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Application of potential outcomes to an
intentional weight loss latent variable problem
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Studies that explore the link between weight loss among
obese individuals and mortality have met with mixed re-
sults. One possible explanation is that total weight loss may
have contributions from weight loss that is intentional and
weight loss that is unintentional. The latter may be due
to some underlying condition that has a deleterious effect
on subsequent mortality. Some studies have then focused on
subjects who intend to lose weight. However, in a population
there is no guarantee that weight loss among these individ-
uals is due only to their intention. This paper extends the
work of Coffey et al. (2005) who treated intentional weight
loss as a latent variable. In particular, the problem is refor-
mulated using potential outcomes. This formulation more
clearly identifies a nonestimable correlation that arises be-
cause of the latent variable, and it allows for the incorpo-
ration of covariate information that can tighten estimable
bounds for this correlation. We show in a data set from an
experiment on mice that substantial tightening of bounds
is possible with a covariate that is predictive of weight loss.
These bounds can then, in turn, be used to estimate bounds
on a causal parameter in a linear model.

Keywords and phrases: Causality, Mortality, Nones-
timable, Potential outcomes, Weight loss.

1. INTRODUCTION

Obesity is associated with increased mortality rate (Al-
lison et al., 1999) and short-term weight loss improves risk
factors for mortality (Weinsier, 1987); however, it has not
been convincingly shown that weight loss among obese per-
sons results in reduced mortality rate. Total weight loss for
individuals in a population is a sum of intentional weight
loss (IWL) and unintentional weight loss (UWL). Few stud-
ies are designed to measure the “intention to lose weight”
(Sorensen, 2003), and those that do must often implicitly
assume that subsequent observed weight loss was due to
the intention to lose weight (Yang et al., 2003). Yet among
subjects intending to lose weight, only total weight loss can
be observed and this total, as well as any apparent effect
on mortality could have contributions from UWL and IWL
(Yang et al., 2003). These contributions may be in opposite

directions from one another, as might be the case if UWL
resulted from some underlying disease in a subset of the
population being studied.

Different definitions and terminology have been used
when describing latent variables (Bollen, 2002). Herein we
note that total weight loss among subjects intending to lose
weight is observable, but IWL itself is not. Thus, IWL is
the latent variable that is of interest. Coffey et al. (2005)
developed a framework using IWL as a latent variable and
showed that the effect of IWL on mortality is a nones-
timable parameter (unless one is willing to make certain
strong assumptions about other parameters). This paper
reformulates Coffey et al. (2005) using the potential out-
comes framework (Rubin, 1974). Potential outcomes help
to clarify nonestimable quantities, and they are used herein
to tighten bounds for a nonestimable correlation parameter
and a causal parameter in a linear model. In general, the
determination of causality is of course complex and detailed
treatments of the topic as well as key axioms can be found
in Shipley (2000).

Aside from Coffey et al. (2005) we know of no other pa-
pers that consider total weight loss as a sum of UWL and
IWL and that specifically seek to quantify the effect of IWL
on mortality or some other subsequent measure of health.
There is a large body of literature on latent variable mod-
els with much of it focused on causality in observational
data (cf., Berkane, 1997). Some such papers consider as-
signment to treatment as being dependent upon a latent
variable in nonrandomized studies with resulting inferences
then sensitive to hidden bias (e.g., Rosenbaum, 1991). Sen-
sitivity analyses can be used to bound effects of treatment
in such contexts (e.g., Rosenbaum, 1995; Heckman and Vyt-
lach, 1999). Here the latent variable is the causal variable
that is of interest and assignment to intention is assumed
to be random as was the case in Coffey et al. (2005) and
is, in fact, true in the mice data example presented later.
Estimation of a direct effect on a response from a variable
that is not observable poses obvious problems; however, as-
pects of the study design combined with the fact that IWL
is partially observable in total weight loss yield enough in-
formation about the variable that bounds for its effect can
be estimated.

In the next section, the key results of Coffey et al. (2005)
are reviewed and the problem is re-formulated using poten-
tial outcomes. Section 3 considers the role of a covariate for
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tightening bounds for a causal parameter. Section 4 illus-
trates a method to tighten bounds using the data example
from Coffey et al. (2005). A parametric bootstrap procedure
is then used to investigate sampling variability of estimated
bounds. We conclude with a discussion.

2. INTENTIONAL VERSUS
UNINTENTIONAL WEIGHT LOSS ON

MORTALITY

2.1 A brief review of Coffey et al. (2005)

Assume that subjects are observed until the time of death
and denote the time until death (or some monotonic trans-
formation thereof) as Y . More generally, the variable Y can
be any continuous measurement of health or wellness. Let
X be an indicator variable where X = 0 for subjects not in-
tending to lose weight and X = 1 for subjects intending to
lose weight. Denote the weight lost due to a subject’s or ex-
perimenter’s intention as Z (Z = IWL) and the weight lost
due to factors other than the intention as W (W = UWL).
Further, assume that Z = 0 when X = 0 so we have that
Z|X = 1 ∼ (μZ , σ2

Z) and P (Z = 0|X = 0) = 1.
Coffey et al. (2005) considered the following linear model,

(1) Y = β0 + β1W + β2ZX + β3X + e,

where e is a random error term. Slope coefficients β1, β2, β3

are defined herein as partial regression coefficients in a gen-
eral linear model (Graybill, 1976) and, when estimable, are
estimated via ordinary least squares.

The parameter β1 captures the effect of UWL on Y and
β2 captures the effect of IWL on Y . The model assumed an
interaction between Z and X, but it assumed no interaction
between W and X. The parameter β3 allowed for the fact
that there may be some effect of intending to lose weight (or
more likely the actions or conditions that follow from such
intention) as some data suggest (Gregg et al., 2003, 2004)
that is associated with mortality. Levels of X were assumed
to be “assigned” at random so that if Z could be observed
for some subjects, unbiased estimates for β2 in equation (1)
could be obtained. This random assignment assumption is
unlikely to hold in human studies and the implications due
to violation of the assumption are left as discussion points
later on.

In practice we are only able to observe total weight loss,
V = W + Z so when X = 0, a regression model based on
observable data is,

(2) Y = β0 + β1W + e,

and when X = 1, a regression model (again based on ob-
servable data) is:

(3) Y = λ0 + λ1V + e.

Note that (3) does not follow from (1) when X = 1 because
the variable Z in (1) is not separately observable. Because
of this, one might refer to (3) as a näıve model relating
mortality to total weight loss. Coffey et al. (2005) showed
that β2 can be written as,

(4) β2 =
λ1σ

2
V − β1(σ2

W + ρW,ZσW σZ)
σ2

Z + ρW,ZσW σZ
.

The parameters, β1, λ1, σ
2
V and σ2

W are estimable in ob-
served data, but the parameters ρW,Z (the simple correlation
between W and Z) and σZ are not since Z is not observable.
Coffey et al. (2005) used (4) to assess the sensitivity of β2

to varying ρW,Z and σZ , plugging in sample estimates for
the other parameters β1, λ1, σ

2
V and σ2

W .

2.2 Formulating the IWL problem with
potential outcomes—no covariate

The potential outcomes for the IWL problem can be
defined as, (Y (x), W (x), Z), where W, Z are as before and
x = 0 for subjects in the unintentional group and x = 1
for subjects in the intentional weight loss group. There are
five potential outcomes for a subject where, for example,
Y (0), Y (1) are the mortality of a subject not intending to lose
weight and intending to lose weight, respectively. Similarly,
W (0), W (1) are the unintentional weight loss for a subject
that does not and does, respectively, intend to lose weight.
As in Coffey et al. (2005), the two variables W (0), W (1) are
assumed to have the same variance, σ2

W . Since it was as-
sumed that Z(0) = 0, we omit the superscript for Z and
treat Z(1) = Z as a single outcome, though unobservable,
for an individual. Models of interest that were considered in
Coffey et al. (2005) in terms of potential outcomes are,

Y (0) = β0 + β1W
(0) + ε(0),(5)

Y (1) = (β0 + β3) + β1W
(1) + β2Z + ε(1),(6)

where the two random error terms are assumed to have mean
zero. The causal but nonestimable causal effect of IWL is

D(W (x), Z) = E(Y (1)−Y (0)) = β3+β1(W (1)−W (0))+β2Z,

where the expectation is conditional on the weight loss vari-
ables. For a 1 unit change in Z, holding other variables con-
stant, the effect is D(z + 1) − D(z) = β2. The parameter
β2 will be called the causal parameter and equation (6), the
causal model.

For a given subject, either (Y (0), W (0)) or (Y (1), V (1) =
W (1) + Z) are observed depending on assignment to the
unintentional or intentional group. Since V (0) = W (0), we
drop the superscript for V and let V = W (1) + Z. The two
resulting regression equations given by equations (2) and
(3) provide estimates of β1 and λ1. Consider a third simple
linear regression model,

(7) W (1) = α0 + α1V + ε.
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Table 1. Parameter Notation, Descriptions of Parameters Including Restrictions on Marginal and Joint Distributions, and
Parameter Estimates from the Data Example

Parameter notation Parameter description Parameter estimate

μY (1) E(Y (1)) 36.91

μY (0) E(Y (0)) 33.71

μW E(W (1)) = E(W (0)) 0.45

μV E(V (1)) = E(V ), V = W + Z 14.14

μU E(U) 41.72

σ2
Y (1) Var(Y (1)) 5.42

σ2
Y (0) Var(Y (0)) 4.71

σ2
W Var(W (1)) = Var(W (0)) 4.79

σ2
V Var(V (1)) = Var(V ) 5.20

σ2
U Var(U) 4.68

ρY (1),V Cor(Y (1), V (1)) = Cor(Y (1), V ) 0.105

ρY (0),W Cor(Y (0), W (0)) −0.436

ρY (1),U Cor(Y (1), U) 0.126

ρY (0),U Cor(Y (0), U) −0.272

ρW,U Cor(W (1), U) = Cor(W (0), U) 0.550

ρV,U Cor(V (1), U) = Cor(V, U) 0.870

The parameters in (7) cannot be estimated since the pair,
(W (1), V ) cannot be separately observed on the same sub-
ject. It can be shown that, β2 = λ1−β1α1

1−α1
which is a func-

tion of one nonestimable parameter, α1. Assuming W (1), V
independent implies that α1 = 0 and that β2 = λ1, an as-
sumption noted in Coffey et al. (2005) that is unlikely to be
true. We call the estimate of λ1 in the regression model (3)
a näıve estimate of β2. It is a nonestimable correlation be-
tween V and W (1) that makes α1 not estimable in (7). The
result in (4) that was a function of two nonestimable pa-
rameters can be rewritten as a function of only one non-
estimable correlation, ρW,V . To simplify notation, we drop
the superscripts on the variables in the correlation because
ρW,V , for example, will imply a correlation between V and
W (1), since V (0) = W (0). For reference, we summarized the
notation for distributional parameters of potential outcomes
variables that are estimable along with their description and
any assumed restrictions on marginal and joint distributions
in Table 1. Table 1 also includes information on a covariate
U (to be described later), and parameter estimates from a
data example to be described in Section 4.

Write the causal model in (6) as,

(8)
Y (1) = (β0 + β3) + β1W

(1) + β2(V − W (1)) + ε(1)

= (β0 + β3) + (β1 − β2)W (1) + β2V + ε(1).

In the causal model (8) above, W (1) is not observable. How-
ever, (Y (0), W (0)) are observable in (5) for subjects not in-
tending to lose weight and we have assumed that the param-
eter β1 is the same in models (5) and (8) (i.e., it was assumed
that there was no W by X interaction in model (1)). Equa-
tion (4), using the identities, ρW (1),ZσZ = σV ρW,V − σW

and σ2
Z = σ2

V + σ2
W − 2σV σW ρW,V , results in the following:

β2 =
λ1σ

2
V − β1[σ2

W + σW (σV ρW,V − σW )]
σ2

Z + σW (σV ρW,V − σW )

=
λ1σ

2
V − β1σ

2
W − β1σW σV ρW,V + β1σ

2
W

σ2
W + σ2

V − 2σW σV ρW,V + σW σV ρW,V − σ2
W

=
λ1σ

2
V − β1σW σV ρW,V

σ2
V − 2σW σV ρW,V + σW σV ρW,V

(9)

=
σY (1),V − σ

Y (0),W

σ2
W

σW σV ρW,V

σV (σV − σW ρW,V )

=
σY (1)σV ρY (1),V − σ

Y (0)σW ρ
Y (0),W

σ2
W

σW σV ρW,V

σV (σV − σW ρW,V )

=
σY (1)ρY (1),V − σY (0)ρY (0),W ρW,V

σV − σW ρW,V
.

The two correlations, ρY (1),V , ρY (0),W in equation (9) are
estimable using observable data as are the four standard de-
viations. Letting the nonestimable correlation ρW,V go from
−1 to 1 provides bounds for β2 that can be estimated from
observed data.

There is another constraint that tightens the bounds
for β2. Observe that the random vector, (Y (0), Y (1), W (1),
V )′, has a correlation matrix with six correlation parame-
ters, four of which are nonestimable, ρY (1),Y (0) , ρY (1),W (1) ,
ρY (0),V , ρW,V . Gadbury and Iyer (2000) used the positive
definiteness requirement for a correlation matrix to pro-
duce a set of plausible values for a nonestimable correla-
tion. Applying this idea here, however, is not helpful since
the positive definiteness requirements result in 3 equations
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with 4 nonestimable parameters. Consider the distribution
of (Y (1), W (1), V )′ and observe that these 3 variables are,
in fact, those if interest in the causal model given by equa-
tion (8). Let R be the 3-dimensional correlation matrix and
note that there are 2 nonestimable parameters in R, ρY (1),W

and ρW,V , but they are functionally related under the as-
sumptions described herein. Equation (8) combined with
equation (5), which gives a formula for β1 produces two for-
mulas for β2. Equating these and solving leads to another
derivation for β2 that was given in equation (9). Some details
of this are given in Appendix A. One result is a relationship
between the two nonestimable parameters given by,

ρY (1),W (1)

(10)

=
σY (0)σV ρY (0),W (1− ρ2

W,V )+ σY (1)ρY (1),V (σV ρW,V −σW )
σY (1) (σV − σW ρW,V )

.

Plugging in point estimates for estimable quantities in (10),
gives a correlation matrix for (Y (1), W (1), V )′ of the form,

(11) R =

⎛
⎝ 1 h(ρW,V ) ρY (1),V

h(ρW,V ) 1 ρW,V

ρY (1),V ρW,V 1

⎞
⎠ ,

where h(ρW,V ) is given by the right hand side of equa-
tion (10). Let emin be the minimum eigenvalue of the corre-
lation matrix, R. The constraint, emin > 0 can tighten the
range of plausible values of ρW,V . The range for ρW,V results
in bounds for β2 that can be estimated from observable data.

3. THE ROLE OF A COVARIATE IN
TIGHTENING BOUNDS

Suppose that a covariate, U , is observed on all subjects in
a study and that U is not affected by the assigned treatment
(i.e., intention). An example of such a covariate is base-
line weight at the beginning of the period of intention to
lose or not to lose weight. A question arises about whether
the causal model is given by equation (8) that was defined
without the covariate, or by a similar model that includes
the covariate. The ability of the covariate to substantially
tighten the bounds for ρW,V depends on its ability to pre-
dict W and/or V , in which case collinearity problems are
encountered when it is included in the causal model. Which
causal model is ultimately preferred depends on the ability
of U to predict Y (1) given that W and V are in the model.
We present a method to estimate bounds for β2 in a causal
model both with and without a covariate in it. The issue of
collinearity is discussed further via a data example in Sec-
tion 4.

3.1 Using a covariate to tighten the range
for ρW,V

The 4-dimensional correlation matrix for the random vec-
tor (Y (1), W (1), V, U)′ is given by,

(12) Σ =

⎛
⎜⎜⎝

1 ρY (1),W (1) ρY (1),V ρY (1),U

ρY (1),W (1) 1 ρW,V ρW,U

ρY (1),V ρW,V 1 ρV,U

ρY (1),U ρW,U ρV,U 1

⎞
⎟⎟⎠ .

Of the 6 correlation parameters in (12), all are estimable
except the same two from the previous section, ρY (1),W (1)

and ρW,V , since the covariate U is observable for all subjects.
Partition the correlation matrix as,

(13) Σ =
(

R S12

S21 S22

)
,

where R is the same matrix given by (11) where the re-
lationship ρY (1),W (1) = h(ρW,V ) was established using the
multivariate distribution without the covariate. Thus ρW,V

has already been constrained to values making R positive
definite, i.e., R > 0. The notation, S12 = S′

21 is used for
the possible more general case where there are multiple co-
variates observed for each subject and these terms represent
the correlation between each covariate and the 3 variables,
(Y (1), W (1), V ). The matrix S22 is the correlation matrix of
the vector of covariates, and it is equal to 1 in the case of
only one covariate. The constraint that R > 0 combined
with the identity, |Σ| = |R||S22 − S21R

−1S12| > 0 provides
the information to further constrain ρW,V . With only one
covariate, this simplifies to S21R

−1S12 < 1.

3.2 A causal model with a covariate

The full model with a covariate considered here is,

(14) Y = β0 + β1W + β2ZX + β3U + β4X + β5UX + ε,

resulting in the two models for the UWL and IWL groups
given by equations (15) and (16), respectively.

Y (0) = β0 + β1W
(0) + β3U + ε(0),(15)

Y (1) = (β0 + β4) + β1W
(1) + β2Z + (β3 + β5)U + ε(1)(16)

= (β0 + β4) + (β1 − β2) W (1) + β2V

+ (β3 + β5)U + ε(1).

The treatment–covariate interaction term in equation (14)
implies that the slope parameters on the covariate, U , are
not necessarily equal in the two groups. The causal parame-
ter is β2 in the causal model given by equation (16) because,
D(Z, W (x), U) = E(Y (1) − Y (0)) = β4 + β1(W (1) − W (0)) +
β2Z +β5U and, for a one unit change in Z, the correspond-
ing change in E(Y (1) − Y (0)) is β2, holding other variables
fixed.

Derivation of results using this model is similar to
that shown in Appendix A for the case with no covari-
ate. Equation (15) gives β1 = Cov(Y (0),W (0)|U)

Var(W (0)|U)
and equa-

tion (16) combined with (15) give two forms for β2, β
∗
2 =
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Cov(Y (1),V |W (1),U)
Var(V |W (1),U)

and β∗∗
2 = β1 − Cov(Y (1),W (1)|V,U)

Var(W (1)|V,U)
. Equat-

ing the two forms results in a functional relationship,
ρY (1),W (1) = g(ρW,V ). The result is an equation for β2 that is
a function of only one nonestimable correlation, ρW,V . The
derivation for β2, though straightforward, is somewhat te-
dious with some steps given in Appendix B. The constraints
on ρW,V result from the positive definiteness requirement for
Σ in (12), and these constraints can be used to bound β2 in
the model given by (16).

3.3 Putting it all together using a covariate

The nonestimable correlation, ρW,V , is an unknown, but
fixed parameter. The following shows that ρW,V is bounded
by a continuous interval under certain conditions.

Proposition 1. Consider a population correlation matrix
consisting of an unknown nonestimable correlation, ρW,V ,
and other distinct but fixed known correlations. Assume that
there is at least one value of ρW,V such that the population
correlation matrix is positive definite. Then plausible values
of ρW,V are bounded by a continuous interval.

Proof. Let a random vector be given by (V,W,U) where U
is a vector of variables. Partition the correlation matrix as(

A B
B′ SU

)
where A =

(
1 ρW V

ρW V 1

)
, SU is a correlation matrix

of U , and B =
(

SV U

SW U

)
, i.e., the correlations of V and W ,

respectively, with variables in U . The positive definiteness of
a correlation matrix implies that |A − BS−1

U B′| > 0. Write
BS−1

U B′ =
(

m11 m12
m21 m22

)
where m12 = m21. Then ρW,V is

bounded by m12 ±
√

(1 − m11)(1 − m22).

The proposition is important to state because it is dif-
ficult to interpret bounds for ρW,V when they do not con-
tain a continuous interval. In the application described here,
the conditions of the proposition are not met because of a
restriction imposed by the assumption that the coefficient
β1 was the same in both IWL and UWL groups. This as-
sumption helped to tighten bounds for ρW,V but also led to
the two parameters, ρW,V and ρY (1),W , being functionally
related by either equation (10) as used to bound ρW,V in
Section 3.1, or by equation (B1) in Appendix B, as used to
bound ρW,V in Section 3.2. As a result, plausible values of
ρW,V may not lie in a continuous interval, but this is an arti-
fact of an assumption made herein. So we seek a reasonable
technique to combine information obtained from population
models with and without a covariate that produces a con-
tinuous set of plausible values. Let P1 be the estimated set
of plausible values for ρW,V using Section 3.1, and P2 be the
estimated set of plausible values using Section 3.2. Since
ρW,V is a fixed population parameter, all of the informa-
tion available in both the marginal trivariate distribution
of (Y (1), W (1), V )′ and in the 4-dimensional distribution of
(Y (1), W (1), V, U)′ is used. Thus we propose using values of
ρW,V such that

(17) ρW,V ∈ P = (P1 ∩ P2).

Once the set P has been obtained as in (17), bounds for
β2 can be presented using either equation (9) and/or equa-
tion (B2) in Appendix B, depending on whether one wants
the estimated causal effect conditioned on the covariate.
Hereafter we refer to estimated bounds as “valid bounds”
when the lower and upper values bound a continuous inter-
val.

4. ILLUSTRATION ON A DATA SET

We illustrate our approach with an example described in
Coffey et al. (2005). The data were from 135 male mice of
the B10C3F1 strain that were fed ad libitum until 12 months
of age at which point they were randomized, individually
housed, and provided an intake of either an amount suffi-
cient to maintain body weight (a control diet is the uninten-
tional condition, X = 0, 160 kcal/mouse/wk) or an intake
of 90 kcal (the intentional condition X = 1). This labora-
tory experiment allowed that animals be followed until all
are dead and the assignment to condition to be random.

At 23 months the weight loss was observed for each
mouse. The 12 month baseline weight is a covariate, U . Four
mice were not alive at the 23 month weight recording and
were omitted. The remaining 131 mice were followed until
death at which their lifespan, Y = mortality, was recorded
for 67 mice in the IWL group and 64 in the UWL group.

4.1 Analysis without the covariate

Figure 1 shows the plot of pairs (V, Y (1)) and (W (0), Y (0))
with a fitted simple linear regression line to each group.

The IWL group tended to have more weight loss and a
slight positive relationship with mortality. The UWL group
suggests a negative association between W and Y (0). Sam-
ple estimates, given in Table 1, were computed for all es-
timable parameters. The correlation matrix, R (defined in
equation (11)), is positive definite for values of ρW,V in each
of the two intervals, (−1, 0.730) and (0.980, 1), but is near
singularity for ρW,V in (0.980, 1). The ranges of plausible
values for ρW,V were obtained numerically such that the
minimum eigenvalue emin of the matrix R is positive. The
discontinuous interval is due to nonlinearity in the functional
relationship, ρY (1),W (1) = h(ρW,V ) given by equation (10),
creating a higher order functional relationship between emin

and ρW,V than would otherwise be the case if ρY (1),W (1)

and ρW,V were distinct parameters. The estimated plausi-
ble values for β2 based on the allowable values for ρW,V are
−0.15 ≤ β2 ≤ 1.21, and 5.11 ≤ β2 ≤ 6.41. Coffey et al.
(2005) excluded the upper range as implausible based on
knowledge of the particular application, but there was no
mathematical justification for eliminating this range.1 Un-
less one is willing to assume a more restricted range for ρW,V ,
there is little else that can be done to tighten the bounds
for β2 without more information.
1The results reported here for the data example are based on weight
loss measured in original units of grams. The example in Coffey et al.
(2005) used weight loss in 5 gram increments. Thus bounds for β2 in
Coffey et al., are 5 times those reported here.
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Weight Loss at 23 Months
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Figure 1. Plot of Mortality Versus Observed Weight Loss with Fitted Regression Lines for the Two Groups.

4.2 Illustration on the data set using
baseline weight as a covariate

The covariate U is baseline weight, in grams, that was
recorded prior to assignment to the treatment or control
group. The positive definiteness requirement for the 3-
dimensional correlation matrix for (W (1), V, U) provides es-
timated bounds for the nonestimable correlation, 0.067 ≤
ρW,V ≤ 0.890. Using the 4-dimensional correlation matrix
for (Y (1), W (1), V, U), Σ as defined in equation (13) provides
estimated bounds, 0.203 ≤ ρW,V ≤ 0.720.

Redefining the relationship between ρY (1),W (1) and ρW,V

as outlined in Section 3.2 (using equation (B1) in Ap-
pendix B), the restriction that Σ in equation (12) be positive
definite results in a set of plausible values for ρW,V that is
the union of the two intervals, (0.069, 0.676) and (0.792,
0.890). The intervals are not connected due to the nonlinear
relationship ρY (1),W (1) = g(ρW,V ) described in Section 3.2
and given in appendix equation (B1).

As discussed in Section 3.3, there are two estimated sets
of plausible values for ρW,V , P1 = (0.203, 0.720) and P2 =
[(0.069, 0.676) ∪ (0.792, 0.890)]. As proposed in Section 3.3,
the intersection of these two sets produces estimated bounds
0.203 ≤ ρW,V ≤ 0.676.

Using this interval as a range for values of ρW,V , we ob-
tain bounds for the causal parameter β2. Let βNo

2 be the
parameterβ2 in the model without the covariate, i.e., equa-
tion (9). The estimated bounds are given by 0.233 ≤ βNo

2 ≤
0.996. The näıve estimate of βNo

2 , i.e., λ1 in equation (3),

is 0.109, which is below the estimated minimum for βNo
2 .

This suggests that the positive effects of Z on mortality are
greater than what is observed to be the effect of total weight
loss on mortality.

If βYes
2 denotes β2 in the model with the covariate as

described in Section 3.2 and using equation (B2), the esti-
mated bounds are given by −0.216 ≤ βYes

2 ≤ 1.125. The
näıve estimate of total weight loss on mortality in a model
that includes the covariate is equal to −0.020 which is near
the bottom range for the estimates of βYes

2 . The wider esti-
mated range in the model that includes the covariate may
be, in part, because baseline weight for this example is not
statistically significant when included in the two regression
models given by equations (2) and (3). Thus additional cor-
relation parameters are being estimated for a variable that
is not a significant predictor of mortality, given that the
weight loss variable is in the model. Baseline weight is a sig-
nificant predictor of W and V , which explains its usefulness
in tightening the range of plausible values for ρW,V , but it
presents collinearity problems when included in the causal
model. More discussion of this is in Section 5.

4.3 Assessing the sampling variability of the
bounds using a modified parametric
bootstrap procedure

A parametric bootstrap (Efron and Tibshirani, 1993) pro-
cedure was used to assess the sampling variability of the
estimated bounds for ρW,V , βNo

2 , and βYes
2 . A multivariate

92 G. L. Gadbury et al.



Table 2. The Results for Estimated Bounds for ρW,V from 200 Parametric Bootstrap Simulations. N Is the Total Sample Size
Divided into Two Groups of Size N/2, np Is the Number of the Sample Matrices out of 200 Simulations which Are Positive

Definite, nc Is the Number of Simulations that Yield a Continuous Interval Between the Estimated Bounds, and Mean and sd
Are the Mean and Standard Deviations of the nc Estimated Valid Bounds

N 100 500 1000 10000

ρW,V min max min max min max min max

mean 0.215 0.606 0.214 0.630 0.220 0.647 0.204 0.674

0.3 sd 0.182 0.127 0.091 0.061 0.069 0.054 0.027 0.014

(np, nc) (148, 72) (169, 114) (190, 147) (200, 200)

mean 0.200 0.620 0.218 0.640 0.220 0.645 0.205 0.674

0.4 sd 0.207 0.127 0.083 0.066 0.070 0.054 0.023 0.011

(np, nc) (151, 66) (175, 120) (191, 153) (200, 200)

mean 0.170 0.606 0.225 0.645 0.224 0.647 0.206 0.674

0.5 sd 0.186 0.127 0.097 0.059 0.080 0.059 0.024 0.012

(np, nc) (139, 68) (174, 128) (186, 144) (200, 199)

mean 0.148 0.592 0.221 0.634 0.221 0.651 0.204 0.675

0.6 sd 0.142 0.117 0.102 0.069 0.078 0.047 0.023 0.011

(np, nc) (141, 68) (178, 126) (188, 148) (200, 200)

Table 3. Similar to Table 2 Except for the Parameter βNo
2 . Shown Are the Mean and Standard Deviations of the nc Bounds

that Contained a Continuous Interval for βNo
2

N 100 500 1000 10000

ρW,V βNo
2 min max min max min max min max

0.3 0.315
mean 0.206 0.814 0.272 0.919 0.262 0.946 0.235 0.993

sd 0.393 0.420 0.121 0.148 0.088 0.123 0.034 0.054

0.4 0.423
mean 0.189 0.836 0.263 0.924 0.262 0.945 0.234 0.989

sd 0.411 0.509 0.101 0.153 0.087 0.114 0.030 0.051

0.5 0.569
mean 0.182 0.807 0.280 0.963 0.263 0.938 0.237 0.989

sd 0.429 0.516 0.115 0.149 0.102 0.124 0.032 0.053

0.6 0.774
mean 0.192 0.789 0.275 0.918 0.265 0.951 0.233 0.989

sd 0.161 0.275 0.122 0.168 0.097 0.117 0.029 0.047

normal distribution was used to simulate data according to
the two models in equations (15) and (16). Equation (15)
corresponds to data from a random vector (Y (0), W (0), U)′

and equation (16) from a random vector (Y (1), W (1), V, U)′.
Sample estimates from the mice data set were used as pa-
rameter values in the distribution and the nonestimable
ρW,V was set to values within the range specified by the es-
timated bounds, in particular 0.3, 0.4, 0.5, and 0.6. Values
of ρW,V outside the range specified by the estimated bounds
would not be allowed in the simulation model because the
correlation matrix would not be positive definite. The es-
timable parameters and their estimates that were used are
given in Table 1.

For each value of ρW,V , ρY (1),W (1) is computed using equa-
tion (B1) in Appendix B. The sample sizes that were con-
sidered were N = 100, 500, 1000, and 10000, where the N
samples were divided into the intentional and unintentional
groups of sizes N/2 each. From the simulations we evaluate,

as a function of sample size and values of ρW,V , how wide
the bounds are and their sampling variance.

Tables 2–4 show simulation results for ρW,V , βNo
2 , and

βYes
2 , respectively. The entries in the table show the sample

size, N , the true value of the parameter in the simulation,
and the simulation estimate of the mean and standard devi-
ation of the sampling distribution of the estimated bounds.
Also shown in Table 2 for ρW,V are two numbers for each
simulation case, np and nc. Though the population corre-
lation matrix that simulated the data was positive definite,
due to sampling variability the resulting estimate of this ma-
trix in simulated data might not be positive definite. Thus
np is the number of sample correlation matrices out of 200
simulations that were positive definite. Also, of this num-
ber, the procedure outlined in Section 3.3 did not always
produce a continuous interval for ρW,V . Often the sample
correlation matrix was positive definite for values of ρW,V

near 1, though the matrix was very near singular in these
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Table 4. Same Results as Described in Table 3 Except for the Parameter βYes
2

N 100 500 1000 10000

ρW,V βYes
2 min max min max min max min max

0.3 −0.175
mean −0.212 0.580 −0.183 0.796 −0.207 0.862 −0.216 1.088

sd 0.256 0.525 0.065 0.412 0.049 0.367 0.016 0.096

0.4 −0.108
mean −0.233 0.555 −0.194 0.850 −0.201 0.864 −0.218 1.088

sd 0.294 0.625 0.063 0.428 0.049 0.375 0.017 0.074

0.5 0.015
mean −0.250 0.810 −0.197 0.848 −0.201 0.860 −0.215 1.085

sd 0.336 0.909 0.067 0.423 0.0510 0.396 0.018 0.079

0.6 0.310
mean −0.222 0.749 −0.199 0.842 −0.206 0.886 −0.216 1.095

sd 0.260 0.508 0.072 0.425 0.043 0.380 0.016 0.064

cases. The number nc is the number of simulations where the
estimated bounds contained a continuous interval, i.e., valid
bounds. The mean and standard deviation of the sampling
distributions for the lower and upper bounds was computed
from the number nc in all Tables 2–4.

The simulations provide insight into the sampling vari-
ability of the bounds at smaller values of N . The estimated
means of the sampling distributions for the minimum and
maximum contain the true parameter values. One excep-
tion are the bounds for ρW,V when its true value is 0.6 and
N = 100. However, the sampling variability of all bounds is
large when N = 100. The bounds involve estimates of sev-
eral population correlations and standard deviations. The
sampling variability becomes smaller when N is larger than
1000. This would suggest some caution in interpreting the
accuracy of the bounds in the mice data example where N
was equal to 131.

The sampling variability at smaller N also causes some
estimated correlation matrices from simulated data to not be
positive definite. For example, when N = 100, only around
150 out of 200 simulated data sets had correlation matri-
ces that were positive definite. Also for some simulations
at small values of N , some estimated bounds are not valid
bounds, i.e., since np > nc. These cases disappeared as N
became larger.

The width between the bounds does not depend on the
true value of ρW,V as would be expected since ρW,V is not
estimable in observed data. It should be noted that the para-
metric bootstrap simulation procedure simulated data using
parameter estimates from the data example as model param-
eter values in the simulation model, thus the true value of
ρW,V was constrained to be between the bounds computed
from the data. The width between the bounds also does not
depend on sample size, N . Increasing N only decreases the
sampling variability of the bounds. The interval between the
bounds will become narrower as one finds covariates that are
highly predictive of the weight loss variables, W and V .

5. DISCUSSION

A method was presented to estimate bounds for a non-
estimable correlation which, in turn, were used to estimate

bounds for a causal parameter in a linear model. Though
valid bounds (bounds that contain a continuous interval)
were obtained in the data example, the simulations sug-
gest that the method will not always produce valid bounds
when sample sizes are small due to sampling variability in
the estimates, and the complicated relationship between
ρY (1),W (1) and ρW,V . For example, using the relationship
between ρY (1),W (1) and ρW,V on the data example as out-
lined in Section 3.2, set of plausible values for ρW,V was
the union of the two intervals, (0.069, 0.676) and (0.792,
0.890). The upper range was excluded using the intersec-
tion defined in equation (17). In some simulations, however,
this does not always happen and one is left with invalid
bounds. Additional covariates could help resolve cases such
as these. Let U1 denote baseline weight and U2 be a baseline
weight (centered about the mean) by weight loss interac-
tion. The bounds for ρW,V based on the correlation matrix
for (W (1), V, U1, U2)′ are (0.096, 0.692) which does, in fact,
exclude the upper range (0.792, 0.890) even without the use
of equation (17).

In the data example, baseline weight was useful in tight-
ening the bounds for ρW,V because it was a good linear
predictor of W and of V . This presents the problem of
collinearity when used in the causal model. Questions arise
as to whether high baseline weight is associated with higher
weight loss which then leads to decreased mortality, or
whether high baseline weight itself is associated with mortal-
ity. Typically, the potential outcomes framework for a two
treatment comparison would assume a potential outcome
response variable corresponding to each possible treatment.
We have assumed that assignment to intention was random
and that there is no interference between subjects (Rubin,
1980), but we have two different potential outcome variables
to this assignment, the pairs (W, V ) and (Y (0), Y (1)). This
complicates the interpretation of effect of intention on the
variables, (Y (0), Y (1)). Further challenges are encountered
if relaxing the random assignment assumption and dealing
with the more practical scenario, at least with human stud-
ies, of nonrandom assignment.

Some results from other applications have been reported
by others that might be helpful in addressing some issues
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encountered in this application. One possibility is to borrow
from the concepts related to partial compliance in clinical
trials (Jin and Rubin, 2008). In the application considered
here, weight loss might be thought of as “dosage received”
after the assignment of intention (i.e., treatment). Mate-
rial on principal stratification (Frangakis and Rubin, 2002)
might then help to more clearly define the relationship be-
tween “intention to lose weight” and some subsequent mea-
sure of health or mortality. Graphical models or path anal-
yses (see Pearl, 2000, for a reference) might also be useful.

The causal models considered here are rather simplistic
and do not incorporate many of the potential confounders
and nonlinearities in the relationship between weight loss
and mortality that have been seen or suspected in other
studies (Allison et al., 1997; Fontaine and Allison, 2001;
Brock et al., 2006). More complicated models could be con-
sidered via Bayesian MCMC techniques that can accommo-
date censoring, nonlinear effects, and do not necessarily re-
quire that the slope parameter on UWL, β1, be the same in
both groups. At issue still is the choice of a prior for nones-
timable parameters. The methods described here could sug-
gest priors that are more informative by ruling out implausi-
ble values for ρW,V . This work is in progress (Yi et al., 2008).

A difficulty in human data is to find some variable that
is predictive of subsequent weight loss (Allison and Engel,
1995). Unfortunately “intention to lose” has been shown to
be a weak predictor, at best, of subsequent weight loss, espe-
cially among older persons who have the highest death rates
(Lee et al., 2004), because subsequent weight loss seems to
be confounded by many other possible variables (Hardy and
Kuh, 2006). Other study designs might prove useful in ad-
justing for potential confounders thus making the effect of
intention on subsequent weight loss more clear. Sorensen
et al. (2005) reported results from an 18 year mortality study
of overweight individuals that was based on The Finnish
Twin Cohort. They did not specifically analyze their data
using a matched—pairs type of analysis since many of the
twin pairs lost their co-twin during the screening process.
Matching can have appeal when drawing causal inferences
using observational data (Rosenbaum and Rubin, 1983) and
when bounding nonestimable parameters in randomized ex-
periments (Gadbury et al., 2004; Albert et al., 2006).

Our treatment of this topic can be seen as an exemplar of
a broader class of approaches all aimed at reducing the influ-
ence of putative confounding biases in assessing the relation
between aspects of obesity and mortality rate. Such putative
biases include the so-called ‘late-life bias’ ‘reverse-causation
bias,’ and ‘regression-dilution bias’ (cf., Greenberg, 2001,
2002). Future research should address those additional hy-
pothesized biases and see if our method could be combined
with methods aimed at reducing those hypothesized biases.

In our study, we had the advantage of having well mea-
sured weights. In many human studies, weights are self-
reported and this could conceivably introduce additional
biases. Such conceivable biases also merit further investi-
gation. Finally, one should note that any conclusions from

a sample from one population must be generalized to other
populations with caution. Hence it will be useful to conduct
such analyses across multiple species and multiple human
populations to assess the consistency of results. For addi-
tional discussion of these issues see Campbell and Kenny
(1999).
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APPENDIX A

An alternative derivation of equation (9) using partial re-
gression coefficients is shown here. In particular, a functional
relationship between two nonestimable correlation parame-
ters, ρW,V and ρY (1),W (1) , is established. Equation (5) gives

β1 = Cov(Y (0),W (0))
Var(W ) .

Equation (8) gives two forms of β2 which are

β∗
2 =

Cov(Y (1), V |W (1))
Var(V |W (1))

,

β1 − β∗∗
2 =

Cov(Y (1), W (1)|V )
Var(W (1)|V )

or

β∗∗
2 = β1 −

Cov(Y (1), W (1)|V )
Var(W (1)|V )

.

Using the following identity,

Var
(
Y (1), V |W (1)

)
=

[
σ2

Y (1) σY (1),V

σY (1),V σ2
V

]

− 1
σ2

W

[
σ2

Y (1),W (1) σY (1),W (1)σW,V

σY (1),W (1)σW,V σ2
W,V

]

we get Cov(Y (1), V |W (1))= σY (1)σV [ρY (1),V − ρY (1),W (1) ×
ρW,V ], and Var(V |W (1)) = σ2

V (1 − ρ2
W,V ), so,

(A1) β∗
2 =

σY (1) [ρY (1),V − ρY (1),W (1)ρW,V ]
σV (1 − ρ2

W,V )
.

Similarly, it can be shown that,

β∗∗
2 =

1
σW

[
σY (0)ρY (0),W (0)(A2)

−
σY (1) [ρY (1),W (1) − ρY (1),V ρW,V ]

(1 − ρ2
W,V )

]
.
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Rearranging equation (A1) we obtain, ρY (1),W (1) =
ρ

Y (1),V

ρW,V
−

β∗
2σV (1−ρ2

W,V )

σ
Y (1)ρW,V

. It is this equation combined with β∗
2 = β∗∗

2 =
β2 that gives the functional relationship between ρY (1),W (1)

and ρW,V shown in equation (10). Continuing the derivation,
a substitution back into equation (A2) of β∗∗

2 and using β∗
2 =

β∗∗
2 = β2 gives,

β2 =
1

σW

⎡
⎢⎣σY (0)ρY (0),W (0)

−
σY (1)

[
ρ

Y (1),V

ρW,V
− β2σV (1−ρ2

W,V )
σ

Y (1)ρW,V
− ρY (1),V ρW,V

]
(1 − ρ2

W,V )

⎤
⎥⎦

β2 =
σY (0)ρY (0),W (0)σY (1)ρW,V (1 − ρ2

W,V )
σW σY (1)ρW,V (1 − ρ2

W,V )

−
σY (1) [ρY (1),V σY (1) − ρY (1),V ρW,V σY (1)ρW,V ]

σW σY (1)ρW,V (1 − ρ2
W,V )

+
β2σY (1)σV (1 − ρ2

W,V )
σW σY (1)ρW,V (1 − ρ2

W,V )

which after some algebra yields,

β2 =
σY (1)ρY (1),V − σY (0)ρY (0),W (0)ρW,V

σV − σW ρW,V

as given in equation (9).

APPENDIX B. WITH A COVARIATE

Equating β∗
2 = β∗∗

2 that were given in Section 3.2, an
equation of ρY (1),W (1) as a function of ρW,V can be obtained
and this function substituted back to either one of the β∗

2

or β∗∗
2 .

Define

E1 = ρY (1),V (1 − ρ2
W,U ) + ρY (1),U (ρW,V ρW,U − ρV,U ) ,

D = 1 − ρ2
W,U − ρ2

V,U − ρ2
W,V + 2ρW,V ρW,UρV,U ,

E2 = ρY (1),V (ρW,UρV,U − ρW,V )

+ ρY (1),U (ρW,V ρV,U − ρW,U ) .

Then,

β∗
2 =

σY (1)

σV

[
ρY 1,W (1)(ρW,UρV,U − ρW,V ) + E1

D

]
,

β∗∗
2 = β1 −

σY (1)

σW

[
ρY (1),W (1)(1 − ρ2

V,U ) + E2

D

]
, and

ρY (1),W (1) =

[
σY (1) (ρW,UρV,U − ρW,V )

σV D
+

σY (1)(1− ρ2
V,U )

σW D

]−1

×
[
β1 −

σY (1)E2

σW D
− σY (1)E1

σV D

]
.

Now, let

A =
σY (1)(ρW,UρV,U − ρW,V )

σV D
+

σY (1)(1 − ρ2
V,U )

σW D
and

(B1)

E12 = −σY (1)

D

[
E2

σW
+

E1

σV

]
, then

ρY (1),W (1) =
β1 + E12

A
.

Substituting equation (B1) back to β∗
2 and β∗∗

2 gives

β∗
2 =

σY (1)

σV D

[(
β1 + E12

A

)
(ρW,UρV,U − ρW,V ) + E1

]
, and

(B2)

β∗∗
2 = β1 −

σY (1)

σW D

[(
β1 + E12

A

)
(1 − ρ2

V,U ) + E2

]
,

respectively, and these two forms are algebraically equiva-
lent.
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