3. We review the Hamiltonian
theory and construct Biacklund transformations for the vinKdV,,. We prove
(2) and (3) in section 4. Results (4) to (5) are given in the last section.

2. Geometric Airy flow (1.2) on R"” and vinKdV,,

In this section, we

(i) review the relation between the geometric Airy flow (1.2) in R™ and
the vimKdV,, (1.3),
(ii) solve the Cauchy problem on the line for (1.2) with initial data that
has rapidly decaying principal curvatures,
(iii) solve the periodic Cauchy problem for (1.2).

Let v : R — R”™ be a smooth curve parametrized by its arc-length. We
call a smooth map g = (e1,e2,...,e,) : R = SO(n) a parallel frame along ~
if ey = 7, and ¢;’s are parallel with respect to the induced normal connection
for 2 < i < n. In other words, we have

(2.1) {(61)x = Y00 Kieiv,

(€iv1)e = —kier, 1<i<n-—1

Equation (2.1) written in terms of g is

_ 0 —kt
(2.2) 9 g = (k 0 > k= (k... kn1)".

The function k; is the principal curvature of v with respect to the normal
field €i4+1-

When n = 2, a parallel frame for a plane curve is the Frenet frame and
k1 is the curvature of the plane curve. When n > 2, principal curvatures of
a curve depend on the choice of parallel frames. In fact, if g = (e1,...,e,) is
a parallel frames along v and f = diag(1, h) with a constant h € SO(n — 1)
then ¢gf is also a parallel frame along + and the principal curvatures with
respect to the new parallel frame ¢f is k = h™'k, where k = (k1,..., kp_1)

and ];} = (kl, ce ,k‘nfl)t.

LEMMA 2.1. A curve flow in R™ of the form v = > | Aje; preserves
arc-length parameter if and only if

(2.3) e1(41) = ZAiki—la
i=2

where (e1(+,t),...,en(-,t)) is a parallel frame along v(-,t) and k;(-,t)’s are
the corresponding principal curvatures.

PROOF. Let s(x,t) denote the arc-length parameter for v(-,t), i.e., s, =
[|72]|- We use (2.1) to compute
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1 n

§<'va')’z>t = <(’Yt)ac77z> = H’)’z|’2<(7t)5761> = H'YIHQ(<A1)S - ZAiki—1)~
=2
This proves the Lemma. U
The curve flow (1.1) written in terms of parallel frame (eq,...,e,)(-, 1)
is
n—1
(2.4) == (ki)seirt,
i=1

where k;(-,t) is the principal curvature of v(-,t) with respect to the parallel
normal field e;41(-,t) for 1 <i <n — 1. It follows from Lemma 2.1 that

n—1 n—1
(2.5) "= —% (Z kf) er — Z(ki)a:ei—i-l,

preserves the arc-length parameter. Note that (2.5) is (1.2). So we have the
following:

LEMMA 2.2. The geometric Airy curve flow (1.2) in R™ preserves arc-
length parameter and is (2.5) written in terms of parallel frame.

Recall an elementary lemma:

LEMMA 2.3. Given smooth maps A, B : R? — so(n), then the following
linear system

r = Aa
(2.6) Je =9
gt = ng
is solvable for smooth g : R?> — SO(n) if and only if
(27) A¢:RB$+[AWBL

Next we give a proof of the following result in [15] and explain how to
choose the suitable parallel frame (unique up to a constant in SO(n — 1))
so that the principal curvature evolves according to vinKdV,,.

THEOREM 2.4 ([15]). Let v be a solution for (1.2). Then there exists a
smooth map g : R? — SO(n) such that g(-,t) is a parallel frame along (-, t)
for each t and g satisfies

1 0 —kt
g gz = k 0 )
(2.8)
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where k = (k1,...,kn—1), and

1
z = _(kxx + §||k||2k)a
E=(&;j), &j=(ki)akj—ki(kj)z, 1<i,j<n-—1.

Moreover,

(1) k satisfies the vmKdV, (1.3). }
(2) If g : R? — SO(n) satisfies (2.8) with k, then there exists a constant
c € SO(n — 1) such that § = gdiag(1,c) and k = ¢~ k.

PROOF. Choose a smooth h = (e1,vs,...,v,) : RZ = SO(n) such that
h(-,t) is a parallel frame along ~(:,t) for each ¢. Let pq,...,u,—1 be the
principal curvatures given by h. Then

_ 0 —ut
h lhx=<ﬂ 5) =1, )"

Lt
2 “) with 2z = (21, -y 2n—1)% and C = (¢;5) € so(n —

Write h~1hy = C
1). It follows from (2.5) and (2.2) that we have

((er)esvisn) = (e visn) = —((eidee + 3 1l P
Hence
(2.9) zi = = ((1)az + %HMHQM)-
Let A:=h~'h, and B = h~'h;. By Lemma 2.3, we have
Ay = B, + [A, B].
Equate the (22) block of the above equation to get
(Cij)e = —pi(kj)ez + (ti)axtty = (—pa(tt)e + (i)atts)a-

Hence Cjj(z,t) = (—pi(pj)a + (i) zpsj)(x, t) + n(t) for some n(t) € o(n —1).
Let f: R — SO(n — 1) be a solution of f; = —n(t)f, and

g=(e1,...,e,) := hdiag(l, f).

Then g(-,t) again a parallel frame along (-, ). The principal curvatures of
v(-,t) with respect to the new parallel frame g is k(z,t) = f(t) ' u(z,t). A
direct computation implies that g satisfies (2.8).

Let P and @ be the right hand sides of (2.8). By Lemma 2.3, we have

Equate the (21) block of (2.10) to see that k satisfies (1.3).
If g(-,t) is another parallel frame along 7(-,t), then there exists h :
R — SO(n — 1) such that g(x,t) = g(z,t)diag(1,h(t)) and the principal
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curvatures with respect to § is k(x,t) = h(t)"'k(x,t). Note that

O T —1y -1 . 0 0
g g =diag(l,h™)g gtdlag(l,h)+<o h—lht>

— diag(1,h) <Z<Ok) _g((]f))t> diag(1,h) + (8 - ht> .

But k(z,t) = h ' (t)k(z, t) implies that

Hence we have

By assumption §~'§; = ( 0 _Z(!C)t>. So we have h™'h; = 0, which
z(k)  &(k)
implies that h is a constant. This proves (2). O

The proof of Theorem 2.4 also gives the following:

COROLLARY 2.5. Given smooth k : R> — R"~!, then the linear system
(2.8) is solvable for g : R? — SO(n) if and only if k satisfies (1.3).

Conversely, given a solution of vmKdV,, we can construct a solution of
the geometric Airy flow (1.1):

PROPOSITION 2.6. Let k be a solution of vmKdV,, (1.3). Then
(1) there exists smooth g = (e1,...,e,) : R? — SO(n) satisfying (2.8),

(2) let
S (L /GO = PN
Z = ( 9 €1 +Z(k1)xez+l)a
i=1
c(t) = /t Z(0,t)dt.
0
Then
(2.11) y(x,t) = e(t) + /Ox e1(s,t)ds,

is a solution of (1.2).
Proor. (1) follows from Corollary 2.5.
The second equation of (2.8) implies that

n—1

(e1)e = = S ((hiJaw + 3Kl PR e
i=1
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The first equation of (1.3) is (2.1). Use (2.1) and a direct computation to
see that

n—1
1
— > ((ki)aa + §Hk|12ki)6i+1 = Zy.
i=1
Since ¢/ (t) = Z(0,t), we have

v =c(t) —i—/ (e1)¢ds = ' (t) +/ Zsyds = Z(x,t).
0 0
So + satisfies (2.5), which is (1.2). O

Let v : R — R"™ be a smooth curve parametrized by arc-length. If the
principal curvatures with respect to a parallel frame ¢ are rapidly decaying
then the principal curvatures with respect to other parallel frame are also
rapidly decaying.

The Cauchy problem for the vinKdV,, with rapidly decaying initial data
k% : R — R™ can be solved by the inverse scattering method (cf. [1]). The
periodic Cauchy problem for (1.3) is solved in [2]. Next we use these solutions
to solve the Cauchy problems for the geometric Airy flow (1.2).

THEOREM 2.7 (Cauchy Problem for (1.2) on the line). Let vo: R — R"
be a smooth curve parametrized by its arc-length, go(z) = (e9(z),...,e%(z))
a parallel frame along Yo, and kY, .. ., kg_l the corresponding principal cur-

vatures. Let k : R? — R"™1 be the solution of the Cauchy problem

ky = — kxzx 4 k ka
k(x,0) = k°(z),
where kK = (K,...,kY_|). Then there exists a unique g = (e1,...,e,) :

R? — SO(n) satisfying (2.8) with g(0,0) = g°(0). Moreover, let c(t) be as
in Proposition 2.6. Then

(2.13) v(z,t) = v(0) + c(t) + /Off e1(s,t)ds

is the solution of (1.2) with ~(z,0) = yo(x).

THEOREM 2.8 (Periodic Cauchy Problem for (1.2)). Let o : R — R"
be a smooth curve parametrized by its arc-length. Assume that g is periodic
with period 2 and the holonomy of the induced normal connection along the
closed curve ~yg is trivial (so parallel frame ¢° and its principal curvature k°
are periodic). If k(x,t) is the solution of (2.12) and is periodic in x, then
we have the following:

(1) Let g = (e1,...,e,) : R2 = SO(n+1) be the solution of (2.8) with
g(0,0) = g°(0). Then g(z,t) is periodic in x and g(x,0) = ¢°(x).

(2) The solution v of (1.2) defined by (2.13) is periodic in x and
v(2,0) = 70(x).
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PRrROOF. Corollary 2.5 gives the existence of g. Note that g(x,0) and
g"(z) satisfy the same linear ODE and have the same initial data y(0) =
70(0). Uniqueness of solutions of ODE implies that g(z,0) = ¢°(z).

Claim (A): g(x,t) is periodic in x.

To see this, we consider

Recall that

Lt
(2.14) gt = gB, where B = <2 ; ) ,

and z = z(k) and £ = £(k) are given as in Theorem 2.4. By assumption
k(z,t) is periodic in x. So we have

(2.15) B(x + 2m,t) = B(z,t)
for all x,t € R. Use (2.14) and (2.15) to see that
dy

Y g2r, t)B@2r,t) — g(0,t)B(0,t) = g(2m,t)B(0,t) — g(0,¢)B(0, t)
= y(t)B(0, ).

Since k is periodic in z, B(w,t) is periodic in z. Note that g(x,0) = ¢°(z)
is periodic. So we have y(0) = 0. Then the uniqueness of ODE implies that
y(t) =0, i.e., y is periodic. This proves Claim (A).

Claim (B): v(z,0) = vo(z).

We have proved g(z,0) = ¢g"(z) is a parallel frame along vo. So e1(z,0) =
(70)z- By (2.13), we have v, = e; and v(0,0) = ~¢(0). This shows that
7(,0) = 70().

Claim (C): v(z,t) defined by (2.13) is periodic in z.

It follows from (2.13) that

n(t) =~v(2m,t) —v(0,t) = %el(s,t)ds.

Compute directly to see that

((11—1] = %(el)tds = f(%)tds = j{(%)sds
 f i (e S e

Since ej(s,t),...,en(s,t) and k;(s,t)’s are periodic in s, we have % = 0. So
n(t) is a constant. Note that ¢(0) = 0, n(0) = v(27,0) —v(0,0) = v (27) —
70(0) = 0. Hence n(t) = 0 for all ¢t and Claim (C) is proved.

Proposition 2.6 implies that v defined by (2.13) is the solution of (1.2)
with v(z,0) = yo(x). O
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3. The vimKdV hierarchy

In this section, we review the construction of the vinKdV,, hierarchy,
explain its Hamiltonian theory, and construct Bécklund transformations.
Let I,,+1 denote the identity in GL(n + 1), and

I, = diag(1, —1,).
Let 7 and o be involutions of so(n + 1,C) defined by
7(€) =&  0(&) = Linél,.

Note that the fixed point set of 7 is so(n + 1), 70 = o7, and the 1, —1-
eigenspaces of o on so(n + 1) are

KI:<{(8 2) |y € so(n)},
P (g —Ozt> |z e RV},

Then we have so(n+1) = K @& P, and
(3.1) K.KlcK, [K,PlcP, [P,PlCK.

The loop algebras we need to construct the vinKdV,, hierarchy are:

L={N) = Z N | no some integer, &o; € K, &1 € P},

Ly={eN) =) &N erL),
1>0

Lo={N =) &\ eL}
<0

Note that
L=Ly®L_
as linear subspaces. We call (L, L_) a splitting of L.

DEFINITION 3.1. We say a map & from C to so(n+1,C) or to SO(n+1,C)
satisfies the (7, 0)-reality condition if

(3.2) EN) =€), Tin€(=NIg, =&,

Note that £(A) = >, &N with & € so(n + 1,C) is in £ if and only &
satisfies the (7, 0)-reality condition (3.2).

A vacuum sequence is a linearly independent commuting sequence in £ .
Let

(3.3) a = ez — €12,
(3.4) Joj—1(A) = ad¥ > 1.

Since a € P, {Ja2j—1|j > 1} is a vacuum sequence in L.
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Next we use the standard method given in [6], [21] to construct a soliton
hierarchy from the splitting of (£4,£_) of £ and the vacuum sequence

{Joj-1]j = 1}.
Given z € R"!, henceforth we will use the following notation:
00 O
(3'5) \I’(Z) =10 0 —zt
0 z O
Then
(3.6) Y = [a)‘7£*]+ = [a”P] = {\IJ(Z) ‘ = R(n—l)xl}'

The following Theorem is known (cf. [6], [23]). We include a proof here
for completeness.

THEOREM 3.2. Let a be defined by (3.3), and Y by (3.6). Given u €
C>®(R,Y), then there exists a unique Q(u,\) = aX+ Y .~qQi(u)A™" in L
satisfying -

Q(u, \) is conjugate to a\.
Moreover, the Q;(u)’s are differential polynomials of u in x.

PROOF. Since Qo; € IC, Q2;_1 € P, we can write

0 —Y25-1 —775]-_1
(3.8) Q2j-1 = | y25-1 0 0 ,
1251 0 0
0 O 0
(3.9) Q2;=1(0 0 —zéj ,

0 295 &2

where yo;—1 : R = R, n9j_1,22; : R 5 R"t and £ : R — so(n — 1).
Compare coefficients of A= of (3.7) to get the following recursive for-
mula:

(3.10) (Qi)x + [u, Qi] + [a, Qit1] = 0.

Assume that v = U(k) for some k € C*®(R,R""1). Then Y251, 12j—1, 22;
and &y; are differential polynomials of k. We use (3.10) to see that

(3.11) (2j-1)x + y2j—1k — 225 = 0,
(3.12) (y2j—1)2 — ktT]zj—l =0,
(3.13) (225)x — &25k + m2j+1 =0,
(314) (62]')96 — kzéj + Zgjkt =0.

We use the above equations, induction on j, and direct computation to
solve @Q;(u) and see that entries of Q;(u) are differential polynomials of w.
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Since u = ¥(k), y2j—1,M2j—1, 225, &2; are differential polynomials in k. In
particular, we obtain

(3.15) 20 = k‘, fo = 0,
k 2

316) =100

1
(3.17) 29 = —(kgz + §\|sz2k), £ = —kk! + k k',

k> 3 3
318)  yo=hhe— Dy Bt S,
where k = (k1,...,kn_1). O

It follows from (3.10) that we have
(Q2j—2(u)s + [u, Q2j—2(u)] = [Q2j-1(u),a] € C=(S1,Y).

So the following is an evolution equation on C*(R,Y),

(3.19) up = [0r + u, Qaj—2(u)] = [Q2j-1(u), a].
Equation (3.19) for u written in terms of k is
(3.20) ki = (22j-2(k))e — &25-2(F)k,

where u = W(k), and 2z9j_2(k) and &2j_2(k) are the (32) and (33) blocks of
(QQ2j—2(u) respectively. Note that for j = 2, (3.20) is k; = (22), — &2k, where
29, & are defined by (3.17). So it is the vmKdV,, (1.3).

DEFINITION 3.3. We call (3.19) (or (3.20)) the (25 — 1)-th vmKdV,, flow
and this sequence of flows the vmKdV,, hierarchy.

It follows from (3.10) that the coefficients of A\’ with i > 0 of
[af +aX + u, (Q(u7 A))‘Qj_z)"r]
are zero. So we have the following well-known existence of Lax pair.

PROPOSITION 3.4. The following statements for smooth u : R> =Y are
equivalent:

(1) w is a solution of the (2j — 1)-th vmKdV,, flow (3.19).
(2) The following linear system is solvable for g : R? — SO(n)

9z = gu,
(3.21)
9t = 9Q2j—2(u).
(3) u satisfies
(3.22) up = [0 + aX + u, (Qu, AV )4],
(4) The following linear system is solvable for E(x,t,\) € O(n+ 1,C)
E7'E, = a\ +u,
(3.23) E~ B = (Q(u, MAY72)4,
E(z,t,\) = E(z,t,)), TinE(z,t,—MIi), = E(2,t,)).
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DEFINITION 3.5. We call (3.23) a Laz system for (3.19), and a solution
E(z,t,\) of (3.23) a frame of a solution w of (3.19) provided E(z,t, ) is
holomorphic for all A € C.

3.6. Backlund transformations for vimKdV,,

We use the loop group factorization method given in [22] to construct
Bécklund transformations for the vinKdV,, hierarchy. Let L, denote the
group of holomorphic maps f : C — SO(n + 1,C) that satisfies the (7,0)-
reality condition (3.2), and R_ the group of rational maps f : CU {oco} —
SO(n+1,C) that satisfies the (7, o)-reality condition (3.2) and f(o0) = L,41.

First we recall the following results in [22].

THEOREM 3.7 ([22]).

(1) Given g € R_ and f € Ly, then there exists unique g € R_ and
f € Ly such that gf = fg.
(2) Let E(x,t,A) be a frame of a solution u of the (2j —1)-th vmKdV;,
flow (3.19), g € R, E(x,t, ) € Ly, and g(z,t,-) € Ry satisfying
9N E(z,t,A) = E(z,t, \)g(z,t, ).
Ezpand
Gz, t, \) =T+ goa(z, A+ ...
Then
(3.24) o=u+[a,g-1]
is again a solution of (3.19) and E(x,t,\) is a frame of 1.
We call an element f in R_ a simple element if f cannot be written as
a product of two elements in fR_. Given a simple element g € $Ri_ and an
J € Ly, if we can write down an explicit formula for the factorization of
gf = fg with f € R_ and g € Ly, then u — @ of Theorem 3.7 (2) gives a

Bécklund transformation for (3.19).
Let s € R\0, 7 a Hermitian projection of C"*! satisfying

3.25 7=DLarl;}, #7=7r=0,
( In

or equivalently,

(3.26) V=Jv, (V,JV)=0.

REMARK 3.8. v = (gﬁ) € C"*! with yy € C and y; € C" satisfying
(3.27) v=I1,v, vv=0
if and only if yo € R, y; = ic for some ¢ € R™ and ||c|| = |yo|. In particular,

if v # 0 then yo # 0. Note that v satisfies (3.27) if and only if the Hermitian
projection m onto Cv satisfies (3.25).
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LEMMA 3.9. Given f € Ly and a non-zero v € C"! satisfying (3.27),
let v := f(—is)"'v. Then ¥ satisfies (3.27), 0 = <ZZJ§) for some yo € R\0,
c € R", and [lel| = fiol-

ProoF. Note that if € Ly then f: C — SO(n+ 1,C). So we have
(3.28) FOVFO) = T,
Use the reality condition (3.2), (3.28) and (3.27) to compute

L0 = 11 o f(—i8) 10 = Iy f (i8)'0 = f(—is)'Ty 00 = f(—is) tv = .
Similarly,

(@,0) = (lnd,0) = (Lnf(—is) "0, 0) = (Inf(is) v, 0)
= (v, f(is)lin®) = (v, L f(=is)0) = (v, 1100) = (v,7) =

The rest of the Lemma follows from Remark 3.8. O

The following Proposition gives simple elements in PR_ and a permutabil-
ity formula (i.e., a relation among simple elements) for SR_. This type result

was first proved for the group of rational maps f : C — GL(n,C) that
satisfies (3.28) in [22].

PROPOSITION 3.10 ([5]). Let s € R\O and m a Hermitian projection of
CH satisfying (3.25). Then
2ts 2is | 2ts 2ts
_ =1 — .
N is EPLIR A S A S A
is in R_. Moreover, we have the following:
(1) ¢y = Gism-
(2) Given f € Ly, let V = f(—is)"Y(Im ), and 7 the Hermitian pro-
jection onto V. Then 7 satisfies (3.25) and
(3'30) f = ¢i577rf¢1:_5’17~r

is in L. In other words, we have factored ¢is~f = fgbis& with
f €Ly and ¢is 5 € R_.
(3) Let s? # s3 € R\0, 1,72 Hermitian projections of C"*1 satisfying
(3.25), and 1,72 Hermitian projections onto C"**. Then
(331) ¢i32,7—2¢i31,7r1 = ¢isl,'r1 ¢is2,7r2
if and only if

(329)  ¢isx = (I+ (I

Im 7| = ¢_isymo(—is1)(Immy),
(3.32) {Im7-2 — ¢7isl,ﬂ1(_i82)(1m 7T2).

As a consequence of Theorem 3.7 and Proposition 3.10(2), we obtain
BTs for the (2j — 1)-th flow (3.19).
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THEOREM 3.11 (Bécklund Transformation for (3.19)). Let s € R\0, 7 a
Hermitian projection of C"1 satisfying (3.25), and ¢is » defined by (3.29).
Let u be a solution of the (25 — 1)-th vmKdV,, flow (3.19), and E(x,t,\) a
frame of u. Let 7(x,t) be the Hermitian projection of C"*1 onto

V(x,t) = E(x,t,—is) ' (Imm).

Then

(3.33) @ = u+ 2is[a, T — 7]

is a new solution of (3.19) and

(3.34) E(x,t,)\) = bisx (N E(z,t,\) ()

is a frame of .

3.12. Permutability for BTs of (3.19)
First we recall the following result.

THEOREM 3.13 ([22]). Let E(x,t,\) be the frame of a solution u of the
(25 —1)-th vmKdV,, flow (3.19) such that E(0,0,1) =1,41. Let f € R_, and
U the solution constructed in Theorem 3.11 from E and f. Then feu =1
defines an action of R_ on the space of solutions of (3.19).

THEOREM 3.14. Let s;,m;, 7; with i = 1,2 be as in Proposition 3.10(3),
and E the frame of a solution u of (3.19) with E(0,0,\) = I,41. Let
71, 72, 71, T2 be the Hermitian projection of C*t1 such that

Im(7;(z,t)) = E(x,t, —is;) *(Imm;), i=1,2,
Im(71(,1)) = sy 7p () IM T2 (2, 1)),
Im(7o(,t)) = i, 7y (a,r) IM T2 (2, ).

Then

u12 = uy + 2isefa, To — To), u21 = ug + 2isi[a, T — 7]

are solutions of (3.19) and w12 = wei, where u; = u + 2is;la,7; — ;] for
i =1,2. Moreover,

—1
E12 = ¢i32,72¢i31,7r1E¢1'31,7?1 ¢i82,7:2
is the frame of uia with E12(0,0,\) = I41.
PROOF. Let uj = ¢is; x; ® u. Since e is an action, we have

U2 == Qisy,ry ® Ul = Disy .y ® (Disy .y ®U) = (Pisg.roPis1,m) ® U,
U21 = Qisy 7 ® (isy .y ®U) = Gisy .y ® U2 = (Disy 11 Pisg,mn) ® U

So we have u12 = ug;. It follows from Theorem 3.11 that Ej = ¢is; r; EQS;g;’ﬁj
is the frame of u; with E;(0,0,\) = 1. Let 0;(z,t) and 02(x,t) be Hermitian
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projections onto Fa(x,t, —isi)(Im7) and Ey(x,t, —ise)(Im 72) respectively.
It follows from Theorem 3.11 that we have

E1y = Gisy m B105,1 g, = GissmsGisymi By 2, 670k 0.
Ex = Gisy B2ty g, = Gisy.mi Pisomo By 7,501 6,
are the frame for w1z and wug; with F12(0,0,\) = E91(0,0,\) = I. Since
U2 = U1, we have F19 = Foi. This implies that
Pisy 02 Pisr, 71 = Pis1,01 Piso, o
Proposition 3.10(3) implies that §; = 7; for i = 1, 2. O
EXAMPLE 3.15 (Soliton solutions of (3.19)). Note that u = 0 is a solution

of the (25 — 1)-th vimKdV,, flow (3.19) and E(z,t,\) = exp(aAz +a ¥ ~1¢).
So

, cos(Az + A3t) —sin(Az +A3%) 0
E(z,t,\) = et — | sin(Az + A3t)  cos(\z + \3t) 0

0 0 L1
is the frame of v = 0 with E(0,0,\) = I,,11. Let s1,..., sk € R\0 satisfying
s? #+ sjz forall 1 <i# j <k,and mq, ..., Hermitian projections satisfying

(3.25). We apply Bécklund Transform Theorem 3.11 to u = 0 with E and
$is;,x; to obtain explicit 1-soliton solution u; = ¢;s; », ® 0 of (3.19) and its
frame

Ej(z,t,\) = ¢is, », E(2,1, )\)qbi;;ﬁj ()N

We apply the Permutability formula (Theorem 3.14) to u;,u; to obtain ex-
plicit 2-soliton solutions w;; algebraically from u; and u;, etc.

3.16. A Poisson structure for the vimKdV,, hierarchy

We use a known general method (cf. [6], [19]) to construct a Poisson
structure for the vimKdV,, flow and its commuting Hamiltonians.

Identify R"~! as Y via (3.5). Then

1
(U(21),P(2z2)) = ~5 ftr(‘ll(zl)\ll(z*g))dx = j{zizgdx = (21, 22).
So (,) is the standard L? inner product on C*°(St, R*~1).
Given F : C*(SY,R") — R and k € C*°(St,R* 1), VF(k) is defined by
dFy(2) = (VE(k), 2)

for all z € C>°(S1, R 1).
Given k, z € C°(S1, R 1), let

(3.35) Ex(2) = 2z, — &k, where &, = k2" — zk".
Then
(3.36) {H1, Ha}(k) = (2, (VH1(k)), VHa(k))



292 C.-L. TERNG

is a Poisson structure on C*°(S!,R"1) and the Hamiltonian flow for a
functional H is

(3.37) ke = Ex(VH(K))].

THEOREM 3.17 ([19]). Let a, u = V(k), and Q;(u) be as given in The-
orem 3.2, and yz;—1(k) the (21) block of Q2j—1(u) as defined by (3.8). Let

1

(3.38) Foak) = —5

ygj_1<k)dx.

Then we have
(1) VEyj1(k) = 225-2(k),
(2) the Hamiltonian flow for Faj_y is the (25 — 1)-th vmKdV,, flow
(3.20),
(3) {F2j-1, Foe—1} =0,
where zo;_o(k) is the (32)-block of Qaj—2(u) as defined by (3.9).

For example, when j = 2, we have

1 1 1Eal® 3,
Fs3(k) = —= k)dr = —= ¢ k'ky, — —||k||*dz.
2(0) = 5 §ukdo = —5 4 oL+ 21k de
VF3(u) = z2(k) = —(kae + ||k|[?k). By (3.14), we have (&), = kzb — 20k
This implies that Z3(VF3(k)) = (22(k))z — &2k, which is the vimKdV,,, the
third flow.

It follows from {Fy;_1, Fy—1} = 0 that we have

PRrRoPOSITION 3.18.

(i) Faj—1 ts a constant of the motion for the (20 —1)-th vmKdV,, flow,
(ii) the Hamiltonian flows for Fy;_1 and Fy_1 commute, i.e., the (25 —
1)-th and (20 — 1)-th vmKdV,, flows commute.

4. The (2j — 1)-th Airy curve flow

In this section, we

(1) construct a parallel frame for a solution of the order (25 — 1) curve
flow in R™ for all j > 1 so that the principal curvatures satisfy the
(25 — 1)-th vmKdV,,-flow (3.19),

(2) give a Poisson structure for the space M,, so that the (2j — 1)-th
Airy curve flow is Hamiltonian,

(3) these curve Airy curve flows commute, and admit a sequence of
commuting Hamiltonians.

PROPOSITION 4.1. Let g : R — R™ be parameterized by arc-length, and
g=(e1,...,en) a parallel frame along vy, k; the principal curvature of v with
respect to e;11 for 1 <i<n—1, and k = (k1,...,kn_1)t. Let u = V(k) as
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defined by (3.5), and yaj—3(k),n2j—3(k) the (21) and (31) block of Q2j—3(u)
defined by (3.8). Then

(4.1) Ve = yzj-3€1 + (€2,. .., €n)N2j-3

is a well-defined arc-length preserving curve flow on R™.

PRrOOF. First we claim that the right hand side of (4.1) does not depend
on the choice of parallel frames. If ¢; is another parallel frame along ~y, then
there exists a constant C' € SO(n — 1) such that ¢g; = gdiag(1l,C) and the
corresponding curvature
(4.2) k=C'k
So @ = W(k) = h~'uh, where h = diag(1,1,C). Write § = (1, ..,&,). Then
we have
(43) él = €1, (ég,...,én) = (62,...,6n)0

Since h is a constant, it follows from the uniqueness of Theorem 3.2 that we
have

Q(, A) = Q(h~"uh) = hQ(u, )b "
This implies that Q2j_3(@) = h™'Qa;j_2(u)h. Recall that h = diag(1,1,C).
So we have

(4.4) Y2j-3(1) = yoj—3(u),

(4.5) n2j—s(k) = C ™' s(k).

It follows from (4.2), (4.3), and (4.4) that go;_3(@)é1 + (€2, ..., €n)N2j—3(1)
is equal to ypj_3(u)er + (e2,...,en)n2j—3(u). This proves the claim. Hence

(4.1) defines a curve flow on R"™.
By (3.12), we have (y2j—3)z = k'n2;—3. It now follows from Lemma 2.1
that (4.1) preserves the arc-length parameter. O

DEFINITION 4.2. We call (4.1) the (25 — 1)-th Airy curve flow on R™.

EXAMPLE 4.3. Since

n—1
(Vo) H=> (k)eisr,
=1

we can write (4.1) in terms of (V£ )'H with i > 0. For example, when j = 1,
we have Q1(u) = a. So (4.1) is the translation flow,

Yt = €1 = Ya-
For j =2, we have
0 HkQH2 kit
Qa(u)= | _IHE o o [,
—k, 0 O

and the third Airy curve flow (4.1) is geometric Airy flow (1.2).
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The fifth Airy curve flow is v = ys(k)e1 + (e2, ..., en)ns(k). Use (3.18)
to rewrite the fifth in terms of H, Vé‘lH, e (Vé-l)(?’)H as follows:

1 3
e = (H, (VE)2H) = SIVE I+ S11H e
3
(VAP H + S| H|PVE )

THEOREM 4.4. If v : R? — R" is a solution of (4.1), then there exists
= (e1,...,en) : R2 — SO(n) such that g(-,t) is a parallel frame along

g
(-, t) for each t, and g satisfies

{0 -k
g ng— k‘ 0 )
(4.6)

0 —2b o (k
g—lgt — 27 2( ) 7
2j2(k)  &aj-2(k)
where zoj_o and &2 are the (32) and (33) blocks of Q2j—1(u) defined by
(3.8). Then
(1) uw= (k) (defined by (3.5)) is a solution of (3.19),
(2) if g1 is another map satisfies (4.6) with k then there exists ¢ €
SO(n — 1) such that g1 = gdiag(1,c) and k = ¢ 'k.

ProoOF. The proof of this Theorem is similar to that of Theorem 2.4.
We will use same notations. (2) can be proved exactly the same way. For
(1), let h = (e1,va,...,vy,) : R2 — SO(n) such that h(,t) is a parallel frame

along v(-,t), and u1,. .., up—1 the corresponding principal curvatures. Then
0 — t
=1y K
)
Let
U= \I,(/J’)a

where ¥ is defined by (3.5). Let B = (b;;) := h™'h¢. Since 7 satisfies (4.1),
we compute directly to see that

bit11 = ((€1)t; vit1) = (Ve vig1) = y2j-3() i + ((m25-3(1))i) -
By (3.11), biy1,1 = (225())i, where 2zo;(p) is the (32) block of Q2;() as in
t
0 _ZQJ), for some S = S(k) € so(n — 1).
Zgj S
Compare the (22) block of A; = B + [A, B] to see that S, = pz5;(n) —
zoj () pt. It follows from (3.14), Sy = (£2j(1))x- So there exists n(t) € so(n—
1) such that S(z,t) = &;(u(x,t)) + n(t). Let f(t) € SO(n — 1) satisfying
fi = —n(t)f. Then g = hdiag(l, f) is a parallel frame, k = f~ 'y is its
principal curvature, and g satisfies (4.6).
It follows from Lemma 2.3 that & is a solution of (3.20). O

(3.9). So we can write B =
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Conversely, given a solution of the (25 — 1)-th vimKdV,, flow (3.20) we
can construct a solution of the (2j — 1)-th Airy curve flow (4.1).

PROPOSITION 4.5. Let k be a solution of (2j—1)-th vmKdV,, flow (3.20).
Then:
(1) There is g = (e1,...,en) : R2 = SO(n) satisfying (4.6).
(2)

t x
() = / Zas—(0,t1)dtr + / er(s,)ds
0 0

is a solution of (4.1), where

Zoj—3 = Yoj—3e1+ (€2,...,en)N2j—3,
y2j—3(k), mj—3(k) are the (21) and (31) blocks of Qaj—3(u) as in
(3.8), and u = V(k).
ProoOF. (1) follows from Proposition 3.4.

(2) The proof is similar to that of Proposition 2.6. Note that v, = e;.
The second equation of (4.6) gives

(e1)r = (e2,...,en)22j-2.
Use the first equation of (4.6) (which is (2.1)) and (3.12) to compute directly
to see that
(62, ey €n)22j_2 = (Zgj_g)m.
Hence

xr
Yt = Z2j-3(0,t) + / (€2,...,€n)205 2ds
0

= Z3;-3(0,1) + / (Z2j—3)sds = Zj—3,
0
which is the (2j — 1)-th Airy curve flow (4.1). O

Cauchy problem on the line for the (2j — 1)-th Airy curve flow (4.1)
can be proved in the same way as for the geometric Airy curve flow, and
similarly for the periodic case.

4.6. Poisson structure on M, and commuting Airy curve flows

Let M, be as in (1{1) We have seen that if both g, g are parallel frames
along v € M,, and k,k are the corresponding principal curvatures, then
there exists a constant ¢ € SO(n — 1) such that § = gc and k = ¢~ 'k. Note
that the group SO(n — 1) acts on C°°(S*,R"~!) by ck = ¢~ 1k. So

I: M, — C®SH,R"1/SO(n—1)

defined by I'(y) = the SO(n — 1)-orbit of k is well-defined, where k is a the
curvature along some parallel frame g along 7.

LEMMA 4.7. Letk,z € C®(SY,R" 1), ¢ € SO(n—1), and Z the operator
defined by (3.37). Then

(4.7) Ee1p(c7t2) = ¢ Tg(2).
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PrROOF. By (3.37), we have Zy(z) = z, — {k, where §; = k2t — 2K
Let k = 6*115:, z :~c*12,~ and § = c e, A direct computation implies that
Zj, = ko — &k and & = kz' — Zk'. This proves (4.7). O

COROLLARY 4.8. If Hy, Hy are functionals on C°°(S',R"~1) invariant
under the action of SO(n — 1), then {Hy, Ha} is also invariant under the
action of SO(n — 1).

Formula (4.4) in the proof of Proposition 4.1 implies the following:

PROPOSITION 4.9. If H : C°(S',R¥1) — R is a functional, then H:
M,, = R defined by H = H(I'(7)) is a well-defined functional.

Hence {, } defined by (3.36) can be viewed as a Poisson structure on the
orbit space C®°(S1,R"1)/SO(n—1). Let {, }”* denote the pull back of {, }
on M, by the map I’ i.e.,

{ﬁ17ﬁ2}/\(7) = {H17H2}(k)7
where H; = H;(T'(7)).
PROPOSITION 4.10. Let H be a functional on C*®(SY,R"1), and

VH(k) = z = (21,...,2n_1)". Then the Hamiltonian vector field for H
with respect to {,}" is

n—1

0y = Aper + Z Ajeir1
i—1

where Ag, A1, ..., Ap_1 satisfy
Ao)e = S ki Ay,
(48) ( 0) Zz-l
(Aj)z + Aoki = 2,

g=(e1,...,en) is a parallel frame along v and k is the principal curvature
with respect to g.

PROOF. Let 0k = Z(VH(k)) denote the Hamiltonian vector field of H
with respect to {, }. Since the Poisson structure {, }” is the pull back of {, }
by I', we have dI',(dv) = k.

it
Use g lg, = <2 Ok > and a simple computation to see that
0 —k 1eq [0 —(0k)

where d¢ the variation of parallel frames when we vary +. Since g € SO(n),
g~ 18g is so(n)-valued. Write

~1s. (0 *77t
g 69_(77 C)'
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Then (4.9) implies that (¢), = kz' — 2'k and Zx(n) = ok = Z(VH(k)).
Hence n = z. So we have

(4.10) g log = <0 _Czt> :

z

where z = VH (u). The first column of (4.10) implies that

0
dey :g<z>.

Compute directly to see that

n—1
dey = ((S’Y)m = (A061 + ZAiei+1>z
=1
n—1 n—1 n—1
— ((AO)I - Z Aiki)@l + Z Aokz + (Ai)x)6i+1 e Z Zi€i+1-
=1 i=1 i—1
This proves (4.8). 0

PROPOSITION 4.11. Let Fa;_1 be as defined by (3.38). Then the Hamil-
tonian flow for ng_l on M, is the (2j — 1)-th Airy curve flow (4.1).

PROOF. Let y2;_3,72j—3 be as in (3.8), and z2j_2,&2j—2 as in (3.9). By
Theorem 3.17, we have VFyj_1(k) = z9j_2. It follows from (3.11) and (3.12)
that Ay = yoj—3 and A; = 19;_3 satisfy (4.8). This proves the Proposition.

O

Since {ng_l, By W = {F5j—1, Fa—1} = 0, we have the following:

COROLLARY 4.12.
(1) The (2j — 1)-th and the (2¢ — 1)-th Airy curve flows commute.
(2) Ify(x,t) is a solution of the (2j—1)-th Airy flow, then Fy_1(~(+,t))
s constant in t.

5. BTs for the geometric Airy flow on R"

In this section, we

(1) construct solutions of the (25 — 1)-th Airy curve flow (4.1) from
frames of (25 — 1)-th vimKdV,, (3.19),

(2) give BT for the (2j — 1)-th Airy curve flow (4.1),

(3) write down explicit 1-soliton solutions for the geometric Airy flow
on R2.

The following Theorem shows that the construction given by Pohlmeyer
([16]) and Sym ([18]) in soliton theory gives solutions of the (25 —1)-th Airy
curve flow (4.1) from frames of solutions of vimKdV,, flow (3.19).
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THEOREM b5.1. Let u = W(k) be a solution of the (25 — 1)-th vmKdV,
flow (3.19), E(z,t,\) the frame of w with E(0,0,A) = L,,4+1. Let

C(xa t) = E)\Eil(xu t, O)
Then

0 —t
(1)<:<’y 0 >f0rsome*y:R2—>R”,

(2) E(z,t,0) = diag(1,g(z,t)) for some g : R2 — SO(n), g(-,t) is
a parallel frame of y(-,t) and k(z,t) is the principal curvature of
~(+,t) with respect to g(-,t).

(3) ~v is a solution of the (25 — 1)-th Airy curve flow (4.1).

(

PRrROOF. (1) Note that the fixed point set of 7 is SO(n + 1) and the
connected component of the fixed point set of 7 on SO(n + 1) is K =
{diag(1, f)| f € SO(n)}. The (r,0)-reality condition and F(0,0,0) = I,,4+1
implies that E(x,t,0) € K. So

f(z,t) := E(x,t,0) = diag(1, g(z, 1))

for some g(z,t) € SO(n). The (7, 0)-reality condition also implies that
¢ :=ExE~" |0

lies in P. So there exist v : R? — R"™ such that

f(z,t) :== E(x,t,0) = diag(1, g(z, 1)),

t
(7)),
(2) Since E is a solution of (3.23), we have
(5.1) {Egc (aX + u),
By = BE(adN ™1 + a2 4 4 Qojs (W) + Q2j—2(u)),

Use (5.1), E(z,t,0) = f = diag(1, g), and a direct computation to get

— 0 75: 1 : . -1\ __ 0 —6%
62 6= (0 ) = ser et gadiog(ig ) = () 5.
0 —At _ _ _
(53) G = (% 07 ) = (B)zE™' = EAET'EE|,_, = fQaj-3(u) "
0  —yoj—3 —nh._
10 J 2j=3Y (1 0
s =y ) w0 0 (5 0)
N2j—3 0 0

(5.2) implies that ~v; = e; the first column of g. The first equation of (5.1)

at A = 0 gives ¢ g, = <2 -k > So ¢g(-,t) is a parallel frame and k(-,t)

0
the principal curvature of v(-,t).
(3

(3) Write g = (e1,...,ep). (3) follows from (5.4). O
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COROLLARY 5.2. Let v be a solution of (4.1), and g,k as in Theorem
4.4. Let E be a frame of the solution v = W(k) with E(x,t,0) = ¢(0,0).
0 —'-n
Y+ po 0 ’
0 -4t
y 0
of (4.1), g(x,t) = E(x,t,0) is a parallel frame for 4. But ¢ is also a parallel

frame for 7. So v, = 4. Both 4 and v are solutions of (4.1) implies that

Then there is a constant pg € R™ such that ExE™! =

PROOF. Theorem 4.4 implies that F\E~! = , ¥ is a solution

Ve =1 = yzj-s(k)er + (€2, ..., en)n2j—3(k).
Hence 4 — 7 is a constant pyg. (I

THEOREM 5.3 (Bécklund transformation for Airy curve flows). Let v be
a solution of the (2j — 1)-th Airy curve flow (4.1), and g(-,t) parallel frame
and k(-,t) the corresponding principal curvature of (-, t) as in Theorem 4.4.
Let E the frame of the solution uw = VU (k) of the (25 — 1)-th vmKdV,, (3.19)
with initial data E(0,0,)\) = diag(1, g(0,0)), s € R\0, ¢ € R™ a unit vector,

and v = <Zlc> Let o(z,t) := E(x,t, —is)"'v. Then we have the following:
(1) B(z,t,0) = diag(1, g(z, ).
(2) o = (yo,iy1,...,iyn)" for some yo,y1,...,yn : R? = R, yo never

vanishes, and > i, y2 = y3.
(3) Write g = (e1,...,epn), and set

o1
(55) C = _(y17"'7yn)t7
Yo
2 n
5.6 Y= — In - 2cct - i€i),
(5.6) F=—( 0= 5 ;y )
(5.7) g = (I, — 2cct)g(1, — 2¢&e"),
~ 2s
(5.8) E=k—"(ya,...,yn)"
Yo

Then 7 is a solution of (4.1), g is a parallel frame of 4 with corre-
sponding principal curvatures k

PrOOF. (1) Since E(z,t,\) € SO(n + 1) and satisfies the reality condi-
tion (3.2), E(x,t,0) = diag(1, h(z,t)) for some h : R? — SO(n). It follows
from the fact that E is a frame of uw = ¥(k) that h satisfies (4.6). So both
g and h satisfies the same linear system (4.6) and ¢(0,0) = h(0,0). This
proves that g = h.

(2) follows from Remark 3.8. Note that ||¢(x,t)||? = 1 for all (z,t) € R.

(3) Let 7, 7(x,t) be the Hermitian projection onto Cv and Co(x,t)
respectively. So we have

11 ety 11 gt
T=5\ic et )’ "7 9 \ie et )
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where € is defined by (5.5). Let ¢ = ¢;5 ». Then

_ 2.t
60 = (3 1, Seet) mot0= (2, 57

S

Apply Theorem 3.11 to w with frame E and ¢;s » to see that

(5.9) @ = u + 2is[a, T — 7]

is a new solution of (3.19). Write @ = ¥(k), and v = ¥(k). Then (5.9) gives
(5.8). .

By Theorem 3.11, E = ¢s - E¢
to E to see that

is a frame of 4. Apply Theorem 5.1

-1
18,7

it
o -1 _ (0 =¥
E/\E |)\:0 - (,_Ay 0 >
and 4 is again a solution of (4.1). By Corollary 5.2, there is a constant
po € R™ such that

— 0 -0+ po)t)
E\E™! = :
A <’Y + po 0
Use E = QSE(]E*l to compute E\E 1 directly to obtain

¥ = 2?0 — A(y +po) + %Agé,
where A = I,, — 2cc!. Note that Q?C — App is a constant and the (25 — 1)-th
Airy flow (4.1) is invariant under the translation. Hence 4 defined by (5.6)
is a solution of (4.1).
Theorem 5.1 implies that F(z,t,0) = diag(1,§(z,t)) and §(z,t) is a
parallel frame for 4. So it is a parallel frame for 7. (]

EXAMPLE 5.4 (Explicit soliton solutions of (1.2) in R?). Note that k = 0
is a solution of the mKdV, and

E(z,t,\) = exp(a(Az + N3t))

is a frame of the solution u = ¥(0) = 0 of the third vimKdV, flow. Since
E\E~ Y\~ = az, it follows from Theorem 5.1 that

V(@ t) = (ﬁ)

is a stationary solution of the geometric Airy curve flow on R?.
Let m be the Hermitian projection onto Cv, where

Note that
coshD —isinhD 0

E(x,t,—is)"' = |isinhD coshD 0],
0 0 1
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where

D = sz — s%t.
We apply Theorem 5.3 to v with £ = 0 and F and ¢; » and use the same
notation as in Theorem 5.3. A direct computation implies that

&(x,t) = (tanh(sz — s3t), sech(sz — s3t)), A = diag(—1,1),

and

a0 st = (2) (7 e )

S

is a solution of the geometric Airy flow on R? and

_( 1—2sech? D  2sech Dtanh(sz — s°t)
9= \~2sech D tanh D 1 —2sech? D

is a parallel frame with principal curvature
k(z,t) = —2ssech(sz — st),

where D = sx — s3t. Note that & is a 1-soliton solution of the mKdV.
If 7 is a solution of the geometric Airy flow on R?, then so is 7 4 pg for
some constant pg € R2. Hence

2 3
_ (z — % tanh(sz — s°t)
n(z,t) = ( 2 sech(sz — %) )

is also a solution and k is its curvature. Note that
m(z,t0) = y(x — s°t0,0) + (50, 0).

So 7 is a self-similar solution of the geometric curve flow on R?. Note that
the profile of 1-soliton solution v; when s = 1 of the geometric Airy flow is
the plane curve o(z) = (x — 2tanhxz,2sech )’ (see graph of the curve in
Figure 1), and 77 moves to the right but keeps its shape.

EXAMPLE 5.5. Since k = 0 is a trivial solution of the mKdV,,, E(z,t,\)=
ear+a® "M ig the frame of the solution u = ¥(0) = 0 of the third flow (3.19).
Then E\E~!|y—¢ = ax. By Theorem 5.1, y(x,t) = (x,0,...,0)! is a solution
of (1.2) R™ with g(z,t) = I,, as parallel frame and k = 0 as the corresponding
principal curvature. Note that

coshA —sinhA 0
E~Y(x,t,—is) = | sinhA cosh A 0 |, A=sz—st
0 0 L2

So we can use Theorem 5.3 to write down explicit new solutions 7 with
parallel frame ¢ and principal curvature k£ as in Example 5.4.
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FiGURE 1. Profile of a 1-soliton solution of the geometric
Airy flow in the plane.
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